arXiv:hep-ph/0107184 v2 29 Jul 2001

Varieties of Dirac equation and flavors of leptons and quarks

Ruo Peng WANG Physics Department, Peking University, Beijing 100871, P.R.China (July 29, 2001)

I show that there exist twelve independent Dirac equations for spin 1/2 fermions. The Dirac fields that satisfy these equations can be grouped into six pairs according to the way they transform under continuous space-time transformations. These six pairs of Dirac equations correspond to the three quark generations and the three lepton generations. The charged V � A currents can be formed only from fields of the same pair. This property of the Dirac fields implies that a quark or lepton may be transformed only into its partner of the same generation via the charged-current weak interaction. According to the properties of the charged-current weak interaction, I conclude that different elementary fermion fields must satisfy different Dirac equations, and there may not be more than twelve flavors of elementary fermions that are already known.

03.70.+k, 11.10.-z

I. INTRODUCTION

The standard model of the strong and electroweak interactions is used to describe the properties of the quarks and leptons. There are six known quarks [1–3] and six known leptons in nature. The leptons and quarks are spin 1/2 fermions. They are grouped into three pairs or generations of quarks, and three generations of leptons. Quarks and leptons of same generation can form left-handed isospinors [4], and each member of a quark or lepton generation may be transformed into its partner via the charged-current weak interaction. Within the frame of the standard model, all these elementary fermion fields are assumed to satisfy the Dirac equation of the same form. The only difference between equations for different fermion fields are the fermions’ rest masses. Although the standard model has gained already great success, the above assumption is problematic. A quantum field is completely described by its equation and the quantization conditions. If all elementary fermion fields would satisfy the Dirac equation of the same form, then there is not a natural explanation for why a quark or lepton can be transformed only into another specific type of quark or lepton through the charged-current weak interaction, but not into other ones. In other words, there is no natural way to identify which two leptons or quarks should be grouped into a generation, because all leptons and quarks are assumed to satisfy equations of the same type. To be able to describe the behaviors of quarks and leptons under the charged-current weak interaction, we must introduce for each elementary fermion field a different equation. These equations must be grouped into pair in such a way that the vector-minus-axial-vector (V − A) weak interaction current can be formed only from the fermion fields satisfying two equations of the same pair. All these equations are for spin 1/2 massive fields, they must have similar properties as the original Dirac equation, and I call these equations as the varieties of the Dirac equation.

In this paper I will discuss in detail the varieties of the Dirac equation. Based on a careful analysis of the properties of the Dirac fields that satisfy these equations, I will try to answer to the questions: why there exist twelve elementary fermions [5], and why quarks and leptons appear in three generations.

II. VARIETIES OF DIRAC EQUATION

A field of spin 1/2 transforms under spatial rotation in the following way: ψ(x) −→ ψ^′(x^′) = e^{i⃗s·⃗θ}ψ(x), (1) where ⃗θ is the rotation angle, and ⃗s the spin operator that satisfies the following relations:

[s_j, s_k] = iϵ_{jkl}s_l, s^2_j = 1 4 , j, k, l = 1, 2, 3. (2) For a four components spinor field, s_j are 4 × 4 matrices. There exist sixteen linear independent 4 × 4 matrices, and they can be chosen as

I_4, Σ^I_j , Σ^{II}_j , Σ^I_j Σ^{II}_k , j, k = 1, 2, 3, (3) where

I_4 = ( I_2 0 0 I_2 ) , Σ^{II}_1 = ( 0 I_2 I_2 0 ) , Σ^{II}_2 = ( 0 −iI_2 iI_2 0 ) , Σ^{II}_3 = ( I_2 0 0 −I_2 ) , Σ^I_j = ( σ_j 0 0 σ_j ) , j = 1, 2, 3, (4)

with

I_2 = ( 1 0 0 1 ) , σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . (5)

We have [Σ^I_j , Σ^{II}_k ] = 0, [Σ^I_j , Σ^I_k] = 2iϵ_{jkl}Σ^I_l , [Σ^{II}_j , Σ^{II}_k ] = 2iϵ_{jkl}Σ^{II}_l , j, k, l = 1, 2, 3. (6) All 4 × 4 matrices can be written as a linear combination of these sixteen matrices. It easy to verify that there exist only two sets of 4 × 4 matrices which satisfy the relations (2), these are

s^I_j = 1 2 Σ^I_j , s^{II}_j = 1 2 Σ^{II}_j , j = 1, 2, 3. (7)

The Dirac equation for fields of spin 1/2 and rest mass m is [6] [ ih̄( ∂ ∂t + c⃗α · ∇) − mc^2β ] ψ(x) = 0, (8)

in which the matrices ⃗α and β satisfy the following conditions: α^†_j = α_j, α^2_j = 1, [α_j, α_k]_+ = 0 (j ≠ k) β^† = β, β^2 = 1, [α_j, β]_+ = 0 } j, k = 1, 2, 3, (9)

where the anticommutator is defined by [A, B]_+ ≡ AB + BA. (10) The matrices ⃗α are closely related to the spin operator ⃗s. The invariance of the Dirac equation under space rotation requests [s_j , α_k] = iϵ_{jkl}α_l, [s_j, β] = 0 j, k, l = 1, 2, 3. (11) Conditions (9) and (11) are satisfied by matrices ⃗α = Σ^I_j ⃗Σ^{II} , β = Σ^I_k and ⃗α = Σ^{II}_j ⃗Σ^I , β = Σ^{II}_k , k ≠ j, j, k = 1, 2, 3. (12) Thus there exist totally twelve varieties of Dirac equation, which should be satisfied by twelve different Fermion fields.

