arXiv:hep-ph/0201077 v1 10 Jan 2002

Electroweak Radiative Corrections at High Energies

Dissertation zur Erlangung der naturwissenschaftlichen Doktorwürde (Dr. sc. nat.)

vorgelegt der Mathematisch-naturwissenschaftlichen Fakultät der Universität Zürich von Stefano POZZORINI von Brissago TI

Begutachtet von PD. Dr. Ansgar DENNER Prof. Dr. Daniel WYLER

Zürich 2001

Die vorliegende Arbeit wurde von der Mathematisch-naturwissenschaftlichen Fakultät der Universität Zürich auf Antrag von Prof. Dr. Daniel Wyler und von Prof. Dr. Günther Rasche als Dissertation angenommen.

“Die wissenschaftliche Einstellung ist gewiss eine der grössten Errungenschaften der letzten 500 Jahre. Sie bedeutet eine Haltung der Objektivität. Sie war eine menschliche Einstellung, bei der es um Bescheidenheit ging und um die Stärke, die Welt objektiv zu betrachten, das heisst, sie so zu sehen, wie sie ist, und nicht entstellt durch unsere eigenen Wünsche, Ängste und Vorstellungen. Man musste den Mut haben, zu sehen und zu überprüfen, ob die gefundenen Daten unsere Vorstellung bestätigten oder widerlegten, und man musste den Mut haben, eine Theorie zu ändern, wenn die Ergebnisse die Theorie nicht bewiesen.” Erich Fromm, Die Pathologie der Normalität

Abstract

The present work is concerned with the behaviour of one-loop electroweak corrections at high energies. By high energies we mean the energy range above the electroweak scale, E ≫ M_W, which will be explored by the future particle colliders such as the LHC or an e^+e^− linear collider. In this regime, radiative corrections are dominated by double or single logarithms of the ratio of the energy scale to the weak gauge-boson masses. These contributions increase with energy, and at energies E = 0.5 − 1 TeV they typically amount to 10 percent corrections to the lowest-order predictions.

In this PhD thesis we investigate the virtual part of the electroweak one-loop corrections. Infrared-finite predictions can be obtained by including the well-known soft-photon Bremsstrahlung corrections.

We consider electroweak processes involving arbitrary external particles including chiral fermions, Higgs bosons, transverse and longitudinal gauge bosons. However, we restrict ourselves to those processes that are not mass-suppressed in the high-energy limit. In this case the logarithmic electroweak corrections are universal, in the sense that they can be determined in a process-independent way. The key feature is that they originate from restricted subsets of Feynman diagrams and from specific regions of loop momenta, so-called leading regions.

The main part of this work is dedicated to the logarithmic mass singularities. These are restricted to Feynman diagrams involving virtual electroweak gauge bosons γ, Z and W^± coupled to external particles, and originate from the region where the momenta of the virtual gauge bosons are soft and/or collinear to an external momentum. They are evaluated within the ’t Hooft–Feynman gauge.

We first determine the double-logarithmic mass singularities originating from soft and collinear virtual gauge bosons exchanged between pairs of external particles. To this end we use the well-known eikonal approximation. The resulting double logarithms depend on the centre-of-mass energy as well as on the scattering angles.

Then, we determine the single logarithms that originate from collinear or soft virtual gauge bosons. In particular, we proof the factorization of collinear mass singularities originating from loop diagrams involving collinear virtual gauge bosons coupled to external particles. As basic ingredients for this proof we derive specific Ward identities that we call collinear Ward identities. These identities relate Green functions with arbitrary external particles involving a gauge boson collinear to one of these. They are derived from the BRS invariance of the spontaneously broken electroweak gauge theory.

We discuss in detail high-energy processes involving longitudinally polarized gauge bosons. These are treated using the Goldstone-boson equivalence theorem, taking into account the mixing between gauge bosons and would-be Goldstone bosons that occurs in higher orders. In this context, we stress the role of the broken sector of the theory above the electroweak scale.

The remaining large logarithmic corrections result from the renormalization of the dimensionless parameters, i.e. the gauge couplings, the top-quark Yukawa coupling, and the scalar self-coupling, at the scale M_W.

Finally, we apply our generic results in analytical and numerical form to following simple scattering processes: e^+e^− → ff̄, e^+e^− → W^+W^−, e^+e^− → ZZ, Zγ, γγ and d̄u → W^+Z, W^+γ.

In all derivations we use the mass-eigenstate fields of the electroweak theory, taking care of the mixing between the gauge-group eigenstates. To this end, we transform the generic gauge-group generators and other group-theoretical quantities in the basis of the mass-eigenstate fields. This is described in the appendices, where also the Feynman rules and the BRS transformations are presented in generic form.

Contents

Abstract i

1 Introduction 1 1.1 Precision tests of the Electroweak Standard Model at high energies . . . . . 1 1.2 Universal logarithms in electroweak radiative corrections . . . . . . . . . . . 3 1.3 Existing literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.4 Spontaneous symmetry breaking and high-energy limit . . . . . . . . . . . . 7 1.5 Content and organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Universal logarithmic corrections at high energies 11 2.1 Notation and conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2 High-energy limit and logarithmic approximation . . . . . . . . . . . . . . . 12 2.3 Longitudinal gauge bosons in the high-energy limit . . . . . . . . . . . . . . 14 2.4 Form and origin of universal logarithmic corrections . . . . . . . . . . . . . 16

3 Soft-collinear mass singularities 19 3.1 Double-logarithmic mass singularities and eikonal approximation . . . . . . 19 3.2 Leading soft–collinear contributions . . . . . . . . . . . . . . . . . . . . . . . 25 3.3 Subleading soft–collinear contributions . . . . . . . . . . . . . . . . . . . . . 26

4 Collinear mass singularities from loop diagrams 28 4.1 Mass singularities in truncated loop diagrams . . . . . . . . . . . . . . . . . 28 4.2 Factorization of collinear singularities . . . . . . . . . . . . . . . . . . . . . 31 4.2.1 Generic factorization identities . . . . . . . . . . . . . . . . . . . . . 32 4.2.2 Factorization for scalars . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2.3 Factorization for transverse gauge bosons . . . . . . . . . . . . . . . 37 4.2.4 Factorization for fermions . . . . . . . . . . . . . . . . . . . . . . . . 39

5 Mass singularities from wave-function renormalization 42 5.1 Wave-function renormalization and collinear mass singularities . . . . . . . 43 5.1.1 Higgs bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5.1.2 Transverse gauge bosons . . . . . . . . . . . . . . . . . . . . . . . . . 45 5.1.3 Chiral fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 5.2 Longitudinally polarized gauge bosons . . . . . . . . . . . . . . . . . . . . . 51 5.2.1 Corrections to the Goldstone-boson equivalence theorem . . . . . . . 51 5.2.2 Logarithmic corrections to longitudinal gauge bosons . . . . . . . . . 54

5.2.3 Comparison between spontaneously broken and symmetric phase . . 56

6 Collinear Ward identitites 58 6.1 Ward identities for generic fields . . . . . . . . . . . . . . . . . . . . . . . . 58 6.2 Transverse gauge bosons, would-be Goldstone bosons and Higgs bosons . . 60 6.3 Chiral fermions and antifermions . . . . . . . . . . . . . . . . . . . . . . . . 66

