arXiv:hep-ph/0105261 v2 27 Jun 2001

hep-ph/0105261

Neutrino Oscillations: Status, Prospects and Opportunities at a Neutrino Factory

S. F. King^1

Department of Physics and Astronomy, University of Southampton, Southampton, SO17 1BJ, U.K.

Abstract

We review the current status of neutrino oscillations after 1258 days of Super- Kamiokande, assess their future prospects over the next 10 years as the next generation of experiments come on-line, and discuss the longer-term opportunities presented by a Neutrino Factory. We also give an introduction to the see-saw mechanism and its application to atmospheric and solar neutrinos.

1Based on invited talks at the IPPP Workshops on Physics at a Future Neutrino Factory, 19 January 2001, RAL and 21-23 March 2001, Durham. To appear in J.Phys.G

1 Introduction

The Super-Kamiokande experiment marks a watershed in neutrino oscillation physics. Essentially Super-Kamiokande is a large water Cherenkov detector consisting of 50,000 tons of pure water, and 11,200 photomultiplier tubes, making it the largest detector of its kind in the world. Neutrinos interact inside the detector producing either electrons or muons which give rise to the characteristic Cherenkov light cones which are observed by the photo-tubes situated on the walls of the detector. The results of the Super-Kamiokande experiment [1] provides compelling evidence for neutrino oscillations and hence neutrino mass, which if confirmed, would be the first evidence for new physics beyond the Standard Model.

The Super-Kamiokande experiment has measured the number of electron and muon neutrinos that arrive at the Earth’s surface as a result of cosmic ray interactions in the upper atomosphere, which are referred to as “atmospheric neutrinos”. While the number and and angular distribution of electron neutrinos is as expected, Super-Kamiokande has shown that the number of muon neutrinos is significantly smaller than expected and that the flux of muon neutrinos exhibits a strong dependence on the zenith angle. These observations give compelling evidence that muon neutrinos undergo flavour oscillations and this in turn implies that at least one neutrino flavour has a non-zero mass. The interpretation preferred by Super-Kamiokande is that muon neutrinos are oscillating into tau neutrinos. Several experiments that use neutrino beams from particle accelerators will take data over the next few years. If these experiments confirm the Super-Kamiokande results then this would be the first evidence that the Standard Model is incomplete since it was written down. This has led to an explosion activity in this area [2], [3].

Super-Kamiokande is also sensitive to the electron neutrinos arriving from the Sun, the “solar neutrinos”, and has independently confirmed the reported deficit of such solar neutrinos long reported by other experiments. For example the Homestake Chlorine experiment which began data taking in 1970 consists of 615 tons of tetrachloroethylene, and uses radiochemical techniques to determine the Ar37 production rate. More recently the SAGE and Gallex experiments contain large amounts of Ga71 which is converted to Ge71 by low energy electron neutrinos arising from the dominant pp reaction in the Sun. The combined data from these and other experiments implies an energy dependent suppression of solar neutrinos which can be interpreted as due to flavour oscillations. Taken together with the atmospheric data, this requires that a second neutrino flavour has a non-zero mass. The minimal interpretation is that the electron neutrinos oscillate into a linear combination of muon and tau neutrinos.

There are a number of theories that can explain the experimental observations. Many of them are based on the see-saw mechanism [4, 5]. The see-saw mechanism assigns very heavy Majorana masses to the right-handed partners of the left-handed neutrinos, in addition to the usual Dirac masses which arise from the Yukawa couplings of left-handed neutrinos to righthanded neutrinos in the same way that charged lepton masses occur in the Standard Model. However the heavy Majorana masses of the right-handed neutrinos (which forbidden for the right-handed electron by electric charge conservation) leads to light physical Majorana neutrino masses via the seesaw mechanism. With a suitable choice of masses of the heavy Majorana masses, and Yukawa couplings, the masses and mixing angles of the light neutrino states fall into ranges which are suitable to accomodate the experimental observations.

Other theories explain the tiny neutrino mass in terms of Supersymmetry in which R-parity is violated, or in terms of extra dimensions. The R-parity explanations [6] offer the prospect of collider signatures which would confirm such explanations. The large extra dimension approach [7] predicts radical departures from the oscillation picture which could be tested by the next generation of neutrino experiments, and in addition this approach could be tested by collider experiments.

Whatever the underlying mechanism, a measurement of neutrino masses and mixing angles will allow us to infer information about the particular Grand Unified Theory (GUT) or string theory that governs the right-handed neutrinos. Furthermore, an accurate measurement of these parameters will provide information in the poorly understood lepton sector that will complement that already available in the quark sector. Such information will provide vital clues to the problem of the origin of quark and lepton masses and may unlock the puzzle of why there are three generations.

In section 2 we introduce neutrino masses and mixing angles. Section 3 describes the current status of neutrino oscillations while section 4 presents some simple patterns of neutrino masses which can account for atmospheric and solar oscillations. In section 5 we ask the question “What will we know in 10 years time?”, and in section 6 we discuss the longer term opportunities for neutrino oscillation physics at a Neutrino Factory. Section 7 introduces the see-saw mechanism and shows how it may be applied to a hierarchical neutrino spectrum describing atmospheric and solar neutrino data using single right-handed neutrino dominance, and section 8 concludes the paper.

2 Neutrino Masses and Mixing Angles

The minimal neutrino sector required to account for the atmospheric and solar neutrino oscillation data consists of three light physical neutrinos with left-handed flavour eigenstates, ν_e, ν_μ, and ν_τ , defined to be those states that share the same electroweak doublet as the left-handed charged lepton mass eigenstates. Within the framework of three–neutrino oscillations, the neutrino flavor eigenstates ν_e, ν_μ, and ν_τ are related to the neutrino mass eigenstates ν_1, ν_2, and ν_3 with mass m_1, m_2, and m_3, respectively, by a 3 × 3 unitary matrix introduced by Maki, Nakagawa and Sakata (MNS) [8], U_{MNS}, ν_e ν_μ ν_τ = U_{e1} U_{e2} U_{e3} U_{μ1} U_{μ2} U_{μ3} U_{τ 1} U_{τ 2} U_{τ 3} ν_1 ν_2 ν_3 . (1)

Assuming the light neutrinos are Majorana, U_{MNS} can be parameterized in terms of three mixing angles θ_{ij} and three complex phases δ_{ij}. A unitary matrix has six phases but three of them are removed by the phase symmetry of the charged lepton Dirac masses. Since the neutrino masses are Majorana there is no additional phase symmetry associated with them, unlike the case of quark mixing where a further two phases may be removed. The MNS matrix may be expressed as a product of three complex Euler rotations,

U_{MNS} = U_{23}U_{13}U_{12} (2)

where

U_{23} =

1 0 0 0 c_{23} s_{23}e^{−iδ23} 0 −s_{23}e^{iδ23} c_{23} (3)

U_{13} = c_{13} 0 s_{13}e^{−iδ13} 0 1 0 −s_{13}e^{iδ13} 0 c_{13} (4)

U_{12} = c_{12} s_{12}e^{−iδ12} 0 −s_{12}e^{iδ12} c_{12} 0 0 0 1 (5) where c_{ij} = cos θ_{ij} and s_{ij} = sin θ_{ij}. Note that the allowed range of the angles is 0 ≤ θ_{ij} ≤ π/2. Since we have assumed that the neutrinos are Majorana, there are two extra phases, but only one combination δ = δ_{13} − δ_{23} − δ_{12} affects oscillations. For the purposes of studying oscillation physics we may take δ = δ_{13}, and δ_{23} = δ_{12} = 0, so that U_{MNS} resembles the CKM matrix,

U_{MNS} = c_{12}c_{13} s_{12}c_{13} s_{13}e^{−iδ} −s_{12}c_{23} − c_{12}s_{23}s_{13}e^{iδ} c_{12}c_{23} − s_{12}s_{23}s_{13}e^{iδ} s_{23}c_{13} s_{12}s_{23} − c_{12}c_{23}s_{13}e^{iδ} −c_{12}s_{23} − s_{12}c_{23}s_{13}e^{iδ} c_{23}c_{13} (6)

Figure 1: The relation between the neutrino flavor eigenstates ν_e, ν_μ, and ν_τ and the neutrino mass eigenstates ν_1, ν_2, and ν_3 in terms of the three mixing angles θ_{12}, θ_{13}, θ_{23}.