It’s convenient to use the notation ⃗α = 2λ⃗s. (13) From relations (9) and (11) we get the following conditions for λ: [λ, ⃗s] = 0, [λ, β]_+ = 0, λ^2 = 1. (14) According to Eqs. (12) we may have λ = Σ^{II}_j , β = Σ^{II}_k j, k = 1, 2, 3, j ≠ k for ⃗s = ⃗s^I (15) and λ = Σ^I_j , β = Σ^I_k j, k = 1, 2, 3, j ≠ k for ⃗s = ⃗s^{II} . (16) One may observe that λ = Σ^{II}_1 , ⃗s = ⃗s^I , β = Σ^{II}_3 just corresponds to the Dirac-Pauli representation. The Dirac equation (8) is invariant under Lorentz transformations. A Dirac field transforms under the Lorentz transformation in the following way: ψ(x) −→ ψ^′(x^′) = e^{12 ⃗α·⃗φ}ψ(x^′) = e^{λ⃗s·⃗φ}ψ(x^′). (17) By comparing the transformations (17) and (1), we find that the operator λ⃗s plays a role in the Lorentz transformation similar to the role of ⃗s in the space rotation. Therefore we call λ as the Lorentz multiplier. The Dirac equation is also invariant under space inversion, and we have under this transformation ψ(x) −→ ψ^′(x^′) = e^{iϕ}βψ(x). (18) Thus the matrix β is nothing but the parity operator, and we find that the twelve varieties of Dirac equation differ among themselves by the spin operator, Lorentz multiplier and the parity operator.

III. FLAVORS AND GENERATIONS OF LEPTONS AND QUARKS

There are totally twelve varieties of Dirac equations. We can group these equations into six different pairs according to their Lorentz multipliers.

Let ψ_1(x) and ψ_2(x) be two different fermion fields with the same Lorentz multiplier that satisfy the following equations: [ ih̄( ∂ ∂t + cΣ^{II}_1 ⃗Σ^I · ∇) − m_1c^2Σ^{II}_2 ] ψ_1(x) = 0. (19) and [ ih̄( ∂ ∂t + cΣ^{II}_1 ⃗Σ^I · ∇) − m_2c^2Σ^{II}_3 ] ψ_2(x) = 0. (20)

The 4-dimensional vector conservation current j(x) of the field ψ_1(x) is defined by

j_0(x) = ψ^†_1(x)ψ_1(x), ⃗j(x) = ψ^†_1(x)Σ^{II}_1 ⃗Σ^I ψ_1(x). (21)

Under space inversion ⃗j(x), the space components of the current j(x), changes to −⃗j(x^′). We can also introduce the axial vector current j^A(x) of the field ψ_1(x) defined as

j^A_0 (x) = ψ^†_1(x)Σ^{II}_1 ψ_1(x), ⃗j^A(x) = ψ^†_1(x)⃗Σ^I ψ_1(x). (22) The axial vector current j^A(x) transforms as a 4-dimensional vector under continuous space-time transformations. But unlike the current j(x), ⃗j^A(x) remains unchanged under the space inversion.

Because the fermion fields that satisfy Dirac equations with the same Lorentz multiplier transform in the same way under continuous space-time transformation, we may define two quasi-vector currents

j^q_0 = ψ^†_1(x)ψ_2(x), ⃗j^q = ψ^†_1(x)Σ^{II}_1 ⃗Σ^I ψ_2(x), (23) and j^{qA}_0 = ψ^†_1(x)Σ^{II}_1 ψ_2(x), ⃗j^{qA} = ψ^†_1(x)⃗Σ^I ψ_2(x), (24) It is easy to verify that the quasi-vector currents j^q (x) and j^{qA}(x) transform as 4-dimensional vectors under continuous space-time transformations. But under the space inversion, their behaviors are different from 4-dimensional vectors or axial vectors:

⃗j^q (x) −→ ⃗j^{q′}(x^′) = e^{i(ϕ}2^{−ϕ}1^)ψ^†_1(x^′)Σ^{II}_2 Σ^{II}_1 ⃗ΣI Σ^{II}_3 ψ_2(x^′) = −ie^{i(ϕ2−ϕ1)}ψ^†_1(x^′)Σ^{II}_3 ⃗Σ^I Σ^{II}_3 ψ_2(x^′) = −ie^{i(ϕ2−ϕ1)}⃗j^{qA}(x) ≠ ±⃗j^q (x^′). (25) The relation Σ^{II}_2 Σ^{II}_3 = iΣ^{II}_1 was used in (25).

