arXiv:hep-ph/0012345 v6 3 Apr 2001

CP Violation in Seesaw Model

T. Endoh^∗, T. Morozumi^†, T. Onogi^‡and A. Purwanto^§

Department of Physics, Hiroshima University 1-3-1 Kagamiyama, Higashi Hiroshima - 739-8526, Japan

Abstract We study the structure of CP violating phases in the seesaw model. We find that the 3 � 6 MNS matrix contains six independent phases, three of which are identified as a Dirac phase and two Majorana phases in the light neutrino sector while the remaining three arise from the mixing of the light neutrinos and heavy neutrinos. We show how to determine these phases from physical observables.

∗E-mail:endoh@theo.phys.hiroshima-u.ac.jp †E-mail:morozumi@theo.phys.sci.hiroshima-u.ac.jp ‡E-mail:onogi@theo.phys.sci.hiroshima-u.ac.jp §E-mail:purwanto@theo.phys.sci.hiroshima-u.ac.jp.On leave from Jurusan Fisika FMIPA-ITS, Surabaya Indonesia.

1 Introduction

The recent experiment on neutrino oscillations [1] strongly suggests the nonzero masses of neutrinos. Among all the models of neutrino masses, one of the most attractive ways to generate the smallness of neutrino masses is the seesaw mechanism [2], which introduces right-handed massive neutrinos. Since the right-handed neutrinos are so heavy, we usually integrate them out and consider the low energy effective theory with only the lefthanded neutrinos. However, it is possible that the low energy effective theory might miss some of the essential features of CP violation in the seesaw model. Therefore it is important to study the general structure of the phases in the mixing matrix in the seesaw model which give the CP violation and the lepton number asymmetry.

When we integrate out the heavy mode and consider the low energy effective theory, which we call as “decoupling case” throughout this paper, all the CP violating phases on the lepton sector are contained in the unitary 3 × 3 MNS mixing matrix [3]. On the other hand, when we consider the full theory of seesaw model with the heavy right-handed neutrinos, which we call as “non-decoupling case”, the MNS matrix is 3 × 6 matrix. The goal of this paper is to understand degrees of freedom of independent CP violating phases contained in the 3 × 6 MNS matrix in the non-decoupling case, understand where the difference from the conventional decoupling case arises, and show how the phase including can be determined from experimental observation.

This paper is organized as follows. In section 2, we introduce the extended MNS matrix and count the physical degrees of freedom of the matrix which remains after imposing unitarity conditions and seesaw conditions and using the rephasing symmetry from which we find that there exist six independent phases. As an explicit example, we confirm this result in a special case where the MNS matrix can be explicitly parametrized. In section 3 we study how to determine the phase of the MNS matrix and show that one phase is sensitive in neutrino oscillations, two phases are sensitive in neutrinoless double beta decay and the other three phases are sensitive in lepton number asymmetry. We also present geometrical interpretation of the effects of the phases hidden in Yukawa coupling. Finally, we discuss and conclude the results of our work in section 4.

2 MNS matrix

The Lagrangian of the seesaw model is given as follows L = −y^{ij}_ν ψ_L^iϕ̃N^j_R − 1 2 (N^0_R)^cm_N N^0_R − y^{ij}_e ψ_L^iϕe^j_R + h.c., (1)

where ϕ̃ = iτ^2ϕ^∗. Without loss of generality we can start with real diagonal matrix for m_N . This Lagrangian gives mass term as

L_M = − 1 2 (ν^0_L (N^0_R)^c)M_ν ( (ν^0_L)^c N^0_R ) + h.c., (2) where the mass matrix M_ν is a symmetric matrix given as follows,

M_ν = ( 0 Y_ν^{v√}_2 Y^T_ν^{v√}_2 m_N ) . (3)

where we define a matrix as [Y_ν ]_{ij} = y^{ij}_ν . Hence, this mass matrix can be diagonalized by unitary matrix V, i.e. m_d = V^T M_ν V , where V is mixing matrix, ( ν^0_L (N^0_R)^c ) = V^∗ ( ν^α_L ) . (4)

The charged current J^{†μ} = l^i_LV^{iα}_{MNS} γ^μν^α_L, where indices i = 1,2,3 and α=1,2,..,6. Since we can always start with mass eigenstate for charged lepton, then the MNS matrix is nothing but the mixing matrix V itself,

V^{iα}_{MNS} = V^{iα}. (5) It’s clear from (5) that V_{MNS} is 3×6 matrix.

