arXiv:hep-ph/0104287 v2 9 Jul 2001

RUB-TP2-05/01

A note on inequalities for the masses of the lightest ßß resonances in large N_c QCD

M.V. Polyakov^1

Petersburg Nuclear Physics Institute, Gatchina, 18835 St.Petersburg, Russia Institute for Theoretical Physics II Ruhr University, 44780 Bochum, Germany

V. V. Vereshagin^2

Institute of Physics St. Petersburg State University St. Petersburg, 198504, Russia

Abstract

We derive and analyse inequalities relating masses of the lightest ππ resonances (ρ and σ) to low energy couplings of the effective chiral Lagrangian in the limit of large number of colours.

1. The issue of the existence and interpretation of the light scalar resonance (we call it as σ in what follows) is one of the most controversial questions in the meson spectroscopy (for a review of the scalar meson spectroscopy see the note on scalar mesons by S. Spanier and N. Tornqvist in Review of Particle Physics [1]^‡. Far from complete list of experimental and theoretical papers devoted to the σ–meson [3]-[40] (see also [2] and references therein) shows that this topic attracts considerable interest.

In these notes we analyse the sum rules relating low energy constants (LECs) of the effective chiral lagrangian (EChL) to the resonance spectrum parameters in the limit of large number of colours [41, 42].^§ We shall show that from these sum rules one can derive a set of inequalities, e.g. such as:

M^2_σ (3L_2 + L_3) + M^2_ρ L_2 ≤

F^2_π 4 , (1)

where L_i are the coupling constants of the fourth order EChL [45], M_ρ is the mass of the lightest isovector resonance (ρ meson), M_σ is the mass of the lightest isoscalar resonance

1e-mail:maximp@tp2.ruhr-uni-bochum.de 2e-mail:vvv@av2467.spb.edu ‡ Related problems are also discussed in the review article [2].

§In [43] it is shown that those sum rules can be derived from the general postulates of the effective theory without referring to large-N_c limit; see also [44].

(σ meson), and F_π ≈ 93 MeV is the pion decay constant. This inequality, apart from applications for estimates of the σ-meson mass from above, demonstrates that properties of the resonance spectrum are in close relations with properties of chiral symmetry breaking. Below we give derivation of the inequality (1) as well as its enhancements. 2. In the ref. [41, 42] the following set of the large N_c sum rules relating the constants of the effective chiral Lagrangian L_i^¶ to the parameters of resonance spectrum has been derived:

1 + O(m^4_π) =

∑ F^2_0 V_0 [M^2_0 − 2m^2_π]^2 + ∑ F^2_0 V_1

[M^2_1 − 2m^2_π]^2 , 3L_2 + L_3 + αm^2_π + O(m^4_π) =

F^4_0 4 ∑ V_0 [M^2_0 − 2m^2_π]^3 , L_2 + βm^2_π + O(m^4_π) =

F^4_0 4 ∑ V_1 [M^2_1 − 2m^2_π]^3

. (2)

Here M_I are the masses of pion-pion resonances with isospin I, and V_I — the corresponding residues. The latter are related to the ππ resonance width Γ(R → ππ) via:

V_0 = 2 3 16π(2J + 1)

M^2_0 √ M^2_0 − 4m^2_π Γ(R → ππ) , (3)

V_1 = 16π(2J + 1)

M^2_1 √ M^2_1 − 4m^2_π Γ(R → ππ) , (4) where J is the resonance spin. The constant F_0 ≈ 88 MeV is the pion decay constant in the chiral limit. The constants α, β are related to low energy coefficients (LECs) of the sixth order EChL. We use estimates for the LECs of the sixth order EChL obtained in ref. [53, 54] from the chiral expansion of the dual (string) models: αm^2_π ≈ 0.18 · 10^{−3}, βm^2_π ≈ 0.05 · 10^{−3} . (5) From the sum rules eqs. (2) one can immediately obtain the following obvious inequalities: 3L_3 + L_2 + αm^2_π > 0 ,

L_2 + βm^2_π >

V_ρF^4_0 4(M^2_ρ − 2m^2_π)^3

≈ 1.66 · 10^{−3} , (6)

where M_ρ and V_ρ stand for the mass and residue of the lightest isovector ππ resonance (ρ–meson). Further noting that ∑ I=0 V_0 [M^2_0 − 2m^2_π]^k > [ M^2_σ − 2m^2_π ] ∑ I=0 V_0 [M^2_0 − 2m^2_π]^{k+1}

, (7)

where k ≥ 2 and M_σ is a mass of the lightest isoscalar (scalar) resonance, we obtain the following inequality:

M^2_σ ( 3L_3 + L_2 + αm^2_π ) + M^2_ρ ( L_2 + βm^2_π ) < F^2_0 4 + 2m^2_π (4L_2 + L_3) . (8)

¶Note that LECs L_i are scale independent in the large N_c limit

This inequality provides us with a nice example of nontrivial relations between the parameters of resonance spectrum and low energy constants of EChL. The model independent large-N_c inequality (8) can be used for the estimates of the σ–meson mass from above (see below), as well as for consistency checks of various models of low–energy QCD in the large-N_c limit.

