arXiv:hep-ph/0112056 v2 14 Dec 2002

Preprint SSU-HEP-01-09 Samara State University

ONE-LOOP CORRECTIONS OF ORDER (Zα)^6m_1/m_2, (Zα)^7 TO THE MUONIUM FINE STRUCTURE^∗

R.N.Faustov^† 117333, Moscow, Vavilov, 40, Scientific Council ”Cybernetics” RAS

A.P.Martynenko^‡ 443011, Samara, Pavlov, 1, Department of Theoretical Physics, Samara State University (December 14, 2002)

The corrections of order (Zα)^6m1 /m2 and (Zα)^7 from one-loop two-photon exchange diagrams to the energy spectra of the hydrogenic atoms are calculated with the help of the Taylor expansion of corresponding integrands. The method of averaging the quasipotential over the wave functions in the d-dimensional coordinate space is formulated. The numerical values of the obtained contributions to the fine structure of muonium, hydrogen and positronium are presented.

I. INTRODUCTION

The study of perturbative effects of higher order in α (α is the fine structure constant) in the energy spectra of the positronium and muonium is of great practical importance for testing the bound state theory in quantum electrodynamics. In the past few years considerable progress has been made towards that goal [1]. First of all it is determined by an increase of the accuracy in the measurement of the fine and hyperfine structure in these leptonic systems. Thus, the experimental error for the muonium ground state hyperfine splitting was reduced by a factor of three [2]:

Δν^{exp}_{HFS}(Mu) = 4 463 302 765(53) Hz (1)

Even larger increase of the precision was reached in the measurement of the interval 1S ÷ 2S in the muonium on the basis of the Doppler-free two-photon spectroscopy [3]:

Δν^{exp}_{Mu} (2^3S_1 ÷ 1^3S_1) = 2 455 528 941.0(9.8) MHz. (2)

The value of the same interval in positronium obtained some years ago is the following [4]:

Δν^{exp}_{Ps} (2^3S_1 ÷ 1^3S_1) = 1 233 607 216.4(3.2) MHz. (3)

One of the most precise experiment in the spectroscopy of simple atomic systems is the measurement of the hydrogen gross structure 1S ÷ 2S [5]:

Δν_H(2S − 1S) = 2 466 061 413 187.34(84) kHz (4)

On the other hand this progress results from the development of the computer methods for the calculation of Feynman amplitudes and the appearance of nonrelativistic quantum electrodynamics (NRQED) [6,7,8] for the calculation of the bound state energy spectra at the nonrelativistic scale. Due to performed calculations there were obtained some new contributions to the energy levels of hydrogen-like systems: corrections of order (Zα)^6m_1/m_2 to the muonium fine

∗Talk presented at the XVI International Workshop on High Energy Physics and Quantum Field Theory (QFTHEP), Moscow, 6-12 September, 2001 †E-mail: faustov@theory.sinp.msu.ru ‡E-mail: mart@info.ssu.samara.ru structure [9,10,11,12,13,14], corrections of order mα^6 to the positronium fine and hyperfine structure [15,16,17,18,19], logarithmic contributions O(mα^7ln^2α) to the positronium spectrum [20,21] and also the logarithmic corrections of order O(α^7 ln α) to the muonium and the positronium hyperfine splittings [22,23]. Calculation of loop integrals which represent the corrections to the Coulomb potential by the perturbation theory is complicated problem because of the presence of the essentially different energy scales determined the behaviour of the integrands. The following four scales can be introduced in terms of the loop energy p^0 and the loop three momentum p [24,25]:

hard momentum region : p^0 ∼ μ, |p| ∼ μ, (5)

potential region : p^0 ∼ μα^2, |p| ∼ μα, (6)

soft momentum region : p^0 ∼ μα, |p| ∼ μα, (7)

ultrasoft momentum region : p^0 ∼ μα^2, |p| ∼ μα^2, (8)

where the mass parameter μ is determined by the masses of the particles m_1, m_2. There are two approaches to the calculation of the definite order contribution on α. the first one is related with the explicit extraction of the small parameter in the corresponding QED Feynman amplitudes which than can be expanded in Taylor series in one of the energy regions (5)-(8) [14,26,27,28]. The second approach realized in NRQED consists in the formulation of such procedure already at the Lagrangian level [6,7,8]. In present work which is the sequel of [14] we study the contributions of order (Zα)^6 and (Zα)^7 to the spectra of muonium and positronium from one-loop Feynman amplitudes using the first approach. The method of dimensional regularization and Taylor series allows to construct the interaction operator of the particles in the momentum and the coordinate representations. Numerically the order factors are equal to (Zα)^6m^2_e/m_μ=0.0902 MHz and m_eα^7=0.136 MHz so the calculation of the mentioned contributions is very actual especially for their confrontation with experimental data (1) and (4).

