arXiv:hep-ph/0111328 v2 26 Apr 2002

Inflationary Cosmology

George Lazarides

Physics Division, School of Technology, Aristotle University of Thessaloniki, Thessaloniki 540 06, Greece

Abstract. The big bang model and the history of the early universe according to the grand unified theories are introduced. The shortcomings of big bang are discussed together with their resolution by inflationary cosmology. Inflation, the subsequent oscillation and decay of the inflaton, and the resulting ‘reheating’ of the universe are studied. The density perturbations produced by inflation and the temperature fluctuations of the cosmic background radiation are discussed. The hybrid inflationary model is described. Two ‘natural’ extensions of this model which avoid the disaster encountered in its standard realization from the overproduction of monopoles are presented. Successful ‘reheating’ satisfying the gravitino constraint takes place after the end of inflation in all three versions of hybrid inflation. Adequate baryogenesis via a primordial leptogenesis occurs consistently with the solar and atmospheric neutrino oscillation data. The primordial lepton asymmetry is turned partly into baryon asymmetry via the sphalerons which are summarized.

1 Introduction

The discovery of the cosmic microwave background radiation (CMBR) in 1964 together with the observed Hubble expansion of the universe had established hot big bang cosmology [1] as a viable model of the universe. The success of the theory of nucleosynthesis in reproducing the observed abundance pattern of light elements together with the proof of the black body character of the CMBR then imposed hot big bang as the standard cosmological model. This model combined with grand unified theories (GUTs) [2] of strong, weak and electromagnetic interactions provides an appropriate framework for discussing the very early stages of the universe evolution.

Despite its great successes, the standard big bang (SBB) cosmological model had a number of long-standing shortcomings. One of them is the socalled horizon problem. The CMBR which we receive now has been emitted from regions of the sky which never communicated causally before sending light to us. The question then arises how come the temperature of the black body radiation from these regions is so finely tuned as the measurements of the cosmic background explorer (COBE) [3] show. Another issue is the flatness problem. The present universe appears almost flat. This requires that, in its early stages, the universe was flat with a great accuracy, which needs some explanation. Also, combined with GUTs which predict the existence of superheavy magnetic monopoles [4], the SBB model leads [5] to a cosmological catastrophe due to the overproduction of these monopoles. Finally, the model does not explain the origin of the small density perturbations required for the structure formation in the universe [6] and the generation of the observed [3] temperature fluctuations in the CMBR.

Inflation [7,8] offers an elegant solution to all these problems of the SBB model. The idea behind inflation is that, in the early universe, a real scalar field (the inflaton) was displaced from its vacuum value. If the potential energy density of this field happens to be quite flat, the roll-over of the field towards the vacuum can be very slow for a period of time. During this period, the energy density is dominated by the almost constant potential energy density of the inflaton. As a consequence, the universe undergoes a period of quasi-exponential expansion, which can readily solve the horizon and flatness problems by stretching the distance over which causal contact is established and reducing any pre-existing curvature in the universe. It can also dilute adequately the GUT magnetic monopoles. Moreover, it provides us with the primordial density perturbations which are necessary for explaining the large scale structure formation in the universe [6] as well as the temperature fluctuations observed in the CMBR. Inflation can be easily incorporated in GUTs. It occurs during the GUT phase transition at which the GUT gauge symmetry breaks by the vacuum expectation value (vev) of a Higgs field, which also plays the role of the inflaton.

After the end of inflation, the inflaton enters into an oscillatory phase about the vacuum. The oscillations are damped because of the dilution of the field energy density caused by the expansion of the universe and the decay of the inflaton into ‘light’ matter. The radiation energy density generated by the inflaton decay eventually dominates over the field energy density and the universe returns to a normal big bang type evolution. The cosmic temperature at which this occurs is historically called ‘reheat’ temperature although there is actually neither supercooling nor reheating of the universe [9].

An important disadvantage of the early realizations of inflation is that they require tiny coupling constants in order to reproduce the COBE measurements on the CMBR. To solve this ‘naturalness’ problem, the hybrid inflationary scenario has been introduced [10]. The basic idea was to use two real scalar fields instead of one that was normally used. One field may be a gauge non-singlet and provides the ‘vacuum’ energy density which drives inflation, while the other is the slowly varying field during inflation. This splitting of roles between two fields allows us to reproduce the temperature fluctuations of the CMBR with ‘natural’ (not too small) values of the relevant parameters in contrast to previous realizations of inflation. Hybrid inflation, although initially introduced in the context of non-supersymmetric GUTs, can be ‘naturally’ incorporated [11,12] in supersymmetric (SUSY) GUTs.

Unfortunately, the GUT monopole problem reappears in hybrid inflation. The termination of inflation, in this case, is abrupt and is followed by a ‘waterfall’ regime during which the system falls towards the vacuum manifold and starts performing damped oscillations about it. If the vacuum manifold is homotopically non-trivial, topological defects will be copiously formed [13] by the Kibble mechanism [14] since the system can end up at any point of this manifold with equal probability. So a cosmological disaster is encountered in the hybrid inflationary models which are based on a gauge symmetry breaking predicting the existence of magnetic monopoles.

One idea [13,15,16] for solving the monopole problem of SUSY hybrid inflation is to include into the standard superpotential for hybrid inflation the leading non-renormalizable term. This term cannot be excluded by any symmetries and, if its dimensionless coefficient is of order unity, can be comparable with the trilinear coupling of the standard superpotential (whose coefficient is ∼ 10^{−3}). Actually, we have two options. We can either keep [15] both these terms or remove [13,16] the trilinear term by imposing an appropriate discrete symmetry and keep only the leading non-renormalizable term. The pictures which emerge in the two cases are quite different. However, they share an important common feature. The GUT gauge group is already broken during inflation and thus no topological defects can form at the end of inflation. Consequently, the monopole problem is solved.

A complete inflationary scenario should be followed by a successful ‘reheating’ satisfying the gravitino constraint [17] on the ‘reheat’ temperature, T_r^<_∼ 10^9 GeV, and generating the observed baryon asymmetry of the universe (BAU). In hybrid inflationary models, it is [18] generally preferable to generate the BAU by first producing a primordial lepton asymmetry [19] which is then partly converted into baryon asymmetry by the non-perturbative electroweak sphaleron effects [20,21]. Actually, in many specific models, this is the only way to generate the BAU since the inflaton decays into right handed neutrino superfields. The subsequent decay of these superfields into lepton (antilepton) and electroweak Higgs superfields can only produce a lepton asymmetry. Successful ‘reheating’ can be achieved [15,16] in hybrid inflationary models in accord with the experimental requirements from solar and atmospheric neutrino oscillations and with ‘natural’ values of parameters.

2 The Big Bang Model

We will start with an introduction to the salient features of the SBB model [1] and a summary of the history of the early universe in accordance to GUTs.

2.1 Hubble Expansion

For cosmic times t^>_∼ t_P ≡ M^{−1}_P ∼ 10^{−44} sec (M_P = 1.22 × 10^{19} GeV is the Planck scale) after the big bang, the quantum fluctuations of gravity cease to exist. Gravitation can then be adequately described by classical relativity. Strong, weak and electromagnetic interactions, however, require relativistic quantum field theoretic treatment and are described by gauge theories.

An important principle, on which SBB is based, is that the universe is homogeneous and isotropic. The strongest evidence for this cosmological principle is the observed [3] isotropy of the CMBR. Under this assumption, the four dimensional space-time is described by the Robertson-Walker metric

ds^2 = −dt^2 + a^2(t) [ dr^2 1 − kr^2 + r^2(dθ^2 + sin^2 θ dφ^2) ] , (1)

where r, φ and θ are ‘comoving’ polar coordinates, which remain fixed for objects that have no other motion than the general expansion of the universe. k is the ‘scalar curvature’ of the 3-space and k = 0, > 0 or < 0 corresponds to flat, closed or open universe. The dimensionless parameter a(t) is the ‘scale factor’ of the universe and describes cosmological expansion. We normalize it by taking a_0 ≡ a(t_0) = 1, where t_0 is the present cosmic time.

The ‘instantaneous’ radial physical distance is given by R = a(t) ∫_r 0 dr (1 − kr^2)^{1/2}

· (2)

For flat universe (k = 0), R̄ = a(t)r̄ (r̄ is a ‘comoving’ and R̄ a physical vector in 3-space) and the velocity of an object is V̄ = d R̄ dt = ȧ a R̄ + a dr̄ dt , (3)

where overdots denote derivation with respect to cosmic time. The second term in the right hand side (rhs) of this equation is the so-called ‘peculiar velocity’, v̄ = a(t)˙r̄, of the object, i.e., its velocity with respect to the ‘comoving’ coordinate system. For v̄ = 0, (3) becomes V̄ = ȧ a R̄ ≡ H(t)R̄ , (4) where H(t) ≡ ȧ(t)/a(t) is the Hubble parameter. This is the well-known Hubble law asserting that all objects run away from each other with velocities proportional to their distances and is the first success of SBB cosmology.

2.2 Friedmann Equation

Homogeneity and isotropy of the universe imply that the energy momentum tensor takes the diagonal form (T^ν_μ ) = diag(−ρ, p, p, p), where ρ is the energy density of the universe and p the pressure. Energy momentum conservation (T^ν_{μ ;ν} = 0) then takes the form of the continuity equation dρ dt = −3H(t)(ρ + p) , (5) where the first term in the rhs describes the dilution of the energy due to the expansion of the universe and the second term corresponds to the work done by pressure. Equation (5) can be given the following more transparent form d ( 4π 3 a^3ρ ) = −p 4πa^2da , (6) which indicates that the energy loss of a ‘comoving’ sphere of radius ∝ a(t) equals the work done by pressure on its boundary as it expands.

For a universe described by the metric in (1), Einstein’s equations R^ν_μ − 1 2 δ^ν_μ R = 8πG T^ν_μ , (7)

where R^ν_μ and R are the Ricci tensor and scalar curvature and G ≡ M^{−2}_P is the Newton’s constant, lead to the Friedmann equation

H^2 ≡ ( ȧ(t) a(t) )_2 = 8πG 3 ρ − k a^2

· (8)

Averaging p, we can write ρ + p = (1 + w)ρ ≡ γρ and (5) becomes ρ̇ = −3Hγρ, which gives dρ/ρ = −3γda/a and ρ ∝ a^{−3γ} . For a universe dominated by pressureless matter, p = 0 and, thus, γ = 1, which gives ρ ∝ a^{−3}. This is interpreted as mere dilution of a fixed number of particles in a ‘comoving’ volume due to the cosmological expansion. For a radiation dominated universe, p = ρ/3 and, thus, γ = 4/3, which gives ρ ∝ a^{−4}. Here, we get an extra factor of a(t) due to the red-shifting of all wave lengths by the expansion. Substituting ρ ∝ a^{−3γ} in (8) with k = 0, we get ȧ/a ∝ a^{−3γ/2} and, thus, a(t) ∝ t^{2/3γ} . Taking into account that a(t_0) = 1, this gives a(t) = (t/t_0)^{2/3γ} . (9) For a matter dominated universe, we get the expansion law a(t) = (t/t_0)^{2/3}. ‘Radiation’, however, expands as a(t) = (t/t_0)^{1/2}.

The early universe is radiation dominated and its energy density is ρ = π^2 30 ( N_b + 7 8 N_f ) T^4 ≡ c T^4, (10)

where T is the cosmic temperature and N_{b(f)} the number of massless bosonic (fermionic) degrees of freedom. The quantity g_∗ = N_b + (7/8)N_f is called effective number of massless degrees of freedom. The entropy density is s = 2π^2 45 g_∗ T^3. (11)

Assuming adiabatic universe evolution, i.e., constant entropy in a ‘comoving’ volume (sa^3 = constant), we obtain aT = constant. The temperature-time relation during radiation dominance is then derived from (8) (with k = 0):

T^2 = M_P 2(8πc/3)^{1/2}t

· (12)

Classically, the expansion starts at t = 0 with T = ∞ and a = 0. This initial singularity is, however, not physical since general relativity fails for t^<_∼ t_P (the Planck time). The only meaningful statement is that the universe, after a yet unknown initial stage, emerges at t ∼ t_P with T ∼ M_P .

2.3 Important Cosmological Parameters

The most important parameters describing the expanding universe are: i. The present value of the Hubble parameter (known as Hubble constant) H_0 ≡ H(t_0) = 100 h km sec^{−1} Mpc^{−1} (h ≈ 0.72 ± 0.07 [22]).

ii. The fraction Ω = ρ/ρ_c, where ρ_c is the critical density corresponding to a flat universe. From (8), ρ_c = 3H^2/8πG and Ω = 1 + k/a^2H^2. Ω = 1, > 1 or < 1 corresponds to flat, closed or open universe. Assuming inflation (see below), the present value of Ω must be Ω_0 = 1 in accord with the recent DASI observations which yield [23] Ω_0 = 1 ± 0.04. The low deuterium abundance measurements [24] give Ω_B h^2 ≈ 0.020 ± 0.001, where Ω_B is the baryonic contribution to Ω_0. This result implies that Ω_B ≈ 0.039 ± 0.077. The total contribution Ω_M of matter to Ω_0 can then be determined from the measurements [25] of the baryon-to-matter ratio in clusters. It is found that Ω_M ≈ 1/3, which shows that most of the matter in the universe is non-baryonic, i.e., dark matter. Moreover, we see that about 2/3 of the energy density of the universe is not even in the form of matter and we call it dark energy.

iii. The deceleration parameter q = − (ä/ȧ) (ȧ/a) = ρ + 3p 2ρ_c · (13)

Measurements of type Ia supernovae [26] indicate that the universe is speeding up (q_0 < 0). This requires that, at present, p < 0 as can be seen from (13). Negative pressure can only be attributed to the dark energy since matter is pressureless. Equation (13) gives q_0 = (Ω_0 + 3w_X Ω_X )/2, where Ω_X = ρ_X /ρ_c and w_X = p_X /ρ_X with ρ_X and p_X being the dark energy density and pressure. Observations prefer w_X = −1, with a 95% confidence limit w_X < −0.6 [27]. Thus, dark energy can be interpreted as something close to a non-zero cosmological constant (see below).

