arXiv:hep-ph/0110159 v1 11 Oct 2001

Extraction of a Weak Phase from B → D^{(∗)}π^1

Denis A. Suprun^{a 2}, Cheng-Wei Chiang^{a,b 3} and Jonathan L. Rosner^{a 4}

a Enrico Fermi Institute and Department of Physics University of Chicago, 5640 S. Ellis Avenue, Chicago, IL 60637

b HEP Division, Argonne National Laboratory 9700 S. Cass Avenue, Argonne, IL 60439

To observe CP-violating asymmetries through the interference of a weaker amplitude with a stronger one in B^0 → D^{(∗)}π and B^0 → D^{(∗)}π decays, one must collect enough events that the intensity associated with the weaker amplitude would be statistically significant. We show that provided the weaker amplitude is measured separately in B^± → D^{(∗)±}π^0 decays, the time-integrated approach requires around 2.5 · 10^8 BB̄ pairs for measurements of the weak phase sin(2β + γ) with an uncertainty of 0.05 or better. We also determine the optimal conditions for precise 2β +γ measurements and discuss the possibilities for resolving a discrete ambiguity.

PACS Categories: 13.25.Hw, 14.40.Nd, 14.65.Fy, 12.15.Hh

I Introduction

The phases of elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix describing the weak charge-changing interactions of quarks are of fundamental importance. Together with magnitudes of the matrix elements and masses of the six quarks (u, c, t) and (d, s, b), these phases must be explained by any theory which extends our knowledge beyond the Standard Model (SM) of electroweak and strong interactions.

Indirect information on CKM phases [1, 2] is now being supplemented by measurements of CP-violating asymmetries in B decays [3, 4, 5] which provide direct phase measurements. The weak phase β ≡ Arg(−V^∗_{cb}V_{cd}/V^∗_{tb}V_{td}) is determined by measurements of the rate asymmetry in decays such as B^0 → J/ψK_S , while α ≡ Arg(−V^∗_{tb}V_{td}/V^∗_{ub}V_{ud}) will be determined by measurements in decays such as B → ππ and B → ρπ. Information on all charge modes will be needed to separate contributing amplitudes from one another [6].

Information on γ ≡ Arg(−V^∗_{ub}V_{ud}/V^∗_{cb} V_{cd}) is more difficult to obtain. The decays B^± → D^0K^±, B^± → D^0K^±, and B^± → D_{CP} K^±, where D_{CP} is a CP eigenstate, permit one to perform a triangle construction to extract the weak phase γ [7]. The

1ANL-HEP-PR-01-086, Enrico Fermi Institute preprint EFI 01-35, hep-ph/0110159. To be submitted to Physical Review D.

2d-suprun@uchicago.edu 3chengwei@hep.uchicago.edu 4rosner@hep.uchicago.edu

interference of the Cabibbo-favored decay D^0 → K^−π^+ and the doubly-Cabibbo-suppressed decay D^0 → K^+π^− introduces an important subtlety in this method [8]. Numerous determinations of γ using nonstrange and strange B decays to ππ and Kπ are subject to questions associated with SU(3) flavor violation, electroweak penguin contributions, and rescattering [2].

The Cabibbo-favored decays B^0 → D^{(∗)−}π^+ and B^0 → D^{(∗)+}π^− and the corresponding doubly-Cabibbo-suppressed modes B^0 → D^{(∗)−}π^+ and B^0 → D^{(∗)+}Kπ^− can provide information on the weak phase 2β + γ [9, 10, 11, 12]. (One can substitute ρ^± or a^±_1 for the charged pion.) These methods typically require measuring either a very small rate asymmetry (for the Cabibbo-favored modes) or a very small rate (for the Cabibbo-suppressed modes). It was therefore suggested recently [13] that one instead measure 2β + γ via the interference of a small amplitude with a larger one in decays of the form B → V_1V_2, where, for example, V_1 = D^∗ and V_2 = ρ. The interference is to be detected through characteristic angular distributions in decay products of the vector mesons, and through time-dependent measurements. Refs. [12] and [14] contain some useful results regarding these distributions.

In the present paper we analyze the possibilities of precise measurements of 2β +γ for the simplest case of B → D^{(∗)}π decays. We find the optimal conditions for measuring 2β + γ. We also estimate the number of BB̄ pairs needed for such measurements that will reduce the allowed range of 2β + γ values to the currently achieved indirect bounds coming from measurements of other CKM parameters.

A general feature of CP-violating asymmetries detected through the interference of a weaker amplitude with a stronger one is that one must be able to detect processes at the level of the absolute square of the weaker amplitude [15]. We find that this situation holds for B → D^{(∗)}π decays. One still has to be able to collect enough events such that the absolute square of the Cabibbo-suppressed amplitude would be detectable with good statistical significance. This translates to the need for several times 10^8 produced BB̄ pairs. (Ref. [13] cites a figure of 10^8 pairs for a useful measurement of sin(2β + γ) using B → V_1V_2 decays.) In fact, our best determination makes use of a direct measurement of the weaker amplitude through a factorization relation between B^0 → D^{(∗)+}π^− and B^+ → D^{(∗)+}π^0 [11]. For both pseudoscalar and vector D mesons in the final state, we employ different models to anticipate the size of the weaker amplitude. However, direct measurements of the rates for B^+ → D^+π^0 and B^+ → D^{∗+}π^0 will eventually give us these amplitudes directly.

