arXiv:hep-ph/0104083 v2 29 Nov 2001

Curvature perturbation at the local extremum of the inflaton’s potential

Jun’ichi Yokoyama and Shogo Inoue Department of Earth and Space Science, Graduate School of Science, Osaka University, Toyonaka 560-0043, Japan (November 29, 2001)

The spectrum of curvature perturbation generated during inflation is studied in the case the inflation-driving scalar field (inflaton) ϕ crosses over its potential extremum. It is shown that the nondecaying mode of perturbation has a finite value and a proper formula is given. The result is also extended to more general cases where ϕ̈ is non-negligible.

Inflation in the early universe [1] provides a mechanism to generate primordial density fluctuations out of quantum fluctuations of the inflation-driving scalar field, inflaton ϕ [2], in addition to explain the large-scale homogeneity and isotropy. In the standard inflation models such as new [3] and chaotic [4] inflation, inflation is driven by the potential energy of the inflaton, V [ϕ], as it slowly rolls the potential hill and they predict formation of adiabatic fluctuations with a nearly scale-invariant spectrum. More specifically, the amplitude of the curvature perturbation on comoving hypersurfaces, R_c, on comoving scale r = 2π/k is given by the formula [5,6], R_c(r) ∼= H^2 2π|ϕ̇| | | | |_{tk} (1)

∼= 3H^3 2π|V^′[ϕ]| | | | t_k , (2)

where a dot denotes time derivative and H is the Hubble parameter. Here the right-hand-sides should be evaluated at t = t_k when the relevant scale k left the Hubble radius during inflation. In the second approximate equality (2) we have used the equation of motion with the slow-roll approximation,

3Hϕ̇ + V^′[ϕ] = 0. (3)

The reason why (1) gives an almost scale-invariant spectrum is that both H and ϕ̇ change very slowly during slow-roll inflation.

Recently, however, new classes of inflation models have been proposed in which ϕ is not necessarily slowly rolling during the entire period of inflation [7–9]. Whenever ϕ̈ is non-negligible in the full equation of motion of the homogeneous part of ϕ,

ϕ̈ + 3Hϕ̇ + V^′[ϕ] = 0, (4)

the slow-roll approximation (3) fails. There are two typical cases where this happens. One is the case ϕ̇ vanishes. The proper analysis of the amplitude of density fluctuation in this case was recently done in [10], where it was found that the correct amplitude is not given by the formula (1), which is divergent, but by (2). It has been further argued recently [11] that the formula (2) may continue to be a useful approximation even when evolution of ϕ is not described by a slow-roll solution. The other is the case V^′[ϕ] vanishes, namely, when the inflaton crosses over an extremum of the potential. In this case (2) is divergent and would not be applicable. The purpose of the present paper is first to analyze density fluctuation in this situation and then extend it to the generation of perturbations in more general non-slow-roll inflation models whose potential satisfies several conditions indicated below to allow our analytic treatment.

First, as a specific model we consider the case ϕ overshoots the local maximum of the potential at ϕ = 0 during the new inflation stage in the chaotic new inflation model [7]. More specifically, we approximate the potential near the extremum as

V [ϕ] = V_0 − 1 2 m^2ϕ^2, m^2 > 0, (5)

and consider the case ϕ crosses over ϕ = 0 from the positive side to the negative one with a small kinetic energy so that the cosmic expansion rate H is practically constant in the relevant period. We assume H^2 ≫ m^2 and V_0 ≫ m^2ϕ^2. Then the solution of (4) reads, ϕ(t) = ϕ̇_∗ [ 1 λ_+−λ_− e λ_+ (t−t_∗) − 1 λ_+−λ_− e λ_− (t−t_∗) ] , (6) ϕ̇(t) = ϕ̇_∗ [_λ + λ_+−λ_− e λ_+ (t−t_∗) − λ− λ_+−λ_− e λ_− (t−t_∗) ] , (7)

λ_± = −^3_2 H ±

√_9 4 H^2 + m^2 , (8)

where we have set ϕ(t_∗) = 0 and ϕ̇(t_∗) = ϕ̇_∗. Using λ_+ ∼= m^2/(3H) and λ_− ∼= −3H ( 1 +^{m2}_{9H2} ) , we find