It is convenient to define:

Δm^2_{ij} ≡ m^2_i − m^2_j . (7)

Oscillation probabilities depend upon the time–of–flight (and hence the baseline L), the Δm^2_{ij}, and U_{MNS} (and hence θ_{12}, θ_{23}, θ_{13}, and δ).

Ignoring phases, the relation between the neutrino flavor eigenstates ν_e, ν_μ, and ν_τ and the neutrino mass eigenstates ν_1, ν_2, and ν_3 is just given as a product of three Euler rotations as depicted in Figure 1.

3 Status of Neutrino Oscillations

Current atmospheric neutrino oscillation data are well described by simple two-state mixing ( ν_μ ν_τ ) = ( c_{23} s_{23} −s_{23} c_{23} ) ( ν_2 ν_3 ) , (8)

and the two-state Probability oscillation formula

P (ν_μ → ν_τ ) = sin^2 2θ_{23} sin^2(1.27Δm^2_{32}L/E) (9)

where Δm^2_{32} is in units of eV^2, the baseline L is in km and the beam energy E is in GeV. The atmospheric data is statistically dominated by the Super- Kamiokande results and the latest 1117 day data sample leads to [2]:

• sin^2 2θ_{23} > 0.88

• 1.5 × 10^{−3} eV^2 < |Δm^2_{32}| < 5 × 10^{−3} eV^2 (90% CL)

CHOOZ data from ν̄_e → ν̄_e disappearance not being observed [9] provides a significant constraint on θ_{13} over the Super-Kamiokande (SK) prefered range of Δm^2_{32}:

• sin^2 2θ_{13} < 0.1 − 0.3

The solar neutrino problem can be solved by four different combinations of oscillation parameters, three of which are based on the MSW mechanism [10], namely the large mixing angle (LMA), the small mixing angle (SMA) and the long wavelength (LOW) solutions, and a fourth solution represents vacuum (VAC) oscillations [11]. Various groups have performed fits to the solar and atmosheric solutions [13, 14, 15]. Representative values of the

Figure 2: Summary of all oscillation data (taken from [17]).

sin^2 2θ_{12} Δm^2_1 (eV^2)

LMA 0.78 3.3 × 10^{−5} SMA 0.0027 5.1 × 10^{−6} LOW 0.93 9.6 × 10^{−8} VAC 0.93 8 × 10^{−10}

Table 1: Typical best fit solar solutions (from [12]).

parameters associated with the four solutions based on the most recent data are given in Table 1 [12].

In Figure 2 we give a simplified summary of all oscillation data, based on two-flavour analyses, and ignoring the “dark side” of the parameter space corresponding to assuming that θ_{ij} ≤ π/4 [16]. For large angle mixing which depends on matter enhancement effects it becomes a relevant question whether θ_{ij} < π/4 or θ_{ij} > π/4, but the VAC solution is symmetrical about θ_{12} = π/4. This figure, taken from [17] also includes a signal of neutrino mass from the LSND experiment [18]. If confirmed this would require the introduction of a fourth physical neutrino flavour, in order to achieve three different mass squared splittings. Since LEP data from the Z boson width only allows three light neutrinos, the fourth light neutrino would have to be a sterile neutrino which does not carry any quantum numbers, unlike the three sequential neutrinos which carry weak quantum numbers. We shall not consider the implications of the LSND result any further here.

Recently Super-Kamiokande have reported constraints on neutrino oscillations using 1258 days of their solar neutrino data [19]. They do not see any significant energy spectrum distortion, or day/night effect, leading to strong constraints on the allowed regions as shown in Figure 3. They claim that for active neutrino oscillations, the SMA and VAC solutions are disfavoured at 97% C.L. from the (absence of the) day/night effect, and sterile neutrino oscillations are disfavoured at 95% C.L. They conclude that LMA active neutrino oscillations are preferred. The results in Table 1 [12] are also based on an analysis performed on a similar data set, but using a different global analysis technique, and concludes that all four solar solutions remain viable although LMA is slightly preferred. Part of the confusion is due to the fact that it is the absence of any “smoking guns” for neutrino oscillations which is leading to the constraints. Interestingly if only the Super-Kamiokande data is considered, and the other solar neutrino experiments are removed from the analysis, then a large region of the LOW solution opens up for both active and sterile neutrinos since there would be no “smoking gun” sensitivity from either the day/night effect or the spectral distortion [19] in this region.

To summarise the current experimental situation, it is probably premature to exclude any of the four solar solutions in Table 1. We can be rea-

Figure 3: The Super-Kamiokande day-night exclusion area (shaded) based on 1258 days of data compared to the flux allowed area (hatched) from all experiments [19].

sonably confident that θ_{23} ≈ π/4, θ_{13} ≤ 0.1, while θ_{12} might be either large or small. Although nothing is known about the absolute scale or ordering of the mass squareds m^2_i , we do know that the ratio R ≡ |Δm^2_1|/|Δm^2_{32}| ≡ |Δm^2_{sol}|/|Δm^2_{atm}| (10) shows a hierarchy which, however, depending on the solar solution could be rather mild, or relatively strong:

• R = O(10^{−2}) (LMA)

• R = O(10^{−7}) (VAC)

4 Patterns of Neutrino Masses

There are two simple patterns of neutrino masses which can account for the atmospheric and solar neutrino data, as shown in Figure 4. These are based on either the hierarchy |m_3| ≫ |m_2| ≫ |m_1| (scheme A) or the inverted hierarchy |m_1| ≈ |m_2| ≫ |m_3| (scheme B). In the case of a three neutrino hierarchical spectrum (scheme A), there will be one physical neutrino with a mass of about |m_3| ≈ 5 × 10^{−2} eV, which would contribute as much “hot” dark matter to the universe as all the visible stars, and so would be of some relevance for cosmological structure formation. A second physical neutrino with a mass of about |m_2| ≈ 5 × 10^{−3} eV must also exist in order to account for the solar oscillation data. In the case of an inverted hierarchy [21] (scheme B) there are two neutrinos each with a mass of about |m_1| ≈ |m_2| ≈ 5 × 10^{−2} eV but with a small mass splitting of order 2×10^{−4} eV, giving twice as much “hot” dark matter. Therefore knowing the neutrino spectrum would be of some interest for cosmological dark matter even in these minimal scenarios, although the amount of dark matter in both cases is very small. The inverted spectrum is technically natural, in the sense of being stable under radiative corrections, and predicts a large solar angle [21].

In addition a third pattern of neutrino masses has been proposed (scheme C) based on all three neutrinos being approximately degenerate with a mass of order an eV, but with very small mass splittings suitable to describe the atmospheric and solar data. In this approximately degenerate case there could be a substantial component of “hot” dark matter, although in general such a pattern of neutrino masses tends to be unstable under radiative corrections unless protected by a symmetry [22].

Figure 4: Alternative neutrino mass patterns that are consistent with neutrino oscillation explanations of the atmospheric and solar neutrino deficits (taken from ref.[20].)

5 What Will We Know in 10 years Time?

The answer to this question is not completely clear, which is one of the main reasons why neutrino physics is so exciting at the current time. In the near future much better solar neutrino measurements will be available as SNO, KamLAND, and Borexino furnish us with new data [23, 24, 25]. For example, Borexino is a new solar neutrino experiment at Gran Sasso which will measure the flux of the low energy Be7 neutrinos in real time, which is expected to be suppressed according to the MSW solutions. Taken together these experiments will provide “smoking gun” evidence for neutrino oscillations, if it exists, in all the currently allowed solar parameter ranges.