In Section II we introduce our notation and predictions for decay rates of neutral B mesons in the framework of the time-integrated approach. We shall quote results for B → D^∗π decays because of advantages in D^∗ detection, recognizing that many are also valid for B → Dπ. Decay rates as functions of a minimum vertex separation (expressed in terms of proper time) are of particular interest to us in Section III as we try to find the optimal conditions for measuring the weak phase 2β + γ with high precision. In Section IV we circumvent the problem of measuring the small weakerto-stronger amplitude ratio R by making a foray into charged B meson decays, using the process B^+ → D^{(∗)+}π^0. Estimates of the minimum number of BB̄ pairs required for precise measurements of 2β + γ are obtained in Section V. These are convoluted with a finite time-resolution function and realistic mistagging probabilities in Section VI. In Section VII we discuss a possibility of partial resolution of an 8-fold discrete ambiguity by separating 2β + γ and the strong phase δ between Cabibbo-allowed and Cabibbo-suppressed modes. We summarize our results in Section VIII.

II Notation and predictions

The “right-sign” decays B^0 → D^{∗−}π^+ and B^0 → D^{∗+}π^− are governed by the Cabibbofavored combination of CKM matrix elements V^∗_{cb}V_{ud} or charge-conjugate, while the “wrong-sign” decays B^0 → D^{∗−}π^+ and B^0 → D^{∗+}π^− are governed by the doubly- Cabibbo-suppressed combination V^∗_{cd}V_{ub} or charge-conjugate. We denote f ≡ D^{∗−}π^+ and f̄ ≡ D^{∗+}π^−. Then from

⟨f|B^0⟩ = A_1e^{iϕ1} e^{iδ1} , ⟨f|B^0⟩ = A_2e^{iϕ2} e^{iδ2} (1)

it follows that

⟨f̄ |B^0⟩ = A_1e^{−iϕ1} e^{iδ1} , ⟨f̄|B^0⟩ = A_2e^{−iϕ2} e^{iδ2} , (2)

where the weak phases ϕ_i change sign under CP conjugation, while the strong phases δ_i do not. The amplitudes are in the ratio R ≡ A_2 A_1 = | | | | | V^∗_{cd}V_{ub} V^∗_{cb}V_{ud} | | | | | r = | − λ^2(ρ − iη)|r ≃ 0.02r , (3) where λ ≃ 0.22, ρ, and η are parameters [16] which describe CKM matrix elements, and r = O(1) describes a ratio of decay constants and form factors. The weak phase difference is ϕ_1 − ϕ_2 = Arg ( V^∗_{cb}V_{ud} V^∗_{cd}V_{ub} ) = π + γ . (4)

We write the time-dependent decay amplitudes in terms of the functions [9] f_+(t) ≡ e^{−imt}e^{−Γt/2} cos(Δmt/2) , f_−(t) ≡ e^{−imt}e^{−Γt/2}i sin(Δmt/2) , (5) where m = (m_L + m_H )/2 is the average of the two mass eigenvalues, Δm = m_H − m_L is their difference, Γ = (Γ_1 + Γ_2)/2 is the average decay rate of the eigenstates, and we neglect ΔΓ = Γ_H − Γ_L. Then ⟨f|B^0(t)⟩ = f_+(t)⟨f|B^0⟩ + q p f_−(t)⟨f|B^0⟩ = e^{−imt}e^{−Γt/2} ( A_1e^{iϕ1} e^{iδ1} cos Δmt 2 + i q p A_2e^{iϕ2} e^{iδ2} sin Δmt 2 ) , (6)

⟨f̄ |B^0(t)⟩ = f_+(t)⟨f̄|B^0⟩ + p q f_−(t)⟨f̄|B^0⟩ = e^{−imt}e^{−Γt/2} ( A_1e^{−iϕ1} e^{iδ1} cos Δmt 2 + i p q A_2e^{−iϕ2} e^{iδ2} sin Δmt 2 ) . (7)

If B^0–B^0 mixing is described primarily by standard model loop contributions dominated by intermediate tt̄ pairs, we have q/p = e^{−2iβ}, and | | |⟨f|B^0(t)⟩ | | |^2 =

A^2_1 2 e^{−Γt} [ 1 + R^2 + (1 − R^2) cos Δmt − 2R sin(2β + γ − δ) sin Δmt] , (8) | |⟨f̄ |B^0(t)⟩ | |^2 = A^21 2 e^{−Γt} [ 1 + R^2 + (1 − R^2) cos Δmt + 2R sin(2β + γ + δ) sin Δmt] , (9)

where δ ≡ δ_2 − δ_1.

Retracing the above steps for the “wrong-sign”decays B^0 → D^{∗+}π^− and B^0 → D^{∗−}π^+, we find | | |⟨f̄ |B^0(t)⟩ | | |^2 =

A^2_1 2 e^{−Γt} [ 1 + R^2 − (1 − R^2) cos Δmt − 2R sin(2β + γ + δ) sin Δmt] , (10) | | |⟨f|B^0(t)⟩ | | |^2 =

A^2_1 2 e^{−Γt} [ 1 + R^2 − (1 − R^2) cos Δmt + 2R sin(2β + γ − δ) sin Δmt] . (11)

Let us now consider the production of a B^0B^0 pair in e^+e^− → Υ(4S) → B^0B^0, so that the pair is in a state Ψ_− of negative charge-conjugation eigenvalue. Assume that we “tag” the initial production of a B^0(p̂) with a B^0(−p̂), and the initial production of a B^0(p̂) with a B^0(−p̂). Then if we define the proper decay time of the state f with center-of-mass direction p̂ as t_f , that of the tagging state with direction −p̂ as t_t, and t^′ ≡ t_f − t_t, T ≡ t_f + t_t, we find [2, 12, 17]

|⟨B^0(−p̂), D^{∗∓}π^±(p̂)|Ψ_−⟩|^2 = e^{−ΓT} |A_1|^2 [ 1 + R^2 ± (1 − R^2) cos Δmt^′ − 2R sin(2β + γ ∓ δ) sin Δmt^′] , |⟨B^0(−p̂), D^{∗±}π^∓(p̂)|Ψ_−⟩|^2 = e^{−ΓT} |A_1|^2 [ 1 + R^2 ± (1 − R^2) cos Δmt^′ + 2R sin(2β + γ ± δ) sin Δmt^′] . (12)

