arXiv:hep-ph/0102305 v2 10 Jun 2001

The Mesonic Fluctuations and Corrections in the Chiral Symmetry Breaking Vacuum

Mei Huang^{1;2}, Pengfei Zhuang^1, Weiqin Chao^{2;3}

1 Physics Department, Tsinghua University, Beijing 100084, China 2 CCAST, Beijing 100080, China 3 IHEP, Chinese Academy of Sciences, Beijing 100039, China

June 10, 2001

Abstract

The mesonic quantum fluctuations and their corrections on the chiral condensate and pion polarization function are investigated in the self-consistent scheme of SU(2) Nambu-Jona-Lasinio model by exactly calculating the next-to-leading order (NLO) Feynman diagrams in 1=N_c expansion. While the fluctuations and corrections depend strongly on the meson’s three-momentum cut-off Λ_M , no chiral symmetry restoration is found since the cancellation between the NLO and the one-quark-loop diagram with quark mass deviated from the mean-field value.

1 Introduction

It is generally accepted that the Nambu-Jona-Lasinio (NJL) [1] model offers a simple scheme to study the mechanism of spontaneous chiral symmetry breaking. Most calculations in this model have been based on the mean-field approximation, i.e., quark self-energy in the leading order of 1/N_c expansion [2].

Recently, more interests are paid on the NJL model beyond mean-field approximation. The mesonic fluctuations are variously investigated in the bosonization formalism [3]-[6] and in the Feynman diagram formalism of 1/N_c expansion [7]-[12]. [3] and [4] in bosonization formalism using meson-loop expansion or saddle-point expanstion are equivalent to the self-consistent Feynman diagram formalism [8] in 1/N_c expansion, and the chiral symmetry of the NJL model can be preserved. While, [5] and [6] generalize the NJL model to the nonliear-sigma approach for description of chiral fluctuations, and the authors in [5] claimed that at N_c = 3 the NJL model does not display spontaneous symmetry breaking dut to chiral fluctuations.

There are two different 1/N_c expansion schemes which can preserve chiral symmetry of the NJL model. One is the so-called ”strict” 1/N_c expansion scheme through iterating the quark self-energy at Hartree approximation [11] [12]. The other is the self-consistent scheme with meson-loop expansion or saddle-point expansion, in which the next-to-leading order (NLO) contributions represent the mesonic quantum fluctuations around the classical stationary chiral symmetry breaking vacuum [3][4][8]. In both schemes, the meson corrections to the mean-field approximation are included not only in the meson-loop contributions, but also in the one-quark-loop contributions through the corrected quark propagator.

In the above mentioned chiral symmetric schemes, emphasis is put on discussing the NLO or pure meson-loop contributions. However, to investigate whether chiral symmetry is restored in the vacuum, one should investigate the meson corrections to the mean-field approximation. In this paper we investigate not only the mesonic fluctuations around the classical vacuum, but also the mesonic corrections to the mean-field approximation in the chiral symmetric self-consistent scheme based on [8], we will exactly calculate the meson polarization function and the quark self-energy to the next-to-leading order in 1/N_c expansion. We will show that, by using the pole approximation for internal meson propagators, the 1/N_c expansion in the self-consistent scheme is also ”strict”. The momentum cut-off for quarks and mesons, i.e., Λ_f and Λ_M , have been introduced in non-covariant three-momentum regularization. The model parameters at different values of Λ_M have been determined by fitting the pion’s mass m_π = 139MeV and the pion’s decay constant f_π = 93.2MeV with an appropriate value of the current quark mass. The way to determine the parameters to the next-to-leading order here is different from that used in [11] and [12], where the parameters are fitted at leading order [12] or partialy at leading order [11].

2 Mean-field approximation

The two-flavor NJL model is defined through the Lagrangian density,

L = ψ̄(iγ^μ∂_μ − m_0)ψ + G[(ψ̄ψ)^2 + (ψ̄iγ_5⃗τ ψ)^2], (1)

here G is the effective coupling constant of dimension GeV�^2, m_0 is the current quark mass, assuming isospin degeneracy of u and d quarks, and ψ, ψ̄ are quark fields with flavor, colour and spinor indices suppressed.

The quark mass m^0_q in mean-field approximation, i.e., in Hartree approximation, can be represented by

m^0_q = m_0 + Σ^0_H , (2)

where m_0 is the current quark mass and Σ^0_H is the quark self-energy of one-quark-loop contributions in mean-field approximation, which can be expressed as

Σ^0_H = 8iG^0N_cN_f m^0_q Z d^4p (2π)^4 1 p^2 − (m^0_q)^2

. (3)

For quantities in mean-field approximation, we indicate them with a superscript ”0”.

