arXiv:hep-ph/0006319 28 Jun 2000

TMUP-HEL-0010 hep-ph/0006319

Four neutrino oscillation analysis of the Superkamiokande atmospheric neutrino data

Osamu Yasuda^∗ Department of Physics, Tokyo Metropolitan University Minami-Osawa, Hachioji, Tokyo 192-0397, Japan (June, 2000)

Abstract

Superkamiokande atmospheric neutrino data (contained and upward going through μ events) for 990 days are analyzed in the framework of four neutrinos (three active and one sterile neutrinos) without imposing constraints of Big Bang Nucleosynthesis. It is shown that the wide range of the oscillation parameters is allowed at 90% confidence level (0.1 <∼ |U_{s1}|^2 + |U_{s2}|^2 ≤ 1), where the best fit point has some contribution of ν_μ ↔ ν_s and contribution of Δm^2_{LSND}. The case of pure ν_μ ↔ ν_s oscillation is excluded at 99.7%CL (3.0σ) which is consistent with the recent analysis by the Superkamiokande group. Combining this result with the analysis by Giunti, Gonzarez-Garcia and Peña-Garay, it is found that the Large Mixing Angle and Vacuum Oscillation solutions of the solar neutrino problem are also allowed.

14.60.P, 26.65, 28.41, 96.60.J

Typeset using REVTEX

∗Email: yasuda@phys.metro-u.ac.jp

I. INTRODUCTION

There have been a few experiments which suggest neutrino oscillations: the solar neutrino deficit [1–6] the atmospheric neutrino anomaly [7–16] and the LSND data [17]. If we assume that all these three are caused by neutrino oscillations then we need at least four species of neutrinos and schemes with sterile neutrinos have been studied by many people [18–25]. By generalizing the discussion on Big Bang Nucleosynthesis (BBN) from the two neutrino scheme [26] to four neutrino case, it has been shown [20]^1 that the neutrino mixing angles are strongly constrained not only by the reactor data [19] but also by BBN if one demands that the number N_ν of effective neutrinos be less than four. In this case the 4×4 MNS matrix [27] splits approximately into two 2 × 2 block diagonal matrices, and the solar neutrino deficit is explained by ν_e ↔ ν_s oscillations with the Small Mixing Angle (SMA) MSW solution [28] and the atmospheric neutrino anomaly is accounted for by ν_μ ↔ ν_τ . On the other hand, some people have given conservative estimate for N_ν [29] and if their estimate is correct then we no longer have strong constraints on the mixing angles of sterile neutrinos. Recently Giunti, Gonzalez-Garcia and Peña-Garay [30] have analyzed the solar neutrino data in the four neutrino scheme without BBN constraints. They have shown that the scheme is reduced to the two neutrino framework in which only one free parameter c_s ≡ |U_{s1}|^2 + |U_{s2}|^2 appears in the analysis. Their conclusion is that the SMA MSW solution exists for the entire region of 0 ≤ c_s ≤ 1, while the Large Mixing Angle (LMA) and Vacuum Oscillation (VO) solutions survive only for 0 ≤ c_s <∼ 0.2 and 0 ≤ c_s <∼ 0.4, respectively. In this paper the Superkamiokande atmospheric neutrino data (contained and upward going through μ events) are analyzed in the same scheme as in [30], i.e., in the four neutrino scheme with all the constraints of accelerators and reactors and without BBN constraints. Zenith angle dependence of atmospheric neutrinos has been analyzed by many theorists [31,23–25] as well as by experimentalists [7,8,10,13–15].

II. FOUR NEUTRINO SCHEME

Here we adopt the notation in [20] for the 4 × 4 MNS matrix: ν_e ν_μ ν_τ ν_s = U ν_1 ν_2 ν_3 ν_4 ,

U ≡ U_{e1} U_{e2} U_{e3} U_{e4} U_{μ1} U_{μ2} U_{μ3} U_{μ4} U_{τ 1} U_{τ 2} U_{τ 3} U_{τ 4} U_{s1} U_{s2} U_{s3} U_{s4}

≡ R_{34}( π 2 − θ_{34})R_{24}(θ_{24})R_{23}( π 2 )e^{2iδ1λ3} R_{23}(θ_{23})e^{−2iδ1λ3} e^{√6iδ3λ15/2}

× R_{14}(θ_{14})e^{−√6iδ3λ15/2}e^{2iδ2λ8/√3}R_{13}(θ_{13})e^{−2iδ2λ8/√3}R_{12}(θ_{12}), (1)

1The result in [20] was refined later in [22] with more careful treatment.

where c_{ij} ≡ cos θ_{ij} , s_{ij} ≡ sin θ_{ij} and

R_{jk} (θ) ≡ exp (iT_{jk}θ) , (2)

is a 4 × 4 orthogonal matrix with (T_{jk})_{ℓm} = i (δ_{jℓ}δ_{km} − δ_{jm}δ_{kℓ}) , (3) and 2λ_3 ≡ diag(1, −1, 0, 0), 2 √ 3λ_8 ≡ diag(1, 1, −2, 0), 2 √ 6λ_{15} ≡ diag(1, 1, 1, −3) are diagonal elements of the SU(4) generators.

We can assume without loss of generality that

m^2_1 < m^2 < m^2_3 < m^2_4. (4)

Three mass scales Δm^2_⊙ ∼ O(10^{−5}eV^2) or O(10^{−10}eV^2), Δm^2_{atm} ∼ O(10^{−2}eV^2), Δm^2_{LSND} ∼ O(1eV^2) are necessary to explain the suppression of the^7Be solar neutrinos [6], the zenith angle dependence of the atmospheric neutrino data [7,10], and the LSND data [17], so we assume that three independent mass squared differences which are obtained from (4) are Δm^2_⊙, Δm^2_{atm}, Δm^2_{LSND}. It has been known [20,21] that schemes with three degenerate masses and one distinct massive state do not work to account for all the three neutrino anomalies, but schemes with two degenerate massive states (m^2_1 ≃ m^2 ≪ m^2_3 ≃ m^2_4, where (a) (Δm^2_1, Δm^2_{43}) = (Δm^2_⊙, Δm^2_{atm}) or (b) (Δm^2_1, Δm^2_{43}) = (Δm^2_{atm}, Δm^2_⊙)) do. As far as the analyses of atmospheric neutrinos and solar neutrinos are concerned, the two cases (a) and (b) can be treated in the same manner, so we assume Δm^2_1 = Δm^2_⊙, Δm^2_{43} = Δm^2_{atm} in the following.

