arXiv:hep-ph/0111446 v1 30 Nov 2001

CHAPMAN-ENSKOG EXPANSION OF THE BOLTZMANN EQUATION AND ITS DIAGRAMMATIC INTERPRETATION

M.E. CARRINGTON^{A,B} , HOU DEFU^{A,B,C} AND R. KOBES^{B,D} a Department of Physics, Brandon University, Brandon, MB,R7A 6A9 Canada b Winnipeg Institute for Theoretical Physics, Winnipeg, Canada c Institute of Particle Physics, Huazhong Normal University, 430070 Wuhan, China d University of Winnipeg, Winnipeg, Manitoba, R3B 2E9 Canada

We perform a Chapman-Enskog expansion of the Boltzmann equation keeping up to quadratic contributions. We obtain a generalized nonlinear Kubo formula, and a set of integral equations which resum ladder and extended ladder diagrams. We show that these two equations have exactly the same structure, and thus provide a diagrammatic interpretation of the Chapman-Enskog expansion of the Boltzmann equation, up to quadratic order.

Fluctuations occur in a system perturbed slightly away from equilibrium. The responses to these fluctuations are described by transport coefficients^1. The investigation of transport coefficients in high temperature gauge theories is important in cosmological applications such as electroweak baryogenesis and in the context of heavy ion collisions . There are two basic methods to calculate transport coefficients: transport theory and linear response theory

2,3,4. To date, most calculations of transport coefficients have been done to

the order of linear response. In many physical situations however nonlinear response can be important. In this talk, we study nonlinear response using transport theory quantum field theory, and explain the connection between these approaches.

In a system that is out of equilibrium, the existence of gradients in thermodynamic parameters give rise to thermodynamic forces which lead to deviations from the equilibrium expectation value of the viscous shear stress:

δ⟨π_{μν}⟩ = η^{(1)}H_{μν} + η^{(2)}H^{T 2}_{μν} + · · · (1)

H_{μν} = ∂_μu_ν + ∂_ν u_ν − 2 3 Δ_{μν} Δ_{ρσ}∂^ρu^σ, H^{T 2}_{μν} := H_{μρ}H^ρ_ν − 1 3 Δ_{μν}H_{ρσ}H^{ρσ} where u_μ(x) is the four dimensional four-velocity field which satisfies u^μ(x)u_μ(x) = 1. The first coefficient is the usual shear viscosity. The second has has not been widely discussed in the literature – we will call it the quadratic shear viscous response.

The Boltzmann equation can be used to calculate transport properties for weak coupling λϕ^4 theory with zero chemical potential^5. We introduce a phase space distribution function f(x, k) (the underlined momenta are on shell). The form of f(x, k) in local equilibrium is,

f^{(0)} = 1 e^{β(x)uμ(x)kμ} − 1 := n_k ; N_k := 1 + 2n_k . (2)

We expand f around f^0 using a gradient expansion in the local rest frame where ⃗u(x) = 0. We keep only linear terms that contain one power of H_{μν} and quadratic terms that contain two powers of H_{μν},. We write, f = f^{(0)} + f^{(1)} + f^{(2)} + · · ·. The viscous shear stress tensor is given by ⟨π_{ij}⟩ = ∫ d^3k (2π)^32ω_k f (k_ik_j − 1 3 δ_{ij} k^2) . (3)

Using the gradient expansion of f to calculate ⟨π_{ij}⟩ and comparing with (1) we have,

η^{(1)} = β 15 ∫ d^3k (2π)^32ω_k n_k(1 + n_k)k^2B(k) (4)

η^{(2)} =

2β^2 105 ∫ d^3k (2π)^32ω_k

[n_k(1 + n_k)N_k]k^2C(k) . (5)

We show that B(k) and C(k) can be obtained from the first two equations in the hierarchy of equations obtained from the Enskog expansion of the Boltzmann equation. The first order equation can be cast into^{5,9}, I_{ij}(k) = 1 2 ∫ 123 d Γ_{12↔3k}d_n[B_{ij}(p_1) + B_{ij} (p_2) − B_{ij}(k) − B_{ij} (p_3) ] (6)

where d_n = (1+n_1)(1+n_2)n_3/(1+n_k). The second order Bolzmann equation leads to^9, N_kI_{ij}(k)B_{lm} (k) = 1 2 ∫ 123 d Γd_n {[N_1C_{ijlm}(p_1) + N_2C_{ijlm}(p_2) − N_kC_{ijlm}(k)

