arXiv:hep-ph/0010341 31 Oct 2000

Two-loop Radiative Corrections to Neutrino Masses

in SU (3)L � U (1)N Gauge Models

Teruyuki Kitabayashi^{�y}

Accelerator Engineering Center, Mitsubishi Electric System & Service Engineering Co.Ltd., 2-8-8 Umezono, Tsukuba, Ibaraki 305-0045, Japan.

October 30, 2000

Abstract We have constructed two SU (3)L � U (1)N gauge models with the L^′ = Le � Lμ � Lτ symmetry, which accommodate tiny neutrino masses generated by one-loop and two-loop radiative effects. The heavy neutral leptons and heavy charged leptons are employed to specify the lepton triplets in SU (3)L, respectively, accompanied by (ϕ0, ϕ^−, h+) and (ϕ+, ϕ0, h+), where ϕ stands for the standard Higgs scalar and h+ is a key ingredient for radiative mechanisms. From our numerical calculations, we find that both our models are relevant to yield the VO solution to the solar neutrino problem.

1 Introduction

The Super-Kamiokande experiments on atmospheric neutrino oscillations provide evidence for tiny neutrino masses and their mixings [1, 2]. Solar neutrinos are observed to be also oscillating [3]. To generate such tiny neutrino masses, two main theoretical mechanisms have been proposed: one is the seesaw mechanism [4] and the other is the radiative mechanism [5, 6, 7, 8]. In the radiative mechanism proposed by Zee [5], a new singly charged SU (2)-singlet Higgs scalar, h^+, was introduced into the SU (2)_L × U (1)_Y standard model and neutrino masses were generated as one-loop radiative corrections via the h^+ coupling to ℓ_Lν_L. After this work, Zee and Babu studied two-loop radiative mechanism [6]. In two-loop mechanism, one more doubly charged SU (2)-singlet Higgs scalar k^{++} was added to the standard model and tiny neutrino masses arose from two-loop radiative effects generated by ℓ_Rℓ_Rk^{++}.

In this talk, I report my recent works [9, 10] about generation of tiny neutrino masses and oscillations in SU (3)_L × U (1)_N models [11]. The observed structure in atmospheric and solar neutrino oscillations is considered to be based on the presence of the L_e − L_μ − L_τ conservation [12, 13], which ensures maximal solar neutrino mixing and the hierarchy of Δm^2_{atm} ≫ Δm^2_⊙ although Δm^2_⊙=0 and on the generic smallness of one-loop effects over two-loop effects to yield tiny amount of Δm^2_⊙ realizing Δm^2_{atm} ≫ Δm^2_⊙ (≠ 0) [14]. To induce maximal atmospheric neutrino mixing needs other physical origin, which is ascribed to approximate degeneracy between masses of newly introduced heavy leptons. Altogether, we finally obtain (approximate) bimaximal neutrino mixing scheme for neutrino oscillations [15, 16].

2 Models

The radiative neutrino mechanism has been discussed to consistently yield one-loop radiative neutrino masses in various SU (3)_L × U (1)_N models [17]. To further discuss two-loop effects in these models, we

∗A talk given at Post Summer Institute 2000 on Neutrino Physics, August 21-24, 2000, Fuji-Yoshida, Japan. †E-mail:teruyuki@post.kek.jp

have constructed two SU (3)_L × U (1)_N models: the heavy neutral leptons model [9] and the heavy charged lepton model [10].

2.1 Heavy Neutral Lepton Model

In this model, quantum numbers of the leptons and the Higgs scalars are summarized as follows:

Leptons ψ^{i=1,2,3} L = ( ν^i, ℓ^i, ω^i )_T L : ( 3, − 1 3 ) , ℓ^{1,2,3}_L : (1, −1) , ω^{1,2,3}_R : (1, 0) , (1)