7 Leading logarithms from parameter renormalization 71 7.1 Logarithms connected to parameter renormalization . . . . . . . . . . . . . 71 7.2 Renormalization of gauge interactions . . . . . . . . . . . . . . . . . . . . . 73 7.3 Renormalization in the scalar sector . . . . . . . . . . . . . . . . . . . . . . 74 7.4 Renormalization of the top-quark Yukawa coupling . . . . . . . . . . . . . . 77

8 Applications to simple processes 78 8.1 Four-fermion neutral-current processes . . . . . . . . . . . . . . . . . . . . . 79 8.2 Production of W-boson pairs in e^+e^−annihilation . . . . . . . . . . . . . . . 82 8.3 Production of neutral gauge-boson pairs in e^+e^−annihilation . . . . . . . . . 85 8.4 Production of W^+A and W^+Z in d̄u annihilation . . . . . . . . . . . . . . . 89

Appendix 97

A Conventions for Green functions 99

B Representations of the gauge group 101 B.1 SU(2) × U(1) generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 B.2 Symmetric and physical basis for gauge fields . . . . . . . . . . . . . . . . . 102 B.3 Casimir operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 B.4 Explicit values for Y , Q, T^3, C^{SU(2)}, (I^A)^2, (I^Z)^2, (I^W )^2, C^{ew}, and I^± . . . 105 B.5 Dynkin operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 B.6 β-function coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

C Electroweak Lagrangian and Feynman rules 110 C.1 Gauge sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 C.2 Scalar sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 C.3 Yukawa sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 C.4 Fermionic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 C.5 Gauge-fixing Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 C.6 Ghost Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 C.7 Feynman rules for propagators . . . . . . . . . . . . . . . . . . . . . . . . . 116

D BRS transformations 118 D.1 Gauge transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 D.2 BRS transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

E Production of transverse gauge bosons in fermion–antifermion annihilation 121

F Leading logarithms from 2-point functions and their derivatives 124 F.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 F.2 Logarithmic approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 F.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

References 127

Acknowledgements 131

Chapter 1

Introduction

1.1 Precision tests of the Electroweak Standard Model at high energies

The Glashow–Salam–Weinberg model [1], known as the Electroweak Standard Model (EWSM), describes the electromagnetic and the weak interactions through a gauge theory with the symmetry group SU(2)_w × U(1)_Y that is spontaneously broken into U(1)_{em}. Since its birth in 1967 up to the present days, the model has been developed and tested through an intense dialogue between theory and experiment. Here, we briefly mention the most significant measurements performed in the last decade at the high-energy colliders SLC, LEP, and Tevatron. In these experiments the gauge structure of the electroweak interactions predicted by the model has been directly tested at a high level of accuracy.

• The masses and decay widths of the weak gauge bosons Z and W, as well as their couplings to leptons and hadrons have been measured with precision between the percent and the permille level or even better.

• The top quark has been discovered and the direct measurement of its mass has confirmed the indirect determination obtained from electroweak precision data.

• The non-abelian triple interactions of gauge bosons have been directly observed in gauge-boson pair-production events. The corresponding couplings have been measured at the few-percent level of precision.

• The direct investigation of quartic gauge-boson interactions through events with three gauge bosons in the final state is at the beginning.

At the present time, global fits of all high-energy electroweak observables show no significant deviation from the predictions of the EWSM.

Despite this great experimental success, the model remains untested in one of its most interesting aspects: the generation of the gauge-boson and the fermion masses through the mechanism of spontaneous symmetry breaking, also known as the Higgs–Kibble mechanism [2]. This theoretical construction is of vital importance for the predictive power of the EWSM since it represents the only known way to accommodate gauge-boson and fermion masses within the model without spoiling its renormalizability [3]. To this end one postulates the existence of a scalar Higgs boson that acquires a non-vanishing vacuum expectation value and generates the masses of the particles through gauge and Yukawa interactions.

Up to the present days, apart for a controversial excess of events measured at the end of LEP2 [4] which points to a Higgs mass M_H ≈ 115 GeV, the Higgs boson has escaped direct observation. The lower bound for the Higgs mass has reached 113 GeV, and the upper bound obtained from electroweak precision data is at 212 GeV, with 95% confidence level [5].

In the next decade, a new generation of high-energy experiments will enable us to observe or exclude the Standard Model Higgs boson and to clarify the nature of symmetry breaking. These experiments will investigate quark and lepton collisions in a range of centre-of-mass energies up to the TeV scale, starting with run II of the Tevatron (pp̄ collisions at 2 TeV), continuing at the LHC [6] (pp collisions at 14 TeV) and possibly at an e^+e^− linear collider (LC) [7] (see for instance the TESLA project [8] of a 500–800 GeV collider). The following direct observations and measurements are among the objectives of these future experiments:

• the observation of the Higgs boson and the measurement of its properties: mass and spin,

• the investigation of the Higgs interactions with gauge bosons and fermions,

• the determination of the form of the Higgs potential and the measurement of its parameters,

• direct measurements of the quartic gauge-boson self-interactions,

• improved precision tests of the EWSM.

A key feature of the planned colliders will be their high luminosity that guarantees an experimental precision at the percent (LHC) and up to the permille (LC) level. Experimental measurements of high precision have to be compared with theoretical predictions at the same level of accuracy. In perturbative quantum field theory this requires the evaluation of higher-order contributions, so-called radiative or loop corrections, up to the needed level of accuracy.

Radiative corrections represent a challenge that involves highly non-trivial computations and at the same time an opportunity to access and to investigate deep aspects of the theory. In fact, loop corrections represent quantum fluctuations and permit to test the theory at the quantum level. Furthermore, they are sensitive to all sectors of the theory, including the Higgs sector or new physics. This permits to extract indirect informations about particles that are not directly accessible. We also stress that radiative corrections play a crucial role in the search of direct signals of new physics which can be disentangled from the Standard Model background only if this latter is known with sufficient accuracy.

Analytical techniques and numerical implementations for the evaluation of electroweak corrections have been developed and improved under the boost of the experimental progress. At the one-loop level, a complete and well-defined scheme exists [9, 10] for the algebraic reduction and analytical evaluation of generic loop integrals. Specific computer codes have been developed for almost all 4-particle processes. For reactions involving more than 2 particles in the final state a lot of work remains to be done. Here, the major difficulty concerns the large number of loop diagrams that are characterized by a complex algebraic and analytic structure and by large gauge cancellations. At the two-loop level, no universal recipe is available for the evaluation of generic loop integrals. Some two-loop contributions have been computed, for instance for the muon decay [11], but for the time being no complete two-loop calculation has been performed.

In view of the future high-energy experiments, increasing interest has been recently devoted to the study of universal logarithmic electroweak corrections in the energy range above the electroweak scale. An overview of the literature existing in this field is given in Sect. 1.3. The aim of the present work is to investigate these universal electroweak corrections at the one-loop level and for arbitrary processes. Our goals are

• to provide an high-energy approximation of the one-loop corrections that can reduce the theoretical error to the few-percent level,

• to have analytical results that are process-independent, easy to implement, and numerically stable; these results can also be used to check explicit one-loop calculations,

• to gain physical insight into the leading part of the electroweak corrections above the electroweak scale, taking special care of the effects that are related to spontaneous symmetry breaking.