One can express the time-integrated decay rates as ∫_∞ 0 dt_f ∫_∞ 0 dt_t|⟨B^0(−p̂), D^{∗∓}π^±(p̂)|Ψ_−⟩|^2 ∝ ∫_∞ −∞ dt^′e^{−Γ|t′|}[A_±(t^′) + B_∓(t^′)] , ∫_∞ 0 dt_f ∫_∞ 0 dt_t|⟨B^0(−p̂), D^{∗±}π^∓(p̂)|Ψ_−⟩|^2 ∝ ∫_∞ −∞ dt^′e^{−Γ|t′|}[A_±(t^′) − B_±(t^′)] ,(13) where A_±(t^′) ≡ (1 + R^2) ± (1 − R^2) cos Δmt^′ , (14) B_±(t^′) ≡ −2 R sin(2β + γ ± δ) sin Δmt^′ (15) are even and odd functions of t^′, respectively.

Now we introduce notation for measurable decay numbers. The number of B^0 → D^{∗−}π^+ decays with vertex separation t^′ > 0 is

N^r_+ ∝ ∫_∞ 0 dt^′e^{−Γ|t′|}[A_+(t^′) + B_−(t^′)], (16)

while those with t^′ < 0 is N^r_− ∝ ∫_0 −∞ dt^′e^{−Γ|t′|}[A_+(t^′) + B_−(t^′)] = ∫_∞ 0 dt^′e^{−Γ|t′|}[A_+(t^′) − B_−(t^′)]. (17)

Here the superscript “r” denotes right-sign decays. The corresponding expressions N^w_+ for the wrong-sign (superscript “w”) decays B^0 → D^{∗+}π^− with t^′ > 0 and N^w_− for B^0 → D^{∗+}π^− with t^′ < 0 are N^w_± ∝ ∫_∞ 0 dt^′e^{−Γ|t′|}[A_−(t^′) ± B_+(t^′)]. (18)

Similar expressions for B^0 decays are N^r_± ∝ ∫_∞ 0 dt^′e^{−Γ|t′|}[A_+(t^′) ∓ B_+(t^′)], (19) N^w_± ∝ ∫_∞ 0 dt^′e^{−Γ|t′|}[A_−(t^′) ∓ B_−(t^′)]. (20) Note that the following 4 linear relations among the 8 decay numbers

N^{r,w}_+ + N^{r,w}_− = N^{r,w}_+ + N^{r,w}_− , (21) N^{r,w}_+ − N^{r,w}_− = N^{w,r}_− − N^{w,r}_+ , (22)

limit the number of independent quantities to 4. In principle, that allows one to forgo measurements of B^0 decay numbers. However, that method would lead to larger uncertainties in determination of 2β + γ and we shall not use it.

We shall investigate the dependence of the time-integrated rates on a minimum vertex separation t_0. The aim of the calculation is to find the optimal conditions for measuring sin(2β + γ). Fig. 1 shows that indirect bounds on that weak phase coming from measurements of other CKM parameters [2, 18] limit the expected value of sin(2β + γ) to the region between 0.89 and 1. To get in the same ballpark with the indirect bounds we will calculate the number of BB̄ pairs required to determine sin(2β + γ) with an uncertainty of 0.05. This is the main goal of the paper.

III Decays with vertex separation greater than t_0

If one only takes into account decays with vertex separation greater than t_0, Eqs. (16– 20) become N^r_±(t_0) ∝ ∫_∞ t_0

dt^′ e^{−Γ|t′|}[A_+(t^′) ± B_−(t^′)], (23)

N^w_± (t_0) ∝ ∫_∞ t_0

dt^′ e^{−Γ|t′|}[A_−(t^′) ± B_+(t^′)], (24)

Figure 1: Contours of sin(2β + γ) (thin curves with values to the right) in (ρ,η) plane. Thick lines denote current limits on CKM matrix parameters [2, 18]. Solid circles denote limits on |V_{ub}/V_{cb} | from charmless b decays, dashed circles denote limits on V_{td} from B^0 − B^0 mixing, and the dotted circle denotes the lower limit on |V_{ts}/V_{td}| from the lower limit on B_s − B_s mixing. Dot-dashed hyperbolae come from limits on CP-violating K^0 − K^0 mixing (the parameter ϵ). Two solid rays denote the recent world average ±1σ limits sin(2β) = 0.79 ± 0.10 from neutral B meson decays. The allowed range is shaded gray.