2.4 Particle Horizon

Light travels only a finite distance from the time of big bang (t = 0) until some cosmic time t. From (1), we find that the propagation of light along the radial direction is described by a(t)dr = dt. The particle horizon, which is the ‘instantaneous’ distance at t travelled by light since t = 0, is then

d_H (t) = a(t) ∫_t 0 dt^′ a(t^′) · (14)

The particle horizon is an important notion since it coincides with the size of the universe already seen at time t or, equivalently, with the distance at which causal contact has been established at t. Equations (9) and (14) give

d_H (t) = 3γ 3γ − 2 t , γ ≠ 2/3 . (15)

Also, H(t) = 2 3γ t^{−1}, d_H (t) = 2 3γ − 2 H^{−1}(t) . (16)

For ‘matter’ (‘radiation’), these formulae become d_H (t) = 2H^{−1}(t) = 3t (d_H (t) = H^{−1}(t) = 2t). Assuming matter dominance, the present particle horizon (cosmic time) is d_H (t_0) = 2H^{−1}_0 ≈ 6, 000 h^{−1} Mpc (t_0 = 2H^{−1}_0 /3 ≈ 6.5 × 10^9 h^{−1} years). The present ρ_c = 3H^2_0 /8πG ≈ 1.9 × 10^{−29} h^2 gm/cm^3.

2.5 Brief History of the Early Universe

We will now briefly describe the early stages of the universe evolution according to GUTs [2]. We take a GUT based on the gauge group G (= SU (5), SO(10), SU (3)^3, ...) with or without SUSY. At a superheavy scale M_X ∼ 10^{16} GeV (the GUT mass scale), G breaks to the standard model gauge group G_S = SU (3)_c × SU (2)_L × U (1)_Y by the vev of an appropriate Higgs field ϕ. (For simplicity, we consider that this breaking occurs in one step.) G_S is, subsequently, broken to SU (3)_c × U (1)_{em} at the electroweak scale M_W .

GUTs together with the SBB model provide a suitable framework for discussing the early history of the universe for cosmic times^>_∼ 10^{−44} sec. They predict that the universe, as it expands and cools after the big bang, undergoes [28] a series of phase transitions during which the gauge symmetry is gradually reduced and several important phenomena take place.

After the big bang, G was unbroken and the universe was filled with a hot ‘soup’ of massless particles which included not only photons, quarks, leptons and gluons but also the weak gauge boson W^±, Z^0, the GUT gauge bosons X, Y , ... and several Higgs bosons. (In the SUSY case, all the SUSY partners of these particles were also present.) At cosmic time t ∼ 10^{−37} sec corresponding to temperature T ∼ 10^{16} GeV, G broke down to G_S and the X, Y , ... gauge bosons together with some Higgs bosons acquired superheavy masses of order M_X . Their out-of-equilibrium decay could, in principle, produce [20,29] the observed BAU (with the reservation at the end of Sect.14.2). Important ingredients are the violation of baryon number, which is inherent in GUTs, and C and CP violation. This is the second (potential) success of SBB.

During the GUT phase transition, topologically stable extended objects [14] such as monopoles [4], cosmic strings [30] or domain walls [31] can also be produced. Monopoles, which exist in most GUTs, can lead into cosmological problems [5] which are, however, avoided by inflation [7,8] (see Sects.3.3 and 4.3). This is a period of an exponentially fast expansion of the universe which can occur during some GUT phase transition. Cosmic strings can contribute [32] to the primordial density perturbations necessary for structure formation [6] in the universe whereas domain walls are [31] absolutely catastrophic and GUTs should be constructed so that they avoid them (see e.g., [33]) or inflation should be used to remove them from the scene.

At t ∼ 10^{−10} sec or T ∼ 100 GeV, the electroweak transition takes place and G_S breaks to SU (3)_c × U (1)_{em}. W^±, Z^0 and the electroweak Higgs fields acquire masses ∼ M_W . Subsequently, at t ∼ 10^{−4} sec or T ∼ 1 GeV, color confinement sets in and the quarks get bounded forming hadrons.

The direct involvement of particle physics essentially ends here since most of the subsequent phenomena fall into the realm of other branches. We will, however, sketch some of them since they are crucial for understanding the earlier stages of the universe evolution where their origin lies.

At t ≈ 180 sec (T ≈ 1 MeV), nucleosynthesis takes place, i.e., protons and neutrons form nuclei. The abundance of light elements (D,^3He,^4He and^7Li) depends [34] crucially on the number of light particles (with mass < ∼ 1 MeV), i.e., the number of light neutrinos, N_ν , and Ω_Bh^2. Agreement with observations [24] is achieved for N_ν = 3 and Ω_B h^2 ≈ 0.020. This is the third success of SBB cosmology. Much later, at the so-called ‘equidensity’ point, t_{eq} ≈ 5 × 10^4 years, matter dominates over radiation.

At cosmic time t ≈ 200, 000 h^{−1}years (T ≈ 3, 000 K), we have the ‘decoupling’ of matter and radiation and the ‘recombination’ of atoms. After this, radiation evolves as an independent (not interacting) component of the universe and is detected today as CMBR with temperature T_0 ≈ 2.73 K. The existence of this radiation is the fourth success of the SBB model. Finally, structure formation [6] in the universe starts at t ≈ 2 × 10^8 years.

3 Shortcomings of Big Bang

The SBB cosmological model has been very successful in explaining, among other things, the Hubble expansion of the universe, the existence of the CMBR and the abundances of the light elements which were formed during primordial nucleosynthesis. Despite its great successes, this model had a number of long-standing shortcomings which we will now summarize:

3.1 Horizon Problem

The CMBR, which we receive now, was emitted at the time of ‘decoupling’ of matter and radiation when the cosmic temperature was T_d ≈ 3, 000 K. The decoupling time, t_d, can be calculated from

T_0 T_d = 2.73 K 3, 000 K = a(t_d) a(t_0) = ( t_d t_0 )_{2/3} · (17)

It turns out that t_d ≈ 200, 000 h^{−1} years.

The distance over which the CMBR has travelled since its emission is

a(t_0) ∫_{t0} t_d dt^′ a(t^′) = 3t_0 [ 1 − ( t_d t_0 )_{2/3}] ≈ 3t_0 ≈ 6, 000 h^{−1} Mpc , (18)

which essentially coincides with the present particle horizon size. A sphere around us with radius equal to this distance is called the ‘last scattering surface’ since the CMBR observed now has been emitted from it. The particle horizon size at t_d was 2H^{−1}(t_d) = 3t_d ≈ 0.168 h^{−1} Mpc and expanded until now to become equal to 0.168 h^{−1}(a(t_0)/a(t_d)) Mpc ≈ 184 h^{−1} Mpc. The angle subtended by this ‘decoupling’ horizon at present is θ_d ≈ 184/6, 000 ≈ 0.03 rads ≈ 2^o. Thus, the sky splits into 4π/(0.03)^2 ≈ 14, 000 patches which never communicated causally before sending light to us. The question then arises how come the temperature of the black body radiation from all these patches is so accurately tuned as the results of COBE [3] require.

3.2 Flatness Problem

The present energy density of the universe has been observed [23] to be very close to its critical energy density corresponding to a flat universe (Ω_0 = 1 ± 0.04). Equation (8) implies that (ρ − ρ_c)/ρ_c = 3(8πGρ_c)^{−1}(k/a^2) is proportional to a, for matter dominated universe. Thus, in the early universe, we have |(ρ−ρ_c )/ρ_c| ≪ 1 and the question arises why the initial energy density of the universe was so finely tuned to be equal to its critical value.

3.3 Magnetic Monopole Problem

This problem arises only if we combine the SBB model with GUTs [2] which predict the existence of magnetic monopoles. As already indicated, according to GUTs, the universe underwent [28] a phase transition during which the GUT gauge symmetry group, G, broke to G_S. This breaking was due to the fact that, at a critical temperature T_c, an appropriate Higgs field, ϕ, developed a non-zero vev. Assuming that this phase transition was a second order one, we have ⟨ϕ⟩(T ) ≈ ⟨ϕ⟩(T = 0)(1 − T^2/T^2_c )^{1/2}, m_H (T ) ≈ λ⟨ϕ⟩(T ), for the temperature dependent vev and mass of the Higgs field respectively at T ≤ T_c (λ is an appropriate Higgs coupling constant).

The GUT phase transition produces monopoles [4] which are localized deviations from the vacuum with radius ∼ M^{−1}_X , mass m_M ∼ M_X /α_G and ϕ = 0 at their center (α_G = g^2_G/4π with g_G being the GUT gauge coupling constant). The vev of the Higgs field on a sphere, S^2, with radius ≫ M^{−1}_X around the monopole lies on the vacuum manifold G/G_S and we, thus, obtain a mapping: S^2 −→ G/G_S. If this mapping is homotopically non-trivial the topological stability of the monopole is guaranteed.

Monopoles can be produced when the fluctuations of ϕ over ϕ = 0 between the vacua at ±⟨ϕ⟩(T ) cease to be frequent. This occurs when the free energy needed for ϕ to fluctuate from ⟨ϕ⟩(T ) to zero in a region of radius equal to the Higgs correlation length ξ(T ) = m^{−1}_H (T ) exceeds T . This condition reads (4π/3)ξ^3ΔV^>_∼ T , where ΔV ∼ λ^2⟨ϕ⟩^4 is the difference in free energy density between ϕ = 0 and ϕ = ⟨ϕ⟩(T ). The Ginzburg temperature [35], T_G, corresponds to the saturation of this inequality. So, at T^<_∼ T_G, the fluctuations over ϕ = 0 stop and ⟨ϕ⟩ settles on G/G_S. At T_G, the universe splits into regions of size ξ_G ∼ (λ^2T_c)^{−1}, the Higgs correlation length at T_G, with ϕ being more or less aligned in each region. Monopoles are produced at the corners where such regions meet (Kibble mechanism [14]) and their number density is estimated to be n_M ∼ pξ^{−3}_G ∼ pλ^6T^3_c , where p ∼ 1/10 is a geometric factor. The ‘relative’ monopole number density then turns out to be r_M = n_M /T^3 ∼ 10^{−6}. We can derive a lower bound on r_M by employing causality. The Higgs field ϕ cannot be correlated at distances bigger than the particle horizon size, 2t_G, at T_G. This gives the causality bound n_M^>_∼ p 4π 3 (2t_G)^3

, (19)

which implies that r_M^>_∼ 10^{−10}.

The subsequent evolution of monopoles, after T_G, is governed by [5] dn_M dt = −Dn^2_M − 3 ȧ a n_M , (20)

where the first term in the rhs (with D being an appropriate constant) describes the dilution of monopoles by their annihilation with antimonopoles, while the second term corresponds to their dilution by Hubble expansion. The monopole-antimonopole annihilation proceeds as follows. Monopoles diffuse towards antimonopoles in the plasma of charged particles, capture each other in Bohr orbits and eventually annihilate. The annihilation is effective provided that the mean free path of monopoles in the plasma does not exceed their capture distance. This holds for T^>_∼ 10^{12} GeV. The overall result is that, if the initial relative monopole density r_{M,in}^>_∼ 10^{−9} (^<_∼ 10^{−9}), the final one r_{M,fin} ∼ 10^{−9} (∼ r_{M,in}). This combined with the causality bound yields r_{M,fin}^>_∼ 10^{−10}. However, the requirement that monopoles do not dominate the energy density of the universe at nucleosynthesis gives

r_M (T ≈ 1 MeV)^<_∼ 10^{−19}, (21)

and we obtain a clear discrepancy of about ten orders of magnitude.

3.4 Density Perturbations

For structure formation [6] in the universe, we need a primordial density perturbation, δρ/ρ, at all length scales with a nearly flat spectrum [36]. We also need an explanation of the temperature fluctuations of the CMBR observed by COBE [3] at angles θ^>_∼ θ_d ≈ 2^o which violate causality (see Sect.3.1).

Let us expand δρ/ρ in plane waves δρ ρ (r̄, t) = ∫ d^3kδ¯_k(t)e^{ik̄r̄}, (22)

where r̄ is a ‘comoving’ vector in 3-space and k̄ is the ‘comoving’ wave vector with k = |k̄| being the ‘comoving’ wave number (λ = 2π/k is the ‘comoving’ wave length and the physical wave length is λ_{phys} = a(t)λ). For λ_{phys} ≤ H^{−1}, the time evolution of δ¯_k is described by the Newtonian equation

δ̈_{k̄} + 2Hδ̇_{k̄} + v^{2s} k^2 a^2 δ¯_k = 4πGρδ¯_k , (23)

where the second term in the left hand side (lhs) comes from Hubble expansion and the third is the ‘pressure term’ (v_s is the velocity of sound given by v^2_s = dp/dρ). The rhs corresponds to the gravitational attraction.

For the moment, put H=0 (static universe). There exists then a characteristic wave number k_J , the Jeans wave number, given by k^2_J = 4πGa^2ρ/v^2_s and having the following property. For k > k_J , pressure dominates over gravitational attraction and the density perturbations just oscillate, whereas, for k < k_J , attraction dominates and the perturbations grow exponentially. In particular, for ‘matter’, v_s = 0 and all scales are Jeans unstable with

δ¯_k ∝ exp(t/τ ) , τ = (4πGρ)^{−1/2}. (24)

Now let us take H ≠ 0. Since the cosmological expansion pulls the particles apart, we get a smaller growth:

δ¯_k ∝ a(t) ∝ t^{2/3}, (25)

in the matter dominated case. For ‘radiation’ (p ≠ 0), we get essentially no growth of the density perturbations. This means that, in order to have structure formation in the universe, which requires δρ/ρ ∼ 1, we must have ( δρ ρ )_{eq} ∼ 4 × 10^{−5}(Ω_M h^2)^{−1}, (26)

at the ‘equidensity’ point, since the available growth factor for perturbations is given by a_0/a_{eq} ∼ 2.5 × 10^4Ω_M h^2. The question then is where these primordial density perturbations originate from.

4 Inflation

Inflation [7,8] is an idea which solves simultaneously all four cosmological puzzles and can be summarized as follows. Suppose there is a real scalar field ϕ (the inflaton) with (symmetric) potential energy density V (ϕ) which is quite flat near ϕ = 0 and has minima at ϕ = ±⟨ϕ⟩ with V (±⟨ϕ⟩) = 0. At high enough T ’s, ϕ = 0 in the universe due to the temperature corrections to V (ϕ). As T drops, the effective potential approaches the T =0 potential but a little potential barrier separating the local minimum at ϕ = 0 and the vacua at ϕ = ±⟨ϕ⟩ still remains. At some point, ϕ tunnels out to ϕ_1 ≪ ⟨ϕ⟩ and a bubble with ϕ = ϕ_1 is created in the universe. The field then rolls over to the minimum of V (ϕ) very slowly (due to the flatness of the potential). During this slow roll-over, the energy density ρ ≈ V (ϕ = 0) ≡ V_0 remains essentially constant for quite some time. The Lagrangian density L = 1 2 ∂_μϕ∂^μϕ − V (ϕ) (27) gives the energy momentum tensor

T^ν_μ = −∂_μϕ∂^ν ϕ + δ^ν_μ ( 1 2 ∂_λϕ∂^λϕ − V (ϕ) ) , (28)

which during the slow roll-over takes the form T^ν_μ ≈ −V_0 δ^ν_μ . This means that ρ ≈ −p ≈ V_0, i.e., the pressure is negative and equal in magnitude with the energy density, which is consistent with (5). As we will see, a(t) grows fast and the ‘curvature term’, k/a^2, in (8) diminishes. We thus get

H^2 ≡ ( ȧ a )_2 = 8πG 3 V_0 , (29)

which gives a(t) ∝ e^{Ht}, H^2 = (8πG/3)V_0 = constant. So the bubble expands exponentially for some time and a(t) grows by a factor

a(t_f ) a(t_i) = expH(t_f − t_i) ≡ expHτ , (30)

between an initial (t_i) and a final (t_f ) time.