The approach that we adopt and the formalism that we develop should also provide a basis for the investigation of universal two-loop corrections.

1.2 Universal logarithms in electroweak radiative corrections

In the LEP regime, at energies √ s ∼ M_Z, electroweak radiative corrections are dominated by large electromagnetic effects from initial-state radiation, by the contributions of the running electromagnetic coupling, and by the corrections associated with the ρ parameter. These corrections, relative to the lowest-order predictions, typically amount to 10%. In the energy range above the electroweak scale, √ s ≫ M_W, new leading contributions emerge:

double-logarithmic (DL) terms of the form α log^2 (s/M^2_W) (known as Sudakov logarithms [12]) and single-logarithmic (SL) terms of the form α log (s/M^2_W) involving the ratio of the energy to the electroweak scale (see the references in Sect. 1.3).

For electroweak processes that are not mass-suppressed at high energies, these logarithmic corrections are universal, i.e. in contrast to the non-universal non-logarithmic terms, they can be evaluated in a process-independent way. On one hand, single logarithms originating from short-distance scales result from the running of the dimensionless parameters, i.e. the gauge, Yukawa, and scalar couplings, from the scale M_W to the energy scale √ s. On the other hand, universal logarithms originating from the long-distance scale M_W ≪ √ s are expected to factorize, i.e. they can be associated with external lines or pairs of external lines in Feynman diagrams. They consist of DL and SL terms originating from soft and collinear and collinear or soft gauge bosons, respectively, coupled to external particles. These logarithmic corrections originating from long-distance effects are called soft and/or collinear singularities or mass singularities, since they are singular in the limit of massless gauge-bosons and massless external particles.

In gauge theories with massless particles, such as massless QED and QCD, the soft and/or collinear singularities give rise to infinities in the virtual corrections. However, these infinities are cancelled by the contribution of real soft and/or collinear gauge-boson radiation. The real corrections need to be included in the definition of physical observables, since soft and/or collinear massless gauge bosons are degenerate with the massless external states and cannot be detected as separate particles.

In the EWSM owing to the finite masses of the weak gauge bosons, the virtual corrections originating from soft and/or collinear Z- and W-bosons give rise to large but not infinite logarithmic contributions. Moreover, the Z- and W-boson masses provide a physical cut-off for real weak-boson emission, and for a sufficiently good experimental resolution the massive gauge bosons can be detected as separate particles. Therefore, soft and/or collinear weak-boson radiation need not be included and, except for the electromagnetic infrared divergences, the large logarithms originating from virtual electroweak corrections are of physical significance.

The logarithmic electroweak corrections grow with energy. At energies √ s = 0.5– 1 TeV, the typical size of the DL and SL terms is given by α 4πs^2_W log^2 s M^2_W

= 3.5 − 6.6%, α 4πs^2_W log s M^2_W

= 1.0 − 1.3%, (1.1)

where s^2_W ∼ 0.22 is the squared sine of the weak mixing angle. Furthermore there are DL terms of the type α 4πs^2_W log ( 1 ± cos θ_{kl} 2 ) log s M^2_W

(1.2)

which depend on the angles θ_{kl} between the initial- and the final-state momenta. These terms are comparable to the SL terms if 75^∘ < θ_{kl} < 105^∘ and twice as large at θ_{kl} ≈ 90^∘ ± 45^∘. If the experimental precision is at the few-percent level like at the LHC, both DL and SL contributions have to be included at the one-loop level. In view of the precision objectives of a LC, between the percent and the permille level, besides the complete one-loop corrections also higher-order effects have to be taken into account. The DL contributions represent a leading and negative correction, whereas the SL ones often have opposite sign. In the TeV range, the SL terms are numerically of the same size as the DL terms and the compensation between DL and SL corrections can be quite important. Depending on the process and the energy, the SL contribution can be even larger than the DL one.

1.3 Existing literature

The appearance of large logarithms in the high-energy limit of the electroweak corrections is known since many years (see, for instance, Refs. [13, 14]). Their systematic investigation has started in the last few years and in the following we give a short survey of these recent developments. A review on the recent literature can also be found in Ref. [15].

1. One-loop level Concerning the one-loop logarithmic corrections two different strategies have been adopted. On one hand, various results have been extracted from existing and complete one-loop calculations in the high-energy limit. On the other hand, the origin and universal nature of the logarithmic contributions have been clarified and their generalization to arbitrary electroweak processes has been established.

– Beenakker et al. have evaluated the high-energy limit of the complete electroweak corrections to the process e^+e^− → W^+W^− in Ref. [14].

– The logarithmic corrections to e^+e^− → ff̄ have been treated in the following papers using explicit high-energy expansions for vertex and box diagrams. Ciafaloni and Comelli have pointed out the role of the Sudakov DL corrections and discussed their origin in Ref. [16]. Beccaria et al. have considered the complete logarithmic corrections and studied their impact on various observables: first for the case of light-fermions [17] and then for bottom- [18] and top-quarks [19] in the final state; in Refs. [19, 20] they have also included SUSY logarithmic corrections, and in Ref. [21] they have shown that, at CLIC energies (3 TeV), the tan β-dependence of SUSY logarithmic corrections to e^+e^− → tt̄ can be exploited for a determination of tan β; finally in Ref. [22] they have pointed out the importance of the angular-dependent contributions.

– Layssac and Renard [23] have evaluated the complete logarithmic corrections for the process γγ → ff̄ including the case of heavy-quark production and considering also SUSY contributions.

– In this PhD thesis, we present a complete and process-independent analysis of one-loop logarithmic electroweak corrections. We consider all sources of logarithmic corrections: the exchange of soft and/or collinear gauge bosons as well as the renormalization-group running of the gauge, scalar and Yukawa couplings. In particular, we prove the factorization of collinear mass singularities. The results are summarized in simple analytic formulas for the double, single and angular-dependent logarithmic corrections to arbitrary electoweak processes. We also present analytical and numerical applications for the following processes: e^+e^− → ff̄, e^+e^− → W^+W^−, ZZ, Zγ, γγ and d̄u → W^+Z, W^+γ. In this work, in addition to the results already published in Refs. [24, 25], we also consider the logarithmic Higgs-mass and top-mass dependence in the large M_H, m_t limit including all contributions of the form α log^n (M_H/M_W) and α log^n (m_t/M_W ), with n = 1, 2.

– The general method developed in Refs. [24, 25] has been applied in Ref. [26] to study the electroweak logarithmic corrections to WZ and Wγ production at the LHC. The corrections to the complete hadronic processes pp → W^±γ → lν_lγ and pp → W^±Z → lν_ll̄^′l^′ have been implemented in leading-pole approximation. It has been checked that, in the region of large transverse momentum of the gauge bosons, the leading-pole approximation represents a sufficiently precise approach to evaluate the corrections for the LHC. In this region, the logarithmic electroweak corrections lower the theoretical predictions by 5–20%.

2. Resummation to all orders The extension of the one-loop logarithmic corrections to higher orders has been studied by means of resummation techniques that were derived within QCD. These techniques have been applied to the electroweak theory in the symmetric phase. Leading contributions of order α^n log^{2n} (s/M^2_W), subleading contributions of order α^n log^{2n−1} (s/M^2_W), and recently also sub-subleading contributions of order α^n log^{2n−2} (s/M^2_W) have been studied.