N^r_±(t_0) ∝ ∫_∞ t_0

dt^′ e^{−Γ|t′|}[A_+(t^′) ∓ B_+(t^′)], (25)

N^w_± (t_0) ∝ ∫_∞ t_0

dt^′ e^{−Γ|t′|}[A_−(t^′) ∓ B_−(t^′)]. (26)

There are several ways to combine these decay numbers together into algebraic sums. Some of the resulting combinations may include one of the following expressions: A_+(t^′) + A_−(t^′), A_+(t^′) − A_−(t^′), B_+(t^′) + B_−(t^′), or B_+(t^′) − B_−(t^′). Composing ratios of these algebraic sums (see f_1(t_0), f_2(t_0) and f_3(t_0) below), we can extract the parameters R, sin(2β + γ) cos δ and cos(2β + γ) sin δ:

R = a(t_0) − f_1(t_0)

a(t_0) + f_1(t_0)

, (27)

SC ≡ sin(2β + γ) cos δ =

1 + R^2 2b(t_0) R f_2(t_0), (28)

CS ≡ cos(2β + γ) sin δ =

1 + R^2 2b(t_0) R f_3(t_0), (29)

where

a(t_0) ≡ Γe^{Γt0} ∫_∞ t_0

dt^′ e^{−Γt′} cos(Δmt^′) = 1 √ 1 + x^2_d cos(x_dΓt_0 + Δ), (30)

b(t_0) ≡ Γe^{Γt0} ∫_∞ t_0

dt^′ e^{−Γt′} sin(Δmt^′) = 1 √ 1 + x^2_d sin(x_dΓt_0 + Δ), (31)

Δ = arctan x_d, x_d ≡ Δm/Γ, (32) and f_1(t_0) ≡

(N^r_+ + N^r_− + N^r_+ + N^r_−) − (N^w_+ + N^w_− + N^w_+ + N^w_− ) N , (33)

f_2(t_0) ≡

(N^r_− + N^w_− + N^r_+ + N^w_+ ) − (N^r_+ + N^w_+ + N^r_− + N^w_− ) N , (34)

f_3(t_0) ≡

(N^r_+ + N^w_− + N^r_+ + N^w_− ) − (N^r_− + N^w_+ + N^r_− + N^w_+ ) N , (35)

with N ≡ N^r_+ + N^r_− + N^r_+ + N^r_− + N^w_+ + N^w_− + N^w_+ + N^w_− . (36) We have suppressed (t_0) after the decay numbers in the last four formulae.

It has been noted in [11, 13] that R is too small to be determined by this method. Indeed, calculations show that the smallest uncertainty in R is achieved at t_0 = 0 and is equal to σ(R) = x^2_d (2 + x^2_d)

16R^2 1 ϵ(B^r + B^w)N_B

≈ 0.03, (37)

with ϵ being the tagging efficiency. We take ϵ to be 0.684±0.007 [4]. B^r, the branching ratio of the “right-sign” decays B^0 → D^{∗−}π^+, equals (2.76 ± 0.21) × 10^{−3} [19]. One r (D^∗π) r (Dπ) Light Front Model [22] 0.81 0.72 BSW II Model [23] 1.33 1.11 NS Model [24] 0.88 0.72 LCSR Model [25] 1.01 0.87 MS Model [26] 0.92 0.82

Table I: The ratio r evaluated in various models.

can show that for x_d ∼= 0.756 ± 0.012 [20] the branching ratio of “wrong-sign” decays is B^w = kB^r ≈ 0.61 · 10^{−3}, with k ≈ x^2_d/(2 + x^2_d) ≈ 0.22.

The error σ(R) = 0.03 is bigger than the approximate R value itself [Eq. (3)]. Thus, one has to search for another method of measuring R.

IV Ratio of amplitudes

The main reason one cannot get R directly from the ratio of B^0 → D^{(∗)+}π^− and B^0 → D^{(∗)−}π^+ decay rates is that the large B^0 → B^0 mixing amplitude in the former overwhelms the smaller direct tree contribution. One can circumvent this obstacle by considering decays of charged B mesons, e.g. B^± → D^{(∗)±}π^0, as suggested in [11]. The tree amplitude is dominant in these decays and is proportional to A^2/2. Thus, the ratio of B^± → D^{(∗)±}π^0 and B^0 → D^{(∗)−}π^+ decay rates can be used to provide a simple way to estimate R.

The B^+ → D^{(∗)+}π^0 decay rate can be estimated by assuming factorization: M = G_F 2 V^∗_{ub}V_{cd}⟨π(p − q)|b̄γ_μu|B(p)⟩⟨D^{(∗)}|V_μ|0⟩ . (38) Using the standard parameterization [21], one obtains the ratio r defined in Eq. (3): r(D^∗π) = f_D∗ F^{Bπ}_1 (m^2_D∗ ) f_π A^{BD∗}_0 (m^2_π) , r(Dπ) = f_D (m^2_B − m^2_π) F^{Bπ}_0 (m^2_D) f_π (m^2_B − m^2_D) F^{BD}_0 (m^2_π)

. (39)

In Table I, we give the values of r for B̄^0 → D^{(∗)} π decays in several models. In all cases, the models predict that r is close to unity, i.e. R ∼ 0.02.

The error on R can be estimated using the method described in the beginning of this Section. Suppose that the number of detected B^+ → D^{(∗)+}π^0 decays is N_2 out of N tagged B^+’s, while the number of detected B^0 → D^{(∗)−}π^+ decays is N_1 out of the same number N of tagged B^0’s. Then, assuming equal charged and neutral B production, the value R = √ 2 τ^0_B τ_B+

N_2 N_1

(40) has an uncertainty σ(R) = √ 2 τ^0_B τ_B+ 1 2 √ N_1 √ 1 + N_2 N_1 ≈ 1 √ 2N_1

. (41)

Taking into account B^− → D^{(∗)−}π^0 and B^0 → D^{(∗)+}π^− decays increases statistics by a factor of 2, leading to σ(R) = 1/ √ 2N_r , where N_r = 2N_1 is the number of B^0 → D^{(∗)−}π^+ decays plus the number B^0 → D^{(∗)+}π^− decays. To make connection with the total number N_B of produced BB̄ pairs, note that the number of tagged events is N_r = ϵ B^rN_B. Thus, σ(R) = 1 √ 2ϵB^rN_B . (42)

For 10^8 produced BB̄ pairs σ(R) = 0.17 · 10^{−2}, i.e. less than 10% of its value. Thus, measurements of B^+ → D^{(∗)+}π^0 decay rates provide the ratio of amplitudes with a high precision. This information may be used in the time-integrated approach discussed in the previous Section. Now we can go a step further and estimate the uncertainty in determination of sin(2β + γ) cos δ and cos(2β + γ) sin δ.