Higgs Scalars ρ = ( ρ^+, ρ^0, ρ^+ )_T : ( 3, 2 3 ) , ρ^′ = ( ρ^{′+}, ρ^{′0}, ρ^{′+} )_T : ( 3, 2 3 ) , η = ( η^0, η^−, η^0 )_T : ( 3, − 1 3 ) , χ = ( χ^0, χ^−, χ^0 )_T : ( 3, − 1 3 ) , k^+ : (1, 1), (2) where ω^{0i} stand for three heavy neutral leptons, k^+ is an extra scalar that plays a role of Babu’s k^{++} and values in the parentheses specify quantum numbers based on the (SU (3)_L, U (1)_N )-symmetry. The Zee’s scalar, h^+, corresponds to ρ^{′+}. Three Higgs scalars have the following vacuum expectation values (VEV): < 0|η|0 >= (v_η , 0, 0)^T , < 0|ρ|0 >= (0, v_ρ, 0)^T , < 0|χ|0 >= (0, 0, v_χ)^T , where this orthogonal choice of VEV’s is to be guaranteed by the ηρχ-term in Eq.(3), and the remainder, ρ^′, acquire no VEV for model to be consistently described [18]. We also impose the L^′ = L_e − L_μ − L_τ conservation [12] on our interactions to reproduce the observed atmospheric neutrino oscillations. For the charge assignment, see Table 1.

Table 1: L and L^′ quantum numbers in heavy neutral lepton model.

Fields η, ρ, ρ^′, χ ψ^1_L, ℓ^1_R, ω^1_R ψ^{2,3}_L , ℓ^{2,3}_R , ω^{2,3}_R k^+

L 0 1 1 2 L^′ 0 1 -1 2

The Higgs interactions are given by self-Hermitian terms composed of at most four scalar fields and by two types of non self-Hermitian Higgs potentials, L^′-conserving potential (V_0) and L^′-violating potential (V_b):

V_0 = λ_0ϵ^{αβγ} η_αρ_β χ_γ + λ_1(ρ^†η)(χ^†ρ^′) + λ_2(ρ^†ρ^′)(χ^†η) + (h.c.), V_b = μ_bρ^{′†}ηk^+ + (h.c.), (3) where λ_{0,1,2} are the coupling constants and μ_b denotes the L^′-breaking mass scale. If there is only the V_0, the eigenvalues of the neutrino mass matrix are given by 0 and ±m_ν (m_ν : neutrino mass). From these eigenvalues, we can describe only atmospheric neutrino oscillations. However, if the V_b also exists, we can realize a two-loop radiative mechanism and we successfully obtain both atmospheric [1, 2] and solar [3] neutrino oscillations. This is why we have introduced the V_b.

The Yukawa interactions relevant for the neutrino mass generation are given by the following lagrangian:

− L_Y = 1 2 ϵ^{αβγ} ∑ i=2,3 f_{[1i]}(ψ^1_{αL})^cψ^i_{βL}ρ^′_γ + ∑ i=1,2,3 ψ^i_L ( f^i_ℓ ρℓ^i_R + f^i_ωχω^i_R )

+ ∑ i,j=2,3 f^{ij}_k (ℓ^i_R)^cω^j_Rk^+ + (h.c.), (4) where f’s are Yukawa couplings with the relation f_{[ij]} = −f_{[ji]} demanded by the Fermi statistics.

2.2 Heavy Charged Lepton Model

In this model, the leptons and the Higgs scalars are summarized as follows:

Leptons ψ^{i=1,2,3} L = ( ν^i, ℓ^i, κ^i )_T L : (3, 0) , ℓ^{1,2,3}_R : (1, −1) , κ^{1,2,3}_R : (1, 1) , (5)

Higgs scalars η = ( η^0, η^−, η^+ )_T : (3, 0) , ρ = ( ρ^+, ρ^0, ρ^{++} )_T : (3, 1) , χ = ( χ^−, χ^{−−}, χ^0 )_T : (3, −1) , k^{++} : (1, 2), (6)

where κ^{+i} stand for three heavy charged leptons and k^{++} is an extra scalar that plays a role of Babu’s k^{++}. The Zee’s scalar, h^+, corresponds to η^+. The Higgs scalars have the following vacuum expectation values (VEV): < 0|η|0 >= (v_η , 0, 0)^T , < 0|ρ|0 >= (0, v_ρ, 0)^T , < 0|χ|0 >= (0, 0, v_χ)^T . In the same way as in the heavy neutral lepton model, we also impose the L^′ conservation in this model. Listed in Table 2 are various L- and L^′-quauntum numbers.

