arXiv:hep-ph/0006185 16 Jun 2000

CERN-TH/99-285

Universal quark-lepton mixing and determination of neutrino masses

Per Osland^{a,1} and Tai Tsun Wu^{b,2}

aDepartment of Physics, University of Bergen, Allégaten 55, N-5007 Bergen, Norway

bGordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138, U.S.A. and Theoretical Physics Division, CERN, CH-1211 Geneva 23, Switzerland

Abstract

If three right-handed neutrinos are added to the Standard Model, then, for the three known generations, there are six quarks and six leptons. It is then natural to assume that the symmetry considerations that have been applied to the quark matrices are also valid for the lepton mass matrices. Under this assumption, the solar and atmospheric neutrino data can be used to determine the individual neutrino masses. Three minima have been found, using the Ø^2 fit, and, from these minima, it is determined that the mass of the lightest neutrino is 1:3 � 10^{−3} eV, that of the next heavier neutrino is 1:3 � 10^{−2} eV, while the mass of the heaviest neutrino is

3:4 � 10^{−2}, 5:8 � 10^{−2} or 9:4 � 10^{−2} eV.

CERN-TH/99-285

March 2000

1Work supported in part by the Research Council of Norway.

2Work supported in part by the United States Department of Energy under Grant No. DE-FG02- 84ER40158.

1 Introduction

In the work of Lehmann, Newton, and Wu [1], the Kobayashi-Maskawa [2] matrix is expressed in terms of the masses of the three generations of quarks: ( u d ) ( c s ) ( t b ) . (1.1)

This is accomplished by introducing a new horizontal symmetry. Some of the earlier attempts in this direction are given in [3, 4].

Recent experiments at Super-Kamiokande [5–7] indicate the presence of neutrino oscillations, which would imply that the neutrinos are not all massless. If it is accepted that the neutrinos are not massless, then it is most natural in the Standard Model [8] to introduce three right-handed neutrinos in addition to the three known left-handed ones. In this way, there are six quarks and six leptons.^1 In this paper, the consequences of a universal quark-lepton mixing are studied. In other words, the method of [1] is used to express the lepton KM matrix and the neutrino mixing matrix in terms of the masses of the three generations of leptons: ( ν_e e ) ( ν_μ μ ) ( ν_τ τ ) . (1.2)

Of course the masses of the three charged leptons are accurately known, leaving as unknown parameters the masses of the three neutrinos. Thus there are three parameters to be determined instead of seven, the three masses plus the four in the lepton KM matrix.

It is the purpose of this paper to use the data from solar neutrinos [10, 11, 12, 6] and atmospheric neutrinos [5, 7] to determine the three neutrino masses separately, not only the differences of their squares.

2 The mixing matrix

The quark mixing matrix proposed by Lehmann et al. [1] relates the mixing to the actual quark masses. These mass matrices are each given by four parameters a, b, c, and d, and, when applied to the leptons without modification, take the form

M(ℓ) = 0 d(ℓ) 0 d(ℓ) c(ℓ) b(ℓ) 0 b(ℓ) a(ℓ) , (2.1)

M(ν) = 0 id(ν) 0 −id(ν) c(ν) b(ν) 0 b(ν) a(ν) , (2.2)

1As shown in [9], neutrino-oscillation experiments cannot distinguish between massive Majorana and Dirac neutrinos.

with

b^2(ℓ) = 8c^2(ℓ), b^2(ν) = 8c^2(ν). (2.3)

The diagonalization of these mass matrices [13] is achieved by the orthogonal matrices R(ℓ) and R(ν), where

M(ℓ) = R(ℓ)M_{diag}(ℓ)R^T (ℓ), (2.4)

M(ν) = diag(−i, 1, 1)R(ν)M_{diag}(ν)R^T(ν)diag(i, 1, 1). (2.5)

If there is CP violation in the lepton sector, then the imaginary entries in (2.2) and (2.5) are required. If by any chance there is no CP violation in the lepton sector, then both i and −i there should be replaced by 1.

The diagonal mass matrices have the form

M_{diag} = λ_1 0 0 0 λ_2 0 0 0 λ_3 = m_1 0 0 0 −m_2 0 0 0 m_3

, (2.6)

where λ_2 < 0 and

m_1 ≤ m_3. (2.7)

We shall here only be concerned with M(ν) and R(ν).