The quark condensate calculated in mean-field approxiamtion has a simple relation with the quark self-energy − < q̄q >^0= Σ^0_H 4G^0

. (4)

Correspondingly, the meson polarization functions in random-phase approximation are

Π^0_M (k) = 4iN_cN_f Z d^4p (2π)^4 1 p^2 − (m^0_q)^2

− 2iN_cN_f (k^2 − 4ϵ_M (m^0_q)^2)

Z_d4_{p(2π)4 1}

(p^2 − (m^0_q)^2)((p + k)^2 − (m^0_q)^2)

, (5)

with M refering to π or σ, and ϵ_π = 0 and ϵ_σ = 1.

The NJL parameters in mean-field approximation can be fixed as Λ_f = 637.7MeV , and G^0Λ^2_f = 2.16, by choosing an appropriate current quark mass m_0 = 5.5MeV and through fitting the pion’s mass m_π = 139MeV and decay constant f_π = 93.2MeV . The corresponding quark mass is m^0_q = 330MeV and chiral condensate (− < q̄q >^0)^{1/3} = 248MeV .

3 Mesonic fluctuations and corrections on chiral condensate

The chiral symmetric self-consistent scheme is described in details in [3] [4] in effective action formalism and in [8] by using Feynman diagramatic method.

Including current quark mass m_0, the gap equation for quark mass can be expressed as

m_q = m_0 + Σ_H + Σ^{fl}, (6)

where Σ_H and Σ^{fl} are the leading order (LO) and next-to-leading order (NLO) of quark self-enery in 1/N_c expansion, which can be read directly from the Feynman diagrams in Fig.1.

The expression of Σ_H is the same as that of Σ^0_H, except that the quark mass m^0_q in Eq. (3) should be replaced by m_q, which is the new saddle-point of the effective action including mesonic fluctuations [3] [4].

The NLO quark self-energy can be written directly from the diagrams in Fig.1

Σ^{fl} = −8GN_cN_f m_q Z d^4pd^4q (2π)^8 [(−iD_π(q))( 3 (p^2 − m^2_q)^2

− 3q^2 (p^2 − m^2_q)^2((p + q)^2 − m^2_q)

) + (−iD_σ(q))( 1 (p^2 − m^2_q)^2 + 2 (p^2 − m^2_q)((p + q)^2 − m^2_q) − q^2 − 4m^2_q (p^2 − m^2_q)^2((p + q)^2 − m^2_q)

)], (7)

where −iD_M (q) indicate the internal meson propagator, which is in randomphase-approximation, i.e., strings of single quark loops. At this position, it is necessary to note that in [4], the NLO quark self-energy is seperated into two parts: the first term of meson propagator in RPA and the remaining ring diagrams.

Evaluating quark loop and meson-loop integrals, one can get a simple relation between the quark condensate and the constituent quark mass m_q, − < q̄q >= −(< q̄q >_H + < q̄q >^{fl}) = Σ_H + Σ^{fl} 4G . (8)

The magnitude of the mesonic quantum fluctuations around the classical vacuum is defined as the ratio of the pure NLO contributions over the LO contributions

R^{fl}_q = Σ^{fl}/Σ_H , (9)

which had been discussed carefully in [4].

And the mesonic corrections on the chiral condensate is defined as the difference between the value in and beyond mean-field approximation, i.e. δ < q̄q >= (− < q̄q >) − (− < q̄q >^0) = Σ_H + Σ^{fl} 4G − Σ^0_H 4G^0

, (10)

and the ratio of mesonic corrections is R^{cr}_q = δ < q̄q > /(− < q̄q >^0). (11) 4 Mesonic fluctuations and corrections on pion polarization function

Because the sigma meson is heavy, it does not play an important role in vacuum, and the NLO contributions would not affect the properties of sigma meson. Here we only discuss the mesonic corrections on pion polarization function, and just simply choose m_σ ≃ 2m_q.