Parameters of the EChL in the large-N_c limit have been calculated in various models of the low–energy QCD [46, 47, 48, 49, 50, 51]. We shall use parameters from the analysis of the EChL coupling constants in the large-N_c limit done in [51] (the error bars take into account different values of the constants obtained in the fits performed in [51]):

L_2 = (1.6 ± 0.1) · 10^{−3} , L_3 = −(4 ± 1) · 10^{−3} , (9)

These values are close to those obtained from the phenomenological analysis [45, 52], what shows that the 1/N_c corrections to low energy coefficients L_i are rather small.

Due to the inequality eq. (6) the value of L_2 can not be below 1.63 · 10^{−3}, therefore we shall use this minimal value of L_2 = 1.63 · 10^{−3} lying in the range given by the eq. (9) ‖. The error of calculation of L_3 is bigger. Also, the errors of L_2 and L_3 are strongly correlated. In order to make an estimations of the M_σ based on inequality eqs. (8) we use first the relation 2L_2 + L_3 = 0 which follows from integration of the non–topological chiral anomaly [46, 47, 48] and from the low–energy limit of the dual–resonance (string) models [53]. Using the above values of L_2 and L_3 we obtain from eqs. (8):

M_σ < 770 MeV, if 2L_2 + L_3 = 0 . (10)

This is the upper bound for the lightest isoscalar resonance if one assumes the relation 2L_2 + L_3 = 0. To consider the more general case, we derive the upper limit on M_σ as a function of the parameter Δ defined as follows:

Δ = −

2L_2 + L_3 L_2

. (11)

The value of this parameter is zero for EChL obtained by integration of non-topological chiral anomaly [46, 47, 48, 49] as well as for EChL obtained by chiral expansion of the dual–resonance (string) models [53]. In the large-N_c based model of ref. [50] the value of Δ is fixed in terms of gluon condensate and constituent quark mass m_Q ≈ 0.35 GeV as Δ = π2⟨^{αs}_π G2⟩ 5Ncm4_Q ≈ 0.3 . The value of LECs obtained in ref. [55] corresponds to Δ = 5/8 = 0.625.

In any case the value of Δ can not exceed unity due to the inequality (6). Experimentally, the parameter Δ is constrained by the ratio of the D-wave pion scattering lengths:

Δ = −3 a^2 a^0_2

+ O(m^2_π) ≈ −0.2 ± 0.6 , (12)

where we took the experimental values of the D-wave scattering lengths ref. [56].

‖Note that for larger values of L_2 the bounds on M_σ discussed below are stronger

Now it is easy to derive from the inequality (8) the upper bound for the σ meson mass as a function of the parameter Δ. This function at small values of Δ takes the form

M_σ < 770 [ 1 + 0.42Δ + 0.29Δ^2 + O(Δ^3) ] MeV . (13)

We see that the upper bound for the σ-meson mass is sensitive to the sign of the parameter Δ (see definition (11)). Therefore the values of LECs of the fourth order EChL can give us a valuable information about the lightest scalar meson in the spectrum of QCD.

3. In the case when one posseses an additional information (masses and widths of resonances) on the excited meson spectrum (mesons heavier than σ in the isoscalar channel and ρ in isovector one) the inequality (8) can be enhanced. Let us call the excited resonances for which we have additional information about their masses and widths as known. With this additional information the inequality (8) can be enhanced as follows:

M^2_σ ( 3L_3 + L_2 + αm^2_π − ∑ known

F^4_0 V_0 4 [M^2_0 − 2m^2_π]^3 ) + M^2_ρ ( L_2 + βm^2_π − ∑ known

F^4_0 V_1 4 [M^2_1 − 2m^2_π]^3 )

< F^2_0 4 − ∑ known

F^4_0 V_0 4 [M^2_0 − 2m^2_π]^2 − ∑ known

F^4_0 V_1 4 [M^2_1 − 2m^2_π]^2

(14)

+2m^2_π ( 4L_2 + L_3 − ∑ known

F^4_0 V_0 2 [M^2_0 − 2m^2_π]^3 − ∑ known

F^4_0 V_1 2 [M^2_1 − 2m^2_π]^3 ) . For the numerical estimates we take as the known resonances f_2(1275) in the isoscalar channel and ρ_3(1690) in the isovector channel. We do not include other scalar and vector mesons as their nature is not well established and it is not clear whether their dynamics is “leading” in large N_c. Taking the masses and ππ widths of f_2(1275) and ρ_3(1690) from [1] we obtain the enhancement of the inequality (13)

M_σ < 665 [ 1 + 0.44Δ + 0.33Δ^2 + O(Δ^3) ] MeV . (15)

Obviously the inclusion of other resonances, e.g. f_0(980), f_0(1370), f_0(1500), ρ^′, f_4, etc. would lead to lower bound on the mass of σ–meson.