For the range of the Δm^2 suggested by the LSND data, which is given by 0.2 eV^2 <∼ Δm^2_{LSND} <∼ 2 eV^2 when combined with the data of Bugey [32] and E776 [33], the constraint by the Bugey data is very stringent and

|U_{e3}|^2 + |U_{e4}|^2 <∼ 10^{−2}, (5)

has to be satisfied [19–21], therefore we put U_{e3} = U_{e4} = 0 for simplicity in the following discussions. Also in the analysis of atmospheric neutrinos, |Δm^2_⊙L/4E| ≪ 1 is satisfied for typical values of the neutrino path length L and the neutrino energy E for atmospheric neutrinos, so we assume Δm^2_⊙ = 0 for simplicity throughout this paper.

In the following analysis we will consider the situation where non-negligible contributions from the largest mass squared difference Δm^2_{LSND} appear in the oscillation probability P (ν_μ → ν_μ). To avoid contradiction with the negative result of the CDHSW disappearing experiment on ν_μ → ν_μ [34], we will take Δm^2_{LSND}=0.3eV^2 as a reference value.

Having assumed U_{e3} = U_{e4} = 0 and Δm^2_1 = 0, we have only mixings among ν_μ, ν_τ , ν_s in the analysis of atmospheric neutrinos, and the Schrödinger equation we have to consider is

i d dx ν_μ(x) ν_τ (x) ν_s(x) = [ ~Udiag (−ΔE_{32}, 0, ΔE_{43}) ~U^{−1} + diag (0, 0, A(x)) ] ν_μ(x) ν_τ (x) ν_s(x) , (6)

where

~U ≡ U_{μ2} U_{μ3} U_{μ4} U_{τ 2} U_{τ 3} U_{τ 4} U_{s2} U_{s3} U_{s4} = −c_{24}s_{23}e^{iδ1} c_{23}c_{24} s_{24} −c_{23}s_{34} + c_{34}s_{23}s_{24}e^{iδ1} −c_{23}c_{34}s_{24} − s_{23}s_{34}e^{−iδ1} c_{24}c_{34} c_{23}c_{34} + s_{23}s_{24}s_{34}e^{iδ1} −c_{23}s_{24}s_{34} + c_{34}s_{23}e^{−iδ1} c_{24}s_{34} , (7)

ΔE_{ij} ≡ Δm^2_{ij}/2E and A(x) ≡ G_F N_n(x)/ √ 2 stands for the effect due to the neutral current interactions between ν_μ, ν_τ and matter in the Earth [36] after adding the unit matrix diag (A(x), A(x), A(x)) to the right hand side of (6). Since ν_e does not oscillate with any other neutrinos, the only oscillation probability which is required in the analysis of atmospheric neutrinos is P (ν_μ → ν_μ). In the present case, we have mass hierarchy |ΔE_{32}| ≫ |ΔE_{43}|, |A(x)| and to the leading order in |ΔE_{43}|/|ΔE_{32}| and |A(x)|/|ΔE_{32}| we can obtain the analytical expression for the oscillation probability P (ν_μ → ν_μ) in adiabatic approximation, i.e., assuming that the derivative |dA(x)/dx| is not large compared to ΔE_{jk}. As we will see in the appendix, with such approximation we can show that the oscillation probability P (ν_μ → ν_μ) is invariant under θ_{34} → −θ_{34} and δ_1 → π −δ_1 to the leading order in |ΔE_{43}|/|ΔE_{32}| and |A(x)|/|ΔE_{32}|. So we will study our scheme for the range 0 ≤ θ_{24} ≤ π/2, 0 ≤ θ_{23} ≤ π/2, −π/2 ≤ θ_{34} ≤ π/2, 0 ≤ δ_1 ≤ π/2. Note that all the three mixing angles would lie in the first quadrant [35] if there were no matter effects.

III. ANALYSIS OF THE ATMOSPHERIC NEUTRINO DATA

We calculate the disappearance probability P (ν_μ → ν_μ) by solving (6) numerically, and evaluate the number of events:

N(μ) = (1 − r_μ)N_0(μ) + r_μN_0(e), N(e) = (1 − r_e)N_0(e) + r_eN_0(μ),

N_0(μ) = n_T ∫ dE ∫ dq ∫ d cos Θ ∫ d cos θ ∫ dφ ϵ_μ(q) × d^3F_μ(E, θ) dE d cos θ dφ · d^2σ_μ(E, q) dq d cos ψ · d cos ψ d cos θ P (ν_μ → ν_μ ; E, θ), N_0(e) = n_T ∫ dE ∫ dq ∫ d cos Θ ∫ d cos θ ∫ dφ ϵ_e(q) × d^3F_e(E, θ) dE d cos θ dφ · d^2σ_e(E, q) dq d cos ψ · d cos ψ d cos θ

, (8)

where d^3F_α/dEd cos θdφ (α = μ, e) is the flux of atmospheric neutrinos ν_α (α = μ, e) with energy E from the zenith angle θ [37], n_T is the effective number of target nucleons, ϵ_α(q) is the detection efficiency function for charged leptons α (α = μ, e) [38], dσ_α/dqd cos ψ (α = μ, e) is the differential cross section of the interaction ν_αN → αX (α = e or μ; for sub- GeV events quasi-elastic scatterings ν_αN → αN^′ are dominant and the cross-section given in [39] is used, while for multi-GeV events the inclusive cross-section for ν_αN → αX given in [40] is used), and Θ is the zenith angle of the direction from which the charged lepton α comes (See Fig. 1 of [23]), r_μ and r_e stand for ratios of contamination due to misidentification of μ-like and e-like events and we have put r_μ=0.03, r_e=0.06 for sub-GeV events, r_μ=0.007, r_e=0.12 for fully contained multi-GeV events [11], r_μ=0 for partially contained multi-GeV and upward going through μ events.