The inflationary scenario just described, known as ‘new’ [37] inflation (with the inflaton starting from zero), is not the only realization of the idea of inflation. Another possibility is to consider the universe as it emerges at t_P . We can imagine a region of size ℓ_P ∼ M^{−1}_P (the Planck length) where the inflaton acquires a large and almost uniform value and carries negligible kinetic energy. Under certain circumstances, this region can inflate (exponentially expand) as ϕ rolls down towards the vacuum. This type of inflation with the inflaton starting from large values is known as ‘chaotic’ [38] inflation.

We will now show that, with an adequate number of e-foldings, N = Hτ , the first three cosmological puzzles are easily resolved (we leave the question of density perturbations for later).

4.1 Resolution of the Horizon Problem

The particle horizon during inflation d(t) = e^{Ht} ∫_t t_i dt^′ e^{Ht′} ≈ H^{−1}expH(t − t_i) , (31) for t−t_i ≫ H^{−1}, grows as fast as a(t). At the end of inflation (t = t_f ), d(t_f ) ≈ H^{−1}expHτ and ϕ starts oscillating about the minimum of the potential at ϕ = ⟨ϕ⟩. It finally decays and ‘reheats’ [9] the universe at a temperature T_r ∼ 10^9 GeV [17]. The universe then returns to normal big bang cosmology. The horizon d(t_f ) is stretched during the ϕ-oscillations by a factor ∼ 10^9 depending on details and between T_r and the present by a factor T_r /T_0. So it finally becomes equal to H^{−1}e^{Hτ} 10^9(T_r /T_0), which should exceed 2H^{−1}_0 in order to solve the horizon problem. Taking V_0 ≈ M^4_X , M_X ∼ 10^{16} GeV, we see that, with N = Hτ^>_∼ 55, the horizon problem is evaded.

4.2 Resolution of the Flatness Problem

The ‘curvature term’ of the Friedmann equation, at present, is given by k a^2 ≈ ( k a^2 ) bi e^{−2Hτ} 10^{−18} ( 10^{−13} GeV 10^9 GeV

)_2 , (32)

where the terms in the rhs correspond to the ‘curvature term’ before inflation, and its growth factors during inflation, during ϕ-oscillations and after ‘reheating’ respectively. Assuming (k/a^2)_{bi} ∼ (8πG/3)ρ ∼ H^2 (ρ ≈ V_0), we obtain Ω_0 − 1 = k/a^2_0H^2_0 ∼ 10^{48} e^{−2Hτ} which is ≪ 1, for Hτ ≫ 55. Strong inflation implies that the present universe is flat with a great accuracy.

4.3 Resolution of the Monopole Problem

For N^>_∼ 55, the monopoles are diluted by at least 70 orders of magnitude and become irrelevant. Also, since T_r ≪ m_M , there is no monopole production after ‘reheating’. Extinction of monopoles may also be achieved by non-inflationary mechanisms such as magnetic confinement [39]. For models leading to a possibly measurable monopole density see e.g., [40,41].

5 Detailed Analysis of Inflation

The Hubble parameter is not exactly constant during inflation as we, naively, assumed so far. It actually depends on the value of ϕ:

H^2(ϕ) = 8πG 3 V (ϕ) . (33)

To find the evolution equation for ϕ during inflation, we vary the action ∫ √ −det(g) d^4x ( 1 2 ∂_μϕ∂^μϕ − V (ϕ) + M (ϕ) ) , (34)

where g is the metric tensor and M (ϕ) represents the coupling of ϕ to ‘light’ matter causing its decay. We find

ϕ̈ + 3Hϕ̇ + Γ_ϕϕ̇ + V^′(ϕ) = 0 , (35) where the prime denotes derivation with respect to ϕ and Γ_ϕ is the decay width [42] of the inflaton. Assume, for the moment, that the decay time of ϕ, t_d = Γ^{−1}_ϕ , is much greater than H^{−1}, the expansion time for inflation. Then the term Γ_ϕϕ̇ can be ignored and (35) becomes

ϕ̈ + 3Hϕ̇ + V^′(ϕ) = 0 . (36)

Inflation is by definition the situation where ϕ̈ is subdominant to the ‘friction term’ 3Hϕ̇ (and the kinetic energy density is subdominant to the potential one). Equation (36) then reduces to the inflationary equation [43]

3Hϕ̇ = −V^′(ϕ) , (37)

which gives ϕ̈ = − V^{′′}(ϕ) ϕ̇ 3H(ϕ) + V^′(ϕ) 3H^2(ϕ)

H^′(ϕ)ϕ̇ . (38)

Comparing the two terms in the rhs of this equation with the ‘friction term’ in (36), we get the conditions for inflation (slow roll conditions): |η| ≡ M^2_P 8π | | | | V^{′′}(ϕ) V (ϕ) | | | | ≤ 1 , ϵ ≡ M^2_P 16π ( V^′(ϕ) V (ϕ) )_2 ≤ 1 . (39)

The end of the slow roll-over occurs when either of these inequalities is saturated. If ϕ_f is the value of ϕ at the end of inflation, then t_f ∼ H^{−1}(ϕ_f ).

The number of e-foldings during inflation can be calculated as follows:

N (ϕ_i → ϕ_f ) ≡ ln ( a(t_f ) a(t_i) ) = ∫_{tf} t_i Hdt = ∫_{ϕf} ϕ_i H(ϕ) ϕ̇ dϕ = − ∫_{ϕf} ϕ_i 3H^2(ϕ)dϕ V^′(ϕ) , (40) where (30), (37) and the definition of H = ȧ/a were used. For simplicity, we can shift the field ϕ so that the global minimum of the potential is displaced at ϕ = 0. Then, if V (ϕ) = λϕ^ν during inflation, we have

N (ϕ_i → ϕ_f ) = − ∫_{ϕf} ϕ_i 3H^2(ϕ)dϕ V^′(ϕ) = −8πG ∫_{ϕf} ϕ_i V (ϕ)dϕ V^′(ϕ) = 4πG ν (ϕ^2_i − ϕ^2_f ) .

(41) Assuming that ϕ_i ≫ ϕ_f , this reduces to N (ϕ) ≈ (4πG/ν)ϕ^2.

6 Coherent Oscillations of the Inflaton

After the end of inflation at t_f , the term ϕ̈ takes over in (36) and ϕ starts performing coherent damped oscillations about the global minimum of the potential. The rate of energy density loss, due to ‘friction’, is given by

ρ̇ = d dt ( 1 2 ϕ̇^2 + V (ϕ) ) = −3Hϕ̇^2 = −3H(ρ + p) , (42) where ρ = ϕ̇^2/2+V (ϕ) and p = ϕ̇^2/2−V (ϕ). Averaging p over one oscillation of ϕ and writing ρ + p = γρ, we get ρ ∝ a^{−3γ} and a(t) ∝ t^{2/3γ} (see Sect.2.2).

The number γ can be written as (assuming a symmetric potential) γ = ∫_T 0 ϕ̇2dt ∫_T 0 ρdt = ∫_{ϕmax} 0 ϕ̇dϕ ∫_{ϕmax} 0 (ρ/ϕ̇)dϕ , (43)

where T and ϕ_{max} are the period and the amplitude of the oscillation. From ρ = ϕ̇^2/2+V (ϕ) = V_{max}, where V_{max} is the maximal potential energy density, we obtain ϕ̇ = √ 2(V_{max} − V (ϕ)). Substituting this in (43) we get [44] γ = 2 ∫_{ϕmax} 0 (1 − V /V_{max})^{1/2}dϕ ∫_{ϕmax} 0 (1 − V /V_{max})^{−1/2}dϕ

· (44)

For V (ϕ) = λϕ^ν , we find γ = 2ν/(ν + 2) and, thus, ρ ∝ a^{−6ν/(ν+2)} and a(t) ∝ t^{(ν+2)/3ν}. For ν = 2, in particular, γ = 1, ρ ∝ a^{−3}, a(t) ∝ t^{2/3} and ϕ behaves like pressureless matter. This is not unexpected since a coherent oscillating massive free field corresponds to a distribution of static massive particles. For ν=4, we obtain γ = 4/3, ρ ∝ a^{−4}, a(t) ∝ t^{1/2} and the system resembles radiation. For ν = 6, one has γ = 3/2, ρ ∝ a^{−9/2}, a(t) ∝ t^{4/9} and the expansion is slower (the pressure is higher) than in radiation.

7 Decay of the Inflaton

Reintroducing the ‘decay term’ Γ_ϕϕ̇, (35) can be written as

ρ̇ = d dt ( 1 2 ϕ̇^2 + V (ϕ) ) = −(3H + Γ_ϕ)ϕ̇^2, (45)

which is solved [9,44] by ρ(t) = ρ_f ( a(t) a(t_f ) )_{−3γ} exp[−γΓ_ϕ(t − t_f )] , (46)

where ρ_f is the energy density at t_f . The second and third factors in the rhs of this equation represent the dilution of the field energy due to the expansion of the universe and the decay of ϕ to ‘light’ particles respectively.

All pre-existing radiation (known as ‘old radiation’) was diluted by inflation, so the only radiation present is the one produced by the decay of ϕ and is known as ‘new radiation’. Its energy density satisfies [9,44] the equation

ρ̇_r = −4Hρ_r + γΓ_ϕρ , (47)

where the first term in the rhs represents the dilution of radiation due to the cosmological expansion while the second one is the energy density transfer from ϕ to radiation. Taking ρ_r(t_f )=0, this equation gives [9,44]

ρ_r(t) = ρ_f ( a(t) a(t_f )

)_{−4} ∫_t t_f ( a(t^′) a(t_f ) )_{4−3γ} e^{−γΓϕ (t′−tf )} γΓ_ϕdt^′ . (48) For t_f ≪ t_d and ν = 2, this expression is approximated by

ρ_r (t) = ρ_f ( t t_f )_{−8/3} ∫_t 0 ( t^′ t_f )_{2/3} e^{−Γϕ t′} dt^′ , (49) which, using the formula ∫_u 0 x^{p−1}e^{−x}dx = e^{−u} ∞∑ k=0 u^{p+k} p(p + 1) · · · (p + k)

, (50)

can be written as

ρ_r = 3 5 ρ Γ_ϕt [ 1 + 3 8 Γ_ϕt + 9 88 (Γ_ϕt)^2 + · · · ] , (51)

with ρ = ρ_f (t/t_f )^{−2}exp(−Γ_ϕt) being the energy density of the field ϕ which performs damped oscillations and decays into ‘light’ particles.

The energy density of the ‘new radiation’ grows relative to the energy density of the oscillating field and becomes essentially equal to it at a cosmic time t_d = Γ^{−1}_ϕ as one can deduce from (51). After this time, the universe enters into the radiation dominated era and the normal big bang cosmology is recovered. The temperature at t_d, T_r (t_d), is historically called the ‘reheat’ temperature although no supercooling and subsequent reheating of the universe actually takes place. Using (12), we find that

T_r = ( 45 16π^3g_∗ )_{1/4} (Γ_ϕM_P )^{1/2}, (52)

where g_∗ is the effective number of degrees of freedom. For V (ϕ) = λϕ^ν, the total expansion of the universe during the damped field oscillations is a(t_d) a(t_f ) = ( t_d t_f ) ν+2_{3ν} . (53)

8 Density Perturbations from Inflation

We will now sketch how inflation solves the density perturbation problem described in Sect.3.4. As a matter of fact, inflation not only homogenizes the universe but also provides us with the primordial density perturbations needed for structure formation. To understand the origin of these fluctuations, we will introduce the notion of event horizon. Our event horizon, at a cosmic time t, includes all points with which we will eventually communicate sending signals at t. The ‘instantaneous’ (at t) radius of the event horizon is

d_e(t) = a(t) ∫_∞ t dt^′ a(t^′) · (54)

It is obvious, from this formula, that the event horizon is infinite for ‘matter’ or ‘radiation’. For inflation, however, we obtain a slowly varying event horizon with d_e(t) = H^{−1} < ∞. Points, in our event horizon at t, with which we can communicate sending signals at t, are eventually pulled away by the exponential expansion and we cease to be able to communicate with them emitting signals at later times. We say that these points (and the corresponding scales) crossed outside the event horizon. The situation is similar to that of a black hole. Indeed, the exponentially expanding (de Sitter) space is like a black hole turned inside out. We are inside and the black hole surrounds us from all sides. Then, exactly as in a black hole, there are quantum fluctuations of the ‘thermal type’ governed by the Hawking temperature [45,46] T_H = H/2π. It turns out [47,48] that the quantum fluctuations of all massless fields (the inflaton is nearly massless due to the flatness of the potential) are δϕ = T_H . These fluctuations of ϕ lead to energy density perturbations δρ = V^′(ϕ)δϕ. As the scale of this perturbations crosses outside the event horizon, they become [49] classical metric perturbations.