II. CONTRIBUTIONS OF ORDER (Zα)^6M1 /M2 TO THE MUONIUM FINE STRUCTURE.

Simple counting of the Zα powers in the two-photon exchange diagrams in Fig.1 shows, that they can contribute in the order (Zα)^2 · (Zα)^3 = (Zα)^5. Here the first factor is connected with exchanged photons and the second one is determined by the wave functions of the bound state. At the same time the availability of the relative motion momentum of the particles in the initial state p (|p| ∼ μα) and in the final state q (|q| ∼ μα) in these 2γ amplitudes lead to the appearance of the higher order contributions on α. First of all we formulate here the approach to the calculation of definite order corrections and then calculate the contributions containing additional degree Zα and the ratio of the electron to muon masses m_1/m_2 = 0.004836. This approach can be used also for the positronium spectrum if we don’t employ some simplifications in the 2γ Feynman amplitudes connected with small value m_1/m_2. The general structure of the integrals describing the quasipotential remains unchanged in this case.

Our calculations are based on a local quasipotential equation of the Schroedinger type [14]: ( b^2 2μ_R − p^2 2μ_R ) ψ_M(p) = ∫ dq (2π)^3

V(p, q, M)ψ_M(q), (9)

where b^2 = E^2_1 − m^2_1=E^2 − m^2, μ_R = E_1E_2/M is the relativistic reduced mass, M = E_1 + E_2 is the mass of the bound state, ψ_M(p) is the quasipotential wave function. For the initial approximation of the quasipotential V(p, q, M) for the bound system we take the ordinary Coulomb potential.

To construct the interaction operator of the particles corresponding to 2γ amplitudes we used also the projection operators π̂_{S=0} and π̂_{S=1} on the states with total spin S=0 and 1 in the system (e^−μ^+):

π̂_{S=0} =

P̂ + M 2 √ 2M γ_5, π̂_{S=1} =

P̂ + M 2 √ 2M ϵ̂, (10)

where ϵ^μ is the polarization vector for the state^3S_1, ϵ̂ = ϵ^μγ_μ.

p_2 = (E_2, −p) p_1 = (E_1, p)

q_2 = (E_2, −q) q_1 = (E_1, q)

k-p k-q

(E_1 + k_0, k)

(E_2 − k_0, −k) FIG. 1. Two-photon exchange Feynman diagrams. P = p1 + p2 is the total momentum of the two-particle bound state, p,q are the relative four-momenta of particles in the initial and final states.

The contribution of diagram (a) Fig.1 takes the form (we consider further only triplet states^3S_1):

V^{(a)}_{2γ} (p, q) = i(Zα)^2 π^2 ∫ f_1(k, m_1, m_2)d^4k (k − p)^2(k − q)^2D_1(k)D_2(−k)

, (11)

f_1(k, m_1, m_2) = m_2(4m_1 + 2k^0) + 2m_1k^0 − 2k^{02} + 2 3 k^2.

The denominator of the electron propagator D_1(k)= k^2 + 2m_1k^0 + b^2. But corresponding muon denominator can be simplified taking into account the small parameter m_1/m_2 and neglecting by the muon kinetic energy in the intermediate state: D_2(−k) ≈ 2m_2(−k^0 + iϵ). The crossed two-photon diagram (b) Fig.1 gives the similar contribution:

V^{(b)}_{2γ} (p, q) = i(Zα)^2 π^2 ∫ f_2(k, m_1, m_2)d^4k (k − p)^2(k − q)^2D_1(k)D_2(−k + p + q)

, (12)

f_2(k, m_1, m_2) = m_2(4m_1 + 2k^0) + 2m_1k^0 + 6k^{02} + 10 3 (pk + qk − k^2).

Direct two-photon amplitude (a) Fig.1 contains the contribution of lower order on α (∼ α^3) which is cancelled by the iteration part of the quasipotential V_{1γ} × G^f × V_{1γ} [14]. To extract such term we transform the product of the electron and muon denominators as follows [25]: 1 D_1(k)D_2(−k) = −2πiδ(k^0) −2E(k^2 − b^2) − 1 2E [ 1 (k^0 + i0)D_1(k) + 1 (−k^0 + i0)D_2(−k) ] . (13)

Omitting the first term in the right part of (12) corresponding to free two-particle propagator we can present the sum of potentials V^{(a)}_{2γ} +V^{(b)}_{2γ} in the form:

V_{2γ} (p, q) = V^{(a)}_{2γ} (p, q) + V^{(b)}_{2γ} (p, q) = i(Zα)^2 6m_2π^2 ∫ d^4k (k − p)^2(k − q)^2

× (14)

× [ 12m^2_1 + 18m_1k^0 + 24k^{02} − 12k^2 + 10k(p + q) (k^0 + i0)D_1(k) − 6m_1 + 3k^0 (−k^0 + i0)^2 ] . Consider first of all the necessary order contribution of (14) in the potential region (6). In this case the integration over k^0 is determined by the residue in the pole of the electron propagator, which can be presented as Taylor expansion: 1 k^{02} − k^2 + 2m_1k^0 + b^2 = ∞∑ n=0 (−k^{02})^n (−k^2 + 2m_1k^0 + b^2)^{n+1}

. (15)

The expansion of photon propagators in the potential region looks as follows: 1 k^{02} − (k − p)^2 = ∞∑ n=0 (−k^{02})^n [−(k − p)^2]^{n+1}