In the following analysis, we will take r = 1 (corresponding to R ≃ 0.02) and use Eq. (42) to estimate the error on the ratio R.

V Uncertainties in sin(2β +γ) cos δ and cos(2β +γ) sin δ with perfect time resolution and no mistagging

The uncertainties in the ratios f_2 and f_3 [see Eqs. (34) and (35)] are

σ(f_2) ≈ σ(f_3) ≈ 1 √ N(t_0) = e^{Γt0} ϵ(B^r + B^w)N_B = e^{Γt0} ϵ(1 + k) B^rN_B

. (43)

Eqs. (28) and (29) allow an estimate of the values of f_2 and f_3: f_2 ≈ 2R b(t_0) SC, f_3 ≈ 2R b(t_0) CS. Now that Eq. (42) provides the error in R, we can calculate the uncertainties in SC and CS: σ(SC) ≈ 1 2b(t_0) √ f^2_2 (t_0) R^4 σ^2(R) + σ^2(f_2)

R^2 ≤ 1 2b(t_0) R

2(1 + k) b^2(t_0) + e^{Γt0} ϵ(1 + k) B^rN^B

, (44)

σ(CS) ≈ 1 2b(t_0) √ f^2_3 (t_0) R^4 σ^2(R) + σ^2(f_3)

R^2 ≈ σ(f_3) 2b(t_0) R ≈ 1 2b(t_0) R e^{Γt0} ϵ(1 + k) B^rN^B . (45) Finally, one can calculate the number of BB̄ pairs needed to get any particular precision σ_0(SC): N_B ≈ 2(1 + k) b^2(t_0) + e^{Γt0} 4ϵ(1 + k) b^2(t_0)R^2B^rσ^2_0(SC)

, (46)

Figure 2: Number of produced BB̄ pairs needed to achieve an uncertainty of 0.1 in measurements of sin(2β + γ) cos δ (solid line) and cos(2β + γ) sin δ (dashed line) vs. minimum vertex separation t_0. Perfect time resolution is assumed.

or σ_0(CS): N_B ≈ e^{Γt0} 4ϵ(1 + k) b^2(t_0)R^2B^rσ^2_0(CS)

. (47)

As seen from the figure, these two quantities have the same minimum location because they only differ by a constant independent of t_0. Here we have assumed that f_3(t_0) is proportional to cos(2β + γ) sin δ, which is expected to be small, and that SC is close to 1. However, the neglected SC and CS dependence can be readily put back if necessary, and one finds that the position of the minima would remain the same, independent of the values of SC and CS, for both curves.

Fig. 2 shows the N_B dependence on t_0 according to the above two equations. The curves were calculated under the assumption that one needs to get σ_0 = 0.1. We found out that this precision level is sufficient to determine sin(2β + γ) with an uncertainty of 0.05 (Section VII). The optimal conditions for both measurements are achieved if one only takes into account decays with vertex separation greater than ∼ 0.45/Γ. That one needs fewer BB̄ pairs to reach the same precision for cos(2β + γ) sin δ as indicated in Fig. 2 reflects our previous assumption of small cos(2β + γ) sin δ. Thus, the minimum uncertainties one can obtain if N_B BB̄ pairs are available are σ_{min}(SC) ≃ 0.1 √ 1.62 · 10^8 N_B , (48) σ_{min}(CS) ≃ 0.1 √ 0.96 · 10^8 N_B . (49)

Now we shall check how these formulae change if we take into account finite time resolution and realistic mistagging probabilities.

VI Finite time resolution; mistagging

Measurements of the decay numbers are smeared by finite resolution of vertex separation. For simplicity we shall assume a single Gaussian resolution function. The observed decay numbers are given by Eqs. (23)−(26) convoluted with the resolution function R(t_0) ≡ ∫_{+∞} −∞ dμ 1 √ 2πσ e^{−(μ−t0 )2/2σ2} . (50)

For example, N^r_±(t_0) = N_0 R(t_0) ⊗ N^r_±(μ), (51) and similar convoluted relations for N^w_± (t_0), N^r_±(t_0), and N^w_± (t_0). Here N_0 is a normalization factor and σ is the resolution of time separation between vertices. For the BaBar detector the average resolution of space separation between vertices is 180 μm [4] while the average separation is βγcτ_B0 = 260 μm, implying σΓ = 180/260 ∼= 0.69.