– Fadin et al. [27] have resummed the leading contributions by means of the infrared evolution equation. Using the splitting function formalism, Melles has extended this approach to the subleading level considering processes involving fermions, transverse gauge bosons [28], would-be Goldstone bosons and Higgs bosons [29]; the effect of the running gauge couplings at the subleading level has been discussed in [30]. A review on these works can be found in Ref. [31]. Recently, a generalization including the resummation of angular-dependent logarithmic corrections has been proposed Ref. [32].

– Ciafaloni and Comelli have resummed the leading contributions applying the method of soft gauge-boson insertions. At first they have considered the decay Z^′ → ff̄ of an SU(2) × U(1) singlet [33]. Then they have investigated fully inclusive scattering processes that are initiated by fermions [34], transverse gauge bosons [35] and longitudinal gauge-bosons [36, 37]. In this context they have pointed out the existence of violations of the Bloch–Nordsieck cancellations between virtual and real weak corrections. These effects originate from the SU(2) non-singlet nature of the initial states as well as from mixing between weak-hypercharge-eigenstates [36]. Very recently, they have proposed an ansatz for the resummation of subleading logarithmic corrections to inclusive cross sections [38].

– Kühn et al. have considered the process e^+e^− → ff̄ in the limit of massless fermions and have used evolution equations to resum all logarithmic corrections including the angular-dependent ones: first at the leading and subleading level [39], and recently up to the sub-subleading level [40], including the constant one-loop terms. At TeV energies, large cancellations between the leading, subleading, and sub-subleading two-loop contributions have been observed.

3. Explicit two-loop calculations Explicit electroweak calculations at the two-loop level are crucial in order to check the reliability of the resummation techniques. At the present time only few results at the leading two-loop level are available.

– The corrections to the decay g → f_κf̄_κ of an SU(2) × U(1) singlet into massless chiral fermions have been evaluated in the abelian case κ = R by Melles [41] and in the non-abelian case κ = L by Hori et al. [42].

– Beenakker and Werthenbach have developed a Coulomb gauge-fixing for massive gauge bosons [43] that permits to isolate leading higher-order logarithms into selfenergy diagrams. This approach applies to arbitrary processes. Explicit two-loop results for the processes e^+e^− → ff̄ have been given in Ref. [44]. Very recently, the calculation of leading two-loop logarithms for processes involving arbitrary external particles, i.e. fermions, longitudinal gauge bosons, Higgs bosons and transverse gauge bosons has been completed [45].

These two-loop computations for fermionic processes are in agreement with the predictions obtained in Ref. [27] by resumming the one-loop results.

1.4 Spontaneous symmetry breaking and high-energy limit

In this section we want to explain our approach to the high-energy behaviour of the spontaneously broken electroweak theory. In particular, we want to emphasize the role of gauge symmetry in the high-energy limit of the spontaneously broken theory, and discuss the relation to an unbroken theory, where gauge symmetry is exact.

As can be seen in the detailed derivations in Ch. 3 and Ch. 4, the universality of the long-distance logarithmic corrections arises from approximate charge-conservation relations and Ward identities for the electroweak matrix elements in the high-energy limit. With other words, universality is provided by approximate gauge symmetry in the highenergy limit.

It is important to note that these crucial symmetry relations are valid only in approximate form and for matrix elements that are not mass-suppressed, i.e. matrix elements (with mass dimension d) that scale as E^d in the high-energy limit E ≫ M_W. The approximate symmetry relations are violated by mass-suppressed contributions of the order M^n_WE^{d−n}, n > 0, and these latter cannot be neglected if the matrix elements themselves are mass-suppressed.

To illustrate our approach to electroweak loop corrections in the high-energy limit, let us consider the electroweak Lagrangian (see Appendix C)

L_{ew} = L_{symm} + L_v (1.3)

consisting of a part L_v , which contains couplings with mass-dimension proportional to the vacuum expectation value (vev) v of the Higgs field^1, and a remaining manifestly symmetric part L_{symm}, which corresponds to a vanishing vev and depends only on dimensionless parameters. In the high-energy limit, it is natural to expect a correspondence between the spontaneously broken electroweak theory L_{ew} and the unbroken SU(2) × U(1) theory L_{symm}. This correspondence provides a useful intuitive picture. We stress however, that we do not assume it a priori as it has been done in the literature (see point 2 in Sect. 1.3, and in particular Ref. [29]) since we want to verify it. To this end we proceed as follows. We first derive the electroweak logarithmic corrections within the complete spontaneously broken theory L_{ew}. Then, in the high-energy limit, we isolate that part of the results that exhibits a universal and SU(2)× U(1)-symmetric form. This symmetric part of the results will naturally indicate the correspondence between the high-energy broken theory and the unbroken one, whereas the remainig non-symmetric part will indicate effects originating from L_v.

This approach is motivated by the following important features that distinguish the high-energy electroweak theory from an unbroken SU(2) × U(1) theory.

1Also the negative mass term in the Higgs potential, with coefficient μ^2 =^{λH}_4 v^2 is part of Lv .

1. The mixing between the gauge-group eigenstates Owing to symmetry breaking, the physical mass eigenstates originate from mixing between the gauge-group eigenstates. Obviously, we are interested in matrix elements involving the physical mass eigenstates and not the gauge-group eigenstates. At the same time we want to keep our formalism as symmetric as possible, so that invariants of the gauge group, such as the Casimir operator or the coefficients of the beta functions can be easily recognized in the final results. To this end, in the Feynman rules (see Appendix C) and in the gauge transformations (see Appendix D), the generators of the gauge group are expressed in their generic matrix form. Mixing is implemented in a natural way by transforming the generators and all other group-theoretical quantities in the basis corresponding to the mass-eigenstate fields (see Appendix B).

2. The definition of the asymptotic states and of the parameters at physical mass scales Symmetry breaking introduces a fundamental mass scale in the theory, and generates the physical masses of the particles. These masses enter the definition of the on-shell asymptotic states as physical renormalization scale. In particular, they enter the field (or wave-function) renormalization constants, which must be fixed such that the on-shell asymptotic fields have the correct normalization and do not mix. For the definition of the fields and of the paramaters we adopt the on-shell scheme [46], where the renormalized fields correspond to physical fields and all parameters are related to the electromagnetic coupling constant and to the masses of the particles.

3. The gap between the gauge-boson masses Another non-trivial feature emerging from symmetry breaking is the gap between the photon mass and the weak scale M_W. Owing to this gap, electroweak corrections are manifestly non-symmetric at low energies, where they are often splitted into an electromagnetic part (photon loops) and a remaining weak part. At high-energies, instead, it is more convenient to adopt a different splitting of the corrections, which reflects the SU(2) × U(1) symmetry. For this reason we distinguish a part originating from above the electroweak scale, which is called symmetric electroweak (ew) part, from a remaining part originating from below the electroweak scale, which is called pure electromagnetic (em) part. This splitting is done only in the final logarithmic results. In practice, the logarithms resulting from the electromagnetic and from the Z-boson loops are splitted into two parts: the contributions corresponding to a fictitious heavy photon and a Z-boson with mass M_W are added to the W-boson loops resulting in the “symmetric electroweak” (ew) contribution. The large logarithms originating in the photon loops owing to the gap between the electromagnetic and the weak scale are denoted as “pure electromagnetic” (em) contribution. The remaining logarithms originating from the difference between the Z-boson mass and the mass of the W-boson are given separately.