The pion polarization function Π_π(k) to next-to-leading order is shown in Fig. 1, and can be written as Π_π(k) = Π^{(RP A)}_π (k) + Π^{fl}_π (k), (12) where Π^{(RP A)}_π and Π^{fl}_π are leading and subleading contributions. The expression for Π^{(RP A)}_π is the same as Π^0_π except that the quark mass m^0_q replaced by m_q. And the contributions of sub-leading order to pion polarization function include three diagrams, Π^{fl}_π = δΠ^{(b)}_π + δΠ^{(c)}_π + δΠ^{(d)}_π . (13) Each diagram can be evaluated as following:

δΠ^{(b)}_π (k) = 2N_cN_f X M =π,σ Z_d4_{qd}4_{p(2π)8 (−iDM (q))} [ 1 (p^2 − m^2_q)((p + q − k)^2 − m^2_q) + 1 ((p + q)^2 − m^2_q)((p − k)^2 − m^2_q) − k^2(q^2 − ϵ_M 4m^2_q) (p^2 − m^2_q)((p + q)^2 − m^2_q)((p − k)^2 − m^2_q)((p + q − k)^2 − m^2_q)

], (14)

δΠ^{(c)}_π (k) = −4N_cN_f X M =π,σ Z_d4_{qd}4_{p(2π)8 λM (−iDM (q))} [ 1 ((p + q)^2 − m^2_q)((p − k)^2 − m^2_q) + k^2(q^2 − ϵ_M 4m^2_q) (p^2 − m^2_q)^2((p + q)^2 − m^2_q)((p − k)^2 − m^2_q) + 1 (p^2 − m^2_q)^2 + 2k · q (p^2 − m^2_q)((p + q)^2 − m^2_q)((p − k)^2 − m^2_q) − k^2 (p^2 − m^2_q)^2((p − k)^2 − m^2_q) − (q^2 − ϵ_M 4m^2_q) (p^2 − m^2_q)^2((p + q)^2 − m^2_q)

], (15)

with the degeneracy λ_π = 3, λ_σ = 1 and

δΠ^{(d)}_π (k) = i Z d^4q (2π)^4 (−iD_π(q))(−iD_σ(q − k)) [Z_d4_{p(2π)4 8mqNcNf (k · q − (p}2_{− m}2_{q))}

(p^2 − m^2_q)((p + q)^2 − m^2_q)((p + k)^2 − m^2_q)

]^2. (16)

The magnitude of mesonic fluctuations on pion polarization function is defined as the ratio of the next-to-leading order contribution over the leading order ones

R^{fl}_π = Π^{fl}_π /Π^{(RP A)}_π . (17)

Considering mesonic fluctuations the corrections on pion polarization function is

δΠ_π = Π_π − Π^0_π, (18)

and the magnitude of mesonic corrections on pion polarization can be defined as R^{cr}_π = δΠ_π/Π^0_π. (19)

At last, we should discuss the formalism of the internal meson propagators. It has been discussed in several papers that the 1/N_c expansion in the self-consistent scheme is not strict [10] [11]. It has been pointed out that the exact next-to-leading order quark self-enargy includes higher order contributions because the RPA internal meson propagators include any higher order O(1/N^n_c ) contributions. In our calculations, we choose the internal meson propagators − iD_M (q) = 2iG 1 − 2GΠ^{(RP A)}_M (q)

(20)

in pole aprroximation − iD_M (q) = −i [g^{(RP A)} Mqq (q)]^2 q^2 − m^2_M

, (21)

with the pion-quark-antiquark coupling constant g^{(RP A)} Mqq (q) = (∂Π^{(RP A)}_M (q)/∂q^2)�^2. (22)

The internal meson propagators in pole approximation will be always in the order of O(1/N_c), which ensure the 1/N_c expansion is ”strict” in the selfconsistent scheme.

5 Numerical Results

Our numerical results are based on solving three equations, the gap equation for quark Eq.(6), the equation for pion mass

1 − 2GΠ_π(k^2 = m^2_π) = 0, (23)

where the pion polarization function Π_π is calculated completely without any approximation, and the equation for pion decay constant

m^2_πf_π g_{πqq} = m_0 2G , (24)

where the total coupling constant g_{πqq} is given by the residue of the total pion polarization at the pole

g�^2_{πqq} = ∂Π_π/∂k^2|_k2_{=m}2_ß . (25)

To evaluate the integrals, we introduce two three-momentum cut-offs Λ_f and Λ_M for quarks and mesons in the non-covariant regularization, in order that the fixed model parameters can also be used at finite temperature and density in the future studies. The three model parameters m_0, G and Λ_f are determined varying with Λ_M by fitting the pion mass m_π = 139MeV and pion decay constant f_π = 93.2MeV and taking an appropriate current quark mass m_0 = 5.5MeV .

Different from [11] and [12], we did not use the leading order of the Gell- Mann-Oakes-Renner (GOR) relations

− m_0 < q̄q >= m^2_πf^2_π + O(m^4_π) + . . . (26)

as a constraint, because we did not use external moentum expansion for pions in our calculations. In addition, we did not use chiral expansion for pion mass and pion decay constant. As for the way to determine the model parameters in the calculations to the next-to-leading order, we don’t think it is self-consistent to fit the parameters at [12] or partially at [11] leading order.