We now count the physical degrees of freedom contained in this complex matrix V_{MNS} . For N generations, V_{MNS} is N ×2N complex matrix. Hence, it has 2N^2 real and imaginary parts respectively. This matrix satisfies two conditions. First is the unitarity condition which is given in the form below,

V_{MNS} V^†_{MNS} = 13. (6)

13 is 3×3 unit matrix. The unitarity condition gives^{N 2+N}_2 constraints for real parts and^{N 2−N}_2 for imaginary parts, i.e., phases. The second is the very special condition coming from the seesaw type mass matrix. We call it seesaw condition from zeros of the matrix (3) and the diagonalization leads to ( V_{MNS} (m_d)V^T_{MNS} )_{ij} = 0. (7)

The seesaw condition gives^{N 2+N}_2 constraints for real parts and^{N 2+N}_2 for phases. By taking into account the unitarity and seesaw conditions, there remain N^2 − N real parts and N^2 phases. Finally, after absorbing N unphysical phases into the charged lepton fields we have N^2 − N independent physical phase. The total independent parameters are summarized in table below.

Table I

VMNS Constraints Independent parameter [N ×2N ] unitarity Seesaw Rephasing Real 2N^2 N +^{N 2−N}_2^{N 2 +N}_2 N^2 − N Im 2N^{2 N 2 −N}_2^{N 2 +N}_2 N N^2 − N Total 4N^2 N^2 N^2 + N N 2N (N − 1)

For N = 3, the number of independent phases is 6. The result is different from which could be obtained the one by integrating out the heavy neutrino, i.e. one phase for Dirac neutrino and three phase for Majorana neutrino. We will show how three extra phases come from.

We confirm this result explicitly by taking a specific example. Consider the case where the majorana masses in the heavy right-handed mass has a strong hierarchy in the diagonal basis, namely m_{N1} ≫ m_{N2} ≫ m_{N3}(≫ v), in which case, the approximate diagonalization of the seesaw matrix is possible [4, 5]. The idea is that starting from the decoupling limit, the mass matrix in Eq.(3) can be diagonalized using a systematic expansion in v/m_N . As a result, the V_{MNS} is given by V_{MNS} = ( U Y_ν v √ 2m_N ) , (8)

where U is a unitary matrix which transforms Y_ν into triangular matrix Y_△,

Y_ν = UY_△ = U y_1 0 0 y_{21} y_2 0 y_{31} y_{32} y_3 . (9)

(See [4] and Appendix A for the proof.) The diagonal elements of Y_△ are real. The general 3×3 Yukawa coupling has nine phases. The decomposition shows that six of them are included in U while the other three are included in the off-diagonal elements of Y_△. Using the decomposition, we can rewrite V_{MNS} as V_{MNS} = U ( 1_3, Y_△ v √ 2m_N ) . (10)

Three of six phases in U can be absorbed into the definition of charged leptons. Therefore we conclude that V_{MNS} has six phases in total, three of them are in U and the other three are in Y_△. This is consistent with the results shown in Table I. The N ×N triangular matrix Y_△ with real diagonal elements includes^{N 2−N}_2 phases. This is exactly the difference of the number of independent phases between non-decoupling case and decoupling case. We call these phases as heavy phase. Then, in general N (N − 1) independent phase can be separated as follows N (N − 1) =

(N − 2)(N − 1) 2 Dirac phase

+ (N − 1)

Majorana phase

Decoupling case

+ (N^2 − N ) 2 heavy

. (11)

What we call heavy phase in (11) correspond to the phases included in Y_△, i.e., the extra phases come from off-diagonal elements of (Y_△)_{ij} for i > j. The numbers of CP violating phases for N = 2 and N = 3 are given in the following

Table II

Dirac Majorana heavy N = 2 0 1 1 N = 3 1 2 3

3 CP Violation

Now that we know the number of independent phase of the V_{MNS} matrix, the question is how we can determine these independent phases. To answer this question we discuss the neutrino oscillations, neutrinoless double beta decay and lepton number asymmetry as phenomena which are sensitive to the phases of the extended MNS matrix discussed in the previous sections. This extended MNS matrix which relates ν^0_L and ν_L as Eq.(4), i.e. ν^{0i}_L = V^{∗iα}_{MNS} ν^α_L gives the extended amplitude for both neutrino oscillations and neutrinoless double beta decay.