Table 2: L and L^′ quantum number in heavy charged lepton model.

Fields η, ρ, χ ψ^1_L, ℓ^1_R, κ^1_R ψ^{2,3}_L , ℓ^{2,3}_R , κ^{2,3}_R k^{++} L 0 1 1 2 L^′ 0 1 -1 2

The Higgs interactions are also given by self-Hermitian terms composed of at most four scalar fields and by two types of non self-Hermitian Higgs potentials, L^′-conserving potential (V_0) and L^′-violating potential (V_b):

V_0 = λ_0ϵ^{αβγ} η_αρ_βχ_γ + λ_1(χ^†η)(ρ^†η) + (h.c.), V_b = μ_bρ^†χk^{++} + (h.c.), (7)

where λ_{0,1} are the coupling constants and μ_b denotes the L^′-breaking mass scale again.

The Yukawa interactions relevant for the neutrino mass generation are given by the following lagrangian:

− L_Y = 1 2 ϵ^{αβγ} ∑ i=2,3 f_{[1i]}(ψ^1_{αL})^cψ^i_{βL}η_γ + ∑ i=1,2,3 ψ^i_L ( f^i_ℓ ρℓ^i_R + f^i_κχκ^i_R )

+f^{11}_k (κ^1_R)^c(k^{++})^†κ^1_R + (h.c.). (8)

Note that the possible interactions of Σ_{i,j=2,3}f^{ij}_k (ℓ^i_R)^ck^{++}ℓ^j_R are forbidden by the L-conservation.

3 Neutrino masses and oscillations

Now, we can discuss how radiative corrections induce neutrino masses in our models.

Figure 1: Loop diagrams in the heavy neutral lepton model, (a) an example of one-loop diagrams for ν^1 − ν^i (i = 2, 3), (b) two-loop diagrams for ν^1 − ν^1.

3.1 Heavy neutral lepton model

In this model, we obtain that one-loop and two-loop diagrams, as shown in Fig.1, correspond to the following interactions ( η^†ψ^1_L ) ϵ^{αβγ} ρ_αχ_βψ^{2,3}_{γL} + ( η^†ψ^{2,3}_L ) ϵ^{αβγ} ρ_αχ_βψ^1_{γL}, ϵ^{αβγ} ϵ^{δϵζ} ψ^1_{αL}ρ_β χ_γ ψ^{2,3}_{δL} ρ_ϵχ_ζ . (9)

From one-loop diagrams, we can calculate the following Majorana masses to be:

m^{(1)}_{1i} = f_{[1i]} [ λ_1 m^2_{ℓi}F ( m^2_{ℓi}, m^2_{ρ′0}, m^2_{ρ+} ) − m^2_{ℓ1}F ( m^2_{ℓ1}, m^2_{ρ′0}, m^2_{ρ+} ) v^2_ρ

+λ_2 m^2_{ωi}F ( m^2_{ωi}, m^2_{ρ′0}, m^2_{χ0} ) − m^2_{ω1}F ( m^2_{ω1}, m^2_{ρ′0}, m^2_{χ0} ) v^2_χ ] v_ηv_ρv_χ,

F (x, y, z) = 1 16π^2 [ x log x (x − y)(x − z) + y log y (y − x)(y − z) + z log z (z − y)(z − x) ] . (10)

In addition, from two-loop diagrams, the outline of its derivation is shown in the Appendix of [9], we find

m^{(2)}_{11} = −2 ∑ i=2,3 λ_2f_{[1i]}f^{ij}_k f_{[1j]}m_{ℓi}m_{ωj} μ_bv_ρv_χI, I = 1 m^2_η − m^2_{ρ′} [ J(m^2_η ) − J(m^2_{ρ′} ) ] , J(m^2) = 1 m^2_k

G(m^2_ℓ , m^2_{ρ′}, m^2_k)G(m^2_ω , m^2, m^2_k), G(x, y, z) = 1 16π^2 x log(x/z) − y log(y/z) x − y , (11) where m_{ℓi}(≡ f^i_{ℓi}v_ρ) and m_{ωi}(≡ f^i_{ωi})v_χ are the mass of the i-th charged lepton and the mass of the i-th heavy neutral lepton respectively, and masses of Higgs scalars are denoted by the subscripts in terms of their fields.