χ^2 is defined as

χ^2 = χ^2_{sub−GeV} + χ^2_{multi−GeV} + χ^2_{through} (9)

where

χ^2_{sub−GeV} = β^2_s σ^2_{βs} + 10∑ j=1

[ α(1 −^{βs}_2 )N^s_j (e) − n^s_j (e)

]_2

n^s_j (e) + [ α(1 +^{βs}_2 )N^s_j (μ) − n^s_j (μ)

]_2

n^s_j (μ) ,

χ^2_{multi−GeV} = β^2_m σ^2_{βm} + 10∑ j=1

[ α(1 −^{βm}_2 )N^m_j (e) − n^m_j (e)

]_2

n^m_j (e) + [ α(1 +^{βm}_2 )N^m_j (μ) − n^m_j (μ)

]_2

n^m_j (μ) ,

χ^2_{through} = α^2_{th} σ^2_{α th} + 10∑ j=1

[ α_{th}N^t_j (μ) − n^t_j (μ)

]_2

n^t_j (μ)

(10)

are χ^2 for sub-GeV, multi-GeV, and upward going through μ events, respectively, the summation on j runs over the ten bins for each χ^2, N^a_j (α) and n^a_j (α) (a=s, m, th) stand for theoretical predictions and data for the numbers of sub-GeV, multi-GeV, and upward going through μ events, and it is understood that χ^2 is minimized with respect to all the normalization factors α, β_s, β_m, α_{th}. We have put σ_s=0.08, σ_m=0.12, σ_{α th}=0.22 and we have assumed that the overall flux normalization α in the contained events is a free parameter as in [10], and we have omitted the uncertainties of E_ν spectral index, relative normalization between PC and FC and up-down correlation for simplicity.

We have evaluated χ^2 for θ_{24} = (25 + 5j)^∘ (j = 0, · · · , 7), θ_{34} = 15j^∘ (j = −6, · · · , 6), θ_{23} = 10j^∘ (j = 0, · · · , 4), δ_1 = 0^∘, 45^∘, 90^∘, Δm^2_{43} = 10^{−4+j/10}eV^2 (j = 5, · · · , 20) and it is found that χ^2 has the minimum value

χ^2_{min} = 43.1 (χ^2_{sub−GeV} = 19.0, χ^2_{multi−GeV} = 13.2, χ^2_{through} = 11.6) (11) for Δm^2_{43} = 10^{−2.9}eV^2 = 1.3 × 10^{−3}eV^2, (θ_{24}, θ_{34}, θ_{23}) = (35^∘, 15^∘, 20^∘) (12)

for 45 degrees of freedom. For pure ν_μ ↔ ν_τ (θ_{34} = θ_{23} = 0), the best fit is obtained

χ^2_{min}(ν_μ ↔ ν_τ ) = 48.3 (χ^2_{sub−GeV} = 19.8, χ^2_{multi−GeV} = 17.0, χ^2_{through} = 10.6) (13) for Δm^2_{43} = 2.0 × 10^{−3}eV^2, (θ_{24}, θ_{34}, θ_{23}) = (40^∘, 0^∘, 0^∘). (14)

The allowed regions at 1σCL, 90%CL, 99%CL are obtained by χ^2 ≤ χ^2_{min} + Δχ^2, where Δχ^2=5.9, 9.2, 15.1 for five degrees of freedom, respectively, and they are depicted in Fig. 1 for various values of θ_{24} and for δ_1 = 0 (1(a)), δ_1 = π/4 (1(b)) and δ_1 = π/2 (1(c)). At 99% confidence level we find 27^∘ <∼ θ_{24} <∼ 58^∘. The difference of the best fit point among the all parameter space and the best fit for pure ν_μ ↔ ν_τ (Δm^2_{43} = 10^{−27/10}eV^2, θ_{24} = 40^∘, θ_{34} = 0^∘, θ_{23} = 0^∘) is Δχ^2=5.1 which corresponds to 0.84σ, so this difference is not significant. Zenith angle dependence for contained events and upward going through muon events for three sets of the parameters including the case (12) and (14) is given in Fig. 2(a) and 2(b). Zenith angle dependence for no oscillation case that we obtained is reasonably in good agreement with the Superkamiokande result [12] and this puts confidence to the present analysis. In general, the reason that the best fit point is slightly away from pure ν_μ ↔ ν_τ case is because a better fit to the multi-GeV contained events compensates a worse fit to the upward going through μ events, and in total the case of hybrid oscillations of ν_μ ↔ ν_τ and ν_μ ↔ ν_s fits better to the data (See Figs. 2(a) and 2(b)).

IV. DISCUSSIONS

(1) Pure ν_μ ↔ ν_s oscillation is obtained only for θ_{23} = 0, θ_{34} = ±90^∘, and in this case χ^2 satisfies χ^2 − χ^2_{min} ≥17.9 for any value of Δm^2_{43}, θ_{24} and δ_1 and it implies that pure ν_μ ↔ ν_s oscillation is excluded at 99.7%CL (3.0σCL). This is consistent with the recent claim by Superkamiokande group [11,12].

(2) For some Δm^2_{43}, θ_{24} δ_1 (e.g., Δm^2_{43}=1.3×10^{−3}eV^2, θ_{24} = 50^∘, θ_{23} = 30^∘, δ_1 = 0), θ_{34} = 90^∘ is allowed at 90%CL, and one might wonder how such a solution can give a reasonable fit to the data. For this set of the oscillation parameters, we find that the oscillation probabilities without matter effects are given by

P (ν_μ → ν_τ ; without matter effects) = 3 8 cos^2 (5π 18 )

P (ν_μ → ν_s; without matter effects) = sin^2 (5π 9 ) [ 1 32 + 3 4 sin^2 ( Δm^2_{43}L 4E )] , (15)

where (3/8) cos^2(5π/18) ≃ 0.15, sin^2(5π/9) ≃ 0.97, and we have averaged over rapid oscillations which come from Δm^2_{32}. From (15) we observe that zenith angle dependence with a non-maximal coefficient comes solely from ν_μ ↔ ν_s oscillation and both ν_μ ↔ ν_μ and ν_μ ↔ ν_s oscillations have constant contribution in the oscillation probabilities. As was shown in [23], the zenith angle dependence of contained events is explained well also by ν_μ ↔ ν_s oscillation, but the fit of ν_μ ↔ ν_s to upward going μ events is poor [11,12]. In the present case, we have χ^2_{sub−GeV}=19.7, χ^2_{multi−GeV}=15.5, χ^2_{through}=15.0 and we observe that this solution is allowed at 90%CL because a poor fit to the upward going through μ events is compensated by a good fit to the multi-GeV contained events.