. (16)

Multiplying the expansions (15) and (16) we observe the next structure of (14):

V^{pot}_{2γ} (p, q) ∼ ∫ d^4k [ 1 −(k − p)^2 − k^{02} (k − p)^4 − k^{04} (k − p)^6 − . . . ] × (17)

× [ 1 −(k − q)^2 − k^{02} (k − q)^4 − k^{04} (k − q)^6 − . . . ] 1 (k^0 + i0) ×

× [ 1 −k^2 + 2m_1k^0 + b^2 − k^{02} (−k^2 + 2m_1k^0 + b^2)^2 − k^{04} (−k^2 + 2m_1k^0 + b^2)^3 − . . . ] . The integral (17) contains corrections of different order on α which is determined by the corresponding factors after integration over k^0 in the pole of electron propagator. Existing contribution of order (Zα)^6 in Eq. (17) is determined by the following typical integral:

J(p, q) = ∫ dk (2π)^3

(k^2)^α (k^2 − 2kp + p^2)^β(k^2 − 2kq + q^2)^γ

, (18)

where the degrees α, β, γ can be different, but the sum 2α + 3 − 2β − 2γ = 1. The contribution to the energy spectrum of this system can be obtained after averaging J(p, q) over Coulomb wave functions. The characteristic integrals (18) are divergent just as in ultraviolet region so also in infrared one. The reason of these divergences lies in the used Taylor expansions of the integral function in Eq. (14) which we made to extract the necessary order contribution on α. The initial integral (14) is finite so all divergences in the intermediate expressions of the type (18) must be cancelled in the sum. There are two ways for the calculation of the average value < J(p, q) >:

1. The integration (18) over k can be done by means of the dimensional regularization. Extracting the finite part of the result we can construct the Fourier transform and averaging it on Coulomb wave functions in the r-space.

2. Carrying out the Fourier transform of Eq. (18) directly we can then average it in coordinate space. We used both approaches for the calculation of the contributions (Zα)^6m_1/m_2 in the muonium energy spectrum. The transition to the d-dimensional space allows to regularize the expression of the quasipotential both in the relativistic region of the intermediate momenta and in nonrelativistic one. The results of the integrations (18) for different functions are presented in the Table I.

The region of the soft momenta (7) gives the necessary order contributions to the muonium S-states. In this case the value of the integral (14) is determined by the residue in the photon poles. The expansion of the electron propagator in the region (7) takes the form: 1 k^{02} − k^2 + 2m_1k^0 + b^2 = ∞∑ n=0 (k^{02} − k^2 + b^2)^n (2m_1k^0)^{n+1}

. (19)

Using it we have the following standard integrals in Eq. (14):

I_{soft}(p, q) ∼ ∞∑ n=0 ∫ d^4k (k − p)^2(k − q)^2 1 (k^0 + i0)

(k^{02} − k^2 + b^2)^n

(2m_1k^0)^{n+1}

. (20)

Since the function in the numerator of Eq. (14) contains the terms of order 1, α, α^2, the sum (20) gives the contributions of order O(α^6) when n=1, 2, 3. The subsequent calculation of such integrals was carried out as in the potential region (6).

III. MATRIX ELEMENTS OF THE OPERATOR R^{−ν} IN D-DIMENSIONAL COORDINATE SPACE.

In many cases the averaging of the two-photon interaction quasipotential on Coulomb wave functions can be conveniently done in coordinate representation. Indeed the calculation of the integrals J(p, q) shows that the matrix elements < J(p, q) > in three dimensional momentum space are divergent. The reason for these divergences is the same: Taylor expansions of the integrands. We can implement again the dimensional regularization as for the integration on loop momentum k. But then there is need to know the two-particle wave function for the Coulomb potential in d-dimensional momentum space [29,30]. Other approach for the calculation of the average value < V_{2γ} > is connected with the construction of Fourier transform for the potential (14) in d-dimensional coordinate representation and subsequent calculation of the matrix elements on Coulomb wave functions in r-space. The Fourier transform of the power potential V(p) = 1/p^m is determined by the following expression [31]:

V(r) = 1 (2π)^{d−1} d−3∏ k=1 Γ(^{k+1}_2 )Γ(1/2) Γ(^{k+2}_2 ) ∫_π 0 ∫_∞ 0 sin^{d−2} θe^{ipr cos θ}dθp^{d−1−m}dp =

Γ(^{d−m}_2 ) 2^mπ^{d/2}r^{d−m}Γ(^m_2 )

. (21)

So in three dimensional coordinate space d=3 we have the degree potentials which lead to the divergent matrix elements for the case of S-states. To extract such singular terms of the kind 1/ϵ (d = 3 + 2ϵ) we formulate auxiliary Coulomb task in d-dimensional coordinate space. Let consider the ordinary Coulomb potential in d-dimensional space [29,30]:

H = p^2 2 + V_C(r) = p^2_r 2 + 1 2r^2 [ L^2 +

(d − 1)(d − 3) 4 ] − a r , a = μZα, r = d∑ i=1 x^2_i , (22)

where p_r is radial momentum operator, μ is nonrelativistic reduced mass. The proper functions of the angular part L^2 of the Laplace operator Δ in d-dimensional space are the homogeneous harmonic polynomials of the degree l on sphere S^{d−1} with proper values λ = l(l + d − 2) [32]. The exact solution of the d-dimensional Coulomb problem in the case of discrete spectrum was obtained in Ref. [30]. In particular it was shown that Coulomb energy levels are the following:

ϵ_n = − 1 2 ( n +^{d−3}_2

)_2 , (23)

where n=1, 2, 3, ... is the principal quantum number (see Appendix A). The Coulomb Green function in d-dimensional case is important for the calculations of the corrections in the higher orders of the perturbation theory. The expression for it was obtained in Ref. [33]. The reqqurence relation for the matrix elements of the power operators r^{−ν} are very important for finding the average values of the quasipotential V_{2γ} . To obtain this relation in d-dimensional space consider the operator of the radial momentum p_r:

p_r = 1 2 { r_i r , p_i } = r_i r p_i − i(d − 1) 2r = −i ( ∂ ∂r + d − 1 2r ) . (24)

It satisfies to the following commutation relations:

[r, p_r] = i · I, [ 1 r^ν

, p_r ] = −iν r^{ν+1}

. (25)

From the expressions (24), (25) it appears that: [ H, 1 r^{ν−1} ] = ν − 1 2 ( − ν r^{ν+1} + 2i r^ν p_r ) , [H, ip_r] =

Δ_0 r^3 − a r^2

, Δ_0 = L^2 +

(d − 1)(d − 3) 4 . (26)

Another important relation can be obtained from (24)-(26) [34]: [ 1 r^ν

[r, H] , H ] + ν 2 [ 1 r^{ν+1} , H ] = 2ν r^{ν+1} H − ν + 1 r^{ν+3} [ L^2 +

(d − 1)(d − 3) 4 ] + (27)

+ (2ν + 1)a

r^{ν+2} + ν(ν + 1)(ν + 2) 4 1 r^{ν+3} .

So the reqqurence relation for the matrix elements^1_{rν} can be derived after averaging (27) on the wave functions ψ_{nlm} satisfying the following properties:

Hψ_{nlm} = E_nψ_{nlm}, E_n = a^2ϵ_n = − a^2 2(n +^{d−3}_2 )^2

, L^2ψ_{nlm} = l(l + d − 2)ψ_{nlm}. (28)

The matrix element of the left part (27) on ψ_{nlm} is equal to 0. So we obtain the necessary reqqurence relation in the form:

0 = 2νE_n < 1 r^{ν+1}

> −(ν + 1) [ l(l + d − 2) +

(d − 1)(d − 3) 4 ] < 1 r^{ν+3}

> + (29)

+a(2ν + 1) < 1 r^{ν+2} > + ν(ν + 1)(ν + 2) 4 < 1 r^{ν+3} > . In the case of S-states l=0 and the obtained reqqurence relation (29) can be rewritten as follows: < 1 r^{ν+3} >= − 8E_nν (ν + 1)[ν(ν + 2) − (d − 1)(d − 3)] < 1 r^{ν+1}

> − (30)

− 4a(2ν + 1) (ν + 1)[ν(ν + 2) − (d − 1)(d − 3)] < 1 r^{ν+2} > . This formula allows to express the matrix elements of high negative powers of the radius^1_{rν} which are singular in d=3 space through the matrix elements of lower powers r extracting explicitly the singular factors^1_ϵ (d = 3 + 2ϵ). As an example for the application of (30) we consider the calculation of the typical integral in (14) using two independent approaches:

I(p, q) = ∫ dk (2π)^d

(4πα)^2(k^2 − b^2) (k − p)^2(k − q)^22μ

, (31)

where the factors (4πα)^2 and 1/2μ were introduced to simplify the intermediate expressions. Indeed the Coulomb wave function satisfies to the Eq. (9) with Coulomb potential [35]. Using it we can transform (31) to the sum of the different matrix elements:

< I(p, q) >=< ( k^2 − b^2 2μ )_3 >=< (k^6 + 3k^4W^2 + 3k^2W^4 + W^6) 1 8μ^3

>, W^2 = −b^2. (32)

Some of them can be calculated directly in d=3 space:

< k^2 >=< 2μ(E_n − V_C) >=

(μα)^2

n^2

, < W^6 >=

(μα)^6 n^6

, (33)

< k^4 >=< (E_n − V_C)(E_n − V_C)4μ^2 >= (μα)^4 [ − 3 n^4 + 8 n^3 ] . (34)

But the different situation arises when we average k^6: < k^6 8μ^3

>=< (E_n − V_C) k^2 2μ (E_n − V_C) >=< E^2_n(E_n − V_C) > − (35)

−2 < E_n(E_n − V_C)V_C > − <

W^2 2μ V^2_C > − < V^3_C > + < α^2 2r^4 > . There are two divergent matrix elements in three dimensional space: ∼<^1_{r3} > and <^1_{r4} >. Using our reqqurence relation (30) we observe that the singular parts of (35) at are cancelled in the limit d → 3. We have the following finite result for it:

< k^6 8μ^3

>= μ^3α^6 [ 5 8n^6 − 7 3n^5 − 8 3n^3 ] . (36)

Summing the contributions (33)-(34), (36) in the expression (32) we find the value of the initial integral:

< I(p, q) >= μ^3α^6 [ 2 3n^5 − 8 3n^3 ] . (37)

Consider the alternative method for the calculation of (31). We can carry out direct integration in (31) by means of dimensional regularization. Then going to the d=3 we obtain the following contribution to the quasipotential in momentum space:

I(p, q) =

(4πα)^2 2μ [ p^2 − b^2 8t − t 16 ] , t = (p − q). (38)

The Fourier transform of (38) allows to derive the corresponding potential in the coordinate representation:

I(r) = α^2 2μ [ (p^2 − b^2) 1 r^2 + 1 r^4 ] . (39)

Average values of the terms in this relation can be found using the equation for the wave function and reqqurence relation (30): < (p^2 − b^2) 2μ α^2 r^2 >=< α^3 r^3

>= μ^3α^6 [ 2 ϵn^3 − 6 n^4 − 6 n^3 ] , (40)

< α^2 2μr^4 >= μ^3α^6 2 [ − 4 ϵn^3 + 20 3n^3 + 12 n^4 + 4 3n^5 ] , (41)

where the contributions ∼ 1/ϵ in two last divergent matrix elements are distinguished only by the sign. As a result the sum of (40) and (41) is finite and coincides with (37). Both methods for the calculation of the integrals similar to I(p, q) were applied in this work to obtain the contribution of order (Zα)^6m_1/m_2 in the muonium spectrum. Total sum of all contributions in the potential region (6) and soft region (7) to the energy levels is equal

< V_{2γ} >= m_1(Zα)^6 m_2 [ − 37 9n^3 − 1 6n^4 + 7 9n^5 ] . (42)

TABLE I. Results of the integrations (18), t = (p − q).

α 0 1 2

β = 1, γ = 1^1_{8t}^{p2+q2 −t2}_{16t} —

β = 1, γ = 2 —^{p2−q2 +t2}_{16t3}^{p4−3(q2 −t2)2+2p2 (q2+t2)}_{32t3}

β = 1, γ = 3 — —^{3p4 +3(q2 −t2)2 +p2(−6q2 +2t2)}_{64t5}

β = 2, γ = 2 — —^{t4+2t2(p2+q2 )−3(p2 −q2)2}_{32t5}

IV. CORRECTIONS OF ORDER (Zα)^7 TO S ENERGY LEVELS.

As was pointed out above the main contribution of two-photon amplitudes to the energy spectrum is of order O(α^5). These amplitudes give also the contribution of order (Zα)^7 in the hard momentum region. To obtain such corrections to the S-levels of the bound state we average 2γ amplitudes over the particle spin. As a result the 2γ quasipotentials (a) and (b) Fig.1 can be presented in the form:

V^{(a)}_{2γ} (p, q) = i(Zα)^2

π^2 ∫ g_1(k, m_1, m_2)d^4k (k − p)^2(k − q)^2D_1(k)D_2(−k)

, (43)

g_1(k, m_1, m_2) = 16m_1m_2 − 8m_1k^0 + 8m_2k^0 − 4W^2 ( m_1 m_2 + m_2 m_1 ) +

+8k^0W^2 ( 1 m_1 − 1 m_2 ) − 16k^{02} + 8k^2,

V^{(b)}_{2γ} (p, q) = i(Zα)^2

π^2 ∫ g_2(k, m_1, m_2)d^4k (k − p)^2(k − q)^2D_1(k)D_2(−k + p + q)

, (44)

g_2(k, m_1, m_2) = 16m_1m_2 + 8m_1k^0 + 8m_2k^0 − 4W^2 ( m_1 m_2 + m_2 m_1 ) −

−8k^0W^2 ( 1 m_1 − 1 m_2 ) + 16k^{02} − 8k^2 + 8kp + 8kq,

D_{1,2}(k) = k^2 + 2E_{1,2}k^0 − W^2. (45) Taking into account that k^0 ∼ μ, |k| ∼ μ the expressions of the electron and photon propagators are the following: 1 D_{1,2}(k) = ∞∑ n=0 (W^2)^n (k^2 + 2E_{1,2}k^0)^{n+1}

, (46)

1 (k − p)^2 ≈ 1 k^2 + p^2 − 2pk

(k^2)^2 + 4(kp)^2 (k^2)^3

, (47)

where we kept only the terms of the necessary order in the last expression. Substituting (45) and (47) to (43), (44) we revealed that the hard part of the quasipotential V_{2γ} is determined by the set of the characteristic integrals:

K(p, q) = ∫ d^4k 16iπ^2

S(k) (k^2)^α(k^2 + 2k^0E_1)^β (k^2 ± 2k^0E_2)^γ

, (48)

