arXiv:hep-ph/0110413 v1 31 Oct 2001

Pion-nucleon sigma-term - a review M.E. Sainio Helsinki Institute of Physics, and Department of Physics, University of Helsinki, P.O. Box 64, 00014 Helsinki, Finland

(Received: October 31, 2001) A brief review of the pion-nucleon sigma-term is given. Aspects of both chiral perturbation theory and phenomenology are discussed.

1 Introduction The pion-nucleon sigma-term is defined as σ = m̂ 2m_p ⟨p|ūu + d̄d|p⟩, m̂ = 1 2 (m_u + m_d),

i.e. as the proton matrix element of the u- and d- quark mass term of the QCD hamiltonian (m_p is the mass of the proton). More generally, sigma-terms are proportional to the scalar quark currents ⟨A|m_qq̄q|A⟩ ; q = u, d, s ; A = π, K, N. These are of interest, because they are related to the hadron mass spectrum, to the scattering amplitudes through Ward identities, to the strangeness content of A, to the quark mass ratios and to the question of dark matter. For an early review of the topic, see ref. [1].

The pion-nucleon sigma-term is the t = 0 value of the scalar form factor ū^′σ(t)u = m̂ ⟨p^′|ūu + d̄d|p⟩, t = (p^′ − p)^2, i.e. σ = σ(t = 0). The strangeness content of the proton can then be defined as y = 2 ⟨p|s̄s|p⟩ ⟨p|ūu + d̄d|p⟩ (the OZI rule would imply y=0).

Algebraically the σ can be written in the form σ = m̂ 2m_p ⟨p|ūu + d̄d − 2s̄s|p⟩ 1 − y , where the numerator is proportional to the octet breaking piece in the hamiltonian. To first order in SU(3) breaking we have now σ ≃ m̂ m_s − m̂ m_Ξ + m_Σ − 2m_N 1 − y ≃ 26 MeV 1 − y , where the quark mass ratio m_s m̂ = 2 M^2_K M^2_π

− 1 ≃ 25

has been used.

Chiral perturbation theory (ChPT) allows for the determination of the combination σ̂ = σ(1 − y) from the baryon spectrum. Therefore, if the sigma-term can be determined from data, the strangeness content y can be estimated.

Section 2 will be dealing with the ChPT aspects of the sigma. The phenomenological discussion will follow in section 3. A brief summary is given is section 4 together with reference to recent developments in the lattice frontier. 2 The σ -term ChPT gives in leading order σ̂ ≃ 26 MeV as indicated above. The O(m^{3/2}_q ) calculation of Gasser and Leutwyler [2, 3] yields σ̂ = 35 ± 5 MeV.

Borasoy and Meißner [4] have made the calculation in the heavy baryon framework of ChPT to order O(m^2_q ) with the result σ̂ = 36 ± 7 MeV.

2.1 Scalar form factor Contact to pion-nucleon scattering can be made at the unphysical Cheng-Dashen point (s = u = m^2_N , t = 2M^2_π ) and, therefore, it is of interest to determine the difference of the scalar form factor Δ_σ ≡ σ(2M^2_π ) − σ(0).

In leading order we have [3, 5]

Δ_σ =

3g^2_AM^3_π 64πF^2_π

+ O(M^4_π ln M^2_π ), which is numerically about 7 MeV. ChPT to one loop yields Δ_σ ≃ 5 MeV [6]. In heavy baryon ChPT (HBChPT) including the O(p^4) pieces due to the low-lying spin-3/2 baryons the result Δ_σ ≃ 15 MeV is obtained [7]. A dispersion analysis where particular emphasis was on the treatment of the ππ interaction dominating the curvature of the σ(t) yields [8] Δ_σ = 15.2 ± 0.4 MeV.

More recently, Becher and Leutwyler have calculated [9] the scalar form factor to order p^4 in a formulation of the baryon ChPT which keeps the Lorentz and chiral invariance explicit at all stages. The result for Δ_σ is Δ_σ = 14.0 MeV + 2M^4ē_2, where M is the leading order result for M_π (M^2 = 2m̂B) and ē_2 is a renormalized coupling constant due to the L^{(4)}_N lagrangian. Comparison with the result of the dispersive calculation shows that the piece proportional to ē_2 is small as it should be.

The value of the form factor at t = 0, i.e. the σ, can be calculated from the quark mass expansion of the nucleon mass by making use of the Feynman-Hellmann theorem σ = m̂ ∂m_N ∂m̂ or equivalently

σ = M^2 ∂m_N ∂M^2 . The physical mass of the nucleon to order p^4 is [9, 10]

m_N = m_0 + k_1M^2 + k_2M^3 + k_3M^4 ln

M^2 m^2_0

+ k_4M^4 + O(M^5),

where m_0 is the nucleon mass in the chiral limit and the factors k_i contain the low-energy constants. This yields for σ

σ = k_1M^2 + 3 2 k_2M^3 + k_3M^4{2 ln

M^2 m^2_0

+ 1} + 2k_4M^4 + O(M^5)

and numerically

σ = (75 − 23 − 7 + 0) MeV = 45 MeV,

where the leading term, 75 MeV, is fixed by requiring the result σ = 45 MeV for the sigma-term [13]. Also, the term k_4M^4 is put equal to 0, because it is expected to be very small.