First, we consider the neutrino oscillations. The transition amplitude ν_i → ν_j is extended from the decoupling case as follows A_{νi→νj} (t) = ⟨ν_j|ν_i(t)⟩ = ∑ k U^∗_{jk}U_{ik}e^{−iEk t} + ∑ k Y^∗_{jk}Y_{ik} v^2 2m^2_{Nk} e^{−iE0k t} ≃ ∑ k U^∗_{jk}U_{ik}e^{−iEk t}. (12) In the last expression, we dropped the contributions from the massive neutrino since they are tiny so that we obtain the same result as in the decoupling case. Hence, we obtain the asymmetry [6] η = P_{k→l} − P_{k→l} = 2 ∑ ij Im { U^{∗li}_{CKM} (θ)U^{lj}_{CKM} (θ)U^{ki}_{CKM} (θ)U^{∗kj}_{CKM} (θ) } sin ( δm^2_{ij} L 2E ) , (13)

since the unitary matrix U can always be transformed U →U_{CKM} (θ)diag(1, e^{iζ1} , e^{iζ2} ), where θ is Dirac phase and ζ_1, ζ_2 are Majorana phases (see Appendix A). Eq.(13) represents the CP violation in neutrino oscillations and we can see that neutrino oscillation is only sensitive on Dirac phase living in CKM matrix but not on Majorana phase ζ_1 and ζ_2.

The similar is also the case in neutrinoless double beta decay. The amplitude is modified from the decoupling case due to the contribution from the heavy neutrino, but after taking into account the scale of momentumenergy and the neutrino masses, the expansion in components may be reduced to the same form as in the decoupling case [7] ∑ α m_α q^2 + m^2_α

V^2_{eα} = 1 q^2 ∑ i m_iU^2_{ei} + v^2 2 ∑ i 1 m^3_{Ni} Y^2_{ei} ≃ 1 q^2 ∑ i m_iU^2_{ei}(θ, ζ_1, ζ_2). (14)

It is seen that in principle all phases of low energy sector can be determined by using double beta decay experiments, but not for the remaining three phases hidden in Yukawa coupling.

Finally, we consider the lepton number asymmetry in the seesaw model, which was proposed as one of the most promising scenarios of baryogenesis [8]. The lepton number asymmetry has been studied in the flavor basis. Here we rederive the formula for lepton number asymmetry in the mass basis, which is another important result of the present paper. In this basis, the lepton number asymmetry is expressed in terms of only the physical quantities such as mass and V_{MNS} matrix. Therefore in our result the relation of lepton number asymmetry and the CP violating phases is obvious. The relevant part of the Lagrangian which may be derived from Eq.(1) is^1

L_χ = √ 2 v χ^+(ν^c_L)^αm^α(V^†_{MNS} )^{αk}l^k_L + h.c. (15)

From Eq.(15) we get the decay amplitudes M, M^{tree} = ( √ 2m_α v ) (V^{iα}_{MNS} )^∗ ( U_eLU_N ) . M^v = −i ( √ 2m_α v )( √ 2m_β v )_2 V^{jα}_{MNS} (V^{iβ}_{MNS} )^∗(V^{jβ}_{MNS} )^∗ I(x) 16π ( U_eLU_N ) . M^s = −i ( √ 2m_α v )( √ 2m_β v )_2 m_αm_β m_α^2 − m_β^2 V^{jα}_{MNS} (V^{jβ}_{MNS} )^∗(V^{iβ}_{MNS} )^∗ 1 32π ( U_eLU_N ) . (16)

where the upper indices show the tree, vertex and self-energy correction respectively, whereas U_e, U_N are spinors of electron and right handed Majorana neutrino, and I(x) is I(x) = √ x [ 1 + (1 + x)log ( x 1 + x )] . (17)

with x = (m^2_β /m^2_α). For one-loop amplitudes M^v and M^s, we have evaluated the absorptive part only which contributes to the lepton number asymmetry through the interference with tree level amplitude M^{tree}.