4. To summarize, we derive the inequalities for the masses of the lightest ππ resonances in the limit of large number of colours (N_c → ∞), see eqs. (8,14). These inequalities put an upper bound on the mass of σ–meson in terms of pion decay constant F_π and the low– energy constants of effective chiral Lagrangian L_2 and L_3. Analysis of these inequlities favours the presence of the light (mass < 750 MeV) scalar state in the meson spectrum of the multicolour QCD.

As a final remark we note that the sum rules (2) are derived in the limit of large number of colours, this implies that the exotic mesons (glueballs, four-quark states) do not contribute to the sum rules because their contributions are suppressed by powers of 1/N_c. This observation shows that the sum rules (2) can be used for identification of the nature of various mesons, in particular the low–lying ones. For example, the sum rules in eq. (2) tell us that the leading large–N_c part of the width (read the width of the qq̄ and hybrid parts) and the mass of the σ–meson should satisfy the following constraint:

32πF^2_0 M^2_σ Γ (σ → ππ) 3 √ M^2_σ − 4m^2_π [M^2_σ − 2m^2_π]^2 ≤ 1 − 4 ( M^2_ρ − 2m^2_π ) F^2_0

L_2 . (16)

Obviously, other sum rules in eq. (2) and an additional information about resonance spectrum would provide more sofisticated constraints on the parameters of qq̄ component of the σ–meson. We shall analyse them elsewhere.

Acknowledgements We are thankful to Shi-Lin Zhu for valuable remarks. This work was supported in part by the Russian Foundation for Basic Researches (grants RFBR 00-15-96610 and RFBR 01-02-17152), Russian Ministry of Education (grant E00-3.3-208) and by INTAS (INTAS Call 2000 project 587).

References

[1] D. E. Groom et al. [Particle Data Group Collaboration], Eur. Phys. J. C 15 (2000) 1. [2] V. V. Vereshagin, K. N. Mukhin and O. O. Patarakin, Phys. Usp. 43 (2000) 315 [Usp. Fiz. Nauk 170 (2000) 315].

[3] N. A. Tornqvist, Z. Phys. C 68 (1995) 647 [hep-ph/9504372].

[4] N. A. Tornqvist and M. Roos, Phys. Rev. Lett. 76 (1996) 1575 [hep-ph/9511210].

[5] For the most recent development see the summary talk at the conference “Possible existence of the light σ resonance and its applications to hadron physics”,Kyoto,Japan, 12-14 Jun 2000: N. A. Tornqvist, hep-ph/0008135. Online proceedings can be found on http://amaterasu.kek.jp/YITPws/online/index.html

[6] S. Ishida, M. Ishida, H. Takahashi, T. Ishida, K. Takamatsu and T. Tsuru, Prog.

Theor. Phys. 95 (1996) 745 [hep-ph/9610325].

[7] M. Ishida, Prog. Theor. Phys. 96 (1996) 853 [hep-ph/9610326].

[8] M. Harada, F. Sannino and J. Schechter, Phys. Rev. D 54 (1996) 1991 [hepph/9511335].

[9] S. Ishida, M. Ishida and T. Maeda, Prog. Theor. Phys. 104 (2000) 785 [hepph/0005190].

[10] K. Takamatsu [Sigma Collaboration], Prog. Theor. Phys. 102 (2001) E52 [hepph/0012324].

[11] E. M. Aitala et al. [E791 Collaboration], Phys. Rev. Lett. 86 (2001) 770 [hepex/0007028].

[12] E. M. Aitala et al. [E791 Collaboration], Phys. Rev. Lett. 86 (2001) 765 [hepex/0007027].

[13] V. Elias, A. H. Fariborz, F. Shi and T. G. Steele, hep-ph/9708466. [14] D. Black, A. H. Fariborz, F. Sannino and J. Schechter, Phys. Rev. D 59 (1999) 074026 [hep-ph/9808415].

[15] A. H. Fariborz, hep-ph/9908329.

[16] D. Black, A. H. Fariborz, S. Moussa, S. Nasri and J. Schechter, hep-ph/0012278. [17] D. Black, A. H. Fariborz and J. Schechter, hep-ph/0008246.