The evolution of these fluctuations outside the event horizon is quite subtle due to the gauge freedom in general relativity. However, there is a simple gauge invariant quantity ζ ≈ δρ/(ρ + p) [50], which remains constant outside the horizon. Thus, the density perturbation at any present physical (‘comoving’) scale ℓ, (δρ/ρ)_ℓ, when this scale crosses inside the post-inflationary particle horizon (p=0 at this instance) can be related to the value of ζ when the same scale crossed outside the inflationary event horizon (at ℓ ∼ H^{−1}). This latter value of ζ is found, using (37), to be ζ |_{ℓ∼H}−1 = ( δρ ϕ̇2 ) ℓ∼H^{−1} = ( V^′(ϕ)H(ϕ) 2πϕ̇^2 ) ℓ∼H^{−1} = − ( 9H^3(ϕ) 2πV^′(ϕ) ) ℓ∼H^{−1} · (55) Taking into account an extra 2/5 factor from the fact that the universe is matter dominated when the scale ℓ re-enters the horizon, we obtain ( δρ ρ ) ℓ = 16 √ 6π 5 V^{3/2}(ϕ_ℓ) M^3_P V^′(ϕ_ℓ)

· (56)

The calculation of ϕ_ℓ, the value of the inflaton field when the ‘comoving’ scale ℓ crossed outside the event horizon, goes as follows. A ‘comoving’ (present physical) scale ℓ, at T_r, was equal to ℓ(a(t_d)/a(t_0)) = ℓ(T_0/T_r). Its magnitude at the end of inflation (t = t_f ) was equal to ℓ(T_0/T_r)(a(t_f )/a(t_d)) = ℓ(T_0/T_r)(t_f /t_d)^{(ν+2)/3ν} ≡ ℓ_{phys}(t_f ), where the potential V (ϕ) = λϕ^ν was assumed. The scale ℓ, when it crossed outside the inflationary horizon, was equal to H^{−1}(ϕ_ℓ). We, thus, obtain

H^{−1}(ϕ_ℓ)e^{N(ϕℓ )} = ℓ_{phys} (t_f ) . (57)

Solving this equation, one can calculate ϕ_ℓ and, thus, N (ϕ_ℓ) ≡ N_ℓ, the number of e-foldings the scale ℓ suffered during inflation. In particular, for our present horizon scale ℓ ≈ 2H^{−1}_0 ∼ 10^4 Mpc, it turns out that N_{H0} ≈ 50 − 60.

Taking the potential V (ϕ) = λϕ^4, (41), (56) and (57) give ( δρ ρ ) ℓ = 4 √ 6π 5 λ^{1/2} ( ϕ_ℓ M_P )_3 = 4 √ 6π 5 λ^{1/2} ( N_ℓ π )_{3/2} · (58)

From the result of COBE [3], (δρ/ρ)_{H0} ≈ 6 × 10^{−5}, one can then deduce that λ ≈ 6 × 10^{−14} for N_{H0} ≈ 55. We thus see that the inflaton must be a very weakly coupled field. In non-SUSY GUTs, the inflaton is necessarily gauge singlet since otherwise radiative corrections will make it strongly coupled. This is not so satisfactory since it forces us to introduce an otherwise unmotivated very weakly coupled gauge singlet. In SUSY GUTs, however, the inflaton could be identified [51] with a conjugate pair of gauge non-singlet fields ϕ, ϕ̄ already present in the theory and causing the gauge symmetry breaking. Absence of strong radiative corrections from gauge interactions is guaranteed by the mutual cancellation of the D-terms of these fields.

The spectrum of density perturbations which emerge from inflation can also be analyzed. We will again take the potential V (ϕ) = λϕ^ν. One then finds that (δρ/ρ)_ℓ is proportional to ϕ^{(ν+2)/2}_ℓ which, combined with the fact that N (ϕ_ℓ) is proportional to ϕ^2_ℓ (see (41)), gives ( δρ ρ ) ℓ = ( δρ ρ ) H_0 ( N_ℓ N_{H0} ) ν+2_4 . (59)

The scale ℓ divided by the size of our present horizon (≈ 10^4 Mpc) should equal exp(N_ℓ − N_{H0} ). This gives N_ℓ/N_{H0} = 1 + ln(ℓ/10^4)^{1/NH0} which expanded around ℓ ≈ 10^4 Mpc and substituted in (59) yields ( δρ ρ ) ℓ ≈ ( δρ ρ ) H_0 ( ℓ 10^4 Mpc )_{αs} , (60)

with α_s = (ν + 2)/4N_{H0} . For ν = 4, α_s ≈ 0.03 and, thus, the density perturbations are essentially scale independent.

9 Density Perturbations in ‘Matter’

We will now discuss the evolution of the primordial density perturbations after their scale enters the post-inflationary horizon. To this end, we introduce

[52] the ‘conformal time’, η, so that the Robertson-Walker metric takes the form of a conformally expanding Minkowski space:

ds^2 = −dt^2 + a^2(t) dr̄^2 = a^2(η) (−dη^2 + dr̄^2) , (61)

where r̄ is a ‘comoving’ 3-vector. The Hubble parameter now takes the form H ≡ ȧ(t)/a(t) = a^′(η)/a^2(η) and the Friedmann equation (8) is rewritten as 1 a^2 ( a^′ a )_2 = 8πG 3 ρ , (62)

where primes denote derivation with respect to η. The continuity equation (5) takes the form ρ^′ = −3H̃(ρ + p) with H̃ = a^′/a. For ‘matter’, ρ ∝ a^{−3} which gives a = (η/η_0)^2 and a^′/a = 2/η (η_0 is the present value of η).

The Newtonian equation (23) can now be written in the form

δ^{′′}_{k̄} (η) + a^′ a δ^′_{k̄}(η) − 4πGρa^2δ¯_k(η) = 0 , (63)

and the growing (Jeans unstable) mode δ¯_k(η) ∝ η^2 and is expressed [53] as

δ¯_k(η) = ϵ_H ( kη 2 )_2

ŝ(k̄) , (64)

where ŝ(k̄) is a Gaussian random variable satisfying < ŝ(k̄) >= 0 , < ŝ(k̄)ŝ(k̄^′) >= 1 k^3 δ(k̄ − k̄^′) , (65)

and ϵ_H is the amplitude of the perturbation when its scale crosses inside the post-inflationary horizon. The latter can be seen as follows. A ‘comoving’ (present physical) length ℓ crosses inside the post-inflationary horizon when aℓ/2π = H^{−1} = a^2/a^′ which gives ℓ/2π ≡ k^{−1} = a/a^′ = η_H /2 or kη_H /2 = 1, where η_H is the ‘conformal time’ at horizon crossing. This means that, at horizon crossing, δ¯_k(η_H ) = ϵ_H ŝ(k̄). For scale invariant perturbations, the amplitude ϵ_H is constant. The gauge invariant perturbations of the scalar gravitational potential are given [52] by the Poisson’s equation Φ = −4πG a^2 k^2 ρδ¯_k(η) . (66)

From the Friedmann equation (62), we then obtain Φ = − 3 2 ϵ_H ŝ(k̄) . (67)

The spectrum of the density perturbations can be characterized by the correlation function (x̄ is a ‘comoving’ 3-vector) ξ(r̄) ≡< δ̃^∗(x̄, η)δ̃(x̄ + r̄, η) > , (68) where δ̃(x̄, η) = ∫ d^3kδ¯_k(η)e^{ik̄x̄}. (69)

Substituting (64) in (68) and then using (65), we obtain

ξ(r̄) = ∫ d^3ke^{−ik̄r̄} ϵ^2_H ( kη 2 )_4 1 k^3

, (70)

and the spectral function P (k, η) = ϵ^2_H (η^4/16)k is proportional to k for ϵ_H constant. We say that, in this case, the spectral index n = 1 and we have a Harrison-Zeldovich [36] flat spectrum. In the general case, P ∝ k^n with n = 1 − 2α_s (see (60)). For V (ϕ) = λϕ^4, we get n ≈ 0.94.

10 Temperature Fluctuations

The density inhomogeneities produce temperature fluctuations in the CMBR. For angles θ^>_∼ 2^o, the dominant effect is the scalar Sachs-Wolfe [54] effect. Density perturbations on the ‘last scattering surface’ cause scalar gravitational potential fluctuations, Φ, which then produce temperature fluctuations in the CMBR. The reason is that regions with a deep gravitational potential will cause the photons to lose energy as they climb up the well and, thus, appear cooler. For θ^<_∼ 2^o, the dominant effects are: i) Motion of the ‘last scattering surface’ causing Doppler shifts, and ii) Intrinsic fluctuations of the photon temperature which are more difficult to calculate since they depend on microphysics, the ionization history, photon streaming and other effects.

The temperature fluctuations at an angle θ due to the scalar Sachs- Wolfe effect turn out [54] to be (δT /T )_θ = −Φ_ℓ/3, with ℓ being the ‘comoving’ scale on the ‘last scattering surface’ which subtends the angle θ [ ℓ ≈ 100 h^{−1}(θ/degrees) Mpc ] and Φ_ℓ the corresponding scalar gravitational potential fluctuations. From (67), we then obtain (δT /T )_θ = (ϵ_H /2)ŝ(k̄), which using (64) gives the relation ( δT T ) θ = 1 2 δ¯_k(η_H ) = 1 2 ( δρ ρ ) ℓ∼2πk^{−1} · (71)

The COBE scale (present horizon) corresponds to θ ≈ 60^o. Equations (41), (56) and (71) give ( δT T ) ℓ ∝ ( δρ ρ ) ℓ ∝ V^{3/2}(ϕ_ℓ) M^3_P V^′(ϕ_ℓ)

∝ N^{ν+24}_ℓ . (72)

Analyzing the temperature fluctuations in spherical harmonics, one can obtain the quadrupole anisotropy due to the scalar Sachs-Wolfe effect: ( δT T ) Q−S = ( 32π 45 )_{1/2} V^{3/2}(ϕ_ℓ) M^3_P V^′(ϕ_ℓ)

· (73)

For V (ϕ) = λϕ^ν, this becomes ( δT T ) Q−S = ( 32π 45 )_{1/2} λ^{1/2}ϕ^{ν+22}_ℓ νM^3_P = ( 32π 45 )_{1/2} λ^{1/2} νM^3_P ( νM^2_P 4π )^{ν+2}_4 N^{ν+24}_ℓ .

(74) Comparing this with the COBE [3] result, (δT /T )_Q ≈ 6.6 × 10^{−6}, we obtain λ ≈ 6 × 10^{−14} for ν = 4 and number of e-foldings suffered by our present horizon scale during the inflationary phase N_{ℓ∼H}−1_0 ≡ N_Q ≈ 55.

There are also ‘tensor’ fluctuations [55] in the temperature of the CMBR. The ‘tensor’ quadrupole anisotropy is ( δT T ) Q−T ≈ 0.77 V^{1/2}(ϕ_ℓ) M^2_P

· (75)

The total quadrupole anisotropy is given by ( δT T ) Q = [( δT T )_2 Q−S + ( δT T )_2 Q−T ]_{1/2} , (76)

and the ratio r = (δT /T )^2_{Q−T} (δT /T )^2_{Q−S} ≈ 0.27 ( M_P V^′(ϕ_ℓ) V (ϕ_ℓ)

)_2

· (77)

For V (ϕ) = λϕ^ν , we obtain r ≈ 3.4 ν/N_H ≪ 1, and the ‘tensor’ contribution to the temperature fluctuations of the CMBR is negligible.

11 Hybrid Inflation

11.1 The non-Supersymmetric Version

The basic disadvantage of inflationary scenarios such as the ‘new’ [37] or ‘chaotic’ [38] ones is that they require tiny coupling constants in order to reproduce the results of COBE [3]. This has led Linde [10] to propose, in the context of non-SUSY GUTs, the hybrid inflationary scenario. The idea was to use two real scalar fields χ and σ instead of one that was normally used. χ provides the ‘vacuum’ energy density which drives inflation, while σ is the slowly varying field during inflation. This splitting of roles between two fields allows us to reproduce the COBE results with ‘natural’ (not too small) values of the relevant parameters in contrast to previous realizations of inflation.

The scalar potential utilized by Linde is V (χ, σ) = κ^2 ( M^2 − χ^2 4 )_2 + λ^2χ^2σ^2 4 + m^2σ^2 2 , (78) where κ, λ are dimensionless positive coupling constants and M , m are mass parameters. The vacua lie at ⟨χ⟩ = ±2M , ⟨σ⟩ = 0. Putting m=0, we see that V possesses a flat direction at χ = 0 with V (χ = 0, σ) = κ^2M^4. The mass^2 of χ along this direction is m^2_χ = −κ^2M^2 + λ^2σ^2/2. So, for χ = 0 and |σ| > σ_c = √ 2κM/λ, we obtain a flat valley of minima. Reintroducing m ≠ 0, this valley acquires a non-zero slope and the system can inflate as it rolls down this valley. This scenario is called hybrid since the ‘vacuum’ energy density (≈ κ^2M^4) is provided by χ, while the slowly rolling field is σ.

The ϵ and η criteria (see (39)) imply that, for the relevant values of parameters (see below), inflation continues until σ reaches σ_c, where it terminates abruptly. It is followed by a ‘waterfall’, i.e., a sudden entrance into an oscillatory phase about a global minimum. Since the system can fall into either of the two minima with equal probability, topological defects (monopoles, cosmic strings or domain walls) are copiously produced [13] if they are predicted by the particular particle physics model employed. So, if the underlying GUT gauge symmetry breaking (by ⟨χ⟩) leads to the existence of monopoles or domain walls, we encounter a cosmological catastrophe.

The onset of hybrid inflation requires [56] that, at t ∼ H^{−1}, H being the inflationary Hubble parameter, a region exists with size^>_∼ H^{−1}, where χ and σ are almost uniform with negligible kinetic energies and values close to the bottom of the valley of minima. Such a region, at t_P , would have been much larger than the Planck length ℓ_P and it is, thus, difficult to imagine how it could be so homogeneous. Moreover, as it has been argued [57], the initial values (at t_P ) of the fields in this region must be strongly restricted in order to obtain adequate inflation. Several possible solutions to this problem of initial conditions for hybrid inflation have been proposed (see e.g., [58,59,60]).

The quadrupole anisotropy of the CMBR produced during hybrid inflation can be estimated, using (73), to be ( δT T ) Q ≈ ( 16π 45 ) 1_2 λκ^2M^5 M^3_P m^2

· (79)

The COBE [3] result, (δT /T )_Q ≈ 6.6 × 10^{−6}, can then be reproduced with M ≈ 2.86 × 10^{16} GeV, the SUSY GUT vev, and m ≈ 1.3 κ √ λ × 10^{15} GeV.

Note that m ∼ 10^{12} GeV for κ, λ ∼ 10^{−2}.

11.2 The Supersymmetric Version

Hybrid inflation is [11] ‘tailor made’ for globally SUSY GUTs except that an intermediate scale mass for σ cannot be obtained. Actually, all scalars acquire masses ∼ m_{3/2} ∼ 1 TeV (the gravitino mass) from soft SUSY breaking.