Now, we obtain the following neutrino mass matrix:

M_ν = m^{(2)}_{11} m^{(1)}_{12} m^{(1)}_{13} m^{(1)}_{12} 0 0 m^{(1)}_{13} 0 0 , (12)

from which we find Δm^2_{atm} = m^{(1)2}_{12} + m^{(1)2}_{13} = m^2_ν , Δm^2_⊙ = 2m_ν |m^{(2)}_{11} |. (13)

where we have used the relation of |m^{(2)}_{11} | ≪ |m^{(1)}_{12} |, |m^{(1)}_{13} |.

In order to see whether our model gives the compatible description of neutrino oscillations with the observed data, we make the following assumptions on relevant free parameters:

1. Since v_{η,ρ} is related to masses of weak bosons proportional to √ v^2_η + v^2_ρ, we require √ v^2_η + v^2_ρ=v_{weak},

from which (v_η, v_ρ) ∼ (v_{weak}/10, v_{weak}) are taken, where v_{weak} = (2 √ 2G_F )^{−1/2} = 174 GeV,

2. Since v_χ is a source of masses for heavy charged leptons and also of masses for exotic quarks and exotic gauge bosons, we use v_χ ≫ v_{weak}, from which v_χ ∼ 10v_{weak} is taken,

3. The masses of the Higgs bosons, η and ρ^′, are set to be m_η ∼ m_{ρ′} ∼ v_{weak},

4. The masses of the Higgs bosons, k^+ and χ, and of the heavy charged leptons, ω^i (i = 1,2,3), are assigned to be larger values as m_k ∼ m_χ ∼ v_χ and m_{ω2,ω3} ∼ ev_χ supplemented by 10% mass difference between ω^1 and ω^{2,3}, i.e. m_{ω1} ∼ 0.9m_{ω2,ω3}, where e stands for the electromagnetic coupling,

5. The L-violating couplings of f_{[1i]} (i = 2,3) are determined by Δm^2_{atm}, where f_{[1i]} ∼ 10^{−7} is to be taken,

6. The L^′-violating scale of μ_b is suppressed as ev_χ,

7. The L- and L^′-conserving couplings accompany no suppression factor and are set to be of order 1 as f^{ij}_k ∼ λ_1 ∼ λ_2 ∼ 1.

These values are tabulated in Table 3.

Table 3: Model parameters in heavy neutral lepton model, where masses are given in the unit of v_{weak} = (2 √ 2G_F )^{−1/2} = 174 GeV and e stands for the electromagnetic coupling. v_η v_ρ v_χ m_{k,χ} m_{η,ρ} m_{ω1} m_{ω2,3} μ_b λ_{1,2} f_k f_{ij} 1/10 1 10 10 1 9e 10e 10e 1 1 10^{−7}

From numerical analysis, we obtain that Δm^2_{atm} = 3 × 10^{−3} eV^2, Δm^2_⊙ = 2 × 10^{−10} eV^2 and sin 2ϑ = 0.97. We can see, these values lie in the allowed region of the observed solar neutrino oscillations relevant to the VO solution [19].

3.2 Heavy charged lepton model

From similar discussions in the previous subsection, we obtain one-loop and two-loop diagrams, as shown in Fig.2, which correspond to

Figure 2: Loop diagrams in the heavy charged lepton model, (a) an example of one-loop diagrams for ν^1 − ν^i (i = 2, 3), (b) two-loop diagrams for ν^i − ν^j (i, j = 2, 3). ( η^†ψ^1_L ) ϵ^{αβγ} ρ_αχ_βψ^{2,3}_{γL} + ( η^†ψ^{2,3}_L ) ϵ^{αβγ} ρ_αχ_βψ^1_{γL}, ϵ^{αβγ} ϵ^{δϵζ} ψ^i_{αL}ρ_β χ_γ ψ^j_{δL}ρ_ϵχ_ζ . (14) From one-loop diagrams, we obtain the following Majorana masses,

m^{(1)}_{1i} = f_{[1i]}λ_1 [ m^2_{ℓi}F ( m^2_{ℓi}, m^2_{η+}, m^2_{ρ+} ) − m^2_{ℓ1}F ( m^2_{ℓ1}, m^2_{η+}, m^2_{ρ+} ) v^2_ρ + m^2_{κi}F ( m^2_{κi}, m^2_{η−}, m^2_{χ−} ) − m^2_{κ1}F ( m^2_{κ1}, m^2_{η−}, m^2_{χ−} ) v^2_χ ] v_ηv_ρv_χ. (15)