In dealing with quarks [1], the observed quark masses allow a much stronger form for the inequality (2.7), namely

m_1 ≤ m_2 ≤ m_3. (2.8)

The lack of direct experimental data on the neutrino masses implies that (2.7) can be used, but not (2.8). The first task is therefore to determine the allowed region in the space (m_1, m_2, m_3), which must be between those permitted by (2.7) and (2.8).

The parameters a, b, c, and d are related to the masses by the following conditions,

a + c = S_1 = m_3 − m_2 + m_1, 8c^2 + d^2 − ac = −S_2 = m_3m_2 − m_3m_1 + m_2m_1, ad^2 = −S_3 = m_1m_2m_3. (2.9)

The cubic equation for the parameter a is then

9a^3 − 17S_1a^2 + (8S^2_1 + S_2)a − S_3 = 0. (2.10)

Any real cubic equation can have either one or three real solutions. Where there is one real solution, that one is negative, and thus unphysical, as is seen from (2.9). Where there are three real solutions, one of them is negative, while two are positive. We shall refer to these two positive solutions as Solution 1 (larger a) and Solution 2 (smaller a).

These considerations can be used to determine the allowed physical region in the (m_1/m_3, m_2/m_3) plane, as shown in Fig. 1. This region is only slightly larger than the triangle given by the inequality (2.8), with two additional regions, one where m_2 > m_3 and the other a very small one with m_1 > m_2.

Figure 1: The allowed region for the three neutrino masses m_1, m_2 and m_3 is within the solid contour.

3 The three-family MSW mechanism

The coupled equations satisfied by the three neutrino wave functions are [14]

i d dr ϕ_1(r) ϕ_2(r) ϕ_3(r) = D(r) 0 0

0 0 0 0 0 0 + 1 2p M^2_{11} M^2_{12} M^2_{13} M^2_{21} M^2_{22} M^2_{23} M^2_{31} M^2_{32} M^2_{33} ϕ_1(r) ϕ_2(r) ϕ_3(r)

, (3.1)

where D(r) = √ 2 G_FN_e(r), with G_F the Fermi weak-interaction constant and N_e(r) the solar electron density at a distance r from the center of the sun. Furthermore, we denote ν_e = ϕ_1, ν_μ = ϕ_2, ν_τ = ϕ_3.

The evolution of the neutrino wave functions is determined by the squared mass matrix,

[M(ν)]^2 = d^2 cd bd cd b^2 + c^2 + d^2 b(a + c) bd b(a + c) a^2 + b^2 ≡ M^2_{11} M^2_{12} M^2_{13} M^2_{21} M^2_{22} M^2_{23} M^2_{31} M^2_{32} M^2_{33}

, (3.2)

the neutrino momentum, p, and the solar electron density. Here, M^2_{ij} ≡ (M^2)_{ij} . The eigenvalues of the squared mass matrix (multiplied by r_0/2p, with r_0 defined below) are denoted μ_1, μ_2, and μ_3, and ordered such that

μ_1 ≤ μ_2 ≤ μ_3. (3.3)

It is actually a good approximation to take an exponential electron density, N_e(r) = N_e(0) exp(−r/r_0). A fit to the solar density as given by [15] leads to r_0 = 6.983 × 10^4 km. For this case of an exponential solar density, the three-component wave equation can be solved in terms of generalized hypergeometric functions,_2F_2 [16].

We scale and shift the radial variable, u = r/r_0 + u_0, with u_0 determined such that

D(0)r_0e^{u0} = 1. (3.4)

The above equation (3.1) may then be written as

i d du ψ_1 ψ_2 ψ_3 = ω_1 + e^{−u} χ_2 χ_3 χ_2 ω_2 0 χ_3 0 ω_3 ψ_1 ψ_2 ψ_3

, (3.5)

where ω_2 and ω_3 denote the eigenvalues of the 2 × 2 mass matrix involving ψ_2 and ψ_3.