(3) One of the remarkable features of our result is that there is a region where relatively small value of θ_{24}(∼ 30^∘) is allowed at 90%CL for θ_{23} ≃ 20^∘, i.e., there exists a solution in which all the mixing angles are relatively small |θ_{jk}| <∼ π/6, and such situation does not occur for θ_{23} = 0. This phenomena is reminiscent of the work [41] on three flavor analysis of the atmospheric neutrino data, in which it was argued that relatively small mixing angles could account for the data because of matter effects if there were no CHOOZ constraint [42]. However, in the present case it turns out that the matter effect is not so important, i.e., even if we put the density of the matter to zero the fit to the data is still reasonable.

The reason that the fit to the data is good for θ_{24} ∼ 30^∘ is because the disappearance probability behaves as 1 − P (ν_μ ↔ ν_μ) = A + B sin^2(Δm^2_{43}L/4E) (A, B are constant) and even if the coefficient B is relatively small the presence of the constant term A compensates the goodness of the fit to a certain extent. This argument applies both to the multi-GeV μ-like contained events and the upward going through muon events.

(4) To combine the present result with the analysis of the solar neutrinos in [30], it is necessary to obtain the value of c_s ≡ |U_{s1}|^2 + |U_{s2}|^2 for each point. In our parametrization (1) we have

U_{s1} = −s_{12}(c_{23}c_{34} + s_{23}s_{24}s_{34}e^{iδ1}) U_{s2} = c_{12}(c_{23}c_{34} + s_{23}s_{24}s_{34}e^{iδ1} ) (16)

so that

c_s ≡ |U_{s1}|^2 + |U_{s2}|^2 = |c_{23}c_{34} + s_{23}s_{24}s_{34}e^{iδ1} |^2. (17)

The contours of c_s =0.2, 0.4, 0.6, 0.8 are plotted together with the allowed region for various Δm^2_{43} in Fig. 3(a) (δ_1 = 0), 3(b) (δ_1 = π/4) and 3(c) (δ_1 = π/2). For each value of δ_1 some point in the allowed region satisfies c_s <∼ 0.2 for 40^∘ <∼ θ_{24} <∼ 50^∘. We find that the allowed region at 90% confidence level satisfies 0.15 <∼ c_s ≤ 1 for δ_1 = 0, 0.10 <∼ c_s ≤ 1 for δ_1 = π/4, 0.05 <∼ c_s ≤ 1 for δ_1 = π/2, respectively. Hence combination of the present result with the analysis in [30] suggests that the LMA and VO solutions as well as SMA solution of the solar neutrino problem are possible for some region in the parameter space. Recently Superkamiokande group has announced [43] that the SMA and VO solutions of the solar neutrino problem are disfavored at 95% confidence level. If Nature is described by a four neutrino scenario, therefore, the present scheme with c_s <∼ 0.2 may be the right solution for all the oscillation data.

V. CONCLUSIONS

We have shown in the framework of four neutrino oscillations without assuming the BBN constraints that the Superkamiokande atmospheric neutrino data are explained by wide range of the oscillation parameters which implies hybrid oscillations of ν_μ ↔ ν_τ and ν_μ ↔ ν_s as well as hybrid oscillations with Δm^2_{atm} and Δm^2_{LSND}. The case of pure ν_μ ↔ ν_s is excluded at 3.0σCL in good agreement with the Superkamiokande analysis. It is found by combining the analysis on the solar neutrino data by Giunti, Gonzalez-Garcia and Peña- Garay that the LMA and VO solutions as well as SMA solution of the solar neutrino problem are allowed. This gives us another possibility in phenomenology of neutrino oscillations and such scenarios deserve further study.

ACKNOWLEDGMENTS

I would like to thank Alex Friedland for showing me how to obtain interpolation in 3 dimensions by Mathematica. This research was supported in part by a Grant-in-Aid for Scientific Research of the Ministry of Education, Science and Culture, #12047222, #10640280.

APPENDIX

With hierarchy |ΔE_{32}| ≫ |ΔE_{43}|, |A(x)| we can obtain the analytical expression for the oscillation probability P (ν_μ → ν_μ) to the leading order in |ΔE_{43}|/|ΔE_{32}| and |A(x)|/|ΔE_{32}| in adiabatic approximation. The purpose of this Appendix is to show that the oscillation probability P (ν_μ ↔ ν_μ) is invariant under θ_{34} → −θ_{34} and δ_1 → π −δ_1 to the leading order in |ΔE_{43}/ΔE_{32}| and |A(x)/ΔE_{32}|. To do that, it is convenient to use different parametrization: V ≡ R_{13} ( π 2 ) DR_{23}(φ_{23})R_{13}(φ_{13})D^{−1}R_{12}(φ_{12}), (18)

where D ≡ diag(e^{iδ0} ,1,1). To relate this parametrization with (7), we have to multiply diagonal phase matrices

V = diag ( e^{iω1} , e^{iω2} , e^{−i(ω1+ω2)} ) ~U diag ( e^{iγ1} , e^{iγ2} , e^{−i(γ1+γ2)} ) , (19)

where

ω_1 = 1 3 arg U_{s2} + 1 3 arg U_{s3} − 1 3 arg U_{μ4}, ω_2 = 1 3 arg U_{s2} + 1 3 arg U_{s3} + 2 3 arg U_{μ4}

γ_1 = − 1 3 arg U_{s2} + 2 3 arg U_{s3} + 1 3 arg U_{μ4}, γ_2 = 2 3 arg U_{s2} − 1 3 arg U_{s3} + 1 3 arg U_{μ4}. (20)

Comparing the both hand sides of (19), we obtain

tan φ_{12} = |U_{s3}| |U_{s2}| , tan φ_{13} = c_{24}s_{34} √ c^2_4c^2_{34} + s^2_4

tan φ_{23} = c_{24}c_{34} s_{24}

, arg (−V_{e3}) ≡ π − δ^′ = − arg U_{μ4} − arg U_{s2} − arg U_{s3}. (21)