And, from two-loop diagrams, we find

m^{(2)}_{ij} = −2λ_1f_{[1i]}f^{11}_k f_{[1j]}μ_bm^2_{κ1}v^2_ρI, I = 1 m^2_χ − m^2_k [ J(m^2_χ) − J(m^2_k ) ] , J(m^2) = 1 m^2

G^2(m^2_κ , m^2_η, m^2). (16)

I show the outline of its derivation in the Appendix of [10].

Now, we obtain the following neutrino mass matrix:

M_ν =

0 m^{(1)}_{12} m^{(1)}_{13} m^{(1)}_{12} m^{(2)}_{22} m^{(2)}_{23} m^{(1)}_{13} m^{(2)}_{23} m^{(2)}_{33} , (17) from which we find Δm^2_{atm} = m^{(1)2}_{12} + m^{(1)2}_{13} (= m^2_ν ), Δm^2_⊙ = 2 ( m^{(2)}_{22} cos^2 ϑ + 2m^{(2)}_{23} cos ϑ sin ϑ + m^{(2)}_{33} sin^2 ϑ ) m_ν , (18) where cos ϑ = m^{(1)}_{12} /m_ν and sin ϑ = m^{(1)}_{13} /m_ν .

In the same way as in the heavy neutral lepton model, we specify various parameters in this model with the following assumptions on relevant free parameters:

1. (v_η, v_ρ) ∼ (v_{weak}/10, v_{weak}) with √ v^2_η + v^2_ρ=v_{weak}, 2. v_χ ∼ 10v_{weak}, 3. The masses of the Higgs bosons, η and ρ, are set to be m_η ∼ m_ρ ∼ v_{weak},

4. The masses of the Higgs bosons, k^{++} and χ, and of the heavy charged leptons, κ^i (i = 1,2,3), are assigned to be larger values, we take m_k ∼ m_χ ∼ v_χ with m_{κ1} ∼ 0.9m_{κ2,κ3} where m_{κ2,κ3} ∼ ev_χ,

5. The L-violating couplings of f_{[1i]} are also determined by Δm^2_{atm}, where f_{[1i]} ∼ 10^{−7} is taken,

6. The L^′-violating scale of μ_b is suppressed as ev_χ,

7. f^k_{11} ∼ λ_1 ∼ 1.

These values are tabulated in Table 4.

Table 4: Model parameters in heavy charged lepton model, where masses are given in the unit of v_{weak} = (2 √ 2G_F )^{−1/2} = 174 GeV and e stands for the electromagnetic coupling. v_η v_ρ v_χ m_{k,χ} m_{η,ρ} m_{κ1} m_{κ2,3} μ_b λ_1, f_k f_{ij} 1/10 1 10 10 1 9e 10e 10e 1 1 10^{−7}

From numerical analysis, we obtain that Δm^2_{atm} = 3 × 10^{−3} eV^2, Δm^2_⊙ = 2.8 × 10^{−10} eV^2 and sin 2ϑ = 0.97. These values lie in the allowed region of the observed solar neutrino oscillations relevant to the VO solution again [19].

4 Summary

We have constructed two SU (3)_L × U (1)_N gauge models, which provide the radiatively generated neutrino masses and the observed neutrino oscillations. In the first model, Zee’s scalar, h^+, is placed in (ϕ^+, ϕ^0, h^+), which requires the heavy neutral leptons ω^{0i} to specify the lepton triplets in SU (3)_L. On the other hand, in the second model, h^+ is accompanied by (ϕ^0, ϕ^−) to form (ϕ^0, ϕ^−, h^+), which requires the heavy charged leptons κ^{+i}. To account for the observed hierarchy between Δm^2_{atm} ≫ Δm^2_⊙, we have used the L^′ = L_e − L_μ − L_τ symmetry and the generic smallness of one-loop radiative effects over two-loop radiative effects.