TABLE II. The results of some basic integrals (48): ∫_{d4k} 16iπ2 S(k) (k2)α(k2 +2k0E1 )β (k2 −2k0E2 )γ S(k) 1 k^0 k^2 k^{0 2}

α = 2, β = 1, γ = 1^{E1 E2 −E21 −E2}_{96E31 E32}^{E1−E2}_{32E21 E2}^1_{32E1 E2} —

α = 2, β = 2, γ = 1^{2E21 E2 −3E1 E2 −E31 +4E32}

960E51 E42 2E1 E2 −E21 −3E2 192E41 E32 — E21 −E2 −E1 E2 128E31 E2 (E1+E2 )

α = 3, β = 1, γ = 1 —^{(E21 +E2 )(E1 −E2)}_{192E41 E42}^{E21 −E1 E2 +E2}_{144E31 E32}^{E21 −E1E2 +E2}_{64E31 E32} where the function S(k) contains the powers of k^0 or (kp). The dimensional regularization was also used for the calculation of the integrals (48). The corresponding results are presented in the Table II where we wrote only the finite parts of the obtained expressions.

Summing all contributions in (43), (44) after integration (48) we find that the spin-independent part of the twophoton quasipotential has the following structure: (Zα^2p^2F(m_1, m_2). The contribution of this term to the energy spectrum can be obtained by the use of the dimensional regularization and the equation (9) [15,31]:

< p^2 >= ψ_M(0) ∫ dp (2π)^d p^2ψ(p) = b^2|ψ_M(0)|^2. (49)

So two-photon diagrams (a) and (b) Fig.1 yield the following correction of order (Zα)^7 for the positronium spectrum in the hard momentum region:

ΔB_n(Ps) = −

(Zα)^7 πn^5 m_1

1129 720 . (50)

In the case of the muonium we can make additional expansion on the powers m_1/m_2. Preserving only linear terms on m_1/m_2 we obtain:

ΔB_n(Mu) = −

(Zα)^7 πn^5 m_1 ( 16 5 + 20 m_1 m_2 ) . (51)

We took into account here only power corrections (Zα)^7. The logarithmic terms of the kind ln(m_{1,2}/λ) (λ is the parameter of the dimensional regularization) were omitted systematically while they are present in the intermediate expressions (48).

In the soft momentum region the general structure of the quasipotential which gives the corrections of order (Zα)^7 is similar to (20). In the leading order in m_1/m_2 the muonium quasipotential has the following form:

V^{soft}_{2γ} (p, q) = i(Zα)^2 4π^2m^3_1m_2 ∫ d^4k (k − p)^2(k − q)^2k^2_0 { (k^2 − W^2)^4 k^4_0

+ (52)

+ k^2 − W^2)^3(k^2 + 2k(p + q) − t^2 − W^2) k^4_0 − 3(k^2 − W^2)^3 k^2_0

+ 8W^2(k^2 − W^2)−

− (k^2 − W^2)^2(k^2 + 2k(p + q) − t^2 − W^2) k^2_0 − W^2(k^2 − W^2)(k^2 + 2k(p + q) − t^2 − W^2) k^2_0 −

− W^2(k^2 − W^2)^2 k^2_0 + 4(2k^2_0 − k^2)(k^2 − W^2)^2 k^2_0 + 2k(p + q)(k^2 − W^2)^2 k^2_0 } . The residues in the photon poles determine the value of the integration over k_0 variable. The integration on k can be performed by standard methods by means of the dimensional regularization. So in the soft approximation we obtain the following momentum representation of the quasipotential (52):

V^{soft}_{2γ} (p, q) =

(Zα)^2 2m^3_1m_2 { 13 4 p^2 −

W^2 6 − (17p^4 − 9W^4) 2t^2

+ (53)

+ 8p^6 − 4W^6 + 3p^4(2q^2 + 3W^2) + 3p^2W^2(q^2 − 2W^2) 3t^4 +

16W^8 − 29p^8 + 16p^6(q^2 − 2W^2) + 3p^4(12W^4 − q^4) + 4W^4p^2(8W^2 − 9q^2) 12t^6 +

+ (44p^2 − 5W^2) 8 ln(t/W) +

14W^4 − 45p^4 + 38p^2q^2 + 26W^2p^2 4t^2 ln(t/W)+

+ 28W^6 − 8p^6 − 53W^2p^4 + W^2p^2q^2 − 16W^4p^2 4t^4 ln(t/W)+

+ 23p^8 − 16W^8 + 16p^6(2W^2 − q^2) + p^4(9q^4 − 12W^4) + 4W^4p^2(3q^2 − 8W^2) 4t^6 ln(t/W) }

The singularity of the different quasipotential terms (53) grows. The averages of the large negative powers of r <^1_{r3} >, <^1_{r4} >, <^1_{r5} > arise when we calculate the energy spectrum in the coordinate representation The transformation of such matrix elements was also done on the basis of relations (24)-(26), (30), (A4)-(A7) by means of the computer program FeynCalc for the system ”Mathematica” [36,37]. The contribution of order (Zα)^7 to the muonium (hydrogen atom) S-states is determined by the expression:

ΔB^{soft}_n =

(Zα)^7μ^5 m^3_1m_2πn^3 { 63565 288 − 8675 72 C − 38 3 π^2 −

2521 72 ψ(n) + 38ψ^′(n)+

+ 1 n [ 605147 9216 − 148257 1024 C − 360673 6144 ψ(n) ] + 1 n^2 [ 3698203 36864 + 7157 6144 C + 10757 12288 ψ(n) ] +

+ 1 n^3 [ − 81 64 + 47 16 C + 47 16 ψ(n) ]} , (54)

where ψ(z) = d ln Γ(z)/dz, C=0.5772156649... is the Euler constant.