The Sudbury Neutrino Observatory (SNO) experiment is presently taking data and the first results are expected very soon. The SNO detector contains 1000 tonnes of heavy water D2O and 9600 photo tubes. The use of heavy water, especially when enriched with salt, will enable the neutral current (Z exchange) interactions of the neutrinos to be measured, and hence the total active neutrino flux to be measured. Thus SNO will see an excess of neutral current events for flavour oscillations irrespective of the values taken by the mixing parameters. A combination of spectral distortions, day-night rate differences, and seasonal rate differences in the above experiments will then be used to distinguish betwen the currently allowed parameter ranges.

KamLAND (Kamioka Liquid scintillator Anti-Neutrino Detector) will study antineutrinos produced by nearby nuclear reactors, and will for example cover the LMA MSW region “in the laboratory”. Of particular interest to the Neutrino Factory proposal is the ability of KamLAND to confirm neutrino oscillations with a terrestrial experiment if the parameters lie in the LMA range necessary for CP violation to be observed at a Neutrino Factory (as discussed later). It is difficult to say how accurately θ_{12} and Δm^2_1 will be measured as this depends on the values of the other parameters, however an accuracy of ∼ 10 − 20% seems possible. It is also possible that within 10 years we would have a real-time measurement of the pp solar neutrino spectrum from SIREN, LENS or HELLAZ [26, 27, 28]. This would improve the accuracy of our parameter determination.

Over the next ten years the long baseline (LBL) experiments such as K2K, MINOS and eventually the CERN to Gran Sasso experiments will report new results [29, 30, 31]. The K2K experiment (a neutrino beam from from KEK to Super-Kamiokande) has already reported results from its first two years of running [29]. These experiments are capable of confirming or rejecting the hypothesis that neutrino oscillations are required to explain Super-Kamiokande atmospheric neutrino results. If the Super-Kamiokande results are confirmed then θ_{23} and Δm^2_{32} may be measured with an accuracy of about ∼ 10%. MINOS will be sensitive to sin^2 2θ_{13} values as low as 0.01 [30]. In addition to these LBL experiments there is a proposal to build a “super” neutrino beam line at the recently approved Japanese Hadron Facility (JHF) [32]. This beam would illuminate the Super-Kamiokande detector, and enable a more accurate determination of sin^2 2θ_{13}. Discussions have also begun [33] on building such a high-flux beamline at Fermilab. In addition, it is proposed to use the proton driver for the CERN Neutrino Factory, the SPL, to provide a low energy neutrino beam, pointing at the Modane laboratory in the Alps. This will form the first stage of the CERN Neutrino Factory project. However, the precision of these experiments will be limited by the uncertainty in the beam flavour content. For example, K2K currently quote an error of 7%, while MINOS hopes to reduce this to 2%. Such super-beam projects may be regarded as a natural stepping stone to a Neutrino Factory, to which we now turn.

6 Opportunities at a Neutrino Factory

What is a Neutrino Factory? Basically it is a high intensity muon storage ring with long straight sections along which the muons decay to deliver a high intensity beam of neutrinos [34, 35, 36]. A typical high performance Neutrino Factory would involve 50 GeV muon beams and would deliver about 10^{20} muon decays per year. The resulting neutrino beams are clearly of very high energy and intensity and have precisely predictable neutrino flavour content, making them superior to the conventional neutrino beams such as those proposed for example in [32, 33].

Despite the anticipated progress, even in 10 years time there are three quantities which will remain obscure even in the most optimistic scenarios, and these quantities would be measurable at a Neutrino Factory. We shall refer to them as the three missing si(g)ns:

1. The CHOOZ angle sin^2 2θ_{13} which will still be ill-determined even after LBL experiments, and is measureable down to an astonishing 0.0001 at a Neutrino Factory.

2. The CP violating phase sin δ which is impossible to measure unless we have the LMA MSW solution.

3. The sign of the 23 mass splitting (Δm^2_{32}), which remains ambiguous as shown in Figure 4, is easy to measure at a Neutrino Factory.

It is worth emphasising that an accurate measurement of sin^2 2θ_{13} will be important in discriminating GUT and string theories [37], and that it if this angle is smaller than 0.01 it will simply be unmeasured by the LBL experiments. At a Neutrino Factory it is relatively straightforward to measure this angle using the Golden Signature of “wrong sign” muons. For example suppose there are positive muons circulating in the storage ring, then these decay as μ^+ → e^+ν_eν̄_μ giving a mixed beam of electron neutrinos and muon anti-neutrinos. The muon anti-neutrinos will interact in the far detector to produce positive muons. Any “wrong sign” negative muons which may be observed can only arise from the neutrino oscillation of electron neutrinos into muon neutrinos with probability given by a CP conserving part P^+ and a a CP violating part P^−. The exact formulae in vacuum are given by:

P (ν_e → ν_μ) = P^+(ν_e → ν_μ) + P^−(ν_e → ν_μ) (11)

where the CP conserving part is

P^+(ν_e → ν_μ) = − 4Re(U_{e1}U^∗_{μ1}U^∗_{e2}U_{μ2}) sin^2(1.27Δm^2_1L/E)

− 4Re(U_{e1}U^∗_{μ1}U^∗_{e3}U_{μ3}) sin^2(1.27Δm^2_{31}L/E)

− 4Re(U_{e2}U^∗_{μ2}U^∗_{e3}U_{μ3}) sin^2(1.27Δm^2_{32}L/E) (12)

and the CP violating part is

P^−(ν_e → ν_μ) = −c_{13} sin 2θ_{13} sin 2θ_{12} sin 2θ_{23} sin δ

× sin(1.27Δm^2_1L/E) sin(1.27Δm^2_{31}L/E) sin(1.27Δm^2_{32}L/E) (13)

Figure 5: Reach in θ_{13} at a Neutrino Factory (taken from ref.[20].)

Note that P^− requires all three families to contribute, and it vanishes if any mixing angle or mass splitting is zero. The angle θ_{13} may easily be extracted from U_{e3} in the dominant CP conserving term P^+, leading to the expected limits in this angle at a Neutrino Factory as shown in Figure 5.

In order to determine the CP violating phase sin δ it is necessary to measure the CP violating term P^−. In order to do this one must compare the result for P (ν_e → ν_μ) to the result to the case where the positive muons in the storage ring are replaced by negative muons and the analagous experiment is performed to measure P (ν̄_e → ν̄_μ). The CP violating asymmetry due to the CP violating phase δ is given by

A^δ =

P (ν_e → ν_μ) − P (ν̄_e → ν̄_μ)

P (ν_e → ν_μ) + P (ν̄_e → ν̄_μ)

(14) from which we obtain

A^δ =

P^−(ν_e → ν_μ) P^+(ν_e → ν_μ) ≈ sin 2θ_{12} sin δ sin θ_{13} sin(1.27Δm^2_1L/E) (15)

It is clear that in order to measure the CP asymmetry we require large θ_{12} and large Δm^2_1 and this corresponds to the LMA MSW solution. In addition we require large sin δ. Also it would seem that having small θ_{13} enhances the CP asymmetry, however it should be remembered that the CP asymmetric rate P^− in Eq.13 is proportional to sin 2θ_{13}, and so θ_{13} should not be too small otherwise the number of events will be too small.