From numerical estimates, we obtain that Δm^2_{atm} = 3 × 10^{−3} eV^2 with sin 2ϑ = 0.97 and Δm^2_⊙ = 2 × 10^{−10} eV^2 in the heavy neutral lepton model, also Δm^2_{atm} = 3 × 10^{−3} eV^2 with sin 2ϑ = 0.97 and Δm^2_⊙ = 2.8 × 10^{−10} eV^2 in the heavy charged lepton model. Thus, both our models are relevant to yield the VO solution to the solar neutrino problem.

To find other possibilities of yielding tiny neutrino masses and oscillations in the SU (3)_L × U (1)_N models, especially the (ν, e, E^−) model [20] that seems to yield the LOW solution, is our future study.

Acknowledgments

The author would like to thank Prof. M. Yasuè for valuable comments, helpful discussions and continuous encouragement.

References

[1] Super-Kamiokande Collaboration, Y. Fukuda. et. al., Phys. Rev. Lett. 81 (1998) 1562; Phys. Lett.

B 433 (1998) 9; ibid. 436 (1998) 33; K. Scholbelg, hep-ex/9905016 (May, 1999); N. Fornengo, M. C. Gonzalez-Garcia and J. C. W. Valle, Nucl. Phys. B 580 (2000) 58.

[2] Y. Takeuchi, Talk given at the 30th Int. Conf. on High Energy Physics (ICHEP2000), 27 Jul. - 2 Aug., Osaka, Japan. See also, J. Ellis, hep-ph/0008334 (Aug, 2000).

[3] J. N. Bahcall, P. I. Krastev and A.Yu.Smirnov, Phys. Rev. D 58 (1998) 096016; ibid. 60 (1999) 093001; J. N. Bahcall, hep-ph/0002018 (Feb, 2000); M. C. Gonzalez-Garcia, P. C. de Holanda, C. Pena-Garay and J. C. W. Valle, Nucl. Phys. B 573 (2000) 3.

[4] T. Yanagida, in Proceedings of the Workshop on Unified Theories and Baryon Number in the Universe edited by A. Sawada and A. Sugamoto (KEK Report No.79-18, Tsukuba, 1979), p.95; Prog. Theor. Phys. 64 (1980) 1103; M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity edited by P. van Nieuwenhuizen and D. Z. Freedmann (North-Holland, Amsterdam 1979), p.315; R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44 (1980) 912.

[5] A. Zee, Phys. Lett. 93B (1980) 389; ibid. 161B (1985) 141; L. Wolfenstein, Nucl. Phys. B 175 (1980) 93.

[6] A. Zee, Nucl. Phys. 264B (1986) 99; K. S. Babu, Phys. Lett. B 203 (1988) 132; D. Chang, W-Y.

Keung and P. B. Pal, Phys. Rev. Lett. 61 (1988) 2420.

[7] For example, S. P. Petcov, Phys. Lett. 115B (1982) 401; K. S. Babu and V. S. Mathur, Phys. Lett.

B 196 (1987) 218; J. Liu, Phys. Lett. B 216 (1989) 367; D. Chang and W-Y. Keung, Phys. Rev. D 39 (1989) 1386; W. Grimus and H. Neufeld, Phys. Lett. B 237 (1990) 521; B. K. Pal, Phys. Rev. D 44 (1991) 2261; W. Grimus and G. Nardulli, Phys. Lett. B 271 (1991) 161; J. T. Peltoniemi, A. Yu. Smirnov and J. W. F. Valle, Phys. Lett. B 286 (1992) 321; A. Yu. Smirnov and Z. Tao, Nucl. Phys. B 426 (1994) 415.