4. The presence of longitudinal gauge bosons as physical asymptotic states Longitudinally polarized gauge-boson states are not present in a symmetric gauge theory and represent a characteristic feature of spontaneous symmetry breaking. They arise together with gauge-boson masses in the Higgs mechanism [2] owing to the gauge interactions of the vacuum. In the high-energy limit, longitudinal gauge bosons are related to the corresponding unphysical components of the scalar doublet, the so-called would-be Goldstone bosons, via the Goldstone-boson equivalence theorem (GBET) [47]. This represents a non-trivial correspondence between longitudinal gauge bosons in the broken theory and would-be Goldstone bosons in the unbroken theory. Here we stress the following:

• the correspondence can be established only in one direction starting from the broken theory, because the GBET follows from Ward identities of the spontaneously broken theory and is based on L_v.

• The well-known lowest-order form of the GBET is modified by non-trivial higherorder corrections [48]. These corrections are related to mixing-energies between longitudinal gauge bosons and would-be Goldstone bosons that originate from L_v .

A detailed discussion is given in Sect. 2.3.

1.5 Content and organization

The universal one-loop results for high-energy electroweak DL and SL corrections and application to simple processes have been published in Ref. [24]. In Ref. [25] we have presented the proof of factorization of collinear mass singularities and the derivation of the collinear Ward identities. In addition to the content of these papers, in this thesis we include all universal logarithms log (m_t/M_W ), log (M_H/M_W ) depending on the top and Higgs masses, and we apply our results also to the processes d̄u → W^+A and d̄u → W^+Z.

The content is organized as follows. In Ch. 2 we fix our basic notation and conventions, we define the logarithmic approximation, we discuss the Goldstone-boson equivalence theorem and describe the form and origin of universal logarithmic corrections. The DL mass singularities are treated in Ch. 3, where we show that they originate from soft-collinear gauge bosons coupling to external legs and we evaluate them using the eikonal approximation.

Chapters 4 to 6 concern the SL mass singularities that are related to the external particles. In Ch. 4 we treat the contributions originating from loop diagrams: we show that they are restricted to those diagrams involving collinear virtual gauge bosons coupling to the external legs, and we prove that they factorize. The derivation of the collinear Ward identities used for this proof is postponed to Ch. 6. In Ch. 5 we give the SL mass singularities originating from wave-function renormalization as well as the corrections to the GBET. These contributions are combined with the contributions presented in Ch. 4 to form a gauge-invariant result.

The logarithmic corrections originating from parameter renormalization are presented in Ch. 7. Finally, in Ch. 8, we discuss some applications of our general results to simple specific processes and present numerical evaluations.

In the appendices we define all generic quantities appearing in our formulas. In Appendix A we fix our conventions for Green functions and vertex functions. All needed group-theoretical quantities are given in Appendix B in the basis of mass-eigenstate fields. The Feynman rules and the BRS transformations of the fields are given in generic form in Appendix C and Appendix D, respectively. In Appendix E we show that in the case of transverse gauge-boson production the large logarithms originating from parameter renormalization and the SL mass singularities associated with the final transverse gauge bosons compensate each other. Those 2-point functions that enter the field-renormalization constants are listed in Appendix F in logarithmic approximation.

The content of each chapter is summarized in the corresponding introduction.

Chapter 2

Universal logarithmic corrections at high energies

In this chapter we introduce our basic notation, we define the high-energy (logarithmic) approximation, and specify our approach to logarithmic corrections at high-energies. In particular, we introduce the Goldstone-boson equivalence theorem (GBET), which is used for the description of longitudinal gauge bosons in the high-energy limit. Finally, we discuss the form and origin of the universal logarithmic corrections.

2.1 Notation and conventions

Our notation for fields and particles is as follows. Chiral fermions and antifermions are denoted by f^κ_{j,σ} and f̄^κ_{j,σ} , respectively, where f = Q, L corresponds to quarks and leptons. For fermionic fields we use the symbol Ψ instead of f, which is used for fermionic particles. The chirality is specified by κ = R, L. The index σ = ± determines the weak isospin, and j = 1, 2, 3 is the generation index. The gauge bosons are denoted by V^a = A, Z, W^±, and can be transversely (T) or longitudinally (L) polarized. The components of the scalar doublet are denoted by Φ_i = H, χ, ϕ^± and consist of the physical Higgs particle H and the unphysical would-be Goldstone bosons χ, ϕ^±, which are used to describe the longitudinally polarized massive gauge bosons Z_L and W^±_L with help of the GBET. The above fields (or particles) are collectively represented as components φ_i of one multiplet φ.

As a convention, we consider electroweak processes^1

φ_{i1} (p_1) . . .φ_{in} (p_n) → 0, (2.1)

involving n arbitrary incoming particles φ_{i1} , . . ., φ_{in} with incoming momenta p_1, . . ., p_n. The predictions for general processes,

φ_{i1} (p^{in}_1 ) . . .φ_{im} (p^{in}_m) → φ_{j1} (p^{out}_1 ) . . .φ_{jn−m} (p^{out}_{n−m}), (2.2)

1Note that in the notation we use to denote scattering processes like (2.1), the symbol φi(p) has to be understood as the particle associated to the field φi, and p specifies the corresponding momentum. This is in contrast with our usual notation, where φi (p) denote the Fourier component of a quantum or classical field.

can be obtained by crossing symmetry from our predictions for the n → 0 process

φ_{i1} (p^{in}_1 ) . . .φ_{im} (p^{in}_m)φ̄_{j1} (−p^{out}_1 ) . . .φ̄_{jn−m} (−p^{out}_{n−m}) → 0, (2.3)

where φ̄_i represents the charge conjugate of φ_i. Thus, outgoing particles (antiparticles) are substituted by incoming antiparticles (particles) and the corresponding momenta are reversed. These substitutions can be directly applied to our results.

The matrix element for the process (2.1) is given by M^{φi1 ... φin} (p_1, . . ., p_n) = G^{φi}1^{... φin} (p_1, . . ., p_n) n∏ k=1 v_{φik} (p_k). (2.4)

On the right-hand side (rhs), we have the Green function^2 G contracted with the wave functions v_{φik} (p_k) of the external particles. These latter equal 1 for scalars and are given by the Dirac-spinors for fermions and the polarization vectors for gauge bosons. The field arguments of the Green function G are underlined. This indicates that the corresponding external legs are truncated. This and other conventions for Green functions are listed in Appendix A. The lowest-order (LO) matrix elements are denoted by M_0.

The generators of the SU(2) × U(1) gauge group are denoted by I^{V a} . In terms of the electric charge Q and weak isospin T^a they are given by

I^A = −Q, I^Z =

T^3 − s^2_W Q s_W c_W

, I^± =

T^1 ± iT^2 √ 2s_W

(2.5)

and depend on the sine s_W = sin θ_w and cosine c_W = cos θ_w of the weak mixing angle θ_w, which are fixed by c^2_W = 1 − s^2_W = M^2_W/M^2_Z.