With x = e^{−u}, one finds for ψ_1 a differential equation of the form [_3 ∏ j=1 ( x d dx − iμ_j ) − ix 3∏ j=2 ( x d dx − iω_j + 1 )] ψ_1 = 0 (3.6)

the solutions of which,

ψ_1(u) = 3∑ j=1 C_j ψ^{(j)}_1 (u), (3.7)

can be given in terms of generalized hypergeometric functions_2F_2 as

ψ^{(j)}_1 (u) = e^{−iμju}_2F_2 [ 1 − i(ω_2 − μ_j ), 1 − i(ω_3 − μ_j ) 1 − i(μ_k − μ_j ), 1 − i(μ_ℓ − μ_j ) | | | |ie^{−u} ] (3.8)

with k, ℓ = 1, 2, 3, k ≠ j, ℓ ≠ j. For the other flavours, ψ_2(u) and ψ_3(u) are given by similar expressions, with shifted parameters.

There is not much information about these functions_2F_2 in the literature [17]. For the case of two flavours, the products in (3.6) go only up to j = 2, and a familiar confluent hypergeometric function_1F_1 (also denoted Whittaker function or parabolic cylinder function) is obtained [18].

In order to impose the boundary conditions that only electron neutrinos are produced in the sun, we have to determine these functions at large and negative values of u. The series expansion is in principle convergent, but it is not practical for large absolute values of both parameters and the argument. Instead, methods have been developed for the evaluation by a combination of relating them to_3F_1 and asymptotic methods [16].

4 Results

Since the only unknown parameters for the present theory of universal quark-lepton mixing are the three neutrino masses, it remains to determine these masses using experimental data on solar and atmospheric neutrinos.

For the atmospheric neutrinos we take the 8 data points for ν_μ and the 8 data points for ν_e, as reported recently [5]. These sixteen data points are treated as separate inputs, but we allow two overall normalization constants for the two sets of data.

For the solar-neutrino data, we use the total rates from the Chlorine experiment [10], the Gallium experiments [11, 12] (we average the two results) and the Super-Kamiokande experiment [6]. We adopt the neutrino energy spectra and detector efficiencies as given by Bahcall et al., and, for the latter detector, we also include the neutral-current cross section [19].

The determination of the three neutrino masses is to be carried out by a χ^2 fit to these pieces of data. Since the number of degrees of freedom is 14, a good χ^2 fit would give support to this idea that the mass mixing is universal for quarks and leptons. For this purpose, we have scanned the entire (m_1, m_2, m_3) parameter space. It is the necessity to cover this entire space that makes it essential to develop the theory described in Sec. 3 here.

It is found that there are three minima. They are:

(A) Solution 1: (B) Solution 2: (C) Solution 2: m_1 = 0.0016 eV m_1 = 0.0011 eV m_1 = 0.0011 eV m_2 = 0.013 eV m_2 = 0.013 eV m_2 = 0.013 eV m_3 = 0.034 eV m_3 = 0.058 eV m_3 = 0.094 eV with χ^2 = 31 with χ^2 = 23 with χ^2 = 20

A few simple conclusions can be drawn from this set of mass values. First, with 14 degrees of freedom, the three values of χ^2 must be considered to be quite good. This is evidence in favour of universal quark-lepton mixing. In our mind the difference in these three values of χ^2 is not significant. Secondly, the three values for m_2 are the same—a surprise to us. This presumably means that the relative accuracy in the present determination of m_2 is better than those of m_1 and m_3. This can be understood in the following way. The relative accuracy for m_1 is low because m_1 itself is quite small, and the value of χ^2 is not very sensitive to such small masses. The average of these three m_1 is given in the abstract, and very roughly we guess the error to be about a factor of two. On the other hand, the uncertainly in the value of m_3 is simply due to the three minima giving different values. It is a matter of which one of the three minima is physically the correct one.

For completeness, we give the rotation matrix R(ν). The Euler angles (θ, ϕ, ψ) [20] are: (22^∘, 28^∘, −8^∘) for (A), (35^∘, 21^∘, −5^∘) for (B), and (31^∘, 19^∘, −3^∘) for (C).

To demonstrate the scanning of the entire region of allowed values of neutrino masses, we show in Fig. 2 an example of such a scan showing contours of constant χ^2. In this figure, the value of m_3 used is 0.058 eV, corresponding to the minimum (B) above. It is from such scans that we know there are only three minima. In this figure, some minor irregularities along the edges of the allowed region are artifacts of the finite grid spacing.