A O(p^3) calculation in HBChPT, where the low-energy constants are fixed inside the Mandelstam triangle, gives [14] the value σ = 40 MeV, if Karlsruhe phase shifts (KA84) are used as input. The VPI input (SP99) would yield σ ≃ 200 MeV.

2.2 Cheng-Dashen point As mentioned earlier, contact to the pion-nucleon interaction can be made at the Cheng-Dashen point: A low-energy theorem of chiral symmetry states

Σ ≡ F^2_π D̄^+(ν = 0, t = 2M^2_π ) = σ(2M^2_π ) + Δ_R,

where ν = (s − u)/4m_N , D̄^+ is the isoscalar D-amplitude with the pseudovector Born term subtracted and Δ_R is the remainder. The quantity Δ_R is formally of the order M^4_π , and the one-loop result [a O(p^3) value] is Δ_R = 0.35 MeV [6]. In HBChPT it has been shown that no logarithmic contribution to order M^4_π appears [11]. This result is verified in the O(p^4) calculation of the pionnucleon amplitude [12]. Numerically, with the low-energy constants estimated with the resonance exchange saturation, the result is Δ_R ≃ 2 MeV [11] which is considered to be the upper limit for Δ_R. Therefore, it can well be approximated as

Σ ≃ σ(2M^2_π).

One may, of course, ask how this result would change, if the fact m_u − m_d ≠ 0 would be taken into account.

3 Σ phenomenology The standard expression for the πN amplitude is T_{πN} = ū^′[A(ν, t) + 1 2 γ^μ(q + q^′)_μB(ν, t)]u, where q and q^′ are the initial and final pion momentum respectively. The D-amplitude is D(ν, t) = A(ν, t) + νB(ν, t) and, through the optical theorem,

Im D(ω, t = 0) = k_{lab} σ.

Its imaginary part in the forward direction is directly fixed by the cross section data (ω is the initial pion laboratory energy). The isospin components are simply related to the amplitudes in the particle basis

D^± = 1 2 (D_π−_p ± D_π+_p).

The relevant combination for the Σ -term discussion is the isoscalar piece, D^+, at the Cheng-Dashen point.

The standard value with the Karlsruhe input has been the result [15]

Σ = 64 ± 8 MeV

based on hyperbolic dispersion relations. The error reflects the internal consistency of the method. An attempt to include an estimate of the error in Σ generated by the errors of the low-energy data was published in ref. [13]. The numerical result there was Σ ≃ 60 MeV with the Karlsruhe input.

The Σ can also be related to the threshold parameters [16]

Σ = F^2_π [L(a^+_{l±}, τ) + (1 + M_π m_N )τJ^+] + δ^{ChP T} ,

where L is a linear combination of the threshold parameters and τ is a free parameter, J^+ is the integral over the total cross section

J^+ =

2M^2_π π ∫_∞ 0 σ^+(k^′) ω(k^′)^2 dk^′ and δ^{ChP T} is the remainder from ChPT, see also ref. [17], where references to earlier work in a similar spirit can be found. In such a formulation the contribution from a^+_{1+} to Σ may vary from -150 MeV to 250 MeV for τ ∈ [−1, 1]. Olsson has recently [18] written a sum rule for Σ which includes an expansion in terms of threshold parameters. With the Karlsruhe input the consistent result, Σ = 55 ± 6 MeV, follows. With input from ref. [19] the value Σ = 71 ± 9 MeV is obtained.

3.1 Low-energy analysis At low energy the pion-nucleon interaction is dominated by six partial waves, 2 s-waves and 4 p-waves. Therefore, six relations are needed to pin down the six partial waves. Such relations can be obtained by writing six dispersion relations for the D^±, B^± and E^± where

E^± = ∂ ∂t (A^± + ωB^±)|_{t=0}.

There are two subtraction constants in the 6 dispersion relations, one for D^+ and E^+ (x = M_π/m_N ):

D̄^+(μ) = 4π(1 + x)a^+_{0+} + g^2x^3 M_π(4 − x^2) Ē^+(μ) = 6π(1 + x)a^+_{1+} − g^2x^2 M^3_π (2 − x)^2 . As described in ref. [13] the six dispersion relations can be solved iteratively with input for the invariant amplitudes from high energy (here k_{lab} ≥ 185 MeV/c) and for the high partial waves at low energy. The method allows for fixing two of the constants in the subthreshold expansion for D̄+ in powers of ν2 and t D̄^+ = d^+_{00} + d^+_{10}ν^2 + d^+_{01}t + d^+_{20}ν^4 + d^+_{11}ν^2t + ...,

where d^+_{00} = D̄^+(0), d^+_{01} = Ē^+(0).