The interference between tree level and one-loop correction of the heavy Majorana neutrino decay gives the asymmetry of the lepton number

a(N_α→l^∓_i χ^±) = a_{αi} =

Γ(N_α→l^−_i χ^+) − Γ(N_α→l^+_i χ^−) ∑ i Γ(N_α→l^−_i χ^+) + Γ(N_α→l^+_i χ^−)

(18)

The contribution from the interference of tree and vertex diagram is given as

1The process corresponds to N ff → l±W ∓. It can be shown that the decay into the longitudinal W mesons can be approximately

described by the decay into the unphysical Goldstone boson.

Figure 1: The diagrams of the right-handed neutrino Majorana decay, i.e. tree, vertex and self energy diagram.

a^v_{αi} = ∑ jβ 1 8π ( − √ 2 v m_β )_2 Im [ V^{iβ}_{MNS} V^{jβ}_{MNS} (V^{jα}_{MNS} )^∗(V^{iα}_{MNS} )^∗ ] I ( m^2_β m^2_α ) 1 ∑ i |V^{iα}_{MNS} |^2 . (19)

Similarly, the interference between tree and self-energy diagram gives the asymmetry a^s_{αi} as

a^s_{αi} = ∑ jβ 1 16π ( − √ 2m_β v )_2

m^2_α m^2_α − m^2_β Im { V^{iβ}_{MNS} V^{jβ}_{MNS} (V^{jα}_{MNS} )^∗(V^{iα}_{MNS} )^∗ } 1 ∑ i |V^{iα}_{MNS} |^2 . (20)

The asymmetry in question is summation Eqs.(19) and (20), a(N_α→l^∓_i χ^±) = ∑ jβ 1 8π ( − √ 2 v m_β )_2 Im [ V^{iβ}_{MNS} V^{jβ}_{MNS} (V^{jα}_{MNS} )^∗(V^{iα}_{MNS} )^∗ ] 1 ∑ i |V^{iα}_{MNS} |^2 × { I ( m^2_β m^2_α ) + 1 2 m^2_α m^2_α − m^2_β } . (21)

From FIG.1, α = 4, 5, 6 is index for decaying massive right-handed neutrinos. If we write it with the new index l≡α − 3, and taking into account the fact that the light neutrinos have mass much smaller than heavy ones as well as the vacuum expectation value of Higgs field v, then the contribution to the asymmetry effectively comes from the heavy part only. Substituting the heavy part of V_{MNS} ; of Eq.(8) into (21) we obtain a_{li} = 1 8π ∑ jk Im [ Y^{ik}Y^{jk}(Y^{jl})^∗(Y^{il})^∗ ] 1 ∑ i |Y^{il}|^2 { I ( m^2_{Nk} m^2_{Nl} ) + 1 2 m^2_{Nl} m^2_{Nl} − m^2_{Nk} } . (22)

It is clear that the heavy phase appear in lepton number asymmetry at very early of the universe. Summing up to the final charged lepton and expressed in Y_△ yields a(N_l→l^∓χ^±) = ∑ i a_{li} = 1 8π(Y^†_△Y_△)^{kk} ∑ k Im [ (Y^†_△Y_△)^{lk}

]_2 { I ( m^2_{Nk} m^2_{Nl} ) + 1 2 m^2_{Nl} m^2_{Nl} − m^2_{Nk} } . (23)

Assuming the off-diagonal elements of Y_△ are much smaller than the diagonal ones then the explicit form of the asymmetry (23) given as follows

a(N_1 → l^∓χ^±) = −1 8πy^2_1 [ y^2Im(y^2_1) { I ( m^2_{N2} m^2_{N1} ) + 1 2 m^2_{N1} m^2_{N1} − m^2_{N2} }

Figure 2: Effect of lepton number asymmetry (2 generation case)

+ y^2_3Im(y^2_{31}) { I ( m^2_{N3} m^2_{N1} ) + 1 2 m^2_{N1} m^2_{N1} − m^3_{N3} } ] . (24)

a(N_2 → l^∓χ^±) = 1 8πy^2 [ y^2Im(y^2_1) { I ( m^2_{N1} m^2_{N2} ) + 1 2 m^2_{N2} m^2_{N2} − m^2_{N1} }