Let us consider the renormalizable superpotential

W = κS(−M^2 + ϕ̄ϕ) , (80) where ϕ̄, ϕ is a pair of G_S singlet left handed superfields belonging to nontrivial conjugate representations of the GUT gauge group G and reducing its rank by their vevs, and S is a gauge singlet left handed superfield. The parameters κ and M (∼ 10^{16} GeV) are made positive by field redefinitions. The vanishing of the F-term F_S gives ⟨ϕ̄⟩⟨ϕ⟩ = M^2, and the D-terms vanish for |⟨ϕ̄⟩| = |⟨ϕ⟩|. So, the SUSY vacua lie at ⟨ϕ̄⟩^∗ = ⟨ϕ⟩ = ±M and ⟨S⟩ = 0 (from F¯_ϕ = F_ϕ = 0). We see that W leads to the spontaneous breaking of G.

W also gives rise to hybrid inflation. The potential derived from it is

V (ϕ̄, ϕ, S) = κ^2|M^2 − ϕ̄ϕ|^2 + κ^2|S|^2(|ϕ̄|^2 + |ϕ|^2) + D − terms . (81)

D-flatness implies ϕ̄^∗ = e^{iθ}ϕ. We take θ = 0, so that the SUSY vacua are contained. W has a U (1)_R R-symmetry: ϕ̄ϕ → ϕ̄ϕ, S → e^{iα}S, W → e^{iα}W . Actually, W is the most general renormalizable superpotential allowed by G and U (1)_R. Bringing ϕ̄, ϕ, S on the real axis by G and U (1)_R transformations, we write ϕ̄ = ϕ ≡ χ/2, S ≡ σ/ √ 2 where χ, σ are normalized real scalar fields.

V then takes the form in (78) with κ = λ and m = 0. So, Linde’s potential is almost obtainable from SUSY GUTs but without the mass term of σ which is, however, crucial for driving the inflaton towards the vacua.

One way to generate a slope along the inflationary valley (ϕ̄ = ϕ = 0, |S| > S_c ≡ M ) is [12] to include the one-loop radiative corrections. In fact, SUSY breaking by the ‘vacuum’ energy density κ^2M^4 along this valley causes a mass splitting in the supermultiplets ϕ̄, ϕ. We obtain a Dirac fermion with mass^2 = κ^2|S|^2 and two complex scalars with mass^2 = κ^2|S|^2 ± κ^2M^2. This leads to the existence of one-loop radiative corrections to V on the inflationary valley which are found from the Coleman-Weinberg formula [61]: ΔV = 1 64π^2 ∑ i (−)^{Fi} M^4_i ln

M^2_i Λ^2

, (82)

where the sum extends over all helicity states i, with fermion number F_i and mass^2 = M^2_i , and Λ is a renormalization scale. We find that ΔV (|S|) is

κ^2M^4 κ^2N 32π^2 ( 2 ln κ^2|S|^2 Λ^2

+ (z + 1)^2 ln(1 + z^{−1}) + (z − 1)^2 ln(1 − z^{−1}) ) , (83) where z = x^2 = |S|^2/M^2 and N is the dimensionality of the representations to which ϕ̄, ϕ belong. For z ≫ 1 (|S| ≫ S_c), the effective potential on the inflationary valley can be expanded as [12,62]

V_{eff} (|S|) = κ^2M^4 [ 1 + κ^2N 16π^2 ( ln κ^2|S|^2 Λ^2 + 3 2 − 1 12z^2 + · · · )] . (84)

The slope on this valley from these radiative corrections is Λ-independent.

From (41), (73) and (83), we find the quadrupole anisotropy of the CMBR: ( δT T ) Q ≈ 8π √ N ( N_Q 45 ) 1_2 ( M M_P )_2 x^{−1}_Q y^{−1}_Q Λ(x^2_Q)^{−1}, (85) with Λ(z) = (z + 1) ln(1 + z^{−1}) + (z − 1) ln(1 − z^{−1}) , (86)

y^2_Q =

∫_x2_Q 1 dz z Λ(z)^{−1}, y_Q ≥ 0 . (87)

Here, N_Q is the number of e-foldings suffered by our present horizon scale during inflation, and x_Q = |S_Q|/M , with S_Q being the value of S when our present horizon scale crossed outside the inflationary horizon. For |S_Q| ≫ S_c, y_Q = x_Q(1 − 7/12x^2_Q + · · ·). Finally, from (83), one finds κ ≈ 8π^{32} √ N N_Q y_Q M M_P · (88)

The slow roll conditions (see (39)) for SUSY hybrid inflation are ϵ, |η| ≤ 1, where ϵ = ( κ^2M_P 16π^2M

)_2

N^2x^2 8π Λ(x^2)^2, (89)

η = ( κM_P 4πM )_2 N 8π ( (3z + 1) ln(1 + z^{−1}) + (3z − 1) ln(1 − z^{−1}) ) . (90)

Note that η → −∞ as x → 1^+. However, for most relevant values of the parameters (κ ≪ 1), the slow roll conditions are violated only ‘infinitesimally’ close to the critical point at x = 1 (|S| = S_c). So, inflation continues practically until this point is reaches, where the ‘waterfall’ occurs.

From the COBE [3] result, (δT /T )_Q ≈ 6.6 × 10^{−6}, and eliminating x_Q between (85) and (88), we obtain M as a function of κ. For x_Q → ∞, y_Q → x_Q and x_Qy_QΛ(x^2_Q) → 1^−. Thus, the maximal M is achieved in this limit and equals about 10^{16} GeV (for N = 8, N_Q ≈ 55). This value of M , although somewhat smaller than the SUSY GUT scale, is quite close to it. As a numerical example, take κ = 4×10^{−3} which gives M ≈ 9.57×10^{15} GeV, x_Q ≈ 2.633, y_Q ≈ 2.42. The slow roll conditions are violated at x−1 ≈ 7.23×10^{−5}, where η = −1 (ϵ ≈ 8.17 × 10^{−8} at x = 1). The spectral index of density perturbations n = 1 − 6ϵ + 2η [63] is about 0.985.

SUSY hybrid inflation is considered ‘natural’ for the following reasons:

i. There is no need of tiny coupling constants (κ ∼ 10^{−3}).

ii. W in (80) has the most general renormalizable form allowed by G and U (1)_R. The coexistence of the S and Sϕ̄ϕ terms in W implies that the combination ϕ̄ϕ is ‘neutral’ under all symmetries of W and, thus, all the non-renormalizable terms of the form S(ϕ̄ϕ)^n, n ≥ 2, are also allowed [15]. The leading term of this type S(ϕ̄ϕ)^2, if its dimensionless coefficient is of order unity, can be comparable to Sϕ̄ϕ (recall that κ ∼ 10^{−3}) and, thus, play a role in inflation (see Sect.12). All higher order terms of this type with n ≥ 3 give negligible contributions to the inflationary potential.

Note that U (1)_R guarantees the linearity of W in S to all orders excluding terms such as S^2 which could generate an inflaton mass^>_∼ H and ruin inflation by violating the slow roll conditions.

iii. SUSY guarantees that the radiative corrections do not invalidate [51] inflation, but rather provide [12] a slope along the inflationary trajectory, needed for driving the inflaton towards the SUSY vacua.

iv. Supergravity (SUGRA) corrections can be brought under control leaving inflation intact. The scalar potential in SUGRA is given [64] by

V = exp ( K m^2_P ) [ ( K^{−1} )_j i F^iF_j − 3 |W |^2 m^2_P ] , (91)

where K is the Kähler potential, m_P = M_P / √ 8π ≈ 2.44×10^{18} GeV is the ‘reduced’ Planck scale, F^i = W^i + K^iW/m^2_P , and upper (lower) indices denote derivation with respect to the scalar field ϕ_i (ϕ^{j∗}). K is expanded as K = |S|^2 +|ϕ̄|^2 +|ϕ|^2+α|S|^4/m^2_P +· · ·, where the quadratic terms constitute the ‘minimal’ Kähler potential. The term |S|^2, whose coefficient is normalized to unity, could generate a mass^2 ∼ κ^2M^4/m^2_P ∼ H^2 for S on the inflationary path from the expansion of the exponential prefactor in (91). This would ruin inflation. Fortunately, with this form of W (including all the higher order terms), this mass^2 is cancelled in V [11,65]. The linearity of W in S, guaranteed to all orders by U (1)_R, is crucial for this cancellation. The |S|^4 term in K also generates a mass^2 for S via the factor (∂^2K/∂S∂S^∗ )^{−1} = 1 − 4α|S|^2/m^2_P + · · · in (91), which is however not cancelled (see e.g., [66]). In order to avoid ruining inflation, one has then to assume [59,62] that |α|^<_∼ 10^{−3}. All other higher order terms in K give suppressed contributions on the inflationary path (since |S| ≪ m_P ). So, we see that a mild tuning of just one parameter is adequate for controlling SUGRA corrections. (In other models, tuning of infinitely many parameters is required.) Moreover, note that with special forms of K one can solve this problem even without a mild tuning. An example is given in [60], where the dangerous mass^2 could be cancelled in the presence of fields without superpotential but with large vevs generated via D-terms. These properties practically persist even in the extensions of the model we will consider in Sect.12.

In summary, for all these reasons, we consider SUSY hybrid inflation (with its extensions) as an extremely ‘natural’ inflationary scenario.

12 Extensions of Supersymmetric Hybrid Inflation

In trying to apply (SUSY) hybrid inflation to higher GUT gauge groups which predict the existence of monopoles, we encounter the following problem. Inflation is terminated abruptly as the system reaches the critical point on the inflationary path and is followed by the ‘waterfall’ regime during which the scalar fields ϕ̄, ϕ develop their vevs starting from zero and the spontaneous breaking of the GUT gauge symmetry takes place. The fields ϕ̄, ϕ can end up at any point of the vacuum manifold with equal probability and, thus, monopoles are copiously produced [13] via the Kibble mechanism [14] leading to a cosmological disaster (see e.g., [67]).

One of the simplest GUTs predicting monopoles is the Pati-Salam (PS) model [68] with gauge group G_{P S} = SU (4)_c × SU (2)_L × SU (2)_R. These monopoles carry two units of ‘Dirac’ magnetic charge [69]. We will present solutions [13,15] of the monopole problem of hybrid inflation within the SUSY PS model, although our mechanisms can be extended to other semi-simple gauge groups such as the ‘trinification’ group SU (3)_c × SU (3)_L × SU (3)_R, which emerges from string theory and predicts [41,70] monopoles with triple ‘Dirac’ charge, and possibly to simple gauge groups such as SO(10).

12.1 Shifted Hybrid Inflation

One idea [15] for solving the magnetic monopole problem is to include into the standard superpotential for hybrid inflation (shown in (80)) the leading non-renormalizable term, which, as explained in Sect.11.2, cannot be excluded by any symmetries. If its dimensionless coefficient is of order unity, this term can compete with the trilinear coupling of the standard superpotential (whose coefficient is ∼ 10^{−3}). The coexistence of these terms reveals a completely new picture. In particular, there appears a non-trivial (classically) flat direction along which G_{P S} is spontaneously broken with the appropriate Higgs fields acquiring constant values. This ‘shifted’ flat direction can be used as inflationary trajectory with the necessary slope obtained again from oneloop radiative corrections [12]. The termination of inflation is again abrupt followed by a ‘waterfall’ but no monopoles are formed in this transition since G_{P S} is already spontaneously broken during inflation.

The spontaneous breaking of the gauge group G_{P S} to G_S is achieved via the vevs of a conjugate pair of Higgs superfields

H̄^c = (4, 1, 2) ≡ ( ū^c_H ū^c_H ū^c_H ν̄^c_H d̄c_H d̄c_H d̄c_H ēc_H ) , H^c = (¯4, 1, 2) ≡ ( u^c_H u^c_H u^c_H ν^c_H d^c_H d^c_H d^c_H e^c_H ) , (92)

in the ν̄^c_H , ν^c_H directions. The relevant part of the superpotential, which includes the leading non-renormalizable term, is δW = κS(−M^2 + H̄^cH^c) − β S(H̄^cH^c)^2 M^2_S

, (93)

where M_S ≈ 5 × 10^{17} GeV is the string scale and β is taken positive for simplicity. D-flatness implies that H̄^{c ∗} = e^{iθ}H^c. We restrict ourselves to the direction with θ = 0 (H̄^{c ∗} = H^c) containing the ‘shifted’ inflationary path (see below). The scalar potential derived from δW then takes the form V = [ κ(|H^c|^2 − M^2) − β |H^c|^4 M^2_S

]_2

+ 2κ^2|S|^2|H^c|^2 [ 1 − 2β κM^2_S |H^c|^2 ]_2 . (94)

Defining the dimensionless variables w = |S|/M , y = |H^c|/M , we obtain Ṽ = V κ^2M^4

= (y^2 − 1 − ξy^4)^2 + 2w^2y^2(1 − 2ξy^2)^2, (95)

where ξ = βM^2/κM^2_S . This potential is a simple extension of the standard potential for SUSY hybrid inflation (which corresponds to ξ = 0) and appears in a wide class of models incorporating the leading non-renormalizable correction to the standard hybrid inflationary superpotential.

For constant w (or |S|), Ṽ in (95) has extrema at

y_1 = 0, y_2 = 1 √ 2ξ , y_{3±} = 1 √ 2ξ √ (1 − 6ξw^2) ± √ (1 − 6ξw^2)^2 − 4ξ(1 − w^2).

(96) Note that the first two extrema (at y_1, y_2) are |S|-independent and, thus, correspond to classically flat directions, the trivial one at y_1 = 0 with Ṽ_1 = 1, and the ‘shifted’ one at y_2 = 1/ √ 2ξ = constant with Ṽ_2 = (1/4ξ − 1)^2, which we will use as inflationary path. The trivial trajectory is a valley of minima for w > 1, while the ‘shifted’ one for w > w_0 = (1/8ξ − 1/2)^{1/2}, which is its critical point. We take ξ < 1/4, so that w_0 > 0 and the ‘shifted’ path is destabilized (in the chosen direction H̄^{c ∗} = H^c) before w reaches zero. The extrema at y_{3±}, which are |S|-dependent and non-flat, do not exist for all values of w and ξ, since the expressions under the square roots in (96) are not always non-negative. These two extrema, at w = 0, become SUSY vacua. The relevant SUSY vacuum (see below) corresponds to y_{3−}(w = 0) and, thus, the common vev v_0 of H̄^c, H^c is given by ( v_0 M )_2 = 1 2ξ (1 − √ 1 − 4ξ) . (97)

We will now discuss the structure of Ṽ and the inflationary history for 1/6 < ξ < 1/4. For fixed w > 1, there exist two local minima at y_1 = 0 and y_2 = 1/ √ 2ξ, which has lower potential energy density, and a local maximum at y_{3+} between the minima. As w becomes smaller than unity, the extremum at y_1 turns into a local maximum, while the extremum at y_{3+} disappears. The system then falls into the ‘shifted’ path in case it had started at y_1 = 0. As we further decrease w below (2 − √ 36ξ − 5)^{1/2}/3 √ 2ξ, a pair of new extrema, a local minimum at y_{3−} and a local maximum at y_{3+}, are created between y_1 and y_2. As w crosses (1/8ξ − 1/2)^{1/2}, the local maximum at y_{3+} crosses y_2 becoming a local minimum. At the same time, the local minimum at y_2 turns into a local maximum and inflation ends with the system falling into the local minimum at y_{3−} which, at w = 0, becomes the SUSY vacuum.