The algebraic sums of decay numbers that enter Eqs. (34) and (35) have to be modified correspondingly. For example, Eq. (36) becomes

N(t_0) = 2

N_0 √ 2σ ∫_{+∞} −∞ dμ Φ^′ ( μ − t_0 √ 2σ ) ∫_{+∞} μ dt^′ e^{−Γ|t′|} [A_+(t^′) + A_−(t^′)] = 2 N_0 Γ ∫_{+∞} −∞ dt̃ e^{−|t̃|} [ A_+(t̃/Γ) + A_−(t̃/Γ) ]

+ 2 N_0 Γ ∫_{+∞} −∞ dμ̃ Φ ( μ̃ − Γt_0 √ 2σΓ ) e^{−|μ̃|} [A_+(μ̃/Γ) + A_−(μ̃/Γ)] = 4 N_0 Γ ( 1 + A^2 A^2_1 ) (J_1 + J_2), (52)

Similarly, one obtains

(N^r_− + N^w_− + N^r_+ + N^w_+ ) − (N^r_+ + N^w_+ + N^r_− + N^w_− ) = 8

N_0 Γ R J_3 SC, (53)

(N^r_+ + N^w_− + N^r_+ + N^w_− ) − (N^r_− + N^w_+ + N^r_− + N^w_+ ) = 8

N_0 Γ R J_3 CS. (54)

In the above equations, Φ(x) ≡ (2/ √ π) ∫_x 0 e^{−z2} dz is the error function and

J_1 ≡ ∫_{+∞} −∞ e^{−|t̃|} dt̃ = 2, (55) J_2 ≡ ∫_{+∞} −∞ dμ̃ Φ ( μ̃ − Γt_0 √ 2σΓ ) e^{−|μ̃|}, (56) J_3 ≡ ∫_{+∞} −∞ dμ̃ Φ ( μ̃ − Γt_0 √ 2σΓ ) e^{−|μ̃|} sin x_dμ̃, (57)

The last two integrals have been numerically evaluated for different values of t_0 in the range from 0 to 1.5/Γ. Now SC and CS can be rewritten in terms of the ratios f_2 and f_3 as SC, CS = J_1 + J_2 2J_3

1 + R^2 R f_{2,3}(t_0). (58)

Next, we will take into account the mistagging factor. Mistagging refers to the cases where a decay (B^0 → tag, B^0 → D^{∗−}π^+) was incorrectly identified as (B^0 → tag, B^0 → D^{∗−}π^+), and vice versa. Thus, one sees that decays labelled as B^0 → D^{∗−}π^+ (“right-sign” decays) actually contain some B^0 → D^{∗−}π^+ (“wrong-sign” decays) events. As a result, experimental measurements only provide decay numbers smeared by the mistagging effect. For instance, the numbers of apparent right-sign events are

N^{r′}_± (t_0) = (1 − w)N^r_±(t_0) + wN^w_± (t_0), (59)

where w is the mistagging probability. For the BaBar detector the tagging efficiency is ϵ = ∑ ϵ_i = 0.684 ± 0.007 while the effective tagging efficiency is Q = ∑ ϵ_i(1 − 2w_i)^2 = 0.261 ± 0.012 [4]. For our purposes we will simplify calculations by assuming the single tagging option with ϵ = 0.684 and Q = ϵ(1 − 2w)^2 = 0.261. Thus, the effective mistagging probability is w = 0.191.

Note that the sum of all smeared decay numbers is still equal to N, the sum of all physical decay numbers. One can show that the ratios f^′_2 and f^′_3 composed of smeared decay numbers are related to f_2 and f_3 by f^′_{2,3} = (1 − 2w)f_{2,3}. Thus, experimental measurements of smeared decay numbers allow the direct calculations of SC and CS: SC, CS = 1 1 − 2w J_1 + J_2 2J_3

1 + R^2 R f^′_{2,3}(t_0). (60)

Assuming that experimental uncertainties are σ[N^{r′}_± (t_0)] = √ N^{r′}_± (t_0), σ[N^{w′}_± (t_0)] = √ N^{w′}_± (t_0), etc., we can estimate the uncertainties in f^′_2 and f^′_3 measurements to be

σ(f^′_2) ≈ σ(f^′_3) ≈ 1 √ N(t_0) = e^{Γt0} ϵ(1 + k) B^rN_B

. (61)

The uncertainties in SC and CS measurements are σ(SC) ≤ 1 1 − 2w J_1 + J_2

2J_3 1 R 2(1 + k) [J_3/(J_1 + J_2)]^2 (1 − 2w)^2 + e^{Γt0} ϵ(1 + k) B^rN^B

, (62)

σ(CS) ≈ 1 1 − 2w J_1 + J_2 2J_3 1 R e^{Γt0} ϵ(1 + k) B^rN^B

. (63)

We assumed a small CS in deriving the second equation. Finally, one can calculate the number of BB̄ pairs needed to get any particular precision σ_0(SC): N_B ≈ 2(1 − 2w)^2(1 + k) J^2_3 + e^{Γt0} (J_1 + J_2)^2 4ϵ(1 − 2w)^2(1 + k) J^2_3 R^2B^rσ^2_0(SC)

, (64)

Figure 3: Number of produced BB̄ pairs needed to achieve the uncertainty of 0.1 in measurements of sin(2β + γ) cos δ (solid line) and cos(2β + γ) sin δ (dashed line) vs. minimum vertex separation t_0.

or σ_0(CS): N_B ≈ e^{Γt0} (J_1 + J_2)^2 4ϵ(1 − 2w)^2(1 + k) J^2_3 R^2B^rσ^2_0(CS)

. (65)

As in the previous Section, the position of the minima is the same for both curves and is independent of the values of SC and CS.

Fig. 3 shows the N_B dependence on t_0. The curves were calculated under the assumption that one needs to get σ_0 = 0.1. The optimal conditions for measurements are achieved if one only takes into account decays with vertex separation greater than 0.44/Γ. Then σ_{min}(SC) ≃ 0.1 √ 5.06 · 10^8 N_B , (66) σ_{min}(CS) ≃ 0.1 √ 4.40 · 10^8 N_B . (67)

If BaBar is able to improve its performance to the level quoted in [27], i.e. σ(Δz) = 110 μm, ϵ = 0.767 and Q = 0.279, then the required minimum number of BB̄ pairs reduces by a factor of ∼ 1.4 for both SC and CS measurements. Besides, the position of the minima is shifted to a slightly larger value (t_0 ∼ 0.53/Γ) of vertex separation.