Figure 2: Fits to the atmospheric- and solar-neutrino data. Contours are shown at χ^2 = 30, 35, . . . , 60, 70, 100, 150, . . . , 350. (The outer contour outlines the boundary of the allowed region, cf. Fig. 1.)

It is difficult to compare the present result with the previously given allowed regions in the parameter space. The reason is that the allowed regions have typically been given on the basis of the mixing of two neutrino species, while there is significant mixing among all three neutrinos, or the studies concentrate on either solar or atmospheric neutrinos [21, 22]. The following comparisons are nevertheless of interest.

(a) It is probably correct to compare the m^2_3 − m^2 here with the δm^2 from atmosphericneutrino data. In this case, the m^2_3 − m^2 for the three minima covers roughly the allowed range of δm^2, with minimum (B) near the center, and minima (A) and (C) near the edges of the allowed region.

(b) It is probably not too far wrong to identify m^2 − m^2_1 here with the δm^2 from solar-neutrino data. If so, the values are reasonably close, except with the so-called “lowmass–low-probability” (LOW) solution [21].

(c) It is more difficult to discuss the strength of the coupling. It can nevertheless be concluded, in the context of solar neutrinos, that the present solutions are significantly closer to the “large-mixing-angle” (LMA) solution than to the “small-mixing-angle” (SMA) solution.

In connection with the problem of distinguishing between the three minima, more accurate data from Super-Kamiokande and related experiments are needed. Also, a better understanding of the high-energy hep neutrino flux [21] could make the electron recoil energy spectrum useful for this purpose. Furthermore, important information may be forthcoming also from the long-baseline experiments [23] and exotic atom experiments [24].

Acknowledgments We are greatly indebted to Professor Harry Lehmann and Professor Jack Steinberger for the most helpful discussions. We would also like to thank Dr. Steve Armstrong, Professor Alvaro de Rujula, Dr. Conrad Newton, Professor Gabriele Veneziano, and especially Geir Vigdel, for useful discussions. One of us (TTW) wishes to thank the Theory Division of CERN for its kind hospitality.

References

[1] H. Lehmann, C. Newton and T. T. Wu, Phys. Lett. B 384 (1996) 249.

[2] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 (1973) 652.

[3] H. Fritzsch, Nucl. Phys. B 155 (1979) 189; H. Fritzsch, Nucl. Phys. B 194 (1987) 391; H. Fritzsch and D. Holtmannspötter, Phys. Lett. B 338 (1994) 290; H. Fritzsch and Z.-z. Xing, Phys. Lett. B 372 (1996) 265; Phys. Rev. D57 (1998) 594.

[4] H. Harari, H. Hant and J. Weyers, Phys. Lett. B 78 (1978) 459; P. Kaus and S.

Meshkov, Mod. Phys. Lett. A 3 (1988) 1251; M. Tanimoto, Phys. Rev. D 41 (1990) 1586; M. Fukugita, M. Tanimoto and T. Yanagida, Prog. Theor. Phys. 89 (1993) 263; M. Fukugita, M. Tanimoto and T. Yanagida, Phys. Rev. D57 (1998); Y. Nomura and T. Yanagida, Phys. Rev. D59 (1999) 017303; S.F. King, hep-ph/9912492.

[5] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 81 (1998) 1562.

[6] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 81 (1998) 1158, Erratum, ibid. 81 (1998) 4279; ibid. 82 (1999) 1810.

[7] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 82 (1999) 2430.

[8] S. L. Glashow, Nucl. Phys. 22 (1961) 579 ; S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264 ; A. Salam, in Elementary Particle Theory: Relativistic Groups and Analyticity (Nobel Symposium No. 8), edited by N. Svartholm (Almqvist and Wiksell, Stockholm, 1968), p. 367; S. L. Glashow, J. Iliopoulos and L. Maiani, Phys. Rev. D2, (1970) 1285.

[9] S. M. Bilenky, J. Hosek and S. T. Petcov, Phys. Lett. 94B (1980) 495.