Using this parametrization, we have

V^{−1}diag (0, 0, A) V + (0, 0, ΔE_{43}) = R_{12}(φ_{12})^{−1}DR_{13}(φ_{13} − φ^M_{13})^{−1}diag (t_−, 0, t_+) R_{13}(φ_{13} − φ^M_{13})D^{−1}R_{12}(φ_{12}) = diag ( C^2_{12}(t_−C̃^2 + t_+S̃^2), S^2_{12}(t_−C̃^2 + t_+S̃^2), t_+C̃^2 + t_−S̃^2 ) + 1 2 sin 2φ_{12}(t_−C̃^2 + t_+S̃^2)λ_1 + 1 2 C_{12}(t_− − t_+) sin 2φ̃(λ_4 cos δ^′ − λ_5 sin δ^′) + 1 2 S_{12}(t_− − t_+) sin 2φ̃(λ_6 cos δ^′ − λ_7 sin δ^′), (22)

where λ_j (j = 1, · · · , 8) are the 3 × 3 Gell-Mann matrices with normalization tr(λ_j λ_k ) = 2δ_{jk}, S_{12} ≡ sin φ_{12}, C_{12} ≡ cos φ_{12}, S̃ ≡ sin(φ_{13} − φ^M_{13} ), C̃ ≡ cos(φ_{13} − φ^M_{13}) and φ^M_{13} is the effective mixing angle in matter given by

tan 2φ^M_{13} ≡

ΔE_{43} sin 2φ_{13} ΔE_{43} cos 2φ_{13} − A

, (23)

and t_± are the eigenvalues defined by t_± ≡ 1 2 ( A + ΔE_{43} ± √ (ΔE_{43} cos 2φ_{13} − A)^2 + (ΔE_{43} sin 2φ_{13})^2 ) . (24)

Putting Λ ≡ 1 2ΔE_{32} [ sin 2φ_{12}(t_−C̃^2 + t_+S̃^2)λ_1 + C_{12}(t_− − t_+) sin 2φ̃(λ_4 cos δ^′ − λ_5 sin δ^′) ] , (25)

we have e^{−iΛ} [ diag (−ΔE_{32}, 0, 0) + V^{−1}diag (0, 0, A) V + diag (0, 0, ΔE_{43}) ] e^{iΛ} = diag (−ΔE_{32}, 0, 0) + (C^2_{12}(t_−C̃^2 + t_+S̃^2)I_3 + 1 2 [ (t_−C̃^2 + t_+S̃^2)(S^2_{12} − 2C^2_{12}) + t_+C̃^2 + t_−S̃^2 ] diag(0, 1, 1) + 1 2 [ S^2_{12}(t_−C̃^2 + t_+S̃^2) − t_+C̃^2 − t_−S̃^2 ] ~λ_8 + 1 2 S_{12}(t_− − t_+) sin 2φ̃(λ_6 cos δ^′ − λ_7 sin δ^′), (26)

where I_3 ≡ diag(1, 1, 1), ~λ_8 ≡ diag(0, 1, −1). The last two lines in (26) can be diagonalized by noting F ~λ_8 + G(λ_6 cos δ^′ − λ_7 sin δ^′) = F ~λ_8 + Ge^{i2 δ0}~^{λ8} λ_6 e^{− i2 δ0}~^{λ8} = e^{i2 δ0}~^{λ8} ( F ~λ_8 + Gλ_6 ) e^{− i2 δ0}~^{λ8} = e^{i2 δ0}~^{λ8} e^{−iψλ7} √ F^2 + G^2 ~λ_8 e^{iψλ7} e^{− i2 δ0}~^{λ8} , (27) where F ≡ 1 2 [ S^2_{12}(t_−C̃^2 + t_+S̃^2) − t_+C̃^2 − t_−S̃^2 ]

G ≡ 1 2 S_{12}(t_− − t_+) sin 2φ̃ (28)

and the effective mixing angle ψ in matter is given by

tan 2ψ ≡ G F . (29)

Putting everything together, we obtain

V diag (−ΔE_{32}, 0, ΔE_{43}) V^{−1} + diag (0, 0, A) = V e^{i2 δ0}~^{λ8} e^{−iψλ7} e^{iΛ} { diag (−ΔE_{32}, 0, 0) + (C^2_{12}(t_−C̃^2 + t_+S̃^2)I_3 + 1 2 [ (t_−C̃^2 + t_+S̃^2)(S^2_{12} − 2C^2_{12}) + t_+C̃^2 + t_−S̃^2 ] diag(0, 1, 1) + √ F^2 + G^2 ~λ_8 }

×e^{−iΛ}e^{iψλ7} e^{− i2 δ0}~^{λ8} V^{−1}, (30) to first order in |ΔE_{43}/ΔE_{32}| and |A(x)/ΔE_{32}|. The effective MNS matrix in matter is given by V e^{iδ0}~^{λ8/2}e^{−iψλ7} to zeroth order, and the three eigenvalues in matter are −ΔE_{32}, ξ_+, ξ_−, where ξ_± ≡ (t_−C̃^2 + t_+S̃^2)(S^2_{12} − 2C^2_{12}) + t_+C̃^2 + t_−S̃^2 ± √ F^2 + G^2, to first order in

|ΔE_{43}/ΔE_{32}| and |A(x)/ΔE_{32}|, after subtracting the contribution from C^2_{12}(t_−C̃^2 + t_+S̃^2)I_3. The oscillation probability P (ν_μ → ν_μ) is given by

P (ν_μ → ν_μ) = 1 − 4|V_{μ1}|^2(1 − |V_{μ1}|^2) sin^2

(ΔE_{32}L 2 )

−4|e^{i2 δ0} C_ψV_{μ2} + e^{− i2 δ0} S_ψV_{μ3}|^2| − e^{i2 δ0} S_ψV_{μ2} + e^{− i2 δ0} C_ψV_{μ3}|^2 sin^2 ( (ξ_+ − ξ_−)L 2 )

(31)

to the leading order in |ΔE_{43}|/|ΔE_{32}| and |A(x)|/|ΔE_{32}|, where C_ψ ≡ cos ψ, S_ψ ≡ sin ψ and V_{μj} are the matrix elements given by (18):