ϕ(t) ∼= ϕ̇_∗ 3H [ e^{m23H2 H(t−t∗)} − e^{−3H} (_{1+ m2} 9H2 )_{(t−t∗)}] = ϕ̇_∗ 3H [ e^{m23H2 H(t−t∗)} − e^{− m23H2 H(t−t∗)} ( a(t_∗) a(t) )_3] , (9) ϕ̇(t) ∼= ϕ̇_∗ [ m^2 9H^2 e^{m2}3H^{2 H(t−t∗)} + ( 1 − m^2 9H^2 ) e^{−3H} (_{1+ m2} 9H2 )_{(t−t∗)}]

= ϕ̇_∗ [ m^2 9H^2 e^{m2}3H^{2 H(t−t∗)} + ( 1 − m^2 9H^2 ) e^{− m2}3H^{2 H(t−t∗)} ( a(t_∗) a(t) )_3]

≡ ϕ̇_s(t) + ϕ̇_r(t), (10)

with ϕ̇_s(t) ≡ ϕ̇_∗ m^2 9H^2 e^{m23H2 H(t−t∗)}, ϕ̇_r(t) ≡ ϕ̇_∗ ( 1 − m^2 9H^2 ) e^{− m23H2 H(t−t∗)} ( a(t_∗) a(t) )_3

, (11)

near the local maximum of the potential. Here a(t) ∝ e^{Ht} denotes the scale factor. As is seen here ϕ̇ can be decomposed into a slowly varying mode ϕ̇_s(t) and a rapidly changing decaying mode ϕ̇_r(t) which is approximately proportional to a^{−3}(t) ∝ e^{−3Ht}.

We now incorporate linear metric perturbations to the spatially flat Robertson-Walker background in the longitudinal gauge,

ds^2 = − [1 + 2Ψ(x, t)] dt^2 + a^2(t) [1 + 2Φ(x, t)] dx^2, (12)

where we use the notation of [12] for the gauge-invariant perturbation variables [13]. Hereafter all perturbation variables represent Fourier modes like

Φ_k = ∫ d^3x (2π)^{3/2}

Φ(x, t)e^ikx, (13)

and we omit the suffix k. We use the following combination of gauge-invariant variables [5,6,10,14,15], Y = X − ϕ̇ H Φ, (14)

where X = δϕ − a k ϕ̇σ_g, (15)

is the gauge-invariant scalar field fluctuation with σ_g being the shear of each constant time slice. The latter vanishes on Newtonian slice including the longitudinal gauge.

The above quantity Y is related to the gauge-invariant variable R_c as

R_c = Φ − aH k v = Φ + 2 3 Φ + H^{−1}Φ̇

1 + w = − H ϕ̇ Y, (16)

in the present situation where the universe is dominated by the scalar field. Here v is a gauge-invariant velocity perturbation [12] and w denotes the ratio of pressure to energy density.

From the perturbed Einstein equations, we obtain the following equations.

Ẋϕ̇ − ϕ̈X + ϕ̇^2Φ = 2 κ^2 k^2 a^2

Φ, (17)

Φ̇ + HΦ = − κ^2 2 ϕ̇X, (18) where κ^2 = 8πG. From these equations and (14), the equation of motion of Y reads

Ÿ + 3HẎ + [( k a )_2

+ M^2_{Y eff} ] Y = 0, (19)

with

M^2_{Y eff} ≡ V^{′′}(ϕ) + 3κ^2ϕ̇^2 − κ^4 2H^2 ϕ̇^4 + 2κ^2 ϕ̇ H V^′(ϕ). (20)

This equation has the following exact solution in the long-wavelength limit k −→ 0 [14,16].