−N_3C_{ijlm}(p_3)] + 1 2 [N_{12}B_{ij} (p_1)B_{lm} (p_2) − N_{k3}B_{ij} (p_3)B_{lm} (k) + Ñ_{31}B_{ij}(p_1)B_{lm} (p_3)

+Ñ_{k1}B_{ij}(p_1)B_{lm} (k) + Ñ_{32}B_{ij} (p_3)B_{lm}(p_2) + Ñ_{k2}B_{ij} (k)B_{lm} (p_2)]}

where we used N_{ij} = N_i + N_j, Ñ_{ij} = N_i − N_j (i, j = 1, 2, 3, k). This equation can be solved self consistently for the quantity C_{ijlm}(k) using the result for B_{ij} (k) from (6).

Now we turn to response calculation^4. We work with the density matrix in the Heisenberg representation which satisfies^{∂ρ}_{∂t} = 0 and write ρ = e^{−A+B} /Tre^{−A+B} where A = ∫ d^3xF^νT_{0ν} and B(t) = ∫ d^3x ∫_t −∞ dt^′e^{ϵ(t′−t)}T_{μν} (x, t^′)∂^μF^ν(x, t^′) with F^μ = βu^μ and ϵ to be taken to zero at the end. Here A is the equilibrium part of the Hamiltonian and B is a perturbative contribution. We expand the density matrix in B and find the shear viscosity

η^{(1)} = 1 10 d dq_0 Im[lim_{⃗q→0} D_R(Q)]|_{q0=0} . (7)

This is the well known Kubo formula^{3,4}. The quadratic shear viscous result can be written as a retarded three-point correlator^8:

η^{(2)} = 3 70 d dq_0 d dq^′_0 Re [lim_{⃗q→0} G_{R1}(−Q − Q^′, Q, Q^′)]|_{q0=q}′_{0 =0}

We have obtained a type of nonlinear Kubo formula that allows us to obtain the quadratic shear viscous response from a retarded three-point function using equilibrium quantum field theory.

Next we obtain a perturbative expansion for the correlation functions of composite operators D_R(x, y) and G_{R1}(x, y, z) which appear in (7) and (8). We use the CTP formulation and work in the Keldysh representation. We define the vertices Γ_{ij} and M_{ijlm} by truncating external legs from the following connected vertices: Γ^C_{ij} = ⟨T_cπ_{ij}(x)ϕ(y)ϕ(z)⟩, M^C_{ijlm} = ⟨T_cπ_{ij}(x)π_{lm}(y)ϕ(z)ϕ(w)⟩ where π_{ij}(x) = ∂_iϕ(x)∂_jϕ(x) − 1 3 δ_{ij}(∂_mϕ(x))(∂_mϕ(x)). These definitions allow us to write the two- and threepoint correlation functions as integrals of those vertices. Using the Kubo formulea above we obtain^9,

η^{(1)} = β 15 ∫ dK k^2 ρ_kn_k(1 + n_k) [ ReΓ_{R2}(K) ImΣ_k ] (8) η^{(2)} = −

2β^2 105 ∫ dK k^2ρ_kn_k(1 + n_k)N_k [ ReM_{R1}(K) ImΣ_k ] . (9)

Comparing with (4) and (5) we see that the results are identical if we identify B(k) = ReΓ_{R2}(k)

ImΣ_k , C(k) = − ReM_{R1}(k) ImΣ_k

(10)

with the momentum K on the shifted mass shell: δ(K^2 − m^2_{th}) where m^2_{th} = m^2 + ReΣ_K .

It is well known that ladder diagrams give the dominate contributions to the vertex Γ_{ij}. They contribute to the viscosity to the same order in perturbation theory as the bare one loop graph and thus need to be included in a resummation. The integral equation that one obtains from resumming ladder contributions to the three-point vertex has exactly the same form as the equation obtained from the linearized Boltzmann equation (6) with a shifted mass shell describing effective thermal excitations^{5,9}.