Unfortunately life is not quite as simple as the above discussion portrays. The Earth is made from matter and not anti-matter and so CP will be violated by matter effects as the neutrino beam passes through the Earth from the muon storage ring to the far detector. For example the matter effects will modify the formulas for P (ν_e → ν_μ) involving θ_{13} and Δm^2_{31} as follows:

sin 2θ_{13} → sin 2θ_{13} ( A Δm231 − cos 2θ^{13}

)_2

+ sin^2 2θ_{13}

Δm^2_{31} → Δm^2_{31} ( A Δm^2_{31}

− cos 2θ_{13}

)_2

+ sin^2 2θ_{13} (16)

where A = 7.6 × 10^{−5}ρE (17)

where ρ is the density of the Earth in gcm^{−3} and E is the beam energy in GeV. The point is that for P (ν̄_e → ν̄_μ) the sign of A is reversed. From one point of view this is good news, since unlike the vacuum oscillation formulae, Δm^2_{31} enters linearly, not quadratically, and so matter effects enable the sign of the mass squared splitting to be determined in a rather straightforward way, as shown in Figure 6.

However from the point of view of measuring sin δ it leads to complications since the asymmetry in the rate in Eq.14 can get contributions from both intrinsic CP violation and from matter induced CP violation, and the measured asymmetry is a sum of the two effects A^{CP} = A^δ + A^{matter} (18) Since both effects are by themselves rather small, it will be a very difficult job to disentangle them, and the optimal strategy continues to be studied [34, 35, 36, 38]. The optimal place to sit in order to observe CP violation seems

Figure 6: Measuring δ and sign(Δm^2_{32}) at a Neutrino Factory. In this plot the bands correspond to varying δ between 0 and π/2, and the error bars are estimated for a high performance Neutrino Factory (taken from ref.[20].)

to be at the peak of sin(1.27Δm^2_{32}L/E) in order to maximise P^− according to Eq.13 (certainly we should avoid being at its node otherwise CP violation vanishes). In order to do this efficiently it may be desirable to have energytunable beams, and it is certainly necessary to have a good understanding of the density profile of the Earth. Assuming the LMA solution, the prospects for measuring CP violation at a Neutrino Factory are good as shown in Figure 6.

7 More About the See-Saw Mechanism

The basic idea of the see-saw mechanism [4] can most simply be explained in the context of a single family of neutrinos, where the Dirac mass coupling the left-handed neutrino to the right-handed neutrino is m_{LR} and the Majorana mass of the right-handed neutrino is M_{RR}. The neutrino masses in the basis of left and right-handed neutrinos can then be written as a mass matrix ( 0 m_{LR} m^T_{LR} M_{RR} ) (19)

where in this one family example m^T_{LR} = m_{LR}. If m_{LR} ≪ M_{RR} then when this mass matrix is diagonalised we find that one of the eigenstates may be identified to good approximation with the left-handed neutrino and has a very small Majorana mass m_{LL} ≈ m_{LR}M^{−1}_{RR}m^T_{LR}. For example if we take m_{LR} = M_W and M_{RR} = M_{GUT} then we find m_{LL} ∼ 10^{−3} eV which looks good for solar neutrinos. Atmospheric neutrino masses would require a righthanded neutrino with a mass below the GUT scale.

Generalising the above result to three families of neutrinos the light effective physical left-handed neutrino Majorana masses are now given by a three by three matrix m_{LL} which is given by m_{LL} = m_{LR}M^{−1}_{RR}m^T_{LR} where m_{LR} is the Dirac neutrino mass matrix, typically of the same magnitude as the charged lepton mass matrix, and M_{RR} is a heavy right-handed neutrino Majorana matrix whose entries may be as large as the GUT scale. The eigenvalues of m_{LL} are the physical neutrino masses m_1, m_2, and m_3, and, in the diagonal charged lepton mass basis, the matrix which diagonalises m_{LL} is the neutrino mixing matrix U_{MNS}.

Consider three left-handed neutrinos but only two^2 right-handed neutrinos. Then let us write the Dirac mass matrix as m_{LR} = 0 a d 0 b e 0 c f (20)

where the notation LR means that the second and third columns of m_{LR} correspond to the second and third right-handed neutrinos. The heavy Majorana mass matrix, assumed to be diagonal, is M_{RR} = 0 0 0 0 X 0 0 0 Y

(21)

2This is purely for simplicity. The following argument also applies to three right-handed neutrinos but is more cumbersome. Note that with three left-handed neutrinos mLL is always a three by three matrix regardless of the number of right-handed neutrinos.

Then using the see-saw formula for the light effective Majorana mass matrix m_{LL} = m_{LR}M^{−1}_{RR}m^T_{LR}, we find the symmetric matrix,

m_{LL} = d2 Y +^{a2}_X^{de}_Y +^{ab}_X^{df}_Y +^{ac}_X .^{e2}_Y +^{b2}_X^{ef}_Y +^{bc}_X . .^{f 2}_Y +^{c2}_X

(22)

So far the discussion is fairly general, although we have assumed a diagonal heavy Majorana mass matrix. In order to account for the atmospheric and solar neutrino data many models have been proposed based on the seesaw mechanism [5]. One question which is common to all these models is how to arrange for a large mixing angle involving the second and third generation of neutrinos, without destroying the hierarchy of mass splittings in Eq.10, R ≡ |Δm^2_{sol}|/|Δm^2_{atm}|. Assuming θ_{23} ∼ π/4 one might expect two similar eigenvalues m_2 ∼ m_3, and then the hierarchy of scheme A in Figure 4 seems rather unnatural.

One way to achieve a natural hierarchy is to suppose that the third righthanded neutrino contributions are much greater than the second right-handed neutrino contributions in the 23 block of m_{LL} [39],

(e^2, f^2, ef) Y ≫ (b^2, c^2, bc) X (23)

This implies an approximately vanishing 23 subdeterminant,

det[m_{LL}]_{23} = ( e^2 Y + b^2 X ) ( f^2 Y + c^2 X ) − ( ef Y + bc X )_2

≈ 0 (24)

The 23 subdeterminant is also equal to the product of the eigenvalues

det[m_{LL}]_{23} = m_2m_3 (25)

and hence from Eqs.24,25 m_2/m_3 ≪ 1 (26)

Thus the assumption in Eq.23 that the third right-handed neutrino gives the dominant contribution to the 23 block of m_{LL} naturally leads to a neutrino mass hierarchy. This mechanism is called single right-handed neutrino dominance (SRHND)[39].

In the limit that only a single right handed neutrino contributes the determinant clearly exactly vanishes and we have m_2 = 0 exactly. However the sub-dominant contributions from the second right-handed neutrino will give a small finite mass m_2 ≠ 0 as required by the MSW solution to the solar neutrino problem.

Developing the simple example above a little further, assuming SRHND as discussed above, we may obtain simple analytic estimates for the neutrino masses [40]:

m_1 = 0, (27)

m_2 ∼

(b − c)^2 X (28)

m_3 ≈

(d^2 + e^2 + f^2) Y (29)

Note that m_3 (m_2) is determined by parameters associated with the dominant (subdominant) right-handed neutrino. Given the SRHND assumption in Eq.23 we see that we have a generated a hierarchical spectrum m_1 ≪ m_2 ≪ m_3 as in scheme A of Figure 4.

The mixing angles may also be estimated to be [40]

tan θ_{23} ∼ e f , (30)

tan θ_{13} ∼ d √ e^2 + f^2

(31)

tan θ_{12} ∼ √ 2a b − c (32)

For example by a suitable choice of parameters e = f ≫ d and a ∼ (b−c) it is possible to have large θ_{12} suitable for the LMA or LOW solution and a maximal θ_{23} suitable for atmospheric oscillations, while maintaining a small θ_{13} consistent with the CHOOZ constraint. Note that the hierarchical masses in Eqs.27,28,29 are controlled by the SRHND condition Eq.23 and the hierarchy is unaffected by the large angle conditions above. This is due to the approximately vanishing 23 subdeterminant of m_{LL}, and the underlying physical mechanism responsible is SRHND. Furthermore the low energy predictions are quite stable under radiative corrections, and a recent renormalisation group analysis shows corrections of only a few per cent [41].