Infinitesimal global transformations of the fields φ_i are determined by the matrices I^{V a}_{φiφi′} in the corresponding representation and read δφ_i = ie ∑ V^a=A,Z,W^± ∑ φ_i′ I^{V a}_{φiφi′} δθ^{V a} φ_i′ , (2.6) where δθ^{V a} are the infinitesimal gauge parameters. The generators (2.5) determine the gauge couplings. To be precise, the matrices ieI^{V a}_{φi φi′} are the couplings corresponding to the gauge vertices V^aφ̄_iφ_i′ , where all fields are incoming.

The explicit form of the generators and other group-theoretical quantities is given in Appendix B, and a detailed list of the Feynman rules can be found in Appendix C.

2.2 High-energy limit and logarithmic approximation

For the process (2.1), we restrict ourselves to following kinematic region. The external momenta are considered to be on shell, p^2_k = M^2_{φk} , whereas all other invariants are assumed to be much larger than the gauge-boson masses, (_N ∑ l=1 p_{kl} )_2

∼ s ≫ M^2_W, 1 < N < n − 1, k_l ≠ k_l′ for l ≠ l^′. (2.7)

2 Note that the wave-function renormalization factors that usually appear on the rhs of (2.4) have been set equal to one, since we assume that the renormalized on-shell fields correspond to physical fields, i.e. that they have been normalized such that the residues of the corresponding propagators equal 1.

This corresponds to high centre-of-mass energy E = √ s ≫ M_W and not too small scattering angles. In this region, matrix elements can be expanded in the small parameters M_i/E ≪ 1, where M_i represent the various mass scales that enter the matrix element.

As already stressed in the introduction, we restrict ourselves to processes with Born matrix elements that are not mass-suppressed, i.e. of order^3 M^{φi1 ...φin} 0 (p_1, . . ., p_n) ∼ E^d, (2.8)

where d is the mass dimension of the matrix element. At one-loop level, we restrict ourselves to double (DL) and single (SL) logarithmic mass-singular corrections, i.e. corrections of the order δ^{DL}M^{φi1 ...φin} (p_1, . . ., p_n) ∼ E^dL, δ^{SL}M^{φi1 ...φin} (p_1, . . ., p_n) ∼ E^dl, (2.9) where L and l represent double and single logarithms of the form

L(|r_{kl}|, M^2_i ) := α 4π log^2 |r_{kl}| M^2_i , l(|r_{kl}|, M^2_i ) := α 4π log |r_{kl}| M^2_i

, (2.10)

depending on different masses M_i and invariants

r_{kl} = (p_k + p_l)^2 ≈ 2p_kp_l ≫ M^2_W. (2.11)

In the high-energy and fixed-angle limit, the contribution of order (2.9) represent the leading part of the one-loop corrections. This part is universal, i.e. it can be predicted in a process-independent way. The remaining part, instead, is in general non-universal and will be neglected. In particular, we do not consider mass-suppressed logarithmic contributions of the order M^n_WE^{d−n}L and M^n_WE^{d−n}l with n > 0. We also neglect all corrections of the order αE^d, i.e. corrections that are constant relative to the Born matrix element.

The logarithms (2.10) originating from various Feynman diagrams (and counterterms), depend on different energy scales r_{kl} and mass scales M_i, as well as on the scale μ introduced by dimensional regularization^4. These scales are characterized by following hierar- chy μ^2 = s ∼ r_{kl} ≫ m^2_t , M^2_H > M^2_W ∼ M^2_Z ≫ m^2_{f ≠t} ≫ λ^2, (2.12)

where the lightest scale λ corresponds to the fictitious photon mass used to regularize infrared (IR) singularities, m_{f ≠t} denotes light-fermion masses, and we have set μ^2 = s. The choice of the scale μ is free, since the S matrix in independent of μ. We choose μ^2 = s so that we can restrict ourselves to the mass-singular logarithms log (μ^2/M^2_i ) or log (s/M^2_i ), whereas the logarithms log (μ^2/s) originating from loop diagrams that are not mass-singular can be neglected.

In order to organize all one-loop results in the most symmetric way, we split all logarithms into a “symmetric electroweak” (ew) part given by logarithms of the ratio between

3Obviously, for a precise Born-level prediction the exact matrix elements have to be used, including all mass terms.

4Note that μ does not correspond to the scale of renormalization.

the energy and the electroweak scale and a remaining part. To be precise, all double and single logarithms of the type (2.10) are written in terms of

L(s) := α 4π log^2 s M^2_W , l(s) := α 4π log s M^2_W

, (2.13)

plus remaining logarithms of mass ratios and ratios of invariants.

• All DL contributions proportional to L(s) and l(s) log(|r_{kl}|/s) as well as the SL contributions proportional to l(s) are called “symmetric-electroweak” (ew) contributions. They can be intuitively understood as the part of the corrections originating from above the electroweak scale.

• All DL and SL contributions containing logarithms log (M^2_W/λ^2) and log(M^2_W/m^2_f ), which involve the photon mass λ or masses of light charged fermions are called “pure electromagnetic” (em) part. This part includes also energy-dependent double logarithms of the type l(s) log (M^2_W/λ^2) and l(s) log(M^2_W/m^2_f ).

• We also take into account the logarithmic dependence on M_H and m_t originating from diagrams involving Higgs bosons and top quarks. The corresponding SL terms are usually split as follows log s M^2_i

= log s M^2_W

− log

M^2_i M^2_W

, M_i = M_H, m_t. (2.14)

For the Higgs mass we only assume that s ≫ M_H > M_W. In diagrams involving both top quarks and Higgs bosons the scale of the logarithms is determined by the largest mass M_{H,t} := max (M_H, m_t), (2.15)

which can be either m_t or M_H.

• Since M_W ∼ M_Z we neglect all single logarithms α log(M^2_Z/M^2_W). The logarithmic dependence on M_Z is only considered at the DL level by taking into account the contributions l(s) log(M^2_Z/M^2_W ), which grow with energy.

The remaining logarithmic contributions are neglected. In particular, we neglect the pure angular-dependent contributions α log (|r_{kl}|/s) and α log^2 (|r_{kl}|/s) which are small in the limit (2.7).

2.3 Longitudinal gauge bosons in the high-energy limit

In this section we introduce and discuss the GBET, which is used to treat longitudinal gauge bosons in the high-energy limit. Longitudinal gauge bosons are particularly interesting since these states originate from the symmetry breaking mechanism and are not present in symmetric gauge theories. Therefore, in processes involving longitudinal gauge bosons, the broken sector of the theory plays a crucial role also at energies above the symmetry-breaking scale.

Let us consider the process

V^{a1}_L (q_1) . . .V^{am}_L (q_m)φ_{i1} (p_1) . . .φ_{in} (p_n) → 0, (2.16) involving m longitudinal gauge bosons V^{ak}_L = Z_L, W^±_L and n other arbitrary external states φ_{ik} . The corresponding matrix element is given by M^{V a1L ... V amL φi1 ... φin} (q_1, . . ., q_m, p_1, . . ., p_n) = = [_m ∏ k=1 ϵ^{μk}_L (q_k ) ] G^V a1 ... V^{am} φ_{i1} ... φ_{in} μ_1 ...μ_m (q1, . . ., qm, p1, . . ., pn) n∏ k=1 v_{φik} (p_k), (2.17)

where the amputated Green function G^{V a1 ...V am}_{μ1...μm} is contracted with the longitudinal polarization vectors

ϵ^{μk}_L (q_k) = q^{μk}_k M_V ak + O ( M_V ak q^0_k ) , (2.18)

with q^0_k ∼ E = √ s. In the high-energy limit M/E ≪ 1, each polarization vector yields a contribution of order E/M. Therefore, in order to determine the O(E^d) contribution to the matrix element (2.17), the Green function on the rhs of (2.17) needs to be determined up to the order M^mE^{d−m}. In this Green function the mass terms in the propagators as well as the couplings with mass dimension cannot be neglected. This indicates that the contributions originating from the broken sector of the theory (L_v ) are crucial.