Following the pinch effect argument^{5,8}, one can show that an infinite set of ladder graphs and some other contributions which we will call extended ladder graph contribute to the same order to vertex M_{ijlm} as the tree diagram. Therefore, for consistent calculation, we consider an integral equation which resums all of these diagrams, as shown in Fig. 1.

Fig. 1: Integral equation for an extended-ladder resummation.

This Integral equation can be cast into^8:

N_kI_{ij} Γ^{lm}_{R2}(K) ImΣ_k = λ^2 12 ∫ 123 (2π)^4δ^4_{123K}d_nρ_1ρ_2ρ_3[

N_{p3} M^{ijlm}_{R1} (P_3) ImΣ_{p3}

(11) + N_kM^{ijlm}_{R1} (K) ImΣ_k − N_{p1} M^{ijlm}_{R1} (P_1) ImΣ_{p1} − N_{p2} M^{ijlm}_{R1} (P_2) ImΣ_{p2} + 1 2 {N_{12} Γ^{ij}_{R2}(P_1) ImΣ_{p1}

Γ^{lm}_{R2}(P_2) ImΣ_{p2} − N_{k3} Γ^{ij}_{R2}(K) ImΣ_k

Γ^{lm}_{R2}(P_3) ImΣ_{p3}

+ Ñ_{31}

Γ^{ij}_{R2}(P_1) ImΣ_{p1}

Γ^{lm}_{R2}(P_3) ImΣ_{p3}

+Ñ_{k1}

Γ^{ij}_{R2}(P_1) ImΣ_{p1}

Γ^{lm}_{R2}(K) ImΣ_k

+ Ñ_{32}

Γ^{ij}_{R2}(P_3) ImΣ_{p3}

Γ^{lm}_{R2}(P_2) ImΣ_{p2}

+ Ñ_{k2}

Γ^{ij}_{R2}(K) ImΣ_k

Γ^{lm}_{R2}(P_2) ImΣ_{p2} }] Note that once again we have obtained an integral equation that is decoupled: it only involves M_{R1} and Γ_{R2}. With Γ_{R2} determined from the integral equation for the ladder resummation, (11) can be solved to obtain M_{R1}. Finally, comparing (9) and (11) with (5) and (7) we see that calculating the quadratic shear viscous response using transport theory describing effective thermal excitations and keeping terms that are quadratic in the gradient of the four-velocity field in the expansion of the Boltzmann equation is equivalent to calculating the same response coefficient from quantum field theory at finite temperature using the next-to-linear response Kubo formula with a vertex given by a specific integral equation. This integral equation shows that the complete set of diagrams that need to be resummed includes the standard ladder graphs, and an additional set of extended ladder graphs. Some of the diagrams that contribute to the viscosity are shown in Fig. 2.

Fig. 2: Some of the ladder and extended ladder diagrams that contribute to quadratic shear viscous response.

This result provides a diagrammatic interpretation of the Chapman- Enskog expansion of Boltzmann equation, up to quadratic order.

Acknowledgments

This work was partly supported by NSFC and NSERC

References

1. S.R. de Groot, W.A. van Leeuwen, and Ch.G. van Weert, Relativistic Kinetic Theory, (North-Holland Publishing, 1980).

2. G. Baym, et al , Phys. Rev. Lett. 64, 1867 (1990).

3. D.N. Zubarev, Nonequilibrium Statistical Thermodynamics, (Plenum, New York, 1974).

4. A. Hosoya, M. Sakagami, and M. Takao, Ann. of Phys. (NY) 154, 229 (1984), and references therein.

5. S. Jeon, Phys. Rev. D52, 3591 (1995); S. Jeon and L. Yaffe, Phys. Rev. D 53, 5799 (1996).

6. R.D. Pisarski, Phys. Rev. Lett. 63, 1129 (1989) 7. P. Arnold, D. T. Son and L. G. Yaffe, Phys. Rev. D59, 105020 (1999). 8. M.E. Carrington, Hou Defu and R. Kobes, Phys. Rev. D64, 025001 (2001) 9. M.E. Carrington, Hou Defu and R. Kobes, Phys. Rev. D62, 025010 (2000).