We see that, no matter where the system starts from, it passes from the ‘shifted’ path, where the relevant part of inflation takes place. So, G_{P S} is broken during inflation and no monopoles are produced at the ‘waterfall’.

After inflation, the system could fall into the minimum at y_{3+} instead of the one at y_{3−}. This, however, does not happen since in the last e-folding or so the barrier between the minima at y_{3−} and y_2 is considerably reduced and the decay of the ‘false vacuum’ at y_2 to the minimum at y_{3−} is completed within a fraction of an e-folding before the y_{3+} minimum even appears. This transition is further accelerated by the inflationary density perturbations.

The mass spectrum on the ‘shifted’ path can be evaluated [15]. We find that the only mass splitting in supermultiplets occurs in the ν̄^c_H , ν^c_H sector. Namely, we obtain one Majorana fermion with mass^2 equal to 4κ^2|S|^2, which corresponds to the direction (ν̄^c_H + ν^c_H )/ √ 2, and two normalized real scalars Re(δν̄^c_H + δν^c_H ) and Im(δν̄^c_H + δν^c_H ) with m^2_± = 4κ^2|S|^2 ∓ 2κ^2m^2. Here, m = M (1/4ξ −1)^{1/2} and δν̄^c_H = ν̄^c_H −v, δν^c_H = ν^c_H −v with v = (κM^2_S /2β)^{1/2} being the common value of H̄^c, H^c on the trajectory.

The radiative corrections on the ‘shifted’ path can then be constructed using (82) and (δT /T )_Q and κ can be evaluated. We find the same expressions as in (85) and (88) with N = 2 (N = 4) in the formula for (δT /T )_Q (κ) and M generally replaced by m. The COBE [3] result can be reproduced, for instance, with κ ≈ 4 × 10^{−3}, which corresponds to ξ = 1/5, v_0 ≈ 1.7 × 10^{16} GeV (we put N_Q ≈ 55, β = 1). The scales M ≈ 1.45×10^{16} GeV, m ≈ 7.23×10^{15} GeV, the mass of the inflaton m_{infl} ≈ 4.1 × 10^{13} GeV and the ‘inflationary scale’, which characterizes the inflationary ‘vacuum’ energy density, v_{infl} = κ^{1/2}m ≈ 4.57 × 10^{14} GeV. The spectral index n = 0.954.

12.2 Smooth Hybrid Inflation

An alternative solution to the monopole problem of hybrid inflation has been proposed [13] some years ago. We will present it here within the SUSY PS model of Sect.12.1, although it can be applied to other semi-simple (and possibly some simple) gauge groups too. The idea is to impose an extra Z_2 symmetry under which H^c → −H^c. The whole structure of the model remains unchanged except that now only even powers of the combination H̄^cH^c are allowed in the superpotential terms.

The inflationary superpotential in (93) becomes δW = S ( −μ^2 +

(H̄^cH^c)^2

M^2_S ) , (98)

where we absorbed the dimensionless parameters κ, β in μ, M_S . The resulting scalar potential V is then given by Ṽ = V μ^4

= (1 − χ̃^4)^2 + 16σ̃^2χ̃^6, (99) where we used the dimensionless fields χ̃ = χ/2(μM_S )^{1/2}, σ̃ = σ/2(μM_S )^{1/2} with χ, σ being normalized real scalar fields defined by ν̄^c_H = ν^c_H = χ/2, S = σ/ √ 2 after rotating ν̄^c_H , ν^c_H , S to the real axis.

The emerging picture is completely different. The flat direction at χ̃ = 0 is now a local maximum with respect to χ̃ for all values of σ̃, and two new symmetric valleys of minima appear [13,16] at χ̃ = ± √ 6σ̃ [( 1 + 1 36σ̃^4

) 1_2 − 1 ]^1_2

. (100)

They contain the SUSY vacua which lie at χ̃ = ±1, σ̃ = 0. These valleys are not classically flat. In fact, they possess a slope already at the classical level, which can drive the inflaton towards the vacua. Thus, there is no need of radiative corrections in this case. The potential on these paths is [13,16]

Ṽ = 48σ̃^4 [ 72σ̃^4 ( 1 + 1 36σ̃^4 ) (( 1 + 1 36σ̃^4

) 1_2 − 1 ) − 1 ]

= 1 − 1 216σ̃^4

+ · · · , for σ̃ ≫ 1 . (101)

The system follows, from the beginning, a particular inflationary path and, thus, ends up at a particular point of the vacuum manifold leading to no production of disastrous monopoles.

The end of inflation is not abrupt in this case since the inflationary path is stable with respect to χ̃ for all σ̃’s. The value σ̃_0 of σ̃ at which inflation is terminated smoothly is found from the ϵ and η criteria, and the derivatives [16] of the potential on the inflationary path: dṼ dσ̃ = 192σ̃^3 [ (1 + 144σ̃^4) (( 1 + 1 36σ̃^4

) 1_2 − 1 ) − 2 ] , (102)

d^2Ṽ dσ̃^2 = 16 3σ̃^2 { (1 + 504σ̃^4) [ 72σ̃^4 (( 1 + 1 36σ̃^4

) 1_2 − 1 ) − 1 ]

−(1 + 252σ̃^4) (( 1 + 1 36σ̃^4

)_− 1_2 − 1 ) } . (103)

The quantities (δT /T )_Q and N_Q can be found using (102). One important advantage of this scenario is that the common vev of H̄^c, H^c, which is equal to v_0 = (μM_S )^{1/2}, is not so rigidly constrained and, thus, can be chosen equal to the SUSY GUT scale (v_0 ≈ 2.86 × 10^{16} GeV). From COBE [3] and for N_Q ≈ 57, we then obtain M_S ≈ 4.39 × 10^{17} GeV and μ ≈ 1.86 × 10^{15} GeV, which are quite ‘natural’. The value of σ at which inflation ends corresponds to η = −1 and is σ_0 ≈ 1.34 × 10^{17} GeV. The value of σ at which our present horizon crosses outside the inflationary horizon is σ_Q ≈ 2.71×10^{17} GeV. The inflaton mass is m_{infl} = 2 √ 2μ^2/v_0 ≈ 3.42 × 10^{14} GeV.

13 ‘Reheating’ and the Gravitino Constraint

A complete inflationary scenario should be followed by a successful ‘reheating’ which satisfies the gravitino constraint [17] and generates the observed BAU. We will discuss ‘reheating’ within a SUSY GUT leading to standard hybrid inflation. We consider a moderate extension of the minimal supersymmetric standard model (MSSM) based on the left-right symmetric gauge group

G_{LR} = SU (3)_c × SU (2)_L × SU (2)_R × U (1)_{B−L} (104)

(see [62,71,72]). The breaking of G_{LR} to G_S is achieved via a conjugate pair of SU (2)_R doublets l̄^c, l^c with B − L (baryon minus lepton number) equal to -1, 1, which acquire vevs along their right handed neutrino directions ν̄^c_H , ν^c_H corresponding to ϕ̄, ϕ in Sect.11.2. The relevant superpotential is

W = κS(−M^2 + l̄^cl^c), (105)

where κ, M are made positive by field redefinitions. This superpotential leads to hybrid inflation exactly as W in (80). (δT /T )_Q and κ are given by (85) and (88) with N = 2 since l̄^c, l^c have two components each.

G_{LR} implies the presence of right handed neutrino superfields ν^c_i (with i = 1, 2, 3), which form SU (2)_R doublets L^c_i = (ν^c_i , e^c_i ) with the SU (2)_L singlet charged antileptons e^c_i . Intermediate scale ν^c masses are generated via the superpotential terms γ_il̄^cl̄^cL^c_i L^c_i /m_P (in a basis with diagonal and positive γ’s). These masses are M_i = 2γ_iM^2/m_P (⟨l̄^c⟩, ⟨l^c⟩ > 0 by a B − L rotation). Light neutrinos acquire hierarchical seesaw masses and, thus, cannot play the role of hot dark matter (HDM) in the universe. (This requires degenerate neutrino masses which can be obtained [72,73] via SU (2)_L triplets [74].) They are suitable for a universe with non-zero cosmological constant favored by recent observations [26]. In this case, HDM is not necessary [75,76]. The terms generating the ν^c masses also cause the decay of the inflaton (see Sect.13).

After the end of inflation, the system falls towards the SUSY vacuum and performs damped oscillations about it. The inflaton (oscillating system) consists of the two complex scalar fields θ = (δν̄^c_H +δν^c_H )/ √ 2 (δν̄^c_H = ν̄^c_H −M , δν^c_H = ν^c_H − M ) and S, with equal mass m_{infl} = √ 2κM . The oscillating fields θ and S decay into a pair of right handed neutrinos (ψ_νc_i ) and sneutrinos (ν^c_i ) respectively via the superpotential couplings l̄cl̄cLcLc and Sl̄clc. The relevant Lagrangian terms are:

L^θ_{decay} = − √ 2γ_i M m_P θψ_νc_i ψ_νc_i + h.c. , (106) L^S_{decay} = − √ 2γ_i M m_P S^∗ν^c_i ν^c_i m_{infl} + h.c. , (107)

and the common, as it turns out, decay width is given by Γ = Γ_{θ→}¯_{ψνci}¯_{ψνci} = Γ_{S→ν}c_{i ν}c_i = 1 8π ( M_i M )_2 m_{infl} , (108) provided that the relevant ν^c mass M_i < m_{infl}/2.

To minimize the number of small coupling constants, we assume that

M_2 < 1 2 m_{infl} ≤ M_3 =

2M^2 m_P (with γ_3 = 1) , (109)

so that the inflaton decays into the second heaviest right handed neutrino superfield ν^c_2 with mass M_2. The second inequality in (109) implies that y_Q ≤ √ 2N_Q/π ≈ 3.34 for N_Q ≈ 55. This gives x_Q^<_∼ 3.5. As an example, choose x_Q ≈ 1.05 (bigger values cannot give adequate BAU) which yields y_Q ≈ 0.28. From the COBE [3] result, we then obtain M ≈ 4.06 × 10^{15} GeV, κ ≈ 4 × 10^{−4}, m_{infl} ≈ 2.3 × 10^{12} GeV and M_3 ≈ 1.35 × 10^{13} GeV.

The ‘reheat’ temperature T_r, for the MSSM spectrum, is given by [62] T_r ≈ 1 7 (Γ M_P )^{12} , (110)

and must satisfy the gravitino constraint [17], T_r^<_∼ 10^9 GeV, for gravitymediated SUSY breaking with universal boundary conditions. To maximize the ‘naturalness’ of the model, we take the maximal M_2 (and, thus, γ_2) allowed by this constraint. This is M_2 ≈ 2.7 × 10^{10} GeV (γ_2 ≈ 2 × 10^{−3}). Note that, with this M_2, the first inequality in (109) is well satisfied.

14 Baryogenesis via Leptogenesis

14.1 Primordial Leptogenesis

In hybrid inflationary models, it is [18] generally not so convenient to generate the observed BAU in the usual way, i.e., through the decay of superheavy color (anti)triplets. Some of the reasons are:

i. B is practically conserved in most models of this type. In some cases [77], this is due to a discrete ‘baryon parity’ symmetry. In the left-right model under consideration, B is exactly conserved because of a U (1)_R.

ii. The gravitino constraint would require that the mass of the (anti)triplets does not exceed 10^{10} GeV. This suggests strong deviations from the MSSM gauge coupling unification and possibly proton instability.

It is generally preferable to produce an initial lepton asymmetry [19] which is then partly turned into baryon asymmetry by sphalerons [20,21]. In the left-right model we consider and in many other models, this is the only way for obtaining the BAU since the inflaton decays into right handed neutrino superfields. Their subsequent decay to lepton (antilepton) L (L̄) and electroweak Higgs superfields can only produce a lepton asymmetry. It is important to ensure that this asymmetry is not erased [78] by lepton number violating 2 → 2 scattering processes such as LL → h^{(1) ∗}h^{(1) ∗} or Lh^{(1)} → L̄h^{(1) ∗} at all T ’s between T_r and 100 GeV (h^{(1)} is the Higgs SU (2)_L doublet which couples to up type quarks). This is satisfied since the lepton asymmetry is protected [79] by SUSY at T ’s between T_r and T ∼ 10^7 GeV and, for T^<_∼ 10^7 GeV, these scattering processes are well out of equilibrium provided [79] m_{ντ}^<_∼ 10 eV. For MSSM spectrum, the observed BAU n_B/s is related [79] to the primordial lepton asymmetry n_L/s by n_B/s = (−28/79)n_L/s (see Sect.14.2).

The lepton asymmetry is generated via the decay of the superfield ν^c_2, produced by the inflaton decay, to electroweak Higgs and (anti)lepton superfields. The relevant one-loop diagrams are both of the vertex and self-energy type [80] with an exchange of ν^c_3. The resulting lepton asymmetry is [81] n_L s ≈ 1.33 9T_r 16πm_{infl}

M_2 M_3 c^2s^2 sin 2δ(m^D_3^2 − m^D_2^2)^2 |⟨h^{(1)}⟩|^2 (m^D_3^2 s^2 + m^D_2^2 c^2)

, (111)

where |⟨h^{(1)}⟩| ≈ 174 GeV (for large tan β), m^D_{2,3} are the ‘Dirac’ masses of the neutrinos (in a basis where they are diagonal and positive), and c = cos θ, s = sin θ, with θ and δ being the rotation angle and phase which diagonalize the Majorana mass matrix of the ν^c’s. Equation (111) holds [82] provided that M_2 ≪ M_3 and the decay width of ν^c_3 is ≪ (M^2_3 −M^2_2 )/M_2, which are satisfied in our model. Here, we considered only the two heaviest families (i = 2, 3) ignoring the first one since the analysis [83] of the CHOOZ experiment [84] has shown that the solar and atmospheric neutrino oscillations decouple.