Figure 4: Contours of s_−, s_+, and their uncertainties σ(s_−) and σ(s_+) in the (SC,CS) plane. Only the first quadrant of the plane is shown. The plots in other quadrants are symmetric to those in the first one since the plotted quantities only depend on the absolute values of SC and CS. The blank triangle above the line SC + CS = 1 denotes the forbidden region on the plane: SC + CS = sin(2β + γ + δ) should always be smaller or equal to 1. When CS = 0 σ(s_−) achieves its smallest values: 0.1 and 0.07 for plots (c) and (e) respectively.

VII Extraction of sin(2β + γ) and cos δ

If one measures sin(2β + γ) cos δ and cos(2β + γ) sin δ values to be SC and CS, then trigonometry dictates the following values for sin^2(2β + γ) and cos^2 δ:

sin^2(2β + γ), cos^2 δ = s^2_± ≡ 1 2 ( 1 + SC^2 − CS^2 ± √ λ(1, SC^2, CS^2) ) , (68)

where λ(x, y, z) ≡ x^2 + y^2 + z^2 − 2xy − 2yz − 2zx. When one root corresponds to sin^2(2β + γ), the other corresponds to cos^2 δ. There is an ambiguity: Which is which? One cannot resolve it without making additional assumptions.

If the value of sin(2β + γ) is assumed to be in agreement with the indirect bounds (Fig. 1) then it should be larger then 0.89. However, indications that cos δ is large, too [28], do not allow an easy distinction between the two quantities. Figs. 4(a,b) show the contours of s_− and s_+ values in the (SC,CS) plane. There is a big region on the plane where s_− < 0.89 while s_+ > 0.89. If the measured values of SC and CS fall inside this region then sin(2β + γ) could only be associated with s_+ and the ambiguity might be resolved. The possibility of resolution also depends on the uncertainties σ(s_−) and σ(s_+). Those are calculated from Eq. (68) with the help of Eqs. (66)–(67). The contours of these uncertainties are shown in Figs. 4(c,d,e,f) for two different numbers of BB̄ pairs. For example, if the number of produced BB̄ pairs is 5.06 · 10^8 and (SC, CS) = (0.75, 0.15), then we can calculate s_+ = 0.97 ± 0.04 and s_− = 0.77±0.12. In this case, s_− does not take values that are larger than 0.89 within the 1σ level, and the solution favored for consistency with Fig. 1 is sin^2(2β + γ) = s^2_+, cos^2 δ = s^2_−. The 4-fold ambiguity in 2β + γ remains but reduces to a 2-fold one when we take into account that only positive values of sin(2β + γ) are consistent with indirect bounds. One can see from Fig. 1 that if 2β + γ < π/2 then sin(2β + γ) should be larger than 0.97. This fact might completely resolve the ambiguity in favor of π/2 < 2β + γ < π if values larger than 0.97 are measured to be inconsistent with sin(2β + γ) within the 1σ level.

Of course, one cannot exclude the possibility that sin(2β + γ) is inconsistent with indirect bounds and is substantially smaller than 0.89 while | cos δ| is close to unity. In that case, one would make a wrong assignment of s_+ and s_− to sin(2β + γ) and cos δ, respectively. Therefore, it is preferable to make other measurements of sin(2β + γ) in decays like B → D^{(∗)}ρ or B → D^{(∗)}a_1 where strong phase might differ from δ in B → D^{(∗)}π decays.

It is also worth noting that for the overwhelming part of the region where s_+ > 0.89, the uncertainty in sin(2β + γ) is at most 0.05 [cf. Figs. 4(b) and 4(d)]. Thus, for many values of SC and CS this method allows a very precise determination of sin(2β + γ) and a good measurement of the strong phase δ.

Besides, the method can be used to detect deviations from the Standard Model. If the measured values of sin(2β + γ) cos δ and cos(2β + γ) sin δ fall into the upper left corner of the (SC,CS) plane, then both s_− and s_+ would be inconsistent with the 0.89 − 1.0 range expected from the unitarity of the CKM matrix.

VIII Conclusions

This paper has explored the optimal conditions for measurements of weak phase angle 2β + γ and strong phase δ between Cabibbo-allowed and doubly-Cabibbo-suppressed amplitudes in B → D^{(∗)}π decays. We have found that in the time-integrated approach it is advantageous to only consider events with vertex separation greater than t_0 which is equal to 0.44/Γ for the BaBar detection parameters. The loss in statistics is outweighed by an increase in the integrated asymmetry.

Fig. 3 shows that production of approximately 5·10^8 BB̄ pairs is needed to reduce the uncertainty in determination of sin(2β + γ) cos δ to 0.1 in B → D^∗π decays. A smaller error on cos(2β +γ) sin δ will be achieved at the same time if its value is small. B → Dπ decays have the advantage of a slightly higher branching ratio but a setback in D meson detection. The combination of both types of decays might reduce the number of needed BB̄ pairs to 2.5 · 10^8, an amount within the reach of both BaBar and BELLE in the next few years. A time-dependent analysis [17] does not lead to any improvement with respect to this figure.

If the strong phase δ is not very close to 0 or π, the ambiguity between sin(2β + γ) and cos δ can be resolved. This method allows sin(2β + γ) to be determined with a precision of 0.05 or better.

Acknowledgments

We thank I. Dunietz, M. Gronau, Z. Ligeti, Z. Luo, S. Prell and A. Soffer for helpful discussions. This work was supported in part by the United States Department of Energy through Grant Nos. DE-FG02-90ER-40560 and W-31109-ENG-38. C.-W. C. would like to thank the Summer Visitor Program held by the Theory Department at Fermilab for their hospitality, and J. L. R. thanks the Aspen Center for Physics, where part of this work was done.