Since the leading part of the longitudinal polarization vector (2.18) is proportional to the momentum of the corresponding gauge-boson, the matrix elements (2.17) can be simplified using electroweak Ward identities that relate amputated Green functions involving weak gauge bosons V^a = Z, W^± to amputated Green functions involving the corresponding would-be Goldstone bosons Φ_a = χ, ϕ^± (a detailed derivation is given in Sect. 5.2). These Ward identities lead to the well-known Goldstone-boson equivalence theorem [47], M^{V a1L ...V amL φi1 ... φin} (q_1, . . ., q_m, p_1, . . ., p_n) = (2.19) = [_m ∏ k=1 i^{(1−QV ak )}A^{V ak} ] M^{Φa1 ...Φam φi1 ... φin} (q_1, . . ., q_m, p_1, . . ., p_n) + O(ME^{d−1}) that will be the basis for our description of longitudinal gauge bosons in terms of would-be Goldstone bosons, in the high-energy limit. The factors

A^{V a} = 1 + δA^{V a} , (2.20)

appearing in (2.19), consist of a trivial lowest-order contribution and non-trivial loop contributions δA^{V a} [see (5.74)]. These latter are the so-called corrections to the GBET [48] and have to be evaluated in the needed order of perturbation theory. In one-loop approximation, the corrections to the process (2.16) are obtained from δM^{V a1L ...V amL φi1 ... φin} = [_m ∑ k=1 δA^{V ak} ] M^V a1 L ...V^{am}_L φ_{i1} ... φ_{in} 0 + [_m ∏ k=1 i^{(1−QV ak )} ] δM^{Φa1 ...Φam φi1 ... φin} , (2.21) combining the corrections to the GBET with the corrections to the matrix element involving would-be Goldstone bosons.

The main advantage of the GBET is to remove the complications related to the mass terms. In fact, the Green function on the rhs of (2.19) needs to be evaluated in leading order E^d only. In this Green function all mass terms, i.e. all contributions related to L_v can be neglected. This does not mean that the broken sector of the theory does not play any role in the high-energy limit. In particular we stress the following:

• The electroweak Ward identities that lead to the GBET are based on the broken sector of the theory.

• In higher-orders of perturbation theory the corrections δA^{V a} to the GBET involve loop diagrams that originate from the broken sector L_v (see Sect. 5.2). In particular they involve mixing-energies between gauge bosons and would-be Goldstone bosons.

In general, to handle matrix elements involving longitudinal gauge bosons, we have to rely on Ward identities of the full spontaneously broken theory, where the broken contributions play a crucial role. This is the case also in Ch. 6, where we derive collinear Ward identities, used to determine the collinear loop corrections to the Green functions involving external would-be Goldstone bosons.

2.4 Form and origin of universal logarithmic corrections

In this section, we briefly discuss the form of universal logarithmic corrections, we specify the strategy that we adopt for their calculation, and explain how they are classified according to their origin.

As shown in the following chapters, in leading-logarithmic order (2.9), the virtual oneloop corrections assume the general form δM^{φi1 ... φin} ({λ_i}, p_1, . . ., p_n) = ∑ λ_i δλ_i ∂M^{φi1 ... φin} 0 ∂λ_i ({λ_i}, p_1, . . ., p_n) + ∑ φ_i′_1 ...φ_i′_n M^{φi′1 ... φi′n} 0 ({λ_i}, p_1, . . ., p_n) δ^{φi1 ... φin}_{φi′1 ... φi′n} ({λ_i}, p_1, . . ., p_n). (2.22)

On one hand we have the well-known contributions that are related to the renormalization δλ_i of the dimensionless coupling constants λ_i. On the other hand we have contributions that factorize in momentum space into Born matrix elements times universal correction factors δ^{φi1 ... φin} φ_i′_1 ... φ_i′_n . These latter are tensors with SU(2)×U(1) indices that can be associated,

as we will see, to single external states or pairs of external states.

The dimensionless correction factors δ^{φi1 ... φin}φ_{i′1} ... φ_{i′n} and the running δλ_i of the couplings are evaluated in logarithmic accuracy, i.e. to order L and l, in a process-independent way. Instead, the Born matrix elements on the rhs of (2.22), which involve in general SU(2) × U(1)-transformed fields φ_i′_1 . . . φ_i′_n , require an explicit evaluation for each specific process. Note that these Born matrix elements need to be evaluated in leading order (2.8) only.

The universal corrections (2.22) are derived in one-loop order using dimensional regularization. As explained in Sect. 2.2, we choose the scale μ^2 = s, so that we can restrict ourselves to mass singularities. These are shared between the renormalization counterterms and the truncated loop-diagrams, depending on the gauge fixing and the renormalization scheme.

• The one-loop contributions from renormalization are related to Born diagrams in a natural way. On one hand, the contribution of coupling-constant counterterms δλ_i is equivalent to a shift of the couplings at Born level, which leads to the first term on the rhs of (2.22). On the other hand, the field renormalization constants (FRC’s) lead to δ^{WF}M^{φi1 ...φin} = n∑ k=1 ∑ φ_i′_k 1 2 δZ_{φi′k φik} M^{φi1 ...φi′k ...φin} 0 , (2.23)

with the well-known δZ/2 factors for each external leg. For parameter renormalization we adopt the on-shell scheme [46] for definiteness. This can be easily changed. The field renormalization constants (FRC’s) are fixed such that the fields do not mix and the residua of renormalized propagators are equal to one, i.e. renormalized fields correspond to physical fields and no extra wave-function renormalization constants are required [46].

• The remaining mass-singular corrections originate from truncated loop diagrams and factorize in the form corresponding to the second term on the rhs of (2.22). To prove the factorization of these contributions much more effort is needed. A possible strategy is to avoid non-trivial mass-singular loop diagrams by an appropriate gaugefixing, such that all mass singularities are isolated into the FRC’s. This approach has been developed in Ref. [44], using the Coulomb gauge for massive gauge bosons. In this way, factorization is obtained in a natural way as in (2.23). However, the evaluation of the FRC’s becomes highly non-trivial, owing to the subtleties related to this particular gauge fixing, and for the time being, explicit results are available only at the DL level, in this approach.

In this thesis we adopt the ’t Hooft-Feynman gauge. Here, factorization of the DL and SL mass-singular truncated loop diagrams has to be proved explicitly. This proof is based on the two following general ideas:

• Mass singularities originate from a restricted subset of Feynman diagrams and from specific regions of loop-momenta, so-called leading regions. With Ref. [49] one can easily prove that mass singularities in the electroweak theory are restricted to Feynman diagrams with virtual gauge bosons coupling to the external legs, and originate in those regions of loop-momenta where the virtual gauge bosons are soft and/or collinear to the external legs.