V. DISCUSSION OF THE RESULTS.

The calculation of the higher order perturbative corrections in α in the energy spectra of hydrogen-like systems is very urgent task at present due to the growth of the experimental accuracy in the measurement of the energy levels in many simple atomic systems. The complexity of such calculations will be enhanced with the growth of the order α even for one loop Feynman amplitudes. The most part of the computer programs employed for the calculation of Feynman diagrams is working with the mass shell particles. In the case of the bound systems the Taylor series of the Feynman amplitudes should be taken for the extraction of the necessary order contributions. In the present work we considered how to use these expansions for the calculation of the corrections (Zα)^6m^2_1/m_2 and (Zα)^7. The dimensional regularization is the most important tool for the use of Taylor expansions. It gives the possibility to work simultaneously with the ultraviolet and infrared divergencies and to obtain Fourier transforms of the momentum space quasipotentials with high degree of the singularity. Many terms of the quasipotential V_{2γ} obtained in this work in the coordinate space lead to the divergent matrix elements in the case of S-states (see Eq.(39,53)). So we have formulated the reqqurence relation (30) in d-dimensional space which allows to take into consideration correctly all coefficients in the divergent terms. Using (42) and the results of our work [14] we can present the total contribution of order (Zα)^6m^2_1/m_2 for arbitrary principal quantum number n as follows (spin-dependent part of the quasipotential was taken into account in our calculation):

ΔB^{tot}_n = { 5 2 ln 2 − 151 36 − 3 n + 1 2n^2 + 547 72n^3 − 7 2 (−1)^n(C + Ψ(n) − 1) } m^2_1(Zα)^6 m_2n^3

. (55)

Numerical value of the contribution (55) to the fine structure interval 2^3S_1 ÷ 1^3S_1 of the muonium and hydrogen atom is equal to 0.045 MHz and 5.116 KHz. The methods for the calculation of Feynman amplitudes used in this work can be applied for other higher order corrections. Numerical values for the contributions of order (Zα)^7 (50), (51) and (54) obtained in the hard and soft energy regions (5), (7) for the gross structure interval (2S ÷ 1S) in muonium, hydrogen atom and positronium are equal correspondingly 0.092 MHz, 0.130 MHz and 0.066 MHz.

ACKNOWLEDGMENTS

We are grateful to A.S.Yelkhovsky for useful discussion of Ref. [15]. The work was performed under the financial support of the Russian Foundation for Fundamental Research (grant 00-02-17771), the Program ”Universities of Russia - Fundamental Researches” (grant 990192) and the Ministry of Education (grant EOO-3.3-45).

APPENDIX A: MATRIX ELEMENTS OF THE POTENTIALS IN THE COORDINATE REPRESENTATION.

To calculate the matrix elements <^1_{rm} >, <^{ln r}_{rm} > we must know the radial wave functions in d-dimensional coordinate space and the reqqurence relation (30). The radial wave function satisfies to the following equation:

R^{′′} + d − 1 ρ R^′ + ( − 1 4 + B √ A 1 ρ − l(l + d − 2) ρ^2 ) R = 0, (A1)

where dimensionless variable ρ = 2r √ A, B = μZα, A = −2μE. The normalized solution of this equation can be obtained by the standard methods. The energy spectrum is determined by (23) and corresponding radial S-state wave function has the form:

R_{n,l=0}(r) = √ 2^dW^dΓ(n) (2n + d − 3)Γ(n + d − 2) e^{−Wr} · L^{d−2}_{n−1}(2Wr), W = μZα n +^{d−3}_2

. (A2)

where Laguerre polynomials

L^λ_n (z) = 1 n! z^{−λ}e^z d^n dz^n ( e^{−z}z^{λ+n} ) . (A3)

In addition to the power potential matrix elements there is need to consider the averages with the logarithmic function ln r: <^{ln r}_{rm} >. Using (30) we can obtain the following matrix elements of such operators in d-dimensional space: < ln ρ ρ^3 >= − 8ϵ_n (d − 1)(d − 3) < 1 ρ > − 4(d^2 − 4d + 5) (d − 3)^2(d − 1)^2 < 1 ρ^2 > + 4 (d − 1)(d − 3) < ln ρ ρ^2

>, (A4)

< ln ρ ρ^4 >= − d^2 − 4d + 24 d^2(d − 4)^2 < 1 ρ^3 > + 6 d(d − 4) < ln ρ ρ^3

> − (A5)