[8] A.Yu. Smirnov and M. Tanimoto, Phys. Rev. D 55 (1997) 1665; N. Gaur, A. Ghosal, E. Ma and P. Roy, Phys. Rev D 58 (1998) 071301; C. Jarlskog, M. Matsuda, S. Skadhauge and M. Tanimoto, Phys. Lett. B 449 (1999) 240; Y. Okamoto and M. Yasuè, Prog. Theor. Phys. 101 (1999) 1119; P.H. Frampton and S.L. Glashow, Phys. Lett. B 461 (1999) 95; G.C. McLaughlin and J.N. Ng, Phys. Lett. B 455 (1999) 224; A.S. Joshipura and S.D. Rindani, Phys. Lett. B 464 (1999) 239; J.E. Kim and J.S. Lee, hep-ph/9907452 (July, 1999); N. Haba, M. Matsuda and M. Tanimoto, Phys. Lett. B 478 (2000) 351; C.-K. Chua, X.-G. He and W-Y.P. Hwang, Phys. Lett. B 479 (2000) 224; D. Chang and A. Zee, Phys. Rev. D 61 (2000) 071303; K. Cheung and O.C.W. Kong, Phys. Rev. D 61 (2000) 113012.

[9] T. Kitabayashi and M. Yasuè, hep-ph/0006040 (June, 2000).

[10] T. Kitabayashi and M. Yasuè, hep-ph/0010087 (Oct, 2000).

[11] F. Pisano and V. Pleitez, Phys. Rev. D 46 (1992) 410; P. H. Frampton, Phys. Rev. Lett. 69 (1992) 2889; D. Ng, Phys. Rev. D 49 (1994) 4805. See also, M. Singer, J. W. F. Valle and J. Schechter, Phys. Rev. D 22 (1980) 738.

[12] R. Barbieri, L. J. Hall, D. Smith, N. J. Weiner and A. Strumia, JHEP 12 (1998) 017. For earlier attempts of using such modified lepton numbers, see for example, S. T. Petcov, Phys. Lett. 110B (1982) 254; C. N. Leung and S. T. Petcov, Phys. Lett. 125B (1983) 461; A. Zee, in Ref. [6].

[13] For two-loop radiative models with the L^′-conservation, see L. Lavoura, Phys. Rev. D 62 (2000) 093011; T. Kitabayashi and M. Yasuè, Phys. Lett. B 490 (2000) 236.

[14] A.S. Joshipura and S.D. Rindani, in Ref.[8]; D. Chang and A. Zee, in Ref.[8].

[15] D. V. Ahluwalia, Mod. Phys. Lett. A 13 (1998) 2249; V. Barger, P. Pakvasa, T. J. Weiler and K.

Whisnant, Phys. Lett. B 437 (1998) 107; A. Baltz, A. S. Goldhaber and M. Goldhaber, Phys. Rev. Lett. 81 (1998) 5730; M. Jezabek and Y. Sumino, Phys. Lett. B 440 (1998) 327; R. N. Mohapatra and S. Nussinov, Phys. Lett. B 441 (1998) 299; Y. Nomura and T. Yanagida, Phys. Rev. D 59 (1999) 017303; Q. Shafi and Z. Tavartkiladze, Phys. Lett. B 451 (1999) 129; ibid. 482 (2000) 145; I. Starcu and D.V.Ahluwalia, Phys. Lett. B 460 (1999) 431; H. Georgi and S. L. Glashow, Phys. Rev. D 61 (2000) 097301; R. N. Mohapatra, A. Pérez-Lorenzana and C. A. de S. Pires, Phys. Lett. B 474 (2000) 335.

[16] H. Fritzsch and Z.Z. Xing, Phys. Lett. B 372 (1996) 265; ibid. 440 (1998) 313; M. Fukugida, M.

Tanimoto and T. Yanagida, Phys. Rev. D 57 (1998) 4429; M. Tanimoto, Phys. Rev. D. 59 (1999) 017304.

[17] Y. Okamoto and M. Yasuè, in Ref.[8].

[18] R. Barbieri and R. N. Mohapatra, Phys. Lett. B 218 (1989) 225.

[19] Although the recent report from Super-Kamiokande has presented the statement that the VO solution seems to be disfavored at the 95% confidence level [2], it is stressed that this statement is not conclusive[21]. Therefore, the VO solution is still a possible solution to solar neutrino problem.

[20] For example, M. Özer, Phys. Rev. D 54 (1996) 1143.

[21] Y. Takeuchi, a talk at Post Summer Institute 2000 on Neutrino Physics, August 21-24, 2000, Fuji- Yoshida, Japan.