These ideas may be implemented in flavour models based on a U(1) family symmetry but the predictions for different models are uncertain due to unknown coefficients multiplying expansion parameters in the neutrino matrices [39]. Within such a framework the best one can do is scan over the unknown coefficients, and plot distributions in the predicted quantities [37]. See-saw models with SRHND are clearly seen to give distributions in R (defined in Eq.10) which peak at smaller values than other models, so the idea of SRHND is testable by a future measurement of R. The result of such scans shows that even without the SRHND mechanism it is possible to achieve mild hierarchies corresponding to say R ∼ 0.1 in a perfectly natural way. However if experiment tells us that R ≤ 10^{−2}, which may be the case for LMA and is certainly the case for LOW, then an accidental hierarchy of this magnitude looks increasingly unlikely, and in this case the simplest interpretation might be SRHND.

8 Conclusion

Despite the impressive progress we still in reality know very little about the neutrino spectrum. For example, the pattern of masses could be hierarchical, inverted or degenerate. According to the recent Super-Kamiokande results which favour the LMA solution with active neutrinos, the most likely scenario is approximate bimaximal mixing θ_{23} ≈ π/4, θ_{12} ≈ π/4, θ_{13} ≈ 0 [42],

U_{MNS} ≈ 1√ 2 1√ 2 0 −^1_2^1_2^{1√}_2 1 2 −^1_2^{1√}_2

(33)

However this interpretation is far from certain at this stage. The solar angle might still be very small, as in the SMA solution. There could still be a fourth (sterile) neutrino state. One or more of the solar experiments could be wrong; for example if the Homestake Chlorine data is removed then the allowed parameter space opens up significantly, and the distinction between the LMA, LOW and VAC solutions becomes less pronounced. Then even trimaximal mixing with a large CHOOZ angle cannot strictly be excluded [43]. Finally perhaps we are not seeing oscillations, but some energy independent suppression for example due to the effects of large extra dimensions, or perhaps some other non-standard effect. Fortunately the answers to these questions will be found by the forthcoming generation of neutrino experiments. As Super-Kamiokande leaves centre stage, other experiments such as those discussed in section 5 are set to enter the spotlight. The new generation of solar neutrino experiments will be able to confirm solar neutrino oscillations, and the LBL experiments will be able to confirm atmospheric oscillations. Together they will either confound the sceptics, or else dumbfound the believers, and it is a brave person who would predict that there will be no more surprises in store.

For example at the time of writing we are awaiting the first results from the first year of operation of SNO with great anticipation. The first year of data will consist of a measurement of the charged current scattering rate from deuterium, which will provide a clean measurement of the electron neutrino flux. By contrast Super-Kamiokande measures the elastic scattering rate from electrons, which includes charged and neutral current contributions. By comparing the charged current suppression measured by SNO to the elastic scattering suppression measured by Super-Kamiokande, it will be possible to infer the neutral current component of the elastic scattering observed by Super-Kamiokande, and hence test the hypothesis that electron neutrinos oscillate into muon and tau neutrinos (rather than sterile neutrinos), even before SNO measures the neutral current rate directly [44].

Suppose that neutrino masses are confirmed - so what? I have heard it suggested that neutrino masses are just a trivial extension to the Standard Model and hardly worth mentioning, and that learning the remaining MNS parameters is nothing more than stamp-collecting. It is true that one can simply add three light right-handed neutrinos (without Majorana masses) and couple them to the three left-handed neutrinos via Standard Model-like Yukawa couplings, to describe the neutrino spectrum. However a third family neutrino mass of 0.05 eV is much smaller than the tau lepton mass of 1777 MeV, and would require a tau neutrino Yukawa coupling 35 billion times smaller than the tau lepton Yukawa coupling, which looks rather unnatural when compared to the top-bottom quark mass ratio of about 40. On the other hand light right-handed neutrinos are not protected from receiving Majorana masses by any gauge symmetry, so it is perfectly natural for them to be much heavier than the weak scale, in which case naturally small neutrino masses can arise via the see-saw mechanism. In this case the scale of the heavy righthanded neutrino mass will be associated with new physics such as GUTs or string theory.

The origin of the heavy right-handed neutrino Majorana mass scale is in itself very interesting, and it may be useful to classify theories in terms of whether the right-handed neutrinos carry gauge quantum numbers at high energy (as in gauged SU(2)_R models or SO(10)) or are gauge singlets even at high energy (as in SU(5)). For example if the right-handed neutrinos tranform as part of a gauged SU(2)_R doublet, then anomaly cancellation predicts three right-handed neutrinos, and neutrino masses are inevitable. However if the “right-handed neutrinos” are really gauge singlets at high energies then the number and mass of such states is undetermined. Additional gauge singlets are also quite plausible in the gauged SU(2)_R case. In general there may be several gauge singlets, with a sequence of vacuum expectation values and scales, making the see-saw mechansim quite a complicated problem, and this is typical in string theories. In all these cases some simplification might arise if one of the singlets plays the dominant role in the see-saw mechanism as in SRHND. A further window into high energy right-handed neutrino physics is provided by Leptogenesis [45]. The heavy right-handed neutrinos may be produced in the early universe, and decay out of equilibrium into higgs plus leptons, producing a lepton asymmetry as a result of CP violation in the lepton sector, which is then reprocessed by sphaleron interactions into the observed baryon number of the universe [45].^3 The alternatives to the seesaw mechanism, large extra dimensions or R-parity violating supersymmetry, are hardly less exciting.

It is important to determine the detailed pattern of neutrino masses and mixing angles, since some day this will be related to the quark masses and mixing angles in the framework of an all-encompassing theory [5, 47]. To determine θ_{13}, the pattern of neutrino masses and the CP violating Dirac phase may require a Neutrino Factory. Without knowing the detailed spectrum, we shall most likely never know if we have the correct theory since we shall not know the low energy observables that we seek to explain. This is of course the normal way that science progresses, first the phenomena then the theory which lies underneath the observations. Eventually there is no doubt that knowing the neutrino masses and mixing angles will help to unlock the puzzle of all fermion masses and mixing angles, but we may have to wait for further direct information about new physics, as for example would be the case if superpartners are found at colliders, before all the pieces of the puzzle can be assembled. For example there is an interesting interplay between the slepton mass matrix and the see-saw parameters, in the framework of supersymmetry [48].

Neutrino oscillation physics is arguably the fastest developing area of particle physics at the moment. For example since 1998 more papers have appeared containing the word neutrino(s) than the word quark(s) in the title. With progress in this area showing no sign of slowing up as the new experiments successively come on line, this is a trend which seems likely to continue.

Acknowledgements

It is a pleasure to thank the organisers of the IPPP Workshops on Physics at a Future Neutrino Factory. I would also like to thank my colleagues on the U.K. Neutrino Factory Panel for their help in preparing this document. In particular I would like to thank David Wark for his help in preparing section 5 of this review and Ken Long for reading and commenting on the manuscript. I would also like to thank Martin Hirsch and Alan Martin for reading the manuscript and for useful suggestions. I also thank Martin Hirsch for numerous insightful discussions about neutrino physics. Finally I would like to thank PPARC for the support of a Senior Fellowship.

3Note that the amount of CP violation in the lepton sector necessary to achieve leptogenesis does not imply that the Dirac phase ffi will be large enough to be measurable at a Neutrino Factory, but it may be [46].