We may choose e^{i(ϕ2−ϕ1 )} = −i, (26) and we find that the current J_W (x) defined by

J_W (x) = j^q (x) − j^{qA}(x) (27) transforms just like the V −A current j(x)−j^A(x) under all space-time transformations. In the case of space inversion, we have J_{W 0}(x) = ψ^†_1(x)(1 − Σ^{II}_1 )ψ_2(x) −→ J^′_{W 0}(x^′) = ψ^†_1(x^′)(1 + Σ^{II}_1 )ψ_2(x^′) ⃗J_W (x) = −ψ^†_1(x)(1 − Σ^{II}_1 )⃗Σ^I ψ_2(x^′) −→ ⃗J^′_W (x^′) = −ψ^†_1(x^′)(1 + Σ^{II}_1 )⃗Σ^I ψ_2(x^′). (28)

In fact, J_W (x) is just the V − A charged weak interaction currents. The possibility of forming the V − A charged weak interaction current from two different fermion fields depends on the explicit forms of the Dirac equations for these two fields. The V − A charged weak interaction currents can be formed only from Dirac fields with the same spin operator and the same Lorentz multiplier. By comparing this property of Dirac fields with the behavior of the leptons and the quarks under the charged-current weak interaction, we conclude that the leptons and the quarks of a same generation must satisfy Dirac equations with the same Lorentz multiplier and spin operator. We also conclude that different elementary fermion fields must satisfy different Dirac equations. Because there are twelve varieties of Dirac equations, there must be only twelve different favors of fermions.

We have shown so far that there exist twelve varieties of Dirac equations that define twelve different fermion fields. The matrices that define these twelve equations can transform among them under certain unitary transformations. Let

U = 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 , (29)

then we have

Σ^{II}_j = U^†Σ^I_j U, Σ^I_j = U^†Σ^{II}_j U, j = 1, 2, 3. (30)

We have also 1 √ 2 (1 ∓ iΣ^A_j )Σ^A_l 1 √ 2 (1 ± iΣ^A_j ) = ±ϵ_{jlk}Σ^A_k , j ≠ l, j, l, k = 1, 2, 3; A = I, II. (31) Thus we may transform any of these twelve Dirac equations into another by applying a unitary transformation.

This unitary transformation can be either U , 2^{−1/2}(1 ± iΣ^{I,II}_j ), or a combination of them. Due to this symmetry in the forms of Dirac equations, one may choose any type of the Dirac equation to describe a certain lepton or quark field. But when more than one fermion fields are in consideration, one must respect the following rules: 1) fermion fields with different flavors satisfy Dirac equations of different types; 2) lepton or quark fields of the same generation have the same Lorentz multiplier and spin operator, but different parity operator.

For example, if we use the Dirac equation in the Dirac-Pauli representation for electron field ψ_e(x) [ ih̄( ∂ ∂t + cΣ^{II}_1 ⃗Σ^I · ∇) − m_ec^2Σ^{II}_3 ] ψ_e(x) = 0, (32)

then we must choose the following equation for the electronic neutrino field ψ_{νe}: [ ih̄( ∂ ∂t + cΣ^{II}_1 ⃗Σ^I · ∇) − m_{νe} c^2Σ^{II}_2 ] ψ_{νe} (x) = 0, (33)

and perhaps the equation [ ih̄( ∂ ∂t + cΣ^{II}_2 ⃗Σ^I · ∇) − m_μc^2Σ^{II}_1 ] ψ_μ(x) = 0 (34)

for the muon field ψ_μ(x).

IV. CONCLUSIONS

I have shown that there exist twelve independent Dirac equations for spin 1/2 fermions. Each equation is defined by its spin operator, Lorentz multiplier and parity operator. There are two different spin operators, six different Lorentz multipliers and six different parity operators. These twelve varieties of Dirac equation can be classified into six groups according to the Lorentz multiplier. Each group contains two equations. These six groups of Dirac equations correspond to the three quark generations and the three lepton generations. According to the properties of the charged-current weak interaction, I conclude that different elementary fermion fields must satisfy different Dirac equations, and consequently there may not be more than twelve types of elementary fermions. Or in other words, there can not be elementary fermions other than the already known three generations of quarks and leptons. I have also shown that charged V − A currents can be formed only from fields with the same Lorentz multiplier. This property of Dirac fields implies that quarks and leptons may be transformed via the charged-current weak only into their partner within the same generation.

[1] S. Herb, et al., Phys. Rev. Lett. 39, 252, (1977). [2] F. Abe, et al., Phys. Rev. Lett. 74, 2626, (1995). [3] S. Abachi, et al., Phys. Rev. Lett. 74, 2632, (1995).

[4] F. Mandl and G. Shaw, Quantum Field Theory (John Wiley and Sons, Chichester, 1984). [5] Mary K. Gaillard, Paul D. Grannis, Frank J. Sciulli, Rev. Mod. Phys., 72, S96, (1999). [6] P. A. M. Dirac, Proc. Roy. Soc. (London) A 117, 610 (1928).