[10] R. Davis, Jr., in Frontiers of Neutrino Astrophysics, edited by Y. Suzuki and K.

Nakamura (Universal Academy Press, Inc., Tokyo, 1993), p. 47; B. T. Cleveland et al., Nucl. Phys. (Proc. Suppl.) B 38, 47 (1995); Astrophys. J. 496 (1998) 505.

[11] J. N. Abdurashitov et al. [SAGE Collaboration], Phys. Rev. Lett. 83 (1999) 4686, Phys. Rev. C60 (1999) 055801.

[12] W. Hampel et al. [GALLEX Collaboration], Phys. Lett. B447 (1999) 127.

[13] S. P. Rosen, in Symmetries and Fundamental Interactions in Nuclei, edited by W. C.

Haxton and E. M. Henley, World Scientific 1995, p. 251.

[14] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978), ibid. 20, 2634 (1979); S. P. Mikheyev and A. Yu. Smirnov, Yad. Fiz. 42, 1441 (1985) [Sov. J. Nucl. Phys. 42, 913 (1985)], Nuovo Cimento 9C, 17 (1986).

[15] J. N. Bahcall, S. Basu and M. H. Pinsonneault, Phys. Letters B 433 (1998) 1.

[16] P. Osland and T. T. Wu, Phys. Rev. D 62 (2000) 013008.

[17] Bateman Manuscript Project, Higher Transcendental Functions, A. Erdélyi, ed.

(McGraw-Hill, New York, 1953) vol. I.

[18] T. Kaneko, Prog. Theor. Phys. 78, 532 (1987); M. Ito, T. Kaneko and M. Nakagawa, ibid. 79, 13 (1988); S. Toshev, Phys. Lett. B 196, 170 (1987); S. T. Petcov, Phys. Lett. B 200, 373 (1988); Nucl. Phys. B (Proc. Suppl.) 13, 527 (1990).

[19] J. N. Bahcall et al. Phys. Rev. C 54 (1996) 411; J. N. Bahcall, Phys. Rev. C 56 (1997) 3391; J. N. Bahcall and R. K. Ulrich, Rev. Mod. Phys. 60 (1988) 297; J. N. Bahcall, M. Kamionkowski and A. Sirlin, Phys. Rev. D 51 (1995) 6146; see also J. N. Bahcall’s homepage, http://www.sns.ias.edu/^∼jnb.

[20] H. Goldstein, Classical Mechanics, (Addison Wesley, New York, 1950).

[21] J.N. Bahcall, P.I. Krastev and A.Yu. Smirnov, Phys. Rev. D60 (1999) 093001.

[22] See, for example, P. Fisher, B. Kayser and K. S. McFarland, Ann. Rev. Nucl. Part. Sci.

49 (1999) 481; G.L. Fogli, E. Lisi, A. Marrone and G. Scioscia, hep-ph/9906450; J. Ellis, Talk given at 15th International Conference on Particle and Nuclei (PANIC 99), Uppsala, Sweden, 10-16 June 1999, hep-ph/9907458; E.K. Akhmedov, G.C. Branco and M.N. Rebelo, hep-ph/9912205; G. L. Fogli, E. Lisi, D. Montanino and A. Palazzo, Phys. Rev. D62 (2000) 013002; G. Altarelli, Talk given at 6th International Workshop on Topics in Astroparticle and Underground Physics (TAUP 99), Paris, France, 6-10 Sep 1999, hep-ph/0001024.

[23] The K2K collaboration (Y. Oyama), KEK-preprint-97-266, Jan 1998, Talk given at the YITP Workshop on Flavor Physics, Kyoto, Japan, 28–30 Jan 1998, hep-ex/9803014; The MINOS Collaboration (E. Ables et al.). Fermilab-Proposal-P-875, Feb 1995; The OPERA collaboration (K. Kodama et al.), CERN/SPSC 99-20, Aug 1999.

[24] S. Boris et al., Phys. Rev. Lett. 58 (1987) 2019; A. I. Belesev et al., Phys. Lett. B 350 (1995) 263; K.-H. Hiddelmann et al., Jour. Phys. G 21 (1995) 539; W. Stoeffl and D. J. Decman, Phys. Rev. Lett. 75 (1995) 3237.