− y^2_3Im(y^2_{32}) { I ( m^2_{N3} m^2_{N2} ) + 1 2 m^2_{N2} m^2_{N2} − m^3_{N3} } ] . (25)

a(N_3 → l^∓χ^±) = 1 8π [ Im(y^2_{31}) { I ( m^2_{N1} m^2_{N3} ) + 1 2 m^2_{N3} m^2_{N3} − m^2_{N1} }

+ Im(y^2_{32}) { I ( m^2_{N2} m^2_{N3} ) + 1 2 m^2_{N3} m^2_{N3} − m^2_{N2} } ] . (26)

From the above results we can see that the leptogenesis does not depend on the Dirac and Majorana phases, and depend only on the phase in the off-diagonal Yukawa coupling y_{ij} .

To see more explicitly the effects of Yukawa coupling we describe it in geometrical form below. The effects can be seen from the neutral current j^μ_{NC} = ν^α_Lγ^μZ^{αβ} ν^β_L, where the explicit form of Z^{αβ} is given in Appendix B. Tree level Z FCNC in the neutrino sector occurs, and the FCNC comes out at O(v^2/m^2_N ). In general, in this geometrical representation, the effect of Z is to open the closed polygon as given in decoupling case by unitarity mixing matrix. We consider two generation case, Z_{12} is given as follows

Z_{12}≃ m_{ν1} m_{ν2} v^2 y_{21} y_1y^2

. (27)

The effect of Z_{12} is to open two lines which are very close together as consequence of unitarity of two generation case and shown in FIG.2.

We consider now the three generation case. The Z_{ij} ’s are given

Z^{12}≃ − m_{ν1} m_{ν2} v^2 y_{21} y_1y^2 . Z^{13}≃ − m_{ν1} m_{ν3} v^2 y_{31} y_1y^2_3 . Z^{23}≃ − m_{ν2} m_{ν3} v^2 y_{32} y_2y^2_3 . (28)

In both cases i.e. two and three generation case we have assumed that the diagonal elements of Yukawa matrix are much bigger than the off-diagonal ones. Z_{ij} ’s depend on the off-diagonal elements of Y_△. Z_{ij} has length and phase, and the effect of this quantity, for example in three generation case, is to open the closed unitarity triangle in decoupling case as shown in FIG.3.

Figure 3: Unitarity “closed” and “open” triangle.

4 Discussion and Conclusion

We studied the structure of CP phase of the seesaw model and found that there are six independent phases rather than three phases as in Majorana neutrino. The extra three phases come from Yukawa coupling between light left-handed neutrino and heavy right-handed neutrino. From the six phases, one, two and three phase are sensitive in neutrino oscillation, neutrinoless double beta decay and lepton number asymmetry respectively. The effect of heavy part hidden in Yukawa coupling -in geometrical representation- open the unitary triangle of low energy sector. Our analysis on the experimental observation of the CP violation and its geometrical interpretation is based on a specific case with hierarchy(m_{N1} ≫ m_{N2} ≫ m_{N3} ≫ v) where the explicit parameterization by the triangle method is possible. In the present case, we found that the three experimental observations give almost independent information on the CP violating phases. It would be important to see whether this is also the case in more general cases. It would also be interesting to extend our geometrical interpretation to models with sterile fermions where FCNC give non-negligible effects.

5 Acknowledgement

The authors would like to thank K. Funakubo for useful discussions. T. M. is supported by the Grants-in-Aid for Scientific Research on Priority Areas ( Physics of CP violation, No. 12014211 ) and by the Grand-in-Aid for JSPS Fellows ( No. 98362 ). T. O. is supported by the Grants-in-Aid of the Ministry of Education ( No. 12640279 ). A. P. would like to thank Ministry of Education and Culture of Japan for the financial support under Monbusho Fellowship Program. T. E. and A. P. thank Post Summer Institute 2000 (PSI2000) where a part of this work has been done.