9 Addendum: SNO News is Good News

Since this review was completed SNO have announced their first results [49]. The charged current (CC) reaction on deuterium is sensitive exclusively to ν^′_es, while the elastic scattering (ES) off electrons also has a small sensitivity to ν^′_μs and ν^′_τ s. SNO measures the flux of ν^′_es from^8B decay measured by the CC reaction to be:

ϕ^{CC}_{SNO}(ν_e) = 1.75 ± 0.07^{+0.12}_{−0.11} ± 0.05 × 10^6cm^{−2}s^{−1} (34)

SNO also measures the flux of all neutrinos from^8B decay by the ES reaction to be:

ϕ^{ES}_{SNO}(ν_x) = 2.39 ± 0.34^{+0.16}_{−0.14} × 10^6cm^{−2}s^{−1} (35)

which is in agreement with the precision ES flux measured by Super-Kamiokande

ϕ^{ES}_{SK}(ν_x) = 2.32 ± 0.03^{+0.08}_{−0.07} × 10^6cm^{−2}s^{−1} (36)

The difference between the precision SK ES flux and the SNO CC flux measurement is

ϕ^{ES}_{SK} (ν_x) − ϕ^{CC}_{SNO}(ν_e) = 0.57 ± 0.17 × 10^6cm^{−2}s^{−1} (37)

or 3.3 σ. The ratio of the SNO CC^8B flux to the latest standard solar model prediction is CC(^8B)_{SNO} BP 2001

= 0.347 ± 0.029 (38)

to be compared to the ratio of the SK ES^8B flux to the latest standard solar model prediction ES(^8B)_{SK} BP 2001

= 0.451^{+0.017}_{−0.015} (39)

Clearly the CC ratio is significantly smaller than the ES ratio. This immediately disfavours oscillations of ν^′_es to sterile neutrinos which would lead to a diminished flux of electron neutrinos, but equal CC and ES ratios. On the other hand the different ratios are consistent with oscillations of ν^′_es to active neutrinos ν^′_μs and ν^′_τ s since this would lead to a larger ES rate since this has a neutral current component. If we identify the heavy atmospheric neutrino mass as being approximately^{ν¯+νø√}_2 then the electron neutrino may oscillate into the lighter orthogonal combination, ν_e → ν_μ − ν_τ √ 2 (40)

By comparing the SK ES rate to the SNO CC rate, SNO infers a flux of ν^′_μs and ν^′_τ s ϕ^{SNO}_{SK} ( ν_μ − ν_τ √ 2 ) = 3.69 ± 1.13 × 10^6cm^{−2}s^{−1} (41)

The total flux of active^8B neutrinos is then determined to be ϕ^{CC}_{SNO}(ν_e) + ϕ^{SNO}_{SK} ( ν_μ − ν_τ √ 2 ) = 5.44 ± 0.99 × 10^6cm^{−2}s^{−1} (42)

which is in excellent agreement with the Standard Solar Model reference^8B flux of 5.05 ± 1.0 × 10^6cm^{−2}s^{−1} [50]. The SNO analysis is nicely consistent with both the hypothesis that electron neutrinos from the Sun oscillate into other active flavours, and with the Standard Solar Model prediction. In other words there is no longer any solar neutrino problem: we have instead solar neutrino mass!

One can go further and ask which particular type of active neutrino oscillation best fits the SNO data? The results of recent global analyses, performed just days after the SNO result [51] show that the most favoured solutions are either the LMA or the LOW solutions, with a slight preference for the LMA solution. The SMA solution is disfavoured at about 3 σ, while the VAC regions are disfavoured at various confidence levels. It now looks like a two horse race between LMA and LOW, with LOW very much the dark horse, having gained a lot of ground over the past few years.

Out of the two preferred solutions, LMA or LOW, the LMA solution will be tested by KamLAND in about a year from now. In the meantime SNO has now added the salt which will enable a direct measurement of the neutral current flux, and results which will confirm its first findings are expected on a similar timescale.

What of the theoretical implications of these results? The large extra dimension approaches to small neutrino masses with right-handed neutrinos in the bulk tend to resemble neutrino oscillations into sterile neutrinos and the SMA solution [7]. The R-parity violating approaches based on minimal supergravity assumptions commonly yield SMA solutions [6]. On the other hand the see-saw mechanism [4] combined with SRHND [40] can readily yield LMA or LOW solutions, as the discussion in section 7 shows. Indeed the LOW solution involving an extreme hierarchy of neutrino masses R ≪ 1, makes SRHND almost mandatory. So, the see-saw mechanism is looking very good in the light of the recent SNO result, and this implies a large mass scale in physics associated with the right-handed neutrinos, and the possibility of leptogenesis. The large mass scale may be related to string theory or GUTs, and the presence of such a large mass scale may be taken to imply TeV scale supersymmetry in order to stabilise the weak scale. Supersymmetry in turn may provide a window into the see-saw parameters via the slepton mass matrix and lepton flavour violation [48]. If this scenario turns out to be the way things are, then the accurate experimental measurement of the neutrino parameters will provide important information which will be useful for the determination of the correct high energy theory.

References

[1] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett.

81, 1562 (1998).

[2] See talks at Neutrino 2000, http:// ALUMNI.LAURENTIAN.CA/www/physics/nu2000/

[3] For a non-exhaustive list of recent reviews, see for example: G. Altarelli and F. Feruglio, Phys. Rep. 320 (1999) 295; R. N. Mohapatra, hepph/0008232; J.W.F. Valle, hep-ph/9911224; S.M. Bilenky, C. Giunti, W. Grimus, Prog.Part.Nucl.Phys. 43 (1999) 1-86; D. P. Roy, Pramana 54 (2000) 3 [hep-ph/9903506]; B. Kayser, hep-ph/0104147.

[4] M. Gell-Mann, P. Ramond and R. Slansky in Sanibel Talk, CALT-68- 709, Feb 1979, and in Supergravity (North Holland, Amsterdam 1979); T. Yanagida in Proc. of the Workshop on Unified Theory and Baryon Number of the Universe, KEK, Japan, 1979.

[5] See, for example, C. H. Albright, K. S. Babu and S. M. Barr, Phys. Rev. Lett. 81, 1167 (1998) [hep-ph/9802314]; C.H. Albright, S.M. Barr, Phys.Lett. B461 (1999) 218, hep-ph/9906297; C.H. Albright, S.M. Barr, Phys.Lett. B452 (1999) 287, hep-ph/9901318; G. Altarelli, F. Feruglio, Phys.Lett. B439 (1998) 112, hep-ph/9807353; G. Altarelli, F. Feruglio, JHEP 9811 (1998) 021, hep-ph/9809596; G. Altarelli, F. Feruglio, Phys.Lett. B451 (1999) 388, hep-ph/9812475; A. Aranda, C. Carone, R.F. Lebed, hep-ph/9910392; K.S. Babu, J.C. Pati, F. Wilczek, hep-ph/9812538; R. Barbieri, L.J. Hall and A. Strumia, Phys.Lett. B445 (1999) 407, hep-ph/9808333; R. Barbieri, P. Creminelli, A. Romanino, hep-ph/9903460; T. Blazek, S. Raby, K. Tobe, Phys.Rev. D60 (1999) 113001, hep-ph/9903340; K. Choi, E.J. Chun, K. Hwang, Phys.Rev. D60 (1999) 031301, hep-ph/9811363; R. Dermisek, S. Raby, hep-ph/9911275; J. Ellis, G.K. Leontaris, S. Lola, D.V. Nanopoulos, Eur.Phys.J. C9 (1999) 389, hep-ph/9808251; J.K. Elwood, N. Irges, P. Ramond, Phys.Rev.Lett. 81 (1998) 5064, hepph/9807228; P.H. Frampton, A. Rasin, hep-ph/9910522; P.H. Frampton, S.L. Glashow, Phys.Lett. B461 (1999) 95, hep-ph/9906375; H. Fritzsch,