Y (t) = c_1(k)Y_1(t) + c_2(k)k^3Y_2(t), (21)

Y_1(t) = ϕ̇ H , (22)

Y_2(t) = ϕ̇ H ∫_t t_i H^2 a^3ϕ̇^2 dt, (23) where c_1(k) and c_2(k) are integration constants to be determined by quantum fluctuations generated during inflation, and t_i is some initial time which may be chosen arbitrarily because its effect can be absorbed by redefining c_1(k). We choose t_i so that Y_2 consists only of the decaying mode. Despite its appearance, the decaying mode Y_2(t) is regular even at the epochs ϕ̇ = 0 [14]. In the second term of the right-hand-side of (21), an extra factor k^3 has been introduced so that the scale factor a(t) appears in the rescaling-invariant form of k/a(t), and c_1(k) and c_2(k) have the same dimension [10].

Using (11) we find

Y_1(t) = ϕ̇_s(t) H + ϕ̇_r(t) H = ϕ̇_∗ H [ m^2 9H^2 e^{m23H2 H(t−t∗)} + ( 1 − m^2 9H^2 ) e^{− m23H2 H(t−t∗)} ( a(t_∗) a(t) )_3]

, (24)

Y_2(t) = − 1 3ϕ̇_s(t)a^3(t) ( 1 + 2m^2 9H^2 )_{−1} = − 3H^2 m^2ϕ̇_∗ ( 1 + 2m^2 9H^2 )_{−1} e^{− m2}3H^{2 H(t−t∗)} 1 a^3(t)

, (25)

so that the solution in the long wavelength limit is given by

Y (t) = c_1(k) ( ϕ̇_s(t) H + ϕ̇_r(t) H ) − c_2(k)

H^3 3ϕ̇_s(t) ( 1 + 2m^2 9H^2 )_{−1} ( k a(t)H )_3 (26)

We can also incorporate the finite wavenumber correction using the iterative expression [10,14] as

Y = c_1(k)Y_1 + c_2(k)k^3Y_2 + k^2Y_1 ∫ aY_2Y dt − k^2Y_2 ∫ aY_1Y dt. (27) In the present case we find the leading finite-wavenumber correction is proportional to (k/a(t))^2. As a result we obtain

Y (t) = c_1(k) ϕ̇_s(t) H + c_1(k) ϕ̇_s(t) 2H ( 1 − 2m^2 3H^2 ) ( k a(t)H )_2

+c_1(k) ϕ̇_r (t) H − c_2(k)

H^3 3m^2ϕ̇_s(t) ( 1 − 2m^2 9H^2 ) ( k a(t)H )_3 + · · · , (28)

to the lowest-order in m^2/H^2.

Next we consider evolution of Y in its short-wavelength regime in order to set the initial condition out of quantum fluctuations. Since we are primarily interested in k-mode that leaves the horizon when the inflaton crosses over its potential extremum at t = t_∗, we only need to consider the evolution of Y when m^2|t − t_∗|/3H ≪ 1 holds during inflation. Thus in this regime (19) becomes

Ÿ + 3HẎ + ( k a )_2

Y = 0. (29)

Under the condition |Ḣ/H^2| ≪ 1 the solution of this equation satisfying the normalization condition,

Y Ẏ^∗ − Ẏ Y^∗ = i a^3

, (30)

is approximately given by Y = iH √ 2k^3 [ α_k(1 + ikη)e^{−ikη} − β_k(1 − ikη)e^{ikη} ] , (31)

where η = −1/(Ha) is a conformal time, and α_k and β_k are constants which satisfy |α_k|^2 − |β_k|^2 = 1. We shall choose (α_k , β_k) = (1, 0) so that the vacuum reduces to the one in Minkowski spacetime at the short-wavelength limit (−kη → ∞). We therefore obtain Y = iH √ 2k^3 (1 + ikη)e^{−ikη} = iH √ 2k^3 [ 1 + 1 2 ( k a(t)H )_2 + i 3 ( k a(t)H )_3 + ... ] , (32)

where the latter expansion is useful after k-mode has gone out of the horizon in the period t < t_∗ + 3H^2/m^2.