A Triangle method

Here we will show the relation of the phases between the unitary matrix U , Yukawa coupling Y_ν and the triangle form of Yukawa coupling Y_△, where the theorem for the relation has been given in [4]. For general Yukawa coupling matrix Y_ν we can always find unitary matrix U which makes it becomes triangular matrix as in Eq.(9). To simplify we write Y_ν in the form

Y_ν = f_1 g_1 z_1e^{iα1} f_2 g_2 z_2e^{iα2} f_3 g_3 z_3e^{iα3} , (A.1) where f_i and g_i are complex, whereas z_i is real. To do it we have two steps, first introduce a unitary matrix T. Writing Y_ν in the form Eq.(A.1) lead to the form of unitary matrix T

T = u_1 v_1^{z1}_z e^{iα1} u_2 v_2^{z2}_z e^{iα2} u_3 v_3^{z3}_z e^{iα3} ≡(u v w), (A.2)

where z = √ z^2_1 + z^2 + z^2_3 , and the multiplication T^†Y_ν yields

T^†Y_ν = u^†f u^†g 0 v^†f v^†g 0 w^†f w^†g z . (A.3)

Eq.(A.3) and unitarity condition of T lead to the result for T as follows

T = e^{iα1} e^{iα2} e^{iα3} − cos ϕ_1 0 sin ϕ_1 sin ϕ_1 sin ϕ_2 − cos ϕ_2 cos ϕ_1 sin ϕ_2 sin ϕ_1 cos ϕ_2 sin ϕ_2 cos ϕ_1 cos ϕ_2 e^{iα4} e^{iα5} 1 . (A.4)

having two angles, (ϕ_1, ϕ_2) and five phases, (α_1, · · ·, α_5).

The second step is introducing another unitary matrix S. In this step the present procedure is simpler than the same step in [4]. We do the similar procedure with one in the first step i.e. to make zero the element [S^†T^†Y_ν ]_{12}, whereas in the later using Gram-Schmidt diagonalization and then become little complicated. For our requirement we rewrite T^†Y into the form

T^†Y_ν≡ a_1 b_1e^{iσ1} 0 a_2 b_2e^{iσ2} 0 w^†f w^†g z = ( A B 0 w^†f w^†g z ) . (A.5)

where a_i is complex, and b_i is real. The above form of T^†Y_ν leads to the form of S

S = ( s B_|B_| 0 0 0 0 ) = s_{11} sin ϕ_3e^{iσ1} 0 s_{21} cos ϕ_3e^{iσ2} 0 0 0 0 , (A.6)

where ϕ_3 = arctan(b_1/b_2). The requirement of the form [S^†T^†Y ]_{12} is zero and the unitarity of S lead to the form

S = e^{iσ1} 0 0 0 e^{iσ2} 0 0 0 1 cos ϕ_3 sin ϕ_3 0 − sin ϕ_3 cos ϕ_3 0 0 0 1 e^{iε} 1 1 . (A.7)

where ε is a free parameter and can be chosen such that [S^†(T^†y)]_{11} becomes real, and hence, all diagonal elements of [S^†T^†Y ] are real . From Eqs.(A.3), (A.4) and (A.7) we obtain U matrix

U = T S = e^{iα1} e^{iα2} e^{iα3} 3 phases

−c_1 0 s_1 s_1s_2 −c_2 c_1s_2 s_1c_2 s_2 c_1c_2

2 angles

e^{iβ} e^{iγ} 1 2 phases

c_3 s_3 0 −s_3 c_3 0 0 0 1

1 angle

e^{iε} 1 1 1 phase

3 angles + 6 phases (A.8) where c_i, s_j are cos ϕ_i, sin ϕ_j and we have reduced four parameters in T and U and expressed as two independent parameters α_4 + σ_1→β and α_5 + σ_2→γ.

To see the content of independent parameter in Y_ν , U and Y_△ we consider Eq.(9)

Y_ν = U y_1 0 0 y_{21} y_2 0 y_{31} y_{32} y_3 , (A.9)

From the above expression we can see that the number of independent parameter of Y is the same with U Y_△, i.e. 18 parameters. For the phase of the right term, nine parameter is in U and the other nine in Y_△. We have seen that the diagonal elements of Y_△ are real, then this Y_△ has three independent phases live in off-diagonal elements.