V_{μ1} ≡ −S_{12}C_{23} − C_{12}S_{23}S_{13}e^{iδ0} V_{μ2} ≡ C_{12}C_{23} − S_{12}S_{23}S_{13}e^{iδ0} V_{μ3} ≡ S_{23}C_{13} (32)

with S_{jk} ≡ sin φ_{jk}, C_{jk} ≡ cos φ_{jk} . We observe that (31) is invariant under θ_{34} → −θ_{34} and δ_1 → π − δ_1 since under these transformation the mixing angles in V behave as φ_{12} → φ_{12}, φ_{13} → −φ_{13} (φ̃_{13} → −φ̃_{13}), φ_{23} → φ_{23}, arg U_{sj} → − arg U_{sj} (j=2,3), arg U_{μ4} → π − arg U_{μ4}, δ^′ → π − δ^′, ψ → −ψ, V_{μj} → V^∗_{μj} (j=1,2), V_{μ3} → V_{μ3}, |e^i2^{δ0} C_ψV_{μ2} + e^{− i}2^{δ0} S_ψV_{μ3}|^2 → |e^i2^{δ0} C_ψV_{μ2} + e^{− i}2^{δ0} S_ψV_{μ3}|^2, | − e^i2^{δ0} S_ψV_{μ2} + e^{− i}2^{δ0} C_ψV_{μ3}|^2 → | − e^i2^{δ0} S_ψV_{μ2} + e^{− i}2^{δ0} C_ψV_{μ3}|^2. Therefore, the oscillation probability is invariant under θ_{34} → −θ_{34}, δ_1 → π − δ_1 to zeroth order in |ΔE_{43}/ΔE_{32}| and |A(x)/ΔE_{32}|.

REFERENCES

[1] B.T. Cleveland et al., Nucl. Phys. B (Proc. Suppl.) 38, 47 (1995). [2] Y. Fukuda et al., Phys. Rev. Lett. 77, 1683 (1996) and references therein. [3] Y. Suzuki, Nucl. Phys. B (Proc. Suppl.) 77, 35 (1999) and references therein. [4] V.N. Gavrin, Nucl. Phys. B (Proc. Suppl.) 77, 20 (1999) and references therein. [5] T.A. Kirsten, Nucl. Phys. B (Proc. Suppl.) 77, 26 (1999) and references therein. [6] See, e.g., J.N. Bahcall and R.K. Ulrich, Rev. Mod. Phys. 60, 297 (1988); J.N. Bahcall and M.H. Pinsonneault, Rev. Mod. Phys. 64, 885 (1992); J.N. Bahcall, R. Davis, Jr., P. Parker, A. Smirnov, R. Ulrich eds., SOLAR NEUTRINOS: the first thirty years Reading, Mass., Addison-Wesley, 1994 and references therein.

[7] Kamiokande Collaboration, K.S. Hirata et al., Phys. Lett. B280, 146 (1992); Y. Fukuda et al., Phys. Lett. B335, 237 (1994).

[8] Kamiokande Collaboration, S. Hatakeyama et al., Phys. Rev. Lett. 81, 2016 (1998). [9] R. Becker-Szendy et al., Phys. Rev. D46, 3720 (1992) and references therein. [10] Superkamiokande Collaboration, Y. Fukuda et al., Phys. Lett. B433, 9 (1998); Phys.

Lett. B436, 33 (1998); Phys. Rev. Lett. 81, 1562 (1998).

[11] T. Hasegawa, talk given at Summer Institute 99, 15 – 21 August, 1999, Yamanashi, Japan.

[12] T. Toshito, talk given at YITP Workshop on Theoretical Problems related to Neutrino Oscillations, 28 February – 1 March, 2000, Kyoto, Japan.

[13] Superkamiokande Collaboration, Y. Fukuda et al., Phys. Rev. Lett. 82, 2644 (1999). [14] W.W.M. Allison et al., Phys. Lett. B449, 137 (1999); T. Kafka, hep-ex/9912060. [15] M. Spurio, Nucl. Phys. (Proc. Suppl.) 85 37 (2000).

[16] J.G. Learned, S. Pakvasa, and T.J. Weiler, Phys. Lett. B207, 79 (1988); V. Barger and K. Whisnant, Phys. Lett. B 209, 365 (1988); K. Hidaka, M. Honda and S. Midorikawa, Phys. Rev. Lett. 61, 1537 (1988).

[17] C. Athanassopoulos et al., (LSND Collaboration), Phys. Rev. Lett. 77, 3082 (1996);

Phys. Rev. C 54, 2685 (1996); Phys. Rev. Lett. 81, 1774 (1998); Phys. Rev. C 58, 2489 (1998); D.H. White, Nucl. Phys. (Proc. Suppl.) 77 207 (1999).

[18] V. Barger, P. Langacker, J. Leveille, and S. Pakvasa, Phys. Rev. Lett. 45, 692 (1980);

V. Barger et al., Phys. Rev. D 43, 1759 (1991); D.O. Caldwell and R.N. Mohapatra, Phys. Rev. D 48, 3259 (1993); J.T. Peltoniemi and J.W. F. Valle, Nucl. Phys. B406, 409 (1993); J.T. Peltoniemi, D. Tommasini, J.W.F. Valle, Phys. Lett. B298, 383 (1993); S.M. Bilenky and C. Giunti, Phys. Lett. B 320, 323 (1994); Z. Phys. C 68, 495 (1995); Z.G. Berezhiani and R.N. Mohapatra, Phys. Rev. D 52, 6607 (1995); E.J. Chun, A.S. Joshipura and A.Yu. Smirnov, Phys. Lett. B 357, 608 (1995); R. Foot and R.R. Volkas, Phys. Rev. D 52, 6595 (1995); N.F. Bell, R. Foot and R.R. Volkas, Phys. Rev. D 58, 105010 (1998); R. Foot, Phys. Rev. D 61, 023516 (2000); E. Ma and P. Roy, Phys. Rev. D 52, R4780 (1995); J.T. Peltoniemi, hep-ph/9511323; E.J. Chun, A.S. Joshipura and A.Yu. Smirnov, Phys. Rev. D 54, 4654 (1996); P. Krastev, S.T. Petcov, and Q.Y. Liu, Phys. Rev. D 54, 7057 (1996); J.J. Gomez-Cadenas and M.C. Gonzalez-Garcia, Z. Phys. C 71, 443 (1996); K. Benakli and A.Yu. Smirnov, Phys. Rev. Lett. 79, 4314 (1997); R.N. Mohapatra, hep-ph/9711444; H. Nunokawa, J.T. Peltoniemi, A. Rossi, and J.W. F. Valle, Phys. Rev. D 56, 1704 (1997). F. Vissani and A. Smirnov, Phys. Lett. B432, 376 (1998); L.J. Hall and H. Murayama, Phys. Lett. B436, 323 (1998); V. Barger, K.