Our numerical results are shown in Fig.2 and Fig.3 as a function of Λ_M /m_q . It is noticed that our results always start at about Λ_M /m_q = 1. This is because for any value of Λ_M , the solutions of m_q satisfies the relation Λ_M /m_q > 1.

In Fig. 2.a, the total (solid circles) and LO (stars) quark condensate, − < q̄q >^{1/3} and − < q̄q >^{1/3}_H , are plotted as a function of Λ_M /m_q, the value at Λ_M /m_q = 0 corresponds to the mean-field aprroximation −(< q̄q >^0)^{1/3}. In Fig.2.b, the magnitude of mesonic fluctuations R^{fl}_q (stars) and mesonic corrections R^{cr}_q (solid circles) to quark condensate are plotted as a function of Λ_M /m_q.

In Fig. 3.a, the total (solid circles) and LO (stars) pion polarization function, Π_π(m^2_π) and Π^{(RP A)}_π (m^2_π), are plotted as a function of Λ_M /m_q, and the value at Λ_M /m_q = 0 is the pion polarization function in mean-field approximation Π^0_π(m^2_π). And the magnitude of mesonic fluctuations R^{fl}_π (stars) and mesonic corrections R^{cr}_π (solid circles) on pion polarization function are plotted as a function of Λ_M /m_q in Fig.3.b.

It is found that in the region 1 < Λ_M /m_q < 2.3 with 270MeV < m_q < 440MeV and 270MeV < Λ_M < 1000MeV , both the LO and total quark condensate and pion polarization function are smaller than their mean-field values, which is refelcted in the negative meson corrections. Here the meson corrections reducing the mean-field quark condensate agree with the results in Fig.7 of [3].

The mesonic fluctuations, i.e., the pure NLO contributions of the chiral condensate and pion polarization function can be characterized by the mesonmomentum cut-off Λ_M , larger Λ_M results in larger meson-loop contibutions. The NLO contributions are very small till Λ_M /m_q = 1.5 with m_q = m^0_q = 330MeV , then increase fast. When Λ_M /m_q > 2.3, corresponding to Λ_M > 1000MeV , the mesonic fluctuations are larger than 40%, which means that the 1/N_c expansion around the stationary classical vacuum could not be used any more in this case. This is reasonable for only scalar and pseudo-scalar mesons involved. It is noticed that the NLO contributions enhancing the LO quark condensate is the same as that in [3] and [4].

However, the negative mesonic corrections of the chiral condensate and pion polarization function do not decrease monotonously with the increasing Λ_M /m_q, they reach the minimum −35% and −40% at about Λ_M /m_q = 2 with m_q = 370MeV , then increase fast. The reason is that the meson corrections to the mean-field approximation include two parts: the pure mesonloop or NLO contributions and the deviation of the one-quark-loop from the mean-field calculation with the quark mass m^0_q. When 1 < Λ_M /m_q < 1.5, corresponding to m_q < m^0_q, the pure meson-loop contributions are negative but very small, and the meson corrections come only from the change of quark mass in the one-quark-loop part. When Λ_M /m_q > 1.5, corresponding to m_q > m^0_q, the pure meson-loop contributions are contrary to the contributions from the deviation of the one-quark-loop contributions. At about Λ_M /m_q = 2.3, the two parts cancel to each other completely, and the meson corrections vanish.

It is the suppresion from the LO contributions and the enhancement from the NLO contributions, that the quark condensate in Fig.2 a and the pion polarization function in Fig.3 a do not decrease continuously with increasing Λ_M /m_q. In [5], the authors claim that chiral symmetry will restore in vacuum by quantum fluctuations. One reason to get this strange conclusion is the lack of meson-loop contribution in the calculations in [5]. This is also pointed out in [4].

It is necessary to point out that the cancellation between the NLO contributions and the deviation of one-quark-loop contributions from the meanfield approximation is not the same as the cancellation between the exchange term and the remaining ring diagrams in [4]. In the latter case, the mesonloop contributions to quark self-energy are seperated into two parts, the exchange diagram and the ring diagram. It is found that the two contributions are contrary, and the exchange term is dominant, which is very important to ensure that the NLO contribution is positive to the LO values. Our cancellation is also not the same as the cancellation between the two NLO diagrams in [12], where the cancellation induces the NLO contribtions to LO are very small. The cancellation inside the NLO contributions in [4] and [12] can not reflect the convergence of the total mesonic corrections to the meanfield approximation, because the mesonic corrections is also included in the one-quark-loop diagram due to the change of quark mass.