Z.Z Xing, Phys.Lett. B440 (1998) 313, hep-ph/9808272 C.D. Froggatt, M. Gibson, H.B. Nielsen, Phys.Lett. B446 (1999) 256, hepph/9811265; M. Fukugita, M. Tanimoto, T. Yanagida, Phys.Rev. D59 (1999) 113016, hep-ph/9809554; M.E. Gomez, G.K. Leontaris, S. Lola and J.D. Vergados, Phys.Rev. D59 (1999) 116009, hep-ph/9810291; L.J. Hall, N. Weiner, Phys.Rev. D60 (1999) 033005, hep-ph/9811299; L.J. Hall, D. Smith, Phys.Rev D59 (1999) 113013, hep-ph/9812308; N. Irges, S. Lavignac, P. Ramond, Phys.Rev. D58 (1998) 035003, hep-ph/9802334; A.S. Joshipura, Phys.Rev. D59 (1999) 077301, hepph/9808261; A.S. Joshipura, S.D. Rindani, hep-ph/9811252; S.K. Kang, C.S. Kim, Phys.Rev. D59 (1999) 091302, hep-ph/9811379; G.K. Leontaris, S. Lola, C. Scheich and J.D. Vergados, Phys.Rev. D53, 6381(1996); S. Lola, J.D. Vergados, Prog.Part.Nucl.Phys. 40 (1998) 71; S. Lola, G.G. Ross, Nucl.Phys. B553 (1999) 81, hep-ph/9902283; E. Ma and D. P. Roy, Phys. Rev. D 59 (1999) 097702 [hep-ph/9811266]; E. Ma, D. P. Roy and U. Sarkar, Phys. Lett. B 444 (1998) 391 [hep-ph/9810309]; D. P. Roy, Pramana 54 (2000) 3 [hep-ph/9903506]; R.N. Mohapatra, S. Nussinov, Phys.Rev. D60 (1999) 013002, hepph/9809415; Q. Shafi and Z. Tavartkiladze, hep-ph/0101350; Q. Shafi and Z. Tavartkiladze, Phys. Lett. B 482 (2000) 145 [hep-ph/0002150]; Q. Shafi and Z. Tavartkiladze, Phys. Lett. B 487 (2000) 145 [hepph/9910314]; T. Yanagida, J. Sato, Nucl.Phys.Proc.Suppl. 77 (1999) 293, hep-ph/9809307; M. Tanimoto, hep-ph/9807517.

[6] For some recent references on bilinear R-parity violation, see M.Hirsch et al, Phys.Rev.D62 (2000)113008; F. Takayama and M. Yamaguchi, R-parity violation,” Phys. Lett. B476, 116 (2000) [hep-ph/9910320]; D. E. Kaplan and A. E. Nelson, JHEP 0001, 033 (2000); E. J. Chun and S. K. Kang, Phys. Rev. D61, 075012 (2000); A. Datta, B. Mukhopadhyaya and S. Roy, Super-Kamiokande data on atmospheric neutrinos,” Phys. Rev. D61, 055006 (2000); A. S. Joshipura and S. K. Vempati, trilinear R-parity violation,” Phys. Rev. D60, 111303 (1999); E.J. Chun, S. K. Kang, C. W. Kim and U. W. Lee, Nucl. Phys. B544, 89 (1999) [hep-ph/9807327]; E. Nardi, R-parity,” Phys. Rev. D55, 5772 (1997) [hep-ph/9610540]; F. M. Borzumati, Y. Grossman, E. Nardi and Y. Nir, Phys. Lett. B384, 123 (1996) [hep-ph/9606251].

[7] For some recent references on neutrinos in large extra dimensions see:

N. Arkani-Hamed, S. Dimopoulos, G. Dvali and J. March-Russell, hepph/9811448; K. R. Dienes, E. Dudas and T. Gherghetta, Nucl. Phys. B 557 (1999) 25 [hep-ph/9811428]; G. Dvali and A. Y. Smirnov, Nucl. Phys. B 563 (1999) 63 [hep-ph/9904211]; J. Maalampi, V. Sipilainen and I. Vilja, hep-ph/0103312; D. O. Caldwell, R. N. Mohapatra and S. J. Yellin, hep-ph/0102279; N. Cosme, J. M. Frere, Y. Gouverneur, F. S. Ling, D. Monderen and V. Van Elewyck, Phys. Rev. D 63

(2001) 113018 [hep-ph/0010192]; K. Agashe and G. Wu, Phys. Lett. B 498 (2001) 230 [hep-ph/0010117]; A. Lukas, P. Ramond, A. Romanino and G. G. Ross, Phys. Lett. B 495 (2000) 136 [hep-ph/0008049]; R. N. Mohapatra and A. Perez-Lorenzana, Nucl. Phys. B 593 (2001) 451 [hep-ph/0006278]; E. Ma, M. Raidal and U. Sarkar, Phys. Rev. Lett. 85 (2000) 3769 [hep-ph/0006046]; R. Barbieri, P. Creminelli and A. Strumia, Nucl. Phys. B 585 (2000) 28 [hep-ph/0002199]; A. Das and O. C. Kong, Phys. Lett. B 470 (1999) 149 [hep-ph/9907272]; K. R. Dienes and I. Sarcevic, Phys. Lett. B 500 (2001) 133 [hep-ph/0008144].

[8] Z. Maki, M. Nakagawa and S. Sakata, Prog. Theo. Phys. 28 (1962) 247.

[9] M. Apollonio et al., Phys.Lett. B466 (1999) 415.

[10] L. Wolfenstein, Phys. Rev. D17 (1978) 2369; S. Mikheyev and A. Yu.

Smirnov, Sov. J. Nucl. Phys. 42 (1985) 913.

[11] V.N. Gribov, B.M. Pontecorvo, Phys. Lett. B 28 (1969) 493.

[12] M.C. Gonzalez-Garcia et al., hep-ph/0009350; hep-ph/0009041;

J. N. Bahcall, P. I. Krastev and A. Y. Smirnov, JHEP 0105 (2001) 015 [hep-ph/0103179].

[13] For recent global fits of atmospheric neutrino data see, for example, N. Fornengo, M. C. Gonzalez-Garcia and J. W. F. Valle, hepph/0002147 [to be published in Nucl. Phys. B] and M.C. Gonzalez- Garcia, H. Nunokawa, O.L. Peres and J. W. F. Valle, Nucl. Phys. B543, 3 (1999); G. L. Fogli, E. Lisi, A. Marrone and G. Scioscia, “Combined analysis of atmospheric neutrino results,” In *Venice 1999, Neutrino telescopes, vol. 1* 275-282; R. Foot, R. R. Volkas and O. Yasuda, Phys. Rev. D58, 013006 (1998)

[14] The global MSW discussion of the solar neutrino data is given in M.C.

Gonzalez-Garcia, P.C. de Holanda, C. Peña-Garay and J. W. F. Valle, Nucl. Phys. B573, 3 (2000) [hep-ph/9906469]. For another recent discussion see also S. Goswami, D. Majumdar and A. Raychaudhuri, hep-ph/0003163. For prospects see J. N. Bahcall, P. I. Krastev and A. Y. Smirnov, hep-ph/0002293 and G. L. Fogli, E. Lisi, D. Montanino and A. Palazzo, Phys. Rev. D61, 073009 (2000).

[15] For a recent discussion of vacuum solutions of the solar neutrino problems see V. Barger and K. Whisnant, Phys. Rev. D59, 093007 (1999), [hep-ph/9812273].

[16] de Gouvea et al, hep-ph/0002064.

[17] Review of Particle Physics, Particle Data Group, Eur.Phys.J C15 (2000) 1, http://pdg.lbl.gov [18] LSND collaboration, Phys.Rev.Lett. 77 (1996) 3082; LSND collaboration, Phys.Rev.Lett. 81 (1998) 1774.

[19] S. Fukuda et al. [Super-Kamiokande Collaboration], hep-ex/0103033. [20] S. Geer, hep-ph/0008155.

[21] See for example: S. F. King and N. N. Singh, Nucl. Phys. B 596 (2001) 81 [hep-ph/0007243].

[22] R. Barbieri, L. J. Hall, G. L. Kane and G. G. Ross, hep-ph/9901228;

J. Ellis and S. Lola, Phys. Lett. B 458 (1999) 310 [hep-ph/9904279]. [23] J.Boger et al (SNO collaboration), nucle-ex/9910016 [24] P.Alivisato et al, Stanford-HEP-98-03; V. Barger, D. Marfatia and B. P. Wood, Phys. Lett. B 498 (2001) 53 [hep-ph/0011251].