Whisnant, and T.J. Weiler, Phys. Lett. B 427, 97 (1998); V. Barger, S. Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Rev. D 58, 093016 (1998); J.R. Espinosa, Nucl. Phys. (Proc. Suppl.) 62, 187 (1998); G. Cleaver, M. Cvetic, J.R. Espinosa, L. Everett, and P. Langacker, Phys. Rev. D 57, 2701 (1998); M. Maris and S.T. Petcov, Phys. Rev. D 58, 113008 (1998); Q.Y. Liu and A. Yu. Smirnov, Nucl. Phys. B524, 5051 (1998); D.O. Caldwell, Int. J. Mod. Phys. A 13, 4409 (1998); N. Gaur, A. Ghosal, E. Ma, and P. Roy, Phys. Rev. D 58, 071301 (1998); B. Bramachari and R.N. Mohapatra, Phys. Lett. B 437, 100 (1998); A.S. Joshipura and A. Yu. Smirnov, Phys. Lett. B 439, 103 (1998); S.M. Bilenky, C. Giunti, and W. Grimus, Nucl. Phys. B (Proc. Suppl.) 77, 151 (1999); S.M. Bilenky, C. Giunti, and W. Grimus, Phys. Rev. D 58, 033001 (1998); Prog. Part. Nucl. Phys. 43, 1 (1999); S.C. Gibbons, R.N. Mohapatra, S. Nandi, and A. Raychaudhuri, Phys. Lett. B 430, 296 (1998); E. Ma, D.P. Roy, and U. Sarkar, Phys. Lett. B 444, 391 (1998); M. Bando and K. Yoshioka, Prog. Theor. Phys. 100, 1239 (1998); Y. Okamoto and M. Yasue, Prog. Theor. Phys. 101, 1119 (1999); V. Barger, Y.-B. Dai, K. Whisnant and B.-L.Young, Phys. Rev. D 59, 113010 (1999); S.M. Bilenky, C. Giunti, W. Grimus and T. Schwetz, Phys. Rev. D 60, 073007 (1999); A. Kalliomaki, J. Maalampi and M. Tanimoto, Phys. Lett. B 469, 179 (1999); A. Donini, M.B. Gavela, P. Hernandez and S. Rigolin, hep-ph/9910516; K. Dick, M. Freund, M. Lindner and A. Romanino, Nucl. Phys. B562, 29 (1999); D. Dooling, C. Giunti, K. Kang and C.W. Kim, Phys. Rev. D 61, 073011 (2000); C. Giunti, Phys. Rev. D 61, 036002 (2000); Phys. Lett. B 467, 83 (1999); JHEP 0001, 032 (2000); T. Hattori, T. Hasuike and S. Wakaizumi, hep-ph/0002096; A. Kalliomaki and J. Maalampi, hep-ph/0003281; Y. Koide and A. Ghosal, hep-ph/0006084.

[19] S. Goswami, Phys. Rev. D 55, 2931 (1997).

[20] N. Okada and O. Yasuda, Int. J. Mod. Phys. A 12, 3669 (1997). [21] S.M. Bilenky, C. Giunti and W. Grimus, hep-ph/9609343; Eur. Phys. J. C1, 247 (1998). [22] S.M. Bilenky, C. Giunti, W. Grimus and T. Schwetz, Astropart. Phys. 11, 413 (1999). [23] R. Foot, R.R. Volkas and O. Yasuda, Phys. Rev. D58, 13006 (1998); O. Yasuda, Nucl.

Phys. B (Proc. Suppl.) 77, 146 (1999).

[24] M.C. Gonzalez-Garcia, H. Nunokawa, O.L.G. Peres and J.W.F. Valle, Nucl. Phys. B543, 3 (1999).

[25] E. Akhmedov, P. Lipari and M. Lusignoli, Phys. Lett. B300, 128 (1993); P. Lipari and M. Lusignoli, Phys. Rev. D57, 3842 (1998); J.G. Learned, S. Pakvasa and J.L. Stone, Phys. Lett. B435, 131 (1998); Q.Y. Liu and A.Yu. Smirnov, Nucl. Phys. B525, 505 (1998); Q.Y. Liu, S.P. Mikheyev and A.Yu. Smirnov, Phys. Lett. B440, 319 (1999).

[26] R. Barbieri and A. Dolgov, Phys. Lett. B 237, 440 (1990); Nucl. Phys. B349, 743 (1991); K. Kainulainen, Phys. Lett. B 244, 191 (1990); K. Enqvist, K. Kainulainen, and M. Thomson, Nucl. Phys. B373, 498 (1992); Phys. Lett. B 288, 145 (1992); X. Shi, D.N. Schramm, and B.D. Fields, Phys. Rev. D 48, 2563 (1993).

[27] Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962). [28] S.P. Mikheyev and A. Smirnov, Nuovo Cim. 9C, 17 (1986); L. Wolfenstein, Phys. Rev.

D17, 2369 (1978).

[29] C.J. Copi, D.N. Schramm and M. S. Turner, Phys. Rev. Lett. 75, 3981 (1995); K.A.

Olive and G. Steigman, Phys. Lett. B354, 357 (1995); P.J. Kernan and S. Sarkar, Phys. Rev. D 54, R3681 (1996); S. Sarkar, Rep. on Prog. in Phys. 59, 1 (1996); K.A. Olive, talk at 5th International Workshop on Topics in Astroparticle and Underground Physics (TAUP 97), Gran Sasso, Italy, 1997; K.A. Olive, proc. of 5th International Conference on Physics Beyond the Standard Model, Balholm, Norway, 1997.