6 Conclusions

In conclusion, the magnitude of mesonic fluctuations and their corresponding corrections on chiral condensate and pion polarization function are investigated in a self-consistent scheme by exactly calculating the Feynman diagrams to next-to-leading order of 1/N_c expansion.

It is found that the magnitude of the mesonic fluctuations around the classical vacuum, i.e., the pure meson-loop contributions, can be characterized by the meson-momentum cut-off Λ_M , the larger Λ_M , the larger mesonic fluctuations. The NLO contributions enhance the LO values at the stationary saddle-point. However, the LO contributions reduce the values in the meanfield approximation. The two contributions to the mean-field approximation are contrary and cancel to each other.

When Λ_M > 1000MeV , the mesonic fluctuations will be larger than 40%, which means that the meson-loop expansion or 1/N_c expansion could not be used any more. In the case of only scalar and pseudo-scalar mesons involved, Λ_M < 1000MeV is reasonable, otherwise, heavier vector mesons should be considered.

Even though we can not answer the question how much the magnitude of the mesonic fluctuations and corrections are, because the model parameters are not uniquely determined, we can conclude that the cancellation between the NLO contributions and the one-quark-loop with quark mass deviation from the mean-field value induces an appropriate mesonic corrections to the mean-field approximation, and no chiral symmetry restoration or instabilities of the vacuum is found.

Acknowledgements

This work was supported in part by the NSFC under Grant No. 19925519 and by the Major State Basic Research Development Program under Contract No. G2000077407.

References

[1] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345; 124(1961) 246.

[2] U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27 (1991) 195.

S.P. Klevansky, Rev. Mod. Phys. 64 (1992) 649.

T. Hatsuda and T. Kunihiro, Phys. Rep. 247 (1994) 221.

[3] E.N.Nikolov, W. Broniowski, C.V. Christov, G. Ripka, K. Goeke, Nucl.Phys.A 608(1996)411.

[4] G.Ripka, Nucl. Phys. A 683(2001) 463, hep-ph/0003201; hepph/0007250.

[5] H.Kleinert, B.V.Bossche, Phys. Lett. B 474(2000) 336, hep-ph/9907274;

hep-ph/9908284.

[6] E.Babaev, Phys.Rev.D 62 (2000)074020, hep-ph/0006087;

Int.J.Mod.Phy. A 16 (2001) 1175, hep-th/9909052.

[7] P.Zhuang, J.Hüfner, S.P.Klevansky, Nucl. Phys. A 576(1994)525. [8] V.Dmitrasinovic, H.-J.Schulze, R.Tegen, Ann.Phys.(NY) 238(1995), 2394.

[9] Y.B.He, J.Hüfner, S.P.Klevansky, P.Rehberg, Nucl.Phys.A 630(1998) 719.

[10] M.Huang, P. F.Zhuang and W. Q.Chao, Comm.Theo. Phys. 34(2000) 91, hep-ph/9903304; Phys. Lett.B 465(1999) 55, hep-ph/9906468.

[11] M.Oertel, M. Buballa and J. Wambach, Phys.Lett.B 477(2000)77, hep-ph/9908475; Nucl.Phys.A 676(2000)247, hep-ph/0001239; hepph/0008131.

[12] R.S.Plant, M.C.Birse, hep-ph/0007340.

Figure 1: Quark self-energy Σ and pion polarization function Π_M in the quark and pion propagators. Σ_H and Σ^{fl} are the leading and subleading contributions to the quark mass. Π^{(RP A)}_π and δΠ^{(b,c,d)}_π are the leading and subleading order contributions to pion polarization function. The heavy solid lines indicate the constituent quark propagator, and the heavy dashed lines represent π or σ propagator −iD_M (q) in RPA approximation.

Figure 2: Quark condensate (a) and the magnitude of mesonic fluctuations and correction on chiral condensate (b) as a function Λ_M /m_q . The solid circles and stars in (a) correspond to − < q̄q >^{1/3} and − < q̄q >^{1/3}_H respectively, and in (b) correspond to the mesonic corrections R^{cr}_q and meson fluctuations R^{fl}_q on quark condensate respectively.

Figure 3: Pion polarization function (a) and the magnitude of mesonic fluctuations and correction on pion polarization function (b) as a function of Λ_M /m_q . The solid circles and stars in (a) correspond to Π_π(m^2_π) and Π^{(RP A)} π (m^2_π) respectively, and in (b) correspond to the mesonic corrections R^{cr}_π and meson fluctuations R^{fl}_π on pion polarization function respectively.