The light neutrino mass matrix is given by the seesaw formula: m_ν ≈ −m̃^D 1 M m^D , (112)

where m^D is the ‘Dirac’ neutrino mass matrix and M the Majorana ν^c mass matrix. The determinant and the trace invariance of the light neutrino mass matrix imply [81] two constraints on the (asymptotic) parameters:

m_2m_3 = ( m^D_2 m^D_3

)_2

M_2M_3

, (113)

m_2^2 + m_3^2 = ( m^D_2^2 c^2 + m^D_3^2 s^2

)_2

M_2^2 + ( m^D_3^2 c^2 + m^D_2^2 s^2

)_2

M_3^2 + 2(m^D_3^2 − m^D_2^2)^2c^2s^2cos 2δ M_2M_3

, (114)

where m_2 = m_{νμ} and m_3 = m_{ντ} are the (positive) eigenvalues of m_ν .

The μ − τ mixing angle θ_{23} = θ_{μτ} lies [81] in the range

| φ − θ^D | ≤ θ_{μτ} ≤ φ + θ^D, for φ + θ^D ≤ π/2 , (115)

where φ is the rotation angle which diagonalizes the light neutrino mass matrix in the basis where the ‘Dirac’ mass matrix is diagonal and θ^D is the

‘Dirac’ mixing angle, i.e., the ‘unphysical’ mixing angle with zero Majorana masses of the right handed neutrinos.

We take m_{νμ} ≈ 2.6 × 10^{−3} eV and m_{ντ} ≈ 7 × 10^{−2} eV which are the central values from the small angle MSW resolution of the solar neutrino problem [85] and SuperKamiokande [86]. We choose δ ≈ −π/4 to maximize −n_L/s. Finally, we assume that θ^D ≈ 0, so that maximal ν_μ − ν_τ mixing, which is favored by SuperKamiokande [86], corresponds to φ ≈ π/4.

From (113) and (114) and the diagonalization of m_ν , we determine the value of m^D_3 corresponding to φ ≈ π/4 for any given κ. A solution for m^D_3 exists provided that M_2^<_∼ 0.037M_3. For the numerical example in Sect.13, we find m^D_3 ≈ 8.3 GeV, m^D_2 ≈ 0.98 GeV and n_L/s ≈ −2.23×10^{−10}, which satisfies the baryogenesis constraint. Thus, with ‘natural’ values of κ (≈ 4 × 10^{−4}) and the other relevant parameters (γ_2 ≈ 2 × 10^{−3}, γ_3 ≈ 1), we were able not only to reproduce COBE [3] but also to have a successful ‘reheating’ satisfying the gravitino and baryogenesis constraints together with the requirements from solar and atmospheric neutrino oscillations. Similar results hold [15,16] for the shifted and smooth hybrid inflationary models of Sect.12.

14.2 Sphaleron Effects To see how the lepton asymmetry partly turns into baryon asymmetry, we must first discuss the non-perturbative baryon and lepton number violation [87] in the standard model. Consider the electroweak gauge symmetry SU (2)_L × U (1)_Y in the limit where the Weinberg angle θ_W = 0 and concentrate on SU (2)_L (θ_W ≠ 0 does not alter the conclusions). Also, for the moment, ignore the fermions and Higgs fields so as to have a pure SU (2)_L gauge theory. This theory has [88] infinitely many classical vacua which are topologically distinct and are characterized by a ‘winding number’ n ∈ Z. In the ‘temporal gauge’ (A_0 = 0), the remaining gauge freedom consists of time independent transformations and the vacuum is a pure gauge

A_i = i g ∂_ig(x̄)g^{−1}(x̄) , i = 1, 2, 3 . (116)

Here g is the SU (2)_L gauge coupling constant, x̄ ∈3-space, g(x̄) ∈ SU (2)_L, and g(x̄) → 1 as | x̄ |→ ∞. Thus, the 3-space compactifies to a sphere S^3 and g(x̄) gives a map: S^3 → SU (2)_L (SU (2)_L is topologically equivalent to S^3). These maps are classified into homotopy classes constituting the third homotopy group of S^3, π_3(S^3), and are characterized by a ‘winding number’ n = ∫ d^3x ϵ^{ijk} tr ( ∂_ig(x̄)g^{−1}(x̄)∂_j g(x̄)g^{−1}(x̄)∂_kg(x̄)g^{−1}(x̄) ) . (117)

The corresponding vacua are denoted as | n⟩, n ∈ Z.

The tunneling amplitude from the vacuum | n_−⟩ at t = −∞ to the vacuum | n_+⟩ at t = +∞ is given by the functional integral

⟨n_+ | n_−⟩ = ∫ (dA) e^{−S(A)} (118) over all gauge field configurations satisfying the appropriate boundary conditions at t = ±∞. Performing a Wick rotation, x_0 ≡ t → −ix_4, we go to Euclidean space-time. Any Euclidean field configuration with finite action is characterized by an integer known as the Pontryagin number q = g^2 16π^2 ∫ d^4x tr ( F^{μν}F̃_{μν} ) , (119)

where μ,ν=1,2,3,4 and F̃_{μν} =^1_2 ϵ_{μνλρ}F^{λρ} is the dual field strength. It is known that tr(F^{μν}F̃_{μν} ) = ∂^μJ_μ, where J_μ is the ‘Chern-Simons current’ given by J_μ = ϵ_{μναβ} tr ( A^ν F^{αβ} − 2 3 gA^ν A^αA^β ) . (120)

In the ‘temporal gauge’ (A_0 = 0), q = g^2 16π^2 ∫ d^4x ∂^μJ_μ = g^2 16π^2 Δx4=±∞ ∫ d^3x J_0 = 1 24π^2 Δx_4=±∞ ∫ d^3x ϵ^{ijk} tr ( ∂_igg^{−1}∂_j gg^{−1}∂_kgg^{−1} ) = n_+ − n_− . (121)

Thus, the Euclidean field configurations which interpolate between the vacua | n_+⟩, | n_−⟩ at x_4 = ±∞ have Pontryagin number q = n_+ − n_− and the path integral in (118) should be performed over all these configurations.

For a given q, there is a lower bound on S(A), S(A) ≥ 8π^2 g^2

| q | , (122)

which is saturated if and only if F_{μν} = ±F̃_{μν} , i.e, if the configuration is self-dual or self-antidual. For q=1, the self-dual classical solution is called instanton [89] and is given by (in the ‘singular’ gauge) A_{aμ}(x) = 2ρ^2 g(x − z)^2 η_{aμν} (x − z)^ν (x − z)^2 + ρ^2

, (123)

where η_{aμν} (a=1,2,3; μ,ν= 1,2,3,4) are the t’ Hooft symbols with η_{aij} = ϵ_{aij} (i,j=1,2,3), η_{a4i} = −δ_{ai}, η_{ai4} = δ_{ai} and η_{a44} = 0. The instanton depends on four Euclidean coordinates z_μ (its position) and its scale (or size) ρ. Two successive vacua | n⟩, | n + 1⟩ are separated by a potential barrier of height ∝ ρ^{−1}. The Euclidean action of the interpolating instanton is always equal to 8π^2/g^2, but the height of the barrier can be made arbitrarily small since the size ρ of the instanton can be taken arbitrarily large.

We now reintroduce the fermions into the theory and observe [87] that the baryon and lepton number currents carry anomalies, i.e.,

∂_μJ^μ_B = ∂_μJ^μ_L = −n_g g^2 16π^2 tr(F_{μν}F̃^{μν}) , (124) where n_g is the number of generations. Consequently, the tunneling from | n_−⟩ to | n_+⟩ is accompanied by a change of the baryon and lepton numbers ΔB = ΔL = −n_g q = −n_g(n_+ − n_−). We should note that i) Δ(B − L) = 0, and ii) for q=1, ΔB = ΔL = −3 which means that one lepton per family and one quark per family and color are annihilated (12-point function).

We, finally, reintroduce the electroweak Higgs doublet h whose vev is < h >= v √ 2 ( 0 1 ) , v ≈ 246 GeV. (125)

The instanton then ceases to exist as an exact solution. It is replaced by the so-called ‘restricted instanton’ [90] which is an approximate solution for ρ ≪ v^{−1}. For | x − z |≪ ρ, the gauge field of the ‘restricted instanton’ essentially coincides with that of the instanton and the Higgs field is h(x) ≈ v √ 2 ( (x − z)^2 (x − z)^2 + ρ^2

)_{1/2} ( 0 1 ) . (126)

For | x − z |≫ ρ, the gauge and Higgs fields decay to a pure gauge and the vev in (125) respectively. The action of the ‘restricted instanton’ is S_{ri} = (8π^2/g^2) + π^2v^2ρ^2 + · · ·, and thus the contribution of big size ‘restricted instantons’ to the path integral in (118) is suppressed. This justifies a posteriori the fact that we restricted ourselves to solutions with ρ ≪ v^{−1}.

The height of the potential barrier between the vacua | n⟩, | n + 1⟩ cannot be now arbitrarily small. Indeed, the static energy of the ‘restricted instanton’ at x_4 = z_4 (λ is the Higgs self-coupling), E_b(ρ) ≈ 3π^2 g^2 1 ρ + 3 8 π^2v^2ρ^2 + λ 4 π^2v^4ρ^3, (127)

is minimized for

ρ_{min} = √ 2 gv ( λ g^2 )_{−1/2} (( 1 64 + λ g^2 )_{1/2} − 1 8 )_{1/2} ∼ M^{−1}_W , (128)

and, thus, the minimal height of the potential barrier is E_{min} ∼ M_W /α_W (α_W = g^2/4π). The static solution which corresponds to the top (saddle point) of this potential barrier is called sphaleron [91] and is given by Ā = v f(ξ) ξ r̂ × τ̄ , h = v √ 2 t(ξ) r̂ · τ̄ ( 0 1 ) , (129)

where ξ = 2M_W r, r̂ is the radial unit vector in 3-space and the 3-vector τ̄ consists of the Pauli matrices. The functions f(ξ), t(ξ), which can be determined numerically, tend to zero as ξ → 0 and to 1 as ξ → ∞. The mass (static energy) of the sphaleron solution is estimated to be

E_{sph} = 2M_W α_W k , 1.5 ≤ k ≤ 2.7 , for 0 ≤ λ ≤ ∞ , (130) and lies between 10 and 15 TeV.

At T = 0 the tunneling from | n⟩ to | n + 1⟩ is utterly suppressed [87] by the factor exp(−8π^2/g^2). At high T ’s, however, thermal fluctuations over the potential barrier are frequent and the tunneling rate is [20,21] enhanced. For M_W^<_∼ T^<_∼ T_c (T_c is the critical temperature of the electroweak transition), this rate is calculated [21] by expanding around the sphaleron. We find

Γ ≈ 10^4 n_g v(T )^9 T^8 exp(−E_{sph}(T )/T ) . (131)

For a second order electroweak transition, v(T ), E_{sph}(T ) ∝ (1 − T^2/T^2_c )^{1/2}. We can then show that Γ ≫ H for T ’s between ∼ 200 GeV and ∼ T_c. Furthermore, for T ≥ T_c, where the sphaleron ceases to exist, it was argued [20,21] that we still have Γ ≫ H. The overall conclusion is that non-perturbative baryon and lepton number violating processes are in equilibrium in the universe for T^>_∼ 200 GeV. Note that B − L is conserved by these processes.

Given a primordial lepton asymmetry, one can calculate [78,79] the resulting n_B/s. In MSSM, the SU (2)_L instantons produce the effective operator

O_2 = (qqql)^{ng} (h̃^{(1)}h̃^{(2)})W̃^4, (132)

and the SU (3)_c instantons the operator

O_3 = (qqu^cd^c)^{ng}g̃^6, (133)

where q and l are the quark and lepton SU (2)_L doublets, u^c and d^c the up and down type antiquark SU (2)_L singlets, h^{(2)} the Higgs SU (2)_L doublet which couples to down type quarks, g and W the gluons and W bosons, and tilde denotes the superpartner. These interactions as well as the usual MSSM interactions are in equilibrium at high T ’s. The equilibrium number density of an ultrarelativistic particle species Δn ≡ n_{part} − n_{antipart} is given by Δn s = 15g 4π^2g_∗ ( μ T ) ϵ , (134)

where g is the number of internal degrees of freedom of the particle, μ its chemical potential and ϵ = 2 or 1 for bosons or fermions. For each interaction in equilibrium, the algebraic sum of the μ’s of the particles involved is zero. These constraints leave only two independent chemical potentials, μ_q and μ_{g̃}. The baryon and lepton asymmetries are then expressed [79] as n_B s = 30 4π^2g_∗T

(6n_gμ_q − (4n_g − 9)μ_{g̃}) , n_L s = − 45 4π^2g_∗T ( n_g(14n_g + 9) 1 + 2n_g μ_q + Ω(n_g )μ_{g̃} ) , (135)

where Ω(n_g) is a known [79] function. Soft SUSY breaking couplings come in equilibrium at T^<_∼ 10^7 GeV since their rate Γ_S ≈ m^2_{3/2}/T^>_∼ H ≈ 30 T^2/M_P .

In particular, the non-vanishing gaugino mass implies μ_{g̃} = 0. Equation (135) then gives [79] n_B s = 4(1 + 2n_g) 22n_g + 13 n_{B−L} s . (136)

Equating n_{B−L}/s with the primordial n_L/s, we get n_B/s = (−28/79)n_L/s, for n_g = 3. Note that it is crucial to generate a primordial n_{B−L}/s and not only a n_B /s (and n_L/s) since otherwise the final n_B/s will vanish. This is another reason which disfavors the creation of the BAU via the decay of superheavy color (anti)triplets since their interactions usually conserve B−L.

15 Conclusions

We have summarized the shortcomings of the SBB model. We have then shown how they are resolved by inflationary cosmology which suggests that the universe, in its early stages, underwent a period of exponential expansion driven by an almost constant ‘vacuum’ energy density. This may have happened during the GUT phase transition at which the Higgs field which breaks the GUT gauge symmetry was displaced from the vacuum. This field (inflaton) could then, for some time, roll slowly towards the vacuum providing the ‘vacuum’ energy density. Inflation generates the primordial density perturbations which are necessary for the large scale structure formation in the universe and the observed temperature fluctuations of the CMBR. After the end of inflation, the inflaton performs damped oscillations about the vacuum and eventually decays into light particles ‘reheating’ the universe.

The early realizations of inflation required ‘unnaturally’ small coupling constants. This problem was solved by the so-called hybrid inflationary scenario which uses two real scalar fields instead of one that was customarily used. One of them provides the ‘vacuum’ energy density for inflation while the other one is the slowly rolling field. Hybrid inflation arises ‘naturally’ in many SUSY GUTs. However, the cosmological disaster from the overproduction of GUT monopoles, which was avoided in earlier inflationary models, reappears in hybrid inflation. We have constructed two ‘natural’ extensions of SUSY hybrid inflation which do not suffer from the monopole problem.