From (32) and (28), we find that under the condition m^2 ≪ H^2 we can match the first and the second terms of (28) with those of (32) and the third and the fourth terms of (28) with the third term of (32). The former constitutes the growing (or more properly, nondecreasing) mode and the latter corresponds to the decaying mode. As a result we find

c_1(k) = iH^2 √ 2k^3ϕ̇_s(t_k) = 9iH^4 √ 2k^3m^2ϕ̇_∗ e^{− m2}3H^{2 H(tk−t∗)}, (33) c_2(k) = ϕ̇_s(t_k) √ 2k^3H^2 ( 1 + 2m^2 9H^2 ) [ 1 + i

27H^2 m^2 ( 1 − m^2 9H^2 ) e^{− 2m23H2 H(tk−t∗)} ( a(t_∗)H k )_3] . (34)

This means that the nondecaying mode of the curvature perturbation on the comoving horizon scale at t = t_∗, r_∗, is given by,

R_c(r_∗) = [ |c_1(k)|^2 4πk^3 (2π)^3 ]_{1/2} = 9H^4 2πm^2|ϕ̇_∗| . (35)

Apparently it is enhanced by a factor 9H^2/m^2 compared with (1). This does not mean, however, that we find a severe deviation from a scale-invariant spectrum. On a more general comoving scale r = r(t_k) = 2π/k leaving the Hubble radius during new inflation, we find from the first equatlity of (33),

R_c(r) =

H^2 2π|ϕ̇_s(t_k)| , (36)

which is practically scale-invariant for m^2 ≪ H^2. The deviation from the scale-invariant spectrum is manifest only in the decaying mode c_2(k), as is seen in the second term of (34).

Thus we can obtain the correct expression for the nondecreasing mode of the curvature perturbation if we replace ϕ̇ in (1) with its nondecaying mode only. This was also the case when ϕ̇ vanishes during inflation which was studied in [10]. Figure 1 depicts the actual spectrum of curvature perturbation together with the conventional slow-roll formula (1) for H^2/m^2 = 30. Using (1) would seriously underestimate the actual amplitude in the regime ϕ is not slowly rolling.

FIG. 1. Actual spectrum of the curvature perturbation (solid line) and the result of slow-roll formula (broken line) for H^2/m^2 = 30.

Next we consider the applicability of this approach to a more general potential V [ϕ]. As is clear from the above analysis our method is applicable if the solution of ϕ̇ is separable to a sum of a slowly varying mode and a decaying mode approximately proportional to a^{−3}(t) at least for a few expansion time scales after the k-mode under consideration leaves the Hubble radius at t = t_k. Let us expand V [ϕ] around ϕ = ϕ(t_k) ≡ ϕ_k up to second order:

V [ϕ] = V [ϕ_k] + V^′[ϕ_k](ϕ − ϕ_k) + 1 2 V^{′′}[ϕ_k](ϕ − ϕ_k)^2 + · · · ≡ V_k + V^′_k (ϕ − ϕ_k) + 1 2 V^{′′}_k (ϕ − ϕ_k)^2 + · · · . (37)

Then a solution of the equation of motion, ϕ̈ + 3H_kϕ̇ + V^′_k + V^{′′}_k (ϕ − ϕ_k) = 0, is given by a linear combination of e^{Λ+(t−tk)} and e^{Λ− (t−tk)}, where Λ_± are solutions of Λ^2 + 3H_kΛ + V^{′′}_k = 0. Here a subscript k denotes the value of each quantity at the time t_k.

In order that the solution of ϕ̇ is separable to a slowly changing mode and a decaying mode, we require |V^{′′}_k | ≪ H^2_k . Then we find, to the lowest order in |V^{′′}_k |/H^2_k,

ϕ̇(t) = [ V^{′′}_k 9H^2_k ϕ̇_k + ( 1 − V^{′′}_k 9H^2_k ) V^′_k 3H_k ] e V ′′ k 3H2 k H_k(t−t_k) + ( 1 − V^{′′}_k 9H^2_k ) ( ϕ̇_k − V^{′k} 3H_k ) e^{−3} ( 1+^V ′′ k 9H2 k ) H_k(t−t_k) . (38)

The first and the second terms of the above solution correspond to ϕ̇_s(t) and ϕ̇_r(t) in (10) of the previous analysis, respectively. If we apply the same matching method as before, we obtain