[30] C. Giunti, M. C. Gonzalez-Garcia and C. Peña-Garay, hep-ph/0001101. [31] O. Yasuda, hep-ph/9602342; hep-ph/9706546; hep-ph/9809205; Phys. Rev. D58, 091301 (1998); Acta Phys. Pol. B30, 3089 (1999); R. Foot, R.R. Volkas and O. Yasuda, Phys. Rev. D57, 1345 (1998); Phys. Lett. B421, 245 (1998). R. Foot, R.R. Volkas and O. Yasuda, Phys. Lett. B433, 82 (1998); R. Foot, C.N. Leung and O. Yasuda, Phys. Lett. B443, 185 (1998); G.L. Fogli, E. Lisi, D. Montanino and G. Scioscia, Phys. Rev. D55, 4385 (1997); G.L. Fogli, E. Lisi, A. Marrone and D. Montanino, Phys. Lett. B425, 341 (1998); G.L. Fogli, E. Lisi and A. Marrone Phys. Rev. D57, 5893 (1998); G.L. Fogli, E. Lisi, A. Marrone and G. Scioscia, Phys. Rev. D59, 033001 (1999); Phys. Rev. D59, 117303, (1999); Phys. Rev. D60, 053006, (1999); Nucl. Phys. B (Proc. Suppl.) 85, 159 (2000); J.W. Flanagan, J.G. Learned and S. Pakvasa, Phys. Rev. D57, 2649 (1998); M.C. Gonzalez-Garcia, H. Nunokawa, O.L.G. Peres, T. Stanev and J.W.F. Valle, Phys. Rev. D58, 033004 (1998); M.C. Gonzalez-Garcia, M.M. Guzzo, P.I. Krastev H. Nunokawa, O.L.G. Peres, V. Pleitez, J.W.F. Valle and R. Zukanovich Funchal, Phys. Rev. Lett. 82, 3202 (1999); N. Fornengo, M.C. Gonzalez-Garcia and J.W.F. Valle, hep-ph/9906539; hep-ph/0002147; O.L.G. Peres, A.Yu. Smirnov Phys. Lett. B456, 204-213,1999; P. Lipari and M. Lusignoli, Phys. Rev. D60, 013003 (1999); E. Kh. Akhmedov, A. Dighe, P. Lipari, A. Yu. Smirnov, Nucl. Phys. B542, 3 (1999); S. Choubey and S. Goswami, hep-ph/9904257 S. Choubey, S. Goswami and K. Kar, hepph/0004100; T. Teshima, T. Sakai, O. Inagaki, Int. J. Mod. Phys. A 14, 1953 (1999); T. Teshima, T. Sakai, Prog. Theor. Phys. 101, 147 (1999); Prog. Theor. Phys. 102, 629 (1999); hep-ph/0003038;

[32] B. Ackar et al., Nucl. Phys. B434, 503 (1995). [33] L. Borodovsky et al., Phys. Rev. Lett. 68, 274 (1992). [34] CDHSW Collaboration, F. Dydak et al., Phys. Lett. B 134, 281 (1984). [35] Review of Particle Physics, Particle Data Group, Eur. Phys. J. C3, 1 (1998). [36] See for example, D. Notzold and G. Raffelt, Nucl. Phys. B307, 924 (1988). [37] M. Honda, T. Kajita, S. Midorikawa, and K. Kasahara, Phys. Rev. D52, 4985 (1995);

M. Honda, K. Kasahara, and S. Midorikawa, private communication. [38] K. Kaneyuki, private communication.

[39] T.K. Gaisser and J.S. O’Connell, Phys. Rev. D34, 822 (1986).

[40] V. Barger and R.J. N. Phillips, Collider Physics (Addison-Wesley, Redwood City, 1987), p.153.

[41] A. De Rujula, M.B. Gavela and P. Hernandez, hep-ph/0001124.

[42] CHOOZ Collaboration, M. Apollonio et al., Phys. Lett. B420, 397 (1998); Phys. Lett.

B 466, 415 (1999).

[43] Y. Suzuki, talk at 19th International Conference on Neutrino Physics and Astrophysics (Neutrino 2000), Sudbury, Canada, June 16-22, 2000 (http://nu2000.sno.laurentian.ca/ Y.Suzuki/).

Figures

Fig.1 (a), (b), (c) The allowed region in the (θ_{34}, θ_{23}) plane for various values of θ_{24} = 27^∘, 30^∘, · · · , 58^∘ and (a) δ_1 = 0 (Δm^2_{43} = 10^{−29/10}eV^2), (b) δ_1 = π/4 (Δm^2_{43} = 10^{−27/10}eV^2), (c) δ_1 = π/2 (Δm^2_{43} = 10^{−29/10}eV^2), respectively. The solid, dashed and dotted lines represent 68%, 90%, 99% confidence level, respectively. The asterisk in Fig. 1 (a) stands for the best fit point. The value of Δm^2_{43} for each set of figures is that of the best fit point with GIVEN value of δ_1. The best fit with a fixed value of δ_1 = 0, π/4, π/2 is obtained for Δm^2_{43} = 10^{−29/10}eV^2, 10^{−27/10}eV^2, 10^{−29/10}eV^2, respectively.

Fig.2 (a), (b) The zenith angles dependence of (a) contained events and (b) upward going through muon events for Δm^2_{43} = 10^{−29/10}eV^2, θ_{24} = 50^∘, θ_{34} = 90^∘, θ_{23} = 30^∘ (fine dotted line), Δm^2_{43} = 10^{−29/10}eV^2, θ_{24} = 35^∘, θ_{34} = 15^∘, θ_{23} = 20^∘ (dashed line; best fit case) Δm^2_{43} = 10^{−27/10}eV^2, θ_{24} = 40^∘, θ_{34} = 0^∘, θ_{23} = 0^∘ (coarse dotted line; best fit case among pure ν_μ ↔ ν_τ oscillations), no oscillation case (solid line), respectively. δ_1 = 0 for all the three cases. The zenith angle dependence of the multi-GeV μ-like events is different for the three sets of the oscillation parameters, but that of the upward going muon events is almost similar for the best fit case and the pure ν_μ ↔ ν_τ case.

Fig.3 (a), (b), (c) The shadowed area is the allowed region projected on the (θ_{34}, θ_{23}) plane for various values of Δm^2_{43} (10^{−3.5}eV^2 ≤ Δm^2_{43} ≤ 10^{−2}eV^2) for each value of θ_{24} = 27^∘, 30^∘, · · · , 58^∘ and for (a) δ_1 = 0, (b) δ_1 = π/4, (c) δ_1 = π/2, respectively, and the thin solid lines are boundary of the allowed region for various values of Δm^2_{43}. The solid, dashed, coarse dotted and fine dotted lines stand for the contours of c_s ≡ |U_{s1}|^2 + |U_{s2}|^2 =|c_{23}c_{34} + s_{23}s_{24}s_{34}e^{iδ1} |^2 = 0.2, 0.4, 0.6, 0.8, respectively. Solutions with c_s <∼ 0.2 exist for 40^∘ <∼ θ_{24} <∼ 50^∘ and for each value of δ_1 and they can have Large Mixing Angle solutions of the solar neutrino problem.