We have shown that successful ‘reheating’ satisfying the gravitino constraint on the ‘reheat’ temperature takes place after the end of inflation in all three versions of hybrid inflation we have considered here. Adequate baryogenesis via a primordial leptogenesis occurs consistently with the solar and atmospheric neutrino oscillation data. The primordial lepton asymmetry is turned partly into baryon asymmetry via the electroweak sphaleron effects.

Acknowledgements

This work was supported by European Union under the RTN contracts HPRN-CT-2000-00148 and HPRN-CT-2000-00152.

References

1. For a textbook treatment see e.g., S. Weinberg: Gravitation and Cosmology (Wiley, New York 1972) E.W. Kolb, M.S. Turner: The Early Universe (Addison- Wesley, Redwood City, CA 1990) 2. J.G. Pati, A. Salam: Phys. Rev. Lett. 31, 661 (1973) H. Georgi, S. Glashow:

Phys. Rev. Lett. 32, 438 (1974) 3. G.F. Smoot et al.: Astrophys. J. Lett. 396, L1 (1992) C.L. Bennett et al.:

Astrophys. J. Lett. 464, 1 (1996) 4. G. ’t Hooft: Nucl. Phys. B 79, 276 (1974) A. Polyakov: JETP Lett. 20, 194 (1974) 5. J.P. Preskill: Phys. Rev. Lett. 43, 1365 (1979) 6. For a pedagogical discussion see e.g., P.J.E. Peebles: The Large-scale Structure of the Universe (Princeton University Press, Princeton 1980) G. Efstathiou: ‘Cosmological Perturbations’. In: The Physics of the Early Universe, ed. by J.A. Peacock, A.F. Heavens, A.T. Davies (Adam-Higler, Bristol 1990) pp. 361-463 7. A.H. Guth: Phys. Rev. D 23, 347 (1981) 8. For a textbook introduction see e.g., A.D. Linde: Particle Physics and Inflationary Cosmology (Harwood Academic Publishers, London 1990) 9. R.J. Scherrer, M.S. Turner: Phys. Rev. D 31, 681 (1985) 10. A.D. Linde: Phys. Lett. B 259, 38 (1991), Phys. Rev. D 49, 748 (1994) 11. E.J. Copeland, A.R. Liddle, D.H. Lyth, E.D. Stewart, D. Wands: Phys. Rev.

D 49, 6410 (1994) 12. G. Dvali, R.K. Schaefer, Q. Shafi: Phys. Rev. Lett. 73, 1886 (1994) 13. G. Lazarides, C. Panagiotakopoulos: Phys. Rev. D 52, 559 (1995) 14. T.W.B. Kibble: J. Phys. A 9, 1387 (1976), Phys. Reports 67, 183 (1980) 15. R. Jeannerot, S. Khalil, G. Lazarides, Q. Shafi: JHEP 0010, 012 (2000) 16. R. Jeannerot, S. Khalil, G. Lazarides: Phys. Lett. B 506, 344 (2001) 17. M.Yu. Khlopov, A.D. Linde: Phys. Lett. B 138, 265 (1984) J. Ellis, J.E. Kim, D.V. Nanopoulos: Phys. Lett. B 145, 181 (1984) M. Kawasaki, T. Moroi: Prog. Theor. Phys. 93, 879 (1995) 18. G. Lazarides: hep-ph/9802415, Springer Trac. Mod. Phys. 163, 227 (2000) (hepph/9904428) 19. M. Fukugita, T. Yanagida: Phys. Lett. B 174, 45 (1986) W. Buchmüller, M.

Plümacher: Phys. Lett. B 389, 73 (1996). In the context of inflation see G. Lazarides, Q. Shafi: Phys. Lett. B 258, 305 (1991) G. Lazarides, C. Panagiotakopoulos, Q. Shafi: Phys. Lett. B 315, 325 (1993), (E) ibid. 317, 661 (1993) 20. S. Dimopoulos, L. Susskind: Phys. Rev. D 18, 4500 (1978) 21. V.A. Kuzmin, V.A. Rubakov, M. Shaposhnikov: Phys. Lett. B 155, 36 (1985) P. Arnold, L. McLerran: Phys. Rev. D 36, 581 (1987) 22. W. Freedman et al.: Astrophys. Journal 553, 47 (2001) 23. C. Pryke et al.: astro-ph/0104490 24. S. Burles, K.M. Nottell, M.S. Turner: Astrophys. Journal 552, 1 (2001) 25. J. Mohr et al.: Astrophys. Journal 517, 627 (1998) L. Grego et al.: Astrophys.

Journal 552, 2 (2001) 26. B.P. Schmidt et al.: Astrophys. Journal 507, 46 (1998) A.G. Riess et al.: Astron.

J. 116, 1009 (1998) S. Perlmutter et al.: Bull. Am. Astron. Soc. 29, 1351 (1997), Astrophys. Journal 517, 565 (1999) 27. S. Perlmutter, M.S. Turner, M. White: Phys. Rev. Lett. 83, 670 (1999)

28. D.A. Kirzhnits, A.D. Linde: Phys. Lett. B 42, 471 (1972) 29. M. Yoshimura: Phys. Rev. Lett. 41, 381 (1978) D. Toussaint, S. Treiman, F.

Wilczek, A. Zee: Phys. Rev. D 19, 1036 (1979) S. Weinberg: Phys. Rev. Lett. 42, 850 (1979) A.Y. Ignatiev, N.Y. Krosnikov, V.A. Kuzmin, A.N. Tavkhelidze: Phys. Lett. B 76, 326 (1978) J. Ellis, M.K. Gaillard, D.V. Nanopoulos: Phys. Lett. B 80, 360 (1978) 30. H.B. Nielsen, P. Olesen: Nucl. Phys. B 61, 45 (1973) 31. Ya.B. Zeldovich, I.Yu. Kobzarev, L.B. Okun: JETP (Sov. Phys.) 40, 1 (1975) 32. Ya.B. Zeldovich: Mon. Not. Roy. Astr. Soc. 192, 663 (1980) 33. G. Lazarides, Q. Shafi: Phys. Lett. B 115, 21 (1982) 34. See e.g., P.J.E. Peebles, D.N. Schramm, E.L. Turner, R.G. Kron: Nature 352, 769 (1991) 35. V.L. Ginzburg: Sov. Phys. -Solid State 2, 1824 (1960) 36. E.R. Harrison: Phys. Rev. D 1, 2726 (1970) Ya.B. Zeldovich: Mon. Not. Roy.

Astr. Soc. 160, 1 (1972) 37. A.D. Linde: Phys. Lett. B 108, 389 (1982) A. Albrecht, P.J. Steinhardt: Phys.

Rev. Lett. 48, 1220 (1982) 38. A.D. Linde: JETP Lett. 38, 149 (1983), Phys. Lett. B 129, 177 (1983) 39. G. Lazarides, Q. Shafi: Phys. Lett. B 94, 149 (1980) 40. G. Lazarides, Q. Shafi: Phys. Lett. B 124, 26 (1983), ibid. 148, 35 (1984), ibid.

372, 20 (1996), ibid. 489, 194 (2000) 41. G. Lazarides, C. Panagiotakopoulos, Q. Shafi: Phys. Rev. Lett. 58, 1707 (1987) 42. A. Albrecht, P.J. Steinhardt, M.S. Turner, F. Wilczek: Phys. Rev. Lett.

48, 1437 (1982) L.F. Abbott, E. Farhi, M. Wise: Phys. Lett. B 117, 29 (1982) A. Dolgov, A.D. Linde: Phys. Lett. B 116, 329 (1982) 43. P.J. Steinhardt, M.S. Turner: Phys. Rev. D 29, 2162 (1984) 44. M.S. Turner: Phys. Rev. D 28, 1243 (1983) 45. S.W. Hawking: Nature 248, 30 (1974), Commun. Math. Phys. 43, 199 (1975) 46. G.W. Gibbons, S.W. Hawking: Phys. Rev. D 15, 2752 (1977) 47. T. Bunch, P.C.W. Davies: Proc. Roy. Soc. London A 360, 117 (1978) 48. A. Vilenkin, L. Ford: Phys. Rev. D 26, 1231 (1982) A.D. Linde: Phys. Lett. B 116, 335 (1982) A.A. Starobinsky: Phys. Lett. B 117, 175 (1982) 49. W. Fischler, B. Ratra, L. Susskind: Nucl. Phys. B 259, 730 (1985) 50. J.M. Bardeen, P.J. Steinhardt, M.S. Turner: Phys. Rev. D 28, 679 (1983). For a review see e.g.,V.F. Mukhanov, H.A. Feldman, R.H. Brandenberger: Phys. Reports 215, 203 (1992) 51. G. Lazarides, Q. Shafi: Phys. Lett. B 308, 17 (1993) 52. J.M. Bardeen: Phys. Rev. D 22, 1882 (1980) H. Kodama, M. Sasaki: Prog.

Theor. Phys. 72, 1 (1984) 53. L.F. Abbott, R.K. Schaefer: Astrophys. Journal 308, 546 (1986) R.K. Schaefer:

Int. J. Mod. Phys. A 6, 2075 (1991) 54. R.K. Sachs, A.M. Wolfe: Astrophys. Journal 147, 73 (1967) 55. V.A. Rubakov, M. Sazhin, A. Veryaskin: Phys. Lett. B 115, 189 (1982) R.

Fabbri, M. Pollock: Phys. Lett. B 125, 445 (1983) B. Allen: Phys. Rev. D 37, 2078 (1988) L.F. Abbott, M. Wise: Nucl. Phys. B 244, 541 (1984) M. White: Phys. Rev. D 46, 4198 (1992) 56. D.S. Goldwirth, T. Piran: Phys. Reports 214, 223 (1992) 57. G. Lazarides, N.D. Vlachos: Phys. Rev. D 56, 4562 (1997) N. Tetradis: Phys.

Rev. D 57, 5997 (1998)

58. C. Panagiotakopoulos, N. Tetradis: Phys. Rev. D 59, 083502 (1999) 59. G. Lazarides, N. Tetradis: Phys. Rev. D 58, 123502 (1998) 60. C. Panagiotakopoulos: Phys. Lett. B 459, 473 (1999) 61. S. Coleman, E. Weinberg: Phys. Rev. D 7, 1888 (1973) 62. G. Lazarides, R.K. Schaefer, Q. Shafi: Phys. Rev. D 56, 1324 (1997) 63. A.R. Liddle, D.H. Lyth: Phys. Lett. B 291, 391 (1992) 64. E. Cremmer et al.: Phys. Lett. B 79, 231 (1978), Nucl. Phys. B 147, 105 (1979) E. Witten, J. Bagger: Phys. Lett. B 115, 202 (1982) E. Cremmer, S. Ferrara, L. Girardello, A. van Proeyen: Phys. Lett. B 116, 231 (1982), Nucl. Phys. B 212, 413 (1983) J. Bagger: Nucl. Phys. B 211, 302 (1983) 65. E.D. Stewart: Phys. Rev. D 51, 6847 (1995) 66. C. Panagiotakopoulos: Phys. Lett. B 402, 257 (1997) 67. G. Lazarides: Nucl. Phys. B 252, 207 (1985) 68. J.C. Pati, A. Salam: Phys. Rev. D 10, 275 (1974) 69. G. Lazarides, M. Magg, Q. Shafi: Phys. Lett. B 97, 87 (1980) 70. G. Lazarides, Q. Shafi, T.N. Tomaras: Phys. Rev. D 39, 1239 (1989) 71. G. Lazarides, N.D. Vlachos: Phys. Lett. B 459, 482 (1999) 72. G. Lazarides: PRHEP-trieste99/008 (hep-ph/9905450) 73. G. Lazarides, Q. Shafi: Phys. Rev. D 58, 071702 (1998) G. Lazarides: Phys.

Lett. B 452, 227 (1999) 74. G. Lazarides, Q. Shafi, C. Wetterich: Nucl. Phys. B 181, 287 (1981) C. Wetterich: Nucl. Phys. B 187, 343 (1981) R.N. Mohapatra, G. Senjanovic: Phys. Rev. D 23, 165 (1981) R. Holman, G. Lazarides, Q. Shafi: Phys. Rev. D 27, 995 (1983) 75. L. Krauss, M.S. Turner: Gen. Rel. Grav. 27, 1137 (1995) J.P. Ostriker, P.J.

Steinhardt: Nature 377, 600 (1995) A.R. Liddle, et al.: Mon. Not. Roy. Astr. Soc. 282, 281 (1996) 76. J.R. Primack, M.A.K. Gross: astro-ph/9810204 77. Q. Shafi, X.M. Wang: unpublished (1990) L. Ibanez, G.G. Ross: Nucl. Phys. B 368, 3 (1992) and last paper in Ref.[19] 78. J.A. Harvey, M.S. Turner: Phys. Rev. D 42, 3344 (1990) 79. L.E. Ibáñez, F. Quevedo: Phys. Lett. B 283, 261 (1992) 80. L. Covi, E. Roulet, F. Vissani: Phys. Lett. B 384, 169 (1996) 81. G. Lazarides, Q. Shafi, N.D. Vlachos: Phys. Lett. B 427, 53 (1998) 82. A. Pilaftsis: Phys. Rev. D 56, 5431 (1997) 83. C. Giunti: hep-ph/9802201.

84. M. Apollonio et al.: Phys. Lett. B 420, 397 (1998) 85. J.N. Bahcall, P.I. Krastev, A.Yu. Smirnov: Phys. Rev. D 58, 096016 (1998), ibid. 60, 093001 (1999) 86. S. Fukuda et al.: Phys. Rev. Lett. 85, 3999 (2000) 87. G. ’t Hooft: Phys. Rev. Lett. 37, 8 (1976), Phys. Rev. D 14, 3432 (1976) 88. C. Callan, R. Dashen, D. Gross: Phys. Lett. B 63, 334 (1976) R. Jackiw, C.

Rebbi: Phys. Rev. Lett. 37, 172 (1976) 89. A.A. Belavin, A. Polyakov, A. Schwartz, Y. Tyupkin: Phys. Lett. B 59, 85 (1975) 90. I. Affleck: Nucl. Phys. B 191, 429 (1981) 91. N.S. Manton: Phys. Rev. D 28, 2019 (1983) F.R. Klinkhamer, N.S. Manton:

Phys. Rev. D 30, 2212 (1984)