R_c(r) =

H^2_k 2π | | | | V^{′′}_k 9H^2_k ϕ̇_k + ( 1 − V^{′′}_k 9H^2_k ) V^′_k 3H_k | | | | −1 , (39)

instead of (36) for the nondecaying mode of the curvature perturbation on the comoving horizon scale at t = t_k. In order that (39) gives the correct expression for the curvature perturbation, the expansion (37) should remain valid at least for a few expansion time scales after k-mode has crossed the horizon at t = t_k. That is, we require

|V^′_k||ϕ̇_k|H^{−1}_k < V_k, |V^{′′}_k |(ϕ̇_kH^{−1}_k )^2 < V_k. (40)

Since the k-mode leaves the horizon during inflation, we have ϕ̇^2_k < V_k. Then together with the assumption |V^{′′}_k | ≪ H^2_k , the second inequality is trivially satisfied. Furthermore, since V^′_k/H_k is of the same order of ϕ̇ in the slow-roll case, we find |V^′_k||ϕ̇_k|H^{−1}_k <∼ ϕ̇^2_k < V_k is also automatically satisfied. Thus the only nontrivial condition for our analysis to be valid is |V^{′′}_k | ≪ H^2_k apart from the condition for accelerated expansion ϕ̇^2_k < V_k.

In summary, we have analytically studied generation of curvature perturbation in the case the slow-roll equation of motion does not hold during inflation, by matching the quantum fluctuation (32) with the long-wave exact solution (26). For this matching to be possible it is essential that the solution of ϕ̇ can be described by a sum of a slowly changing mode and a decaying mode approximately proportional to a^{−3}(t), which requires |V^{′′}_k | ≪ H^2_k. Models with more complicated potentials that violate this condition must be studied numerically [11,17].

ACKNOWLEDGMENTS

We are grateful to M. Sasaki and O. Seto for useful communications. The work of JY was supported in part by the Monbukagakusho Grant-in-Aid for Scientific Research “Priority Area: Supersymmetry and Unified Theory of Elementary Particles (No. 707).”

[1] For a review of inflation, see, e.g. A.D. Linde, Particle Physics and Inflationary Cosmology (Harwood, Chur, Switzerland, 1990); K.A. Olive, Phys. Rep. 190,181(1990).

[2] S.W. Hawking, Phys. Lett. 115B, 295(1982); A.A.Starobinsky, Phys. Lett. 117B, 175(1982); A.H. Guth and S-Y. Pi, Phys. Rev. Lett. 49, 1110(1982).

[3] A.D. Linde, Phys. Lett. 108B, 389(1982); A. Albrecht and P.J. Steinhardt, Phys. Rev. Lett. 48, 1220(1982). [4] A.D. Linde, Phys. Lett. 129B, 177(1983). [5] M. Sasaki, Prog. Theor. Phys. 76, 1036(1986). [6] V.F. Mukhanov, Sov. Phys. JETP 68, 1297(1988).

[7] J. Yokoyama, Phys. Rev. D58, 083510(1998); J. Yokoyama, Phys. Rev. D59, 107303(1999). [8] T. Damour and V.F. Mukhanov, Phys. Rev. Lett. 80, 3440(1998).

[9] A.R. Liddle and A. Mazumdar, Phys. Rev. D58, 083508(1998); A. Taruya, Phys. Rev. D59, 103505(1999). [10] O. Seto, J. Yokoyama, and H. Kodama, Phys. Rev. D61, 103504(2000). [11] S.M. Leach, M. Sasaki, D. Wands, and A.R. Liddle, astro-ph/0101406. [12] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1(1984). [13] J.M. Bardeen, Phys. Rev. D22, 1882(1980).

[14] H. Kodama and T. Hamazaki, Prog. Theor. Phys. 96, 949(1996). [15] Y. Nambu and A. Taruya, Prog. Theor. Phys. 97, 83(1997). [16] J. Hwang, Phys. Rev. D 48, 3544(1993).

[17] J. Adams, B. Cresswell, and R. Easther, astro-ph/0102236.