[25] G.Alimonti et al (BOREXINO collaboration) hep-ex/0012030;

http://almine.mi.infn.it/.

[26] See for example http://www.shef.ac.uk/uni/academic/N- Q/phys/research/pa/SIREN.html [27] R.S.Raghaven, Phys.Rev.Lett. 78 (1997) 3618 [28] See http://sg1.hep.fsu.edu/hellaz/ [29] M.Sakuda et al (K2K collaboration) KEK-preprint-97-254; S. H. Ahn et al. [K2K Collaboration], hep-ex/0103001.

[30] MINOS collaboration, NUMI-L-375 (1998);

http://www-numi.fnal.gov:8875/ [31] A. Eridatato et al (OPERA collaboration) CERN-SPSC-99-20; C. Rubbia et al (ICARUS collaboration) CERN-SPSC-99-25.

[32] Y.Itow et al “A Long Baseline Oscillation Experiment using the JHF 50 GeV Proton-Synchrotron and the Super-Kamiokande Detector”, Feb. 2000 (http://psux1.kek.jp/50GeV-PS/Science.html) [33] V. Barger et al, hep-ph/0103052.

[34] B. Autin et al., “Physics opportunities at a CERN-based neutrino factory,” CERN-SPSC-98-30; A. Blondel et al., Nucl. Instrum. Meth. A 451 (2000) 102; The UK Neutrino Factory and Muon Collider Working Group, http://hepunx.rl.ac.uk/neutrino-factory/

[35] C. Albright et al., “Physics at a neutrino factory,” hep-ex/0008064;

V. Barger, S. Geer, R. Raja and K. Whisnant, Phys. Rev. D 62 (2000) 073002 [hep-ph/0003184]; I. Mocioiu and R. Shrock, Phys. Rev. D62, 053017 (2000) (hep-ph/0002149).

[36] A. Bueno, M. Campanelli and A. Rubbia, Nucl. Phys. B 589 (2000) 577 [hep-ph/0005007].

[37] M. Hirsch, S.F. King, hep-ph/0102103.

[38] A. Cervera, A. Donini, M. B. Gavela, J. J. Gomez Cadenas, P. Hernandez, O. Mena and S. Rigolin, Nucl. Phys. B 579 (2000) 17 [Erratum-ibid. B 593 (2000) 731] [hep-ph/0002108]; A. De Rujula, M. B. Gavela and P. Hernandez, Nucl. Phys. B 547 (1999) 21 [hep-ph/9811390]. A. Romanino, Nucl. Phys. B 574 (2000) 675 [hep-ph/9909425]; A. Kalliomaki, J. Maalampi and M. Tanimoto, Phys. Lett. B 469 (1999) 179 [hepph/9909301]; M. Freund, P. Huber and M. Lindner, hep-ph/0105071; M. Freund, P. Huber and M. Lindner, Nucl. Phys. B 585 (2000) 105 [hep-ph/0004085]. M. Campanelli, A. Bueno and A. Rubbia, Nucl. Instrum. Meth. A 451 (2000) 207; T. Ota and J. Sato, Phys. Rev. D 63 (2001) 093004 [hep-ph/0011234].

[39] S. F. King, Phys. Lett. B439 (1998) 350; S. F. King, Nucl. Phys. B562 (1999) 57.

[40] S. F. King, Nucl. Phys. B576 (2000) 85.

[41] S. F. King and N. N. Singh, Nucl. Phys. B 591 (2000) 3 [hepph/0006229].

[42] V. Barger, S. Pakvasa, T. J. Weiler and K. Whisnant, Phys. Lett. B 437 (1998) 107 [hep-ph/9806387]; A. J. Baltz, A. S. Goldhaber and M. Goldhaber, Phys. Rev. Lett. 81 (1998) 5730 [hep-ph/9806540]; Y. Nomura, T. Yanagida, Phys.Rev. D59 (1999) 017303, hep-ph/9807325; H. Georgi, S.L. Glashow, hep-ph/9808293; S. Davidson and S. F. King, Phys. Lett. B 445 (1998) 191 [hep-ph/9808296].

[43] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 349 (1995) 137; P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 458 (1999) 79 [hep-ph/9904297].

[44] J. N. Bahcall, P. I. Krastev and A. Y. Smirnov, Phys. Lett. B 477 (2000) 401 [hep-ph/9911248]; J. N. Bahcall, P. I. Krastev and A. Y. Smirnov, Phys. Rev. D 62 (2000) 093004 [hep-ph/0002293]; V. Barger, D. Marfatia and K. Whisnant, hep-ph/0104166.

[45] M. Fukugita and T. Yanagida, Pjys. Lett. B174 (1986) 45; M. A.

Luty, Phys. Rev. D45 (1992) 455; H. Murayama, H. Suzuki and T. Yanagida, Phys. Rev. Lett. 70 (1993) 1912; B. A. Campbell, S. Davidson and K. A. Olive, Nucl Phys. B399 (1993) 111; H. Murayama and T. Yanagida, Phys. Lett. B322 (1994) 349; T. Moroi and H. Murayama, hep-ph/9908223. T. Moroi and H. Murayama, JHEP 0007 (2000) 009 [hep-ph/9908223]; T. Asaka, K. Hamaguchi, M. Kawasaki and T. Yanagida, Phys. Rev. D 61 (2000) 083512 [hep-ph/9907559]; L. Covi, E. Roulet and F. Vissani, Phys. Lett. B 384 (1996) 169 [hep-ph/9605319]; R. Jeannerot, Phys. Rev. Lett. 77 (1996) 3292 [hepph/9609442]; M. Plumacher, Z. Phys. C 74 (1997) 549 [hep-ph/9604229]; W. Buchmuller and M. Plumacher, Phys. Lett. B 389 (1996) 73 [hep-ph/9608308]; W. Buchmuller and M. Plumacher, hep-ph/0007176; W. Buchmuller and M. Plumacher, hep-ph/0104189; J. Ellis, S. Lola and D. V. Nanopoulos, Phys. Lett. B 452 (1999) 87 [hep-ph/9902364]; M. S. Berger and B. Brahmachari, Phys. Rev. D 60 (1999) 073009 [hepph/9903406]; G. F. Giudice, M. Peloso, A. Riotto and I. Tkachev, JHEP 9908 (1999) 014 [hep-ph/9905242]; H. Goldberg, Phys. Lett. B 474 (2000) 389 [hep-ph/9909477]; R. Barbieri, P. Creminelli, A. Strumia and N. Tetradis, Nucl. Phys. B 575 (2000) 61 [hep-ph/9911315]; D. Falcone and F. Tramontano, Phys. Rev. D 63 (2001) 073007 [hep-ph/0011053]; M. Bastero-Gil and S. F. King, hep-ph/0011385.

[46] M. Hirsch, S.F. King, in preparation.

[47] See for example: S. F. King and M. Oliveira, Phys. Rev. D 63 (2001) 095004 [hep-ph/0009287].

[48] S. Davidson and A. Ibarra, “Determining see-saw parameters from weak scale measurements?,” hep-ph/0104076; T. Blazek and S. F. King, “Muon anomalous magnetic moment and tau → mu gamma in a realistic string-inspired model of neutrino masses,” hep-ph/0105005; S. Lavignac, I. Masina and C. A. Savoy, hep-ph/0106245.

[49] Q. R. Ahmad et al. [SNO Collaboration], nucl-ex/0106015.

[50] J. N. Bahcall, M. H. Pinsonneault and S. Basu, astro-ph/0010346.

[51] G. L. Fogli, E. Lisi, D. Montanino and A. Palazzo, hep-ph/0106247;

John N. Bahcall, M. C. Gonzalez-Garcia, Carlos Pena-Garay, hepph/0106258.