The curvature term Δ_D is defined by Σ = F^2_π (d^+_{00} + 2M^2_π d^+_{01}) + Δ_D ≡ Σ_d + Δ_D, where Δ_D is dominated by the ππ cut giving [8] Δ_D = 11.9 ± 0.6 MeV.

Σ_d is a sensitive quantity as is demonstrated by the numerical values for the two solutions, A and B, of ref. [13], where Σ_d = 48 − 50 MeV with an error of about 10 MeV. Now the question is how the value for Σ would change, if amplitudes based on modern meson factory data would be used as input instead of the Karlsruhe amplitudes where input mostly consisted of data before the meson factory era. With the VPI/GWU input (SM99 and SM01) [20] results typically in the range Σ_d = ([−80. to − 77.] + [146. to157.]) MeV = 65. to 80. MeV follow, i.e. a considerably larger value than the Karlsruhe input would give. The corresponding π^−p scattering length a_π−_p = 0.0857 − 0.0899 M^{−1}_π is to be compared with the experimental value 0.0883 ± 0.0008 M^{−1}_π [21]. 4 Summary In a lattice calculation the value for σ can be obtained from the quark mass expansion of the nucleon mass by making use of the Feynman-Hellmann theorem as given above. A new development has recently been the inclusion of dynamical quarks [22] giving σ = 18 ± 5 MeV. In general, there is, however, the problem that the value for m_q is still quite large and the extrapolation to small quark mass values is uncertain.

The nucleon mass in full (two-flavour) QCD as a function of the pion mass has been calculated by UKQCD [23] and CP-PACS [24] collaborations. The values so found have been fitted with a ChPT-inspired expression [25] m_N = α + βM^2_π + σ_{N N} (M_π, Λ) + σ_{N Δ}(M_π, Λ) for the quark mass dependence of the nucleon mass leading to the result σ = 45 − 55 MeV. The functions σ_{N N} and σ_{ΔN} are due to the nucleon self-energy diagrams with an intermediate nucleon and delta respectively.

Promising steps have been made in the lattice frontier, but still more work is needed. For the phenomenological part questions remain. It turns out that Σ is a quite sensitive quantity and, therefore, requirements of consistency of the low-energy data and analysis are of particular importance. E.g., Σ_d is sensitive to the high partial waves at low energy. An additional problem is the question of electromagnetic corrections close to the physical threshold, see [26, 27].

Acknowledgments: I wish to thank A.M. Green for useful remarks on the manuscript. Financial support of the Academy of Finland grant 47678, the TMR EC-contract CT980169 and the Magnus Ehrnrooth Foundation is gratefully acknowledged.

References [1] E. Reya, Rev. Mod. Phys. 46, 545 (1974). [2] J. Gasser, Ann. Phys. (N.Y.) 136, 62 (1981). [3] J. Gasser and H. Leutwyler, Phys. Rep. 87, 77 (1982). [4] B. Borasoy and U.-G. Meißner, Ann. Phys. (N.Y.) 254, 192 (1997). [5] H. Pagels and W.J. Pardee, Phys. Rev. D4, 3335 (1971). [6] J. Gasser, M.E. Sainio, and A. S̆varc, Nuc. Phys. B307, 779 (1988). [7] V. Bernard, N. Kaiser, and U.-G. Meißner, Z. Phys. C60, 111 (1993). [8] J. Gasser, H. Leutwyler, and M.E. Sainio, Phys. Lett. B253, 260 (1991). [9] T. Becher and H. Leutwyler, Eur. Phys. J. C9, 643 (1999). [10] H. Leutwyler, πN Newsletter 15, 1 (1999).

[11] V. Bernard, N. Kaiser, and U.-G. Meißner, Phys. Lett. B389, 144 (1996). [12] T. Becher and H. Leutwyler, JHEP 06, 017 (2001).

[13] J. Gasser, H. Leutwyler, and M.E. Sainio, Phys. Lett. B253, 252 (1991). [14] P. Büttiker and U.-G. Meißner, Nucl. Phys. A668, 97 (2000). [15] R. Koch, Z. Phys. C15, 161 (1982).

[16] J. Gasser, Proc. 2nd International Workshop on πN Physics, Los Alamos, Report LA-11184-C, 266 (1987).

[17] M.P. Locher and M.E. Sainio, Nucl. Phys. A518, 201 (1990). [18] M.G. Olsson, Phys. Lett. B482, 50 (2000). [19] A. Gashi et al., hep-ph/9902207 (1999). [20] R.A. Arndt, private communication.

[21] H.-Ch. Schröder et al., Phys. Lett. B469, 25 (1999). [22] S. Güsken et al., Phys. Rev. D59, 054504 (1999). [23] C.R. Allton et al., Phys. Rev. D60, 034507 (1999). [24] S. Aoki et al., Phys. Rev. D60, 114508 (1999).

[25] D.B. Leinweber, A.W. Thomas, and S.V. Wright, Phys. Lett. B482, 109 (2000). [26] V.E. Lyubovitskij and A. Rusetsky, Phys. Lett. B494, 9 (2000). [27] N. Fettes and U.-G. Meißner, Nucl. Phys. A693, 693 (2001).