References

[1] F. Gilman, K. Kleinknecht, and Z. Renk, mini-review on pp. 110-114 of Particle Data Group, D. E. Groom et al., Eur. Phys. J. C 15, 1 (2000); A. Ali and D. London, DESY report DESY-00-026, hep-ph/0002167, in Proceedings of the 3rd Workshop on Physics and Detectors for DAPHNE, Frascati, Italy, Nov. 16–19, 1999, edited by S. Bianco et al. (INFN, 1999), pp. 3–23; S. Stone, Conference Summary, Beauty 2000, to be published in Proceedings of Beauty 2000, Kibbutz Maagan, Israel, September 13–18, 2000, edited by S. Erhan, Y. Rozen, and P. E. Schlein, Nucl. Inst. Meth. A 462, 323 (2001); M. Ciuchini et al., Orsay preprint LAL 00-77, JHEP 0107, 013, (2001).

[2] J. L. Rosner, in Flavor Physics for the Millennium (Proceedings of the TASI- 2000 Summer School, Boulder, CO, June 5–30, 2000), edited by J. L. Rosner (World Scientific, Singapore, 2001), p. 431.

[3] CDF Collaboration, T. Affolder et al., Phys. Rev. D 61, 072005 (2000); OPAL Collaboration, K. Ackerstaff et al., Eur. Phys. J. C 5, 379 (1998); ALEPH Collaboration, R. Barate et al., Phys. Lett. B 492, 259 (2000).

[4] BaBar Collaboration (B. Aubert et al.), Phys. Rev. Lett. 87, 091801 (2001). [5] BELLE Collaboration (K. Abe et al.), Phys. Rev. Lett. 87, 091802 (2001). [6] M. Gronau and D. London, Phys. Rev. Lett. 65, 3381 (1990); A. Snyder and H.

Quinn, Phys. Rev. D 48, 2139 (1993); H. Quinn and J. Silva, Phys. Rev. D 62, 054002 (2000).

[7] M. Gronau and D. Wyler, Phys. Lett. B 265, 172 (1991).

[8] D. Atwood, I. Dunietz, and A. Soni, Phys. Rev. Lett. 78, 3257 (1997); Phys.

Rev. D 63, 036005 (2001); M. Gronau, Phys. Rev. D 58, 037301 (1998). [9] I. Dunietz and J. L. Rosner, Phys. Rev. D 34, 1404 (1986).

[10] I. Dunietz and R. G. Sachs, Phys. Rev. D 37, 3186 (1988); D39, 3515(E) (1989);

R. Aleksan, I. Dunietz, B. Kayser, and F. LeDiberder, Nucl. Phys. B361, 141 (1991); R. Aleksan, I. Dunietz, and B. Kayser, Zeit. Phys. C 54, 653 (1992).

[11] I. Dunietz, Phys. Lett. B 427, 179 (1998).

[12] K. Abe, M. Satpathy, and H. Yamamoto, Univ. of Hawaii preprint UH-511-982- 01, hep-ex/0103002 (unpublished).

[13] D. London, N. Sinha, and R. Sinha, Phys. Rev. Lett. 85, 1807 (2000). [14] C.-W. Chiang and L. Wolfenstein, Phys. Rev. D 61, 074031 (2000); C.-W. Chiang, Phys. Rev. D 62, 014017 (2000).

[15] G. Eilam, M. Gronau, and J. L. Rosner, Phys. Rev. D 39, 819 (1989). [16] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).

[17] The BaBar Physics Book: Physics at an Asymmetric B Factory, edited by P. F.

Harrison and H. R. Quinn, SLAC Report SLAC-504, 1998.

[18] J. L. Rosner, Enrico Fermi Institute Report No. 01-34, hep-ph/0108195, lectures presented at 55th Scottish Universities’ Summer School in Physics, St. Andrews, Scotland, August 7–23, 2001, to be published by the Institute of Physics (U.K.)

[19] Particle Data Group, D. E. Groom et al., Eur. Phys. J. C 15, 1 (2000). [20] See the web page http://lepbosc.web.cern.ch/LEPBOSC/ for the latest compilation of B^0–B^0 mixing data.

[21] M. Wirbel, B. Stech, and M. Bauer, Z. Phys. C 29, 637 (1985).

[22] W. Jaus, Phys. Rev. D 41,3394 (1990); W. Jaus, Phys. Rev. D 44,2851 (1991);

H. Cheng, C. Cheung, and C. Hwang, Phys. Rev. D 55,1559 (1997). [23] M. Bauer, B. Stech and M. Wirbel, Z. Phys. C 34, 103 (1987); M. Bauer and M. Wirbel, Z. Phys. C 42, 671 (1989); M. Neubert, V. Rieckert, B. Stech and Q. P. Xu, HD-THEP-91-28.

[24] M. Neubert and B. Stech, hep-ph/9705292.

[25] E. Bagan, P. Ball and V. M. Braun, Phys. Lett. B 417, 154 (1998); P. Ball, JHEP 9809, 005 (1998); P. Ball and V. M. Braun, Phys. Rev. D 58, 094016 (1998).

[26] D. Melikhov and B. Stech, Phys. Rev. D 62, 014006 (2000). [27] BaBar Collaboration, reported by D. Hitlin at XXX International Conference on High Energy Physics, Osaka, Japan, July 27 – August 2, 2000, hep-ex/0011024.

[28] R. N. Cahn and M. Suzuki, hep-ph/9708208.