[18] Y. S. Surovtsev, D. Krupa and M. Nagy, Phys. Rev. D 63 (2001) 054024 [hepph/0008317].

[19] R. Kaminski, Acta Phys. Polon. B 29 (1998) 3055. [20] R. Kaminski, L. Lesniak and B. Loiseau, hep-ph/9905234. [21] R. Kaminski, L. Lesniak and B. Loiseau, hep-ph/0009007. [22] V. E. Markushin and M. P. Locher, hep-ph/9906249. [23] E. Klempt, Acta Phys. Polon. B 29 (1998) 3367. [24] T. Kunihiro, hep-ph/0009116.

[25] L. S. Kisslinger, H. Choi and C. Ji, hep-ph/0101053. [26] S. Narison, Nucl. Phys. Proc. Suppl. 96 (2001) 244 [hep-ph/0012235]. [27] A. V. Anisovich, V. V. Anisovich, D. V. Bugg and V. A. Nikonov, Phys. Lett. B 456 (1999) 80 [hep-ph/9903396].

[28] V. V. Anisovich, D. V. Bugg and A. V. Sarantsev, Phys. Atom. Nucl. 62 (1999) 1247 [Yad. Fiz. 62 (1999) 1247] [hep-ph/9711478].

[29] A. A. Andrianov and V. A. Andrianov, Zap. Nauchn. Semin. 245 (1996) 5 [hepph/9705364].

[30] A. A. Andrianov, D. Espriu and R. Tarrach, Nucl. Phys. B 533 (1998) 429 [hepph/9803232].

[31] A. A. Andrianov, V. A. Andrianov, D. Espriu and R. Tarrach, hep-ph/0009199. [32] S. N. Cherry and M. R. Pennington, hep-ph/0005208. [33] M. R. Pennington, hep-ph/0009267.

[34] M. Alford and R. L. Jaffe, Nucl. Phys. B 578 (2000) 367 [hep-lat/0001023].

[35] N. N. Achasov, Phys. Usp. 41 (1998) 1149 [Usp. Fiz. Nauk 168 (1998) 1149] [hepph/9904223].

[36] P. Minkowski and W. Ochs, Eur. Phys. J. C 9 (1999) 283 [hep-ph/9811518]. [37] D. Ebert, M. Nagy, M. K. Volkov and V. L. Yudichev, Eur. Phys. J. A 8 (2000) 567 [hep-ph/0007131].

[38] M. D. Scadron, Eur. Phys. J. C 6 (1999) 141 [hep-ph/9710317]. [39] L. S. Celenza, X. D. Li and C. M. Shakin, Phys. Rev. C 55 (1997) 3083. [40] K. Kusaka, W. Weise and M. K. Volkov, Phys. Lett. B 302 (1993) 145. [41] A. Bolokhov, V. Vereshagin, M. Polyakov, Sov. J. of Nucl. Phys., 53 (1991) 251 [42] A. A. Bolokhov, A. N. Manashov, V. V. Vereshagin and M. V. Polyakov, Phys. Rev.

D 48 (1993) 3090.

[43] A. V. Vereshagin and V. V. Vereshagin, Phys. Rev. D 59 (1999) 016002 [hepph/9804399].

[44] A. V. Vereshagin and V. V. Vereshagin, PiN Newslett. 15 (1999) 288. [45] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465.

[46] D. Diakonov and M. I. Eides, JETP Lett. 38 (1983) 433 [Pisma Zh. Eksp. Teor. Fiz.

38 (1983) 433].

[47] J. Balog, Phys. Lett. B 149 (1984) 197. [48] A. A. Andrianov, Phys. Lett. B 157 (1985) 425. [49] D. Diakonov and V. Y. Petrov, Nucl. Phys. B 272 (1986) 457. [50] D. Espriu, E. de Rafael and J. Taron, Nucl. Phys. B 345 (1990) 22 [Erratum-ibid. B 355 (1990) 22].

[51] J. Bijnens, Phys. Rept. 265 (1996) 369 [hep-ph/9502335].

[52] J. Bijnens, G. Colangelo and J. Gasser, Nucl. Phys. B 427 (1994) 427 [hepph/9403390].

[53] M. V. Polyakov and V. V. Vereshagin, Phys. Rev. D 54 (1996) 1112 [hep-ph/9509259]. [54] M. V. Polyakov and G. Weidl, hep-ph/9612486.

[55] S. Peris, M. Perrottet and E. de Rafael, JHEP9805 (1998) 011 [hep-ph/9805442]. [56] M. M. Nagels et al., Nucl. Phys. B 147 (1979) 189.