For the physical consideration, the phase α_i of U in Eq.(A.8) may be absorbed by physical fields and U becomes U^′,

U^′ =

−c_1 0 s_1 s_1s_2 −c_2 c_1s_2 s_1c_2 s_2 c_1c_2 e^{iβ} e^{iγ} 1 c_3 s_3 0 −s_3 c_3 0 0 0 1 e^{iε} 1 1 (A.10)

After we rearrange the phases and omit irrelevant part we obtain

U^′ =

−c_1 0 s_1 s_1s_2 −c_2 c_1s_2 s_1c_2 s_2 c_1c_2 e^{iθ} e^{−iθ} 1 c_3 s_3 0 −s_3 c_3 0 0 0 1 1 e^{−iζ1} e^{−iζ2} , (A.11)

where θ→^{β−γ}_2 we identify as Dirac phase, whereas ζ_1 →ε and ζ_2→^{β+γ}_2 + ε as Majorana phases.

B FCNC

Consider the neutral current j^μ_{NC} = ν^{0i}_L γ^μν^{0i}_L = ν^α_Lγ^μZ^{αβ}ν^β_L (B.1)

where Z^{αβ} as in [9] is given Z^{αβ} = (V^†)^{αi}V^{iβ} = δ^{αβ} − (V^{Iα})^∗V^{Iβ}, (B.2)

the explicit form of V is given as follows [5] V = ( U U Y_△^{∗ v√}_{2mN} −^{v√}_{2mN} Y_△^T 1 ) . (B.3) For 1≤α≠β≤3, we obtain Z^{ij} = −(V^{4i})^∗V^{4j} − (V^{5i})^∗V^{5j} − (V^{6i})^∗V^{6j}. (B.4)

In non-decoupling case Z^{ij} is not zero then it give effect -for three generation case- on the triangle and becomes open triangle.

Substitute the explicit form Eq.(B.3) into Eq.(B.4) yields −Z_{ij} = 3∑ k=1 (Y_△)^{ik} v^2 2m_{Nk} (Y^†_△)^{kj}, (B.5)

and then using relation of left-handed Majorana neutrino mass [4]

m_ν = Y_△ v^2 √ 2m_N Y^T_△ , (B.6) we obtain −Z_{ij} = m_{νi}m_{νj} v^2 [ (Y^∗_△Y^T_△ )^{−1} ] ij . (B.7) Geometrical representation of this formulation for two generation case is given by the mixing matrix U U = ( cos θ − sin θe^{iε} sin θe^{−iε} cos θ ) . (B.8) and the triangular Yukawa coupling matrix

Y_△ = ( y_1 0 y_{21} y_2 ) . (B.9) the result is shown by FIG.2. and Eq.(27). For three generation case, the unitarity triangle of U in decoupling case are open by Z^′_{ij}s given in Eq.(28) as shown by FIG.3., where Y_△ is given in Eq.(9).

References

[1] Y.Fukuda, et all. Phys. Rev. Lett. 81, 1562(1998); 82, 2644(1999); Phys. Lett. B467, 185(1999).

[2] T.Yanagida, in Proceeding of the Workshop on the Unified Theory and the Baryon Number in the Universe, edited by O.Sawada and A. Sugamoto (KEK Report No.79-18, Tsukuba, Japan, 1979), p.95; M.Gell-Mann, P.Ramond, and R.Slansky, in Supergravity, edited by P.van Nieuwenhuizen and D.Z.Freedman (North- Holland, Amsterdam, 1979),p.315.

R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980).

[3] Z.Maki, M.Nakagawa and S.Sakata, Prog. Theor. Phys. 28 870(1962).

[4] T. Morozumi, T. Satou, M. Rebelo, and M. Tanimoto, Phys. Lett. B410, 233(1997)

[5] J. Hashida, T. Morozumi and A. Purwanto, Prog.Theor.Phys. 103, 379(2000).

[6] J. Arafune, and J. Sato Phys. Rev. D55,1653(1997).

[7] M. Doi, T. Kotani, H. Nishiura, K. Okuda, and E. Takasugi, Phys. Lett. B103, 219(1981).

[8] M. Fukugita and T. Yanagida, Phys. Lett.B174, 45(1986)

[9] Y. Kiyo, T. Morozumi, P. Parada, M.N. Rebelo, and M. Tanimoto, Prog. Theor. Phys. 101, 671(1999).