− 2ϵ_n(d^2 − 4d + 8) (d − 4)^2d^2 < 1 ρ^2 > + 4ϵ_n d(d − 4) < ln ρ ρ^2 > . The averages <^{ln r}_{r2} >, <^{ln r}_r > are finite in d=3 space but we must find them by the use wave function (A2) taking into account the addenda ∼ ϵ=^{d−3}_2 in the limit d → 3: < ln ρ ρ >= ψ(n + d − 2) (2n + d − 3)

, (A6)

< ln ρ ρ^2 >= 1 (d − 2)(2n + d − 3)

[ψ(d − 1) + ψ(d − 2) − ψ(n + d − 3)] . (A7)

To note also that the matrix elements of the operators^1_{r2} and^1_r in d-dimensional space can be calculated by means of the Hamiltonian operator

H = − 1 2 [ ∂^2 ∂r^2 + (d − 1) r ∂ ∂r ] + 1 2r^2

· l(l + d − 2) − a r . (A8)

Using (23) and (A8) we obtain: < 1 r^2

>^d= 2 2l + d − 2 < ∂H ∂l >= 2 (2l + d − 2) a^2 (n +^{d−3}_2 )^3

, (A9)

< 1 r >^d= a (n +^{d−3}_2 )^2

. (A10)

[1] P.J.Mohr, B.N.Taylor, Rev. Mod. Phys. 72, 351 (2000). [2] W.Liu et al. Phys. Rev. Lett. 82, 711 (1999).

[3] V.Meyer, S.N. Bagayev, P.E.G.Baird et al., Phys. Rev. Lett. 84, 1136 (2000). [4] M.S.Fee et al., Phys. Rev. Lett. 70, 1397 (1993).

[5] Th.Udem, A.Huber, B.Gross, et al. Phys. Rev. Lett. 79, 2646 (1997). [6] W.E.Caswell, G.P.Lepage, Phys. Lett. B167, 437 (1986). [7] P.Labelle, Phys. Rev. D58, 093013 (1998).

[8] M.Nio, In Quantum Electrodynamics and Physics of the Vacuum, AIP Conference Proceedings, V.564, P.178, 2001, editor G.Cantatore.

[9] M.I.Eides, H.Grotch, V.A.Shelyuto Phys. Rep. 342, 62 (2001). [10] M.I.Eides, H.Grotch, Phys. Rev. A55, 3351 (1997). [11] V.M.Shabaev, Teor. Mat. Fiz. 63, 394 (1985). [12] V.M.Shabaev, Phys. Rev. A57, 59 (1998).

[13] A.S.Yelkhovsky, JETP 83, 230 (1996); ZhETF 113, 865 (1998). [14] A.P.Martynenko, R.N.Faustov, JETP 88, 672 (1999). [15] A.Czarnecki, K.Melnikov, A.Yelkhovsky, Phys. Rev. A5, 4316 (1999). [16] G.S.Adkins, J.Sapirstein, Phys. Rev. A58, 3552 (1998). [17] G.S.Adkins, R.N.Fell, P.M.Mitrikov, Phys. Rev. Lett. 79, 3387 (1997). [18] K.Pachucki, S.G.Karshenboim, Phys. Rev. Lett. 80, 2101 (1998). [19] A.P.Burichenko, Preprint hep-ph/0004063, 2000. [20] K.Melnikov, A.S.Yelkhovsky, Phys. Lett. B458, 143 (1999). [21] B.A.Kniehl, A.A.Penin, Preprint DESY 00-123, 2000. [22] S.G.Karshenboim, JETP 76, 541 (1993).

[23] K.Melnikov, A.Yelkhovsky, Phys. Rev. Lett. 86, 1498 (2001). [24] D.R.Yennie, Preprint CLNS No.88/857, 1988.

[25] G.T.Bodwin, D.R.Yennie, M.A.Gregorio, Rev. Mod. Phys. 57, 723 (1985). [26] A.Czarnecki, V.A.Smirnov, Phys. Lett. B394, 211 (1997). [27] F.V.Tkachov, Phys. Lett. B412, 350 (1997). [28] M.Beneke, V.A.Smirnov, Nucl. Phys. B522, 321 (1998).

[29] V.S.Popov, In High Energy Physics and Theory of Elementary Particles, P.702, Kiev, Naukova Dumka, 1967. [30] S.P.Alliluev, JETP 33, 200 (1957).

[31] P.Ramond, Field Theory. A Modern Primer, Mir, Moscow, 1984.

[32] N.Ya.Vilenkin, Special Functions and Theory of Group Representations, Nauka, Moscow, 1991. [33] A.M.Perelomov, V.S.Popov, JETF 50, 179 (1966).

[34] A.Bohm, Quantum Mechanics: Foundations and Applications, Springer-Verlag, N.Y., 1986. [35] A.P.Martynenko, R.N.Faustov, Theor. Math. Phys. 64, 765 (1985). [36] R.Mertig, FeynCalc 4.0 Reference Guide, 2001^1 .

[37] S.Wolfram, Mathematica- A System for Doing Mathematics by Computer, Addison-Wesley, Reading, MA (1988).

1http://www.mertig.com