• Factorization of the Feynman diagrams involving soft and/or collinear virtual gauge bosons is a consequence of gauge symmetry. In particular, the factorized form of the second term on the rhs of (2.22) is obtained using appropriate charge-conservation relations and Ward identities of the electroweak theory.

These ideas are developed in the following chapters, where the leading-logarithmic corrections are split according to the leading regions they originate from. The various parts are denoted as follows δM = δ^{LSC}M + δ^{SSC}M + δ^CM + δ^{PR}M. (2.24)

The first two terms correspond to DL contributions, i.e. δ^{LSC}+δ^{SSC} = δ^{DL}. These originate from those one-loop diagrams where soft–collinear gauge bosons are exchanged between pairs of external legs, and are evaluated with the eikonal approximation in Ch. 3.

• The leading part δ^{LSC} consists of angular-independent double logarithms of the type L(s) and similar.

• The subleading part δ^{SSC} is given by angular-dependent double logarithms of type l(s) log(|r_{kl}|/s) and similar.

The last two terms in (2.24) are the SL contributions, i.e. δ^C + δ^{PR} = δ^{SL}.

• The collinear or soft single logarithms are denoted by δ^C. One part of δ^C originates from renormalization (FRC’s and corrections to the GBET) and is treated in Ch. 5. The remaining part originates from truncated loop diagrams involving external-leg emission of collinear virtual gauge bosons. The factorization of these diagrams is proved in Ch. 4 using the Ward identities derived in Ch. 6.

• The SL contributions of UV origin, which are related to the parameter renormalization, are denoted by δ^{PR} and are presented in Ch. 7. Since we set μ^2 = s, these corrections are absorbed into the parameter-renormalization counterterms. They include the contributions of the charge and weak-mixing-angle renormalization constants, as well as the renormalization of dimensionless mass ratios associated with the top-Yukawa coupling and the scalar self-coupling.

Chapter 3

Soft-collinear mass singularities

In this chapter we treat the double-logarithmic (DL) mass singularities. First, we show that the DL mass-singular corrections originate from exchange of soft-collinear virtual gauge bosons between pairs of external particles and evaluate them using the well-known eikonal approximation. Then, we show that the angular-independent part of the DL corrections, which we call leading soft-collinear part δ^{LSC}M, factorizes as a single sum over external particles δ^{LSC}M^{φi1 ... φin} (p_1, . . ., p_n) = n∑ k=1 ∑ φ_i′_k M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_n) δ^{LSC}_{φi′k φik} . (3.1)

The remaining angular-dependent part of the DL corrections, which we call subleading soft-collinear part δ^{SSC}M, is given by a double sum over pairs of external legs δ^{SSC}M^{φi1 ... φin} (p_1, . . ., p_n) = n∑ k=1 ∑ l<k ∑ φ_i′_k ,φ_i′_l M^{φi1 ... φi′k ... φi′l ... φin} 0 (p_1, . . ., p_n) δ^{SSC}_{φi′k φik φi′l φil} . (3.2) We note that these DL contributions represent the simplest part of the electroweak logarithmic corrections. At this level, in fact, the mechanism of symmetry breaking is irrelevant in its details and only the lowest-order mixing in the neutral gauge sector has to be taken into account. This gives rise to mixing between matrix elements involving photons and Z–bosons in the leading DL corrections.

3.1 Double-logarithmic mass singularities and eikonal approximation

We first have to determine the class of Feynman diagrams that potentially give rise to DL mass singularities. To this end we can use the analysis of scalar loop integrals made by Kinoshita [49]. Since we choose the ’t Hooft–Feynman gauge, where all propagators have the same pole-structure as scalar propagators, we can directly apply the result of Ref. [49] to conclude that DL mass-singularities originate only from the subset of loop diagrams where a virtual particle φ_s is exchanged between two on-shell external particles φ_{ik} and φ_{il} [49], i.e. diagrams of the type^1

φ_s φ_{ik}

φ_{il} φ_i′_k

φ_i′_l . (3.3)

In general, the fields φ_s, φ_{ik} , φ_i′_k , φ_{il} , φ_i′_l in (3.3) may be fermions, antifermions, Higgs bosons, would-be Goldstone bosons or gauge bosons. For the moment, we consider all possible diagrams of the type (3.3) that are allowed by the electroweak Feynman rules. These lead to loop integrals of the type

J = −i(4π)^2μ^{4−D}×

∫ d_D q

(2π)^D N(q) (q^2 − M^2_{φs} + iε)[(p_k − q)^2 − M^2_{φi′k} + iε][(p_l + q)^2 − M^2_{φi′l} + iε]

. (3.4)

The part denoted by N(q) is kept implicit. It consists of the lowest-order (LO) contribution from the “white blob” in (3.3), of the wave-function (spinor or polarization vector) corresponding to the external lines φ_{ik} , φ_{il} , of the couplings of the virtual particle φ_s, and of the numerators of the φ_s, φ_i′_k and φ_i′_l propagators.

The DL mass singularities originate from the denominators of the φ_s, φ_i′_k and φ_i′_l propagators, in the regions of integration where the φ_s momentum becomes collinear to one of the external momenta and soft, i.e. q^μ → xp^μ_k or q^μ → xp^μ_l , and x → 0. The DL mass singularities can be extracted from (3.4) using the eikonal approximation (see for instance Ref. [50]) which consists in the following simple prescription for the numerator N(q):

(1) Substitute N(q) → N(0), i.e. set q^μ → 0.

(2) Neglect all mass terms in N(0). (3.5)

We stress that this approximation is not directly applicable in the presence of external longitudinal gauge bosons. In this case, it is not possible to set all mass terms in N(0) to zero, since the longitudinal polarization vectors (2.18) are inversely proportional to the gauge-boson masses. For this reason, matrix elements involving longitudinal gauge bosons V^a_L = Z_L, W^± are treated with the GBET (2.19), i.e. they are expressed by matrix elements involving the corresponding would-be Goldstone bosons Φ_a = χ, ϕ^±. In the ’t Hooft–Feynman gauge, as we will see in Sect. 5.2, the one-loop corrections to the GBET involve only SL contributions. Therefore, at DL level (2.9) we can use the GBET in its LO form δ^{DL}M^{V a1L ...V amL φi1 ... φin} (q_1, . . ., q_m, p_1, . . ., p_n) = (3.6) = [_m ∏ k=1 i^{(1−QV ak )} ] δ^{DL}M^{Φa1 ...Φam φi1 ... φin} (q_1, . . ., q_m, p_1, . . ., p_n), 1Here and in the following, all on-shell external legs that are not involved in our argumentation are omitted in the graphical representation.

and we can apply the eikonal approximation to the matrix elements involving the would-be Goldstone bosons, since here all mass terms can be neglected, in the high-energy limit.

In the eikonal approximation (3.5), which we denote by the subscript eik., the integral (3.4) simplifies into a scalar three-point function, usually called C_0. In the high-energy limit (2.11), and in logarithmic approximation (LA) this yields [51]

J_{eik.}^{LA}=

N_{eik.}(0) (p_k + p_l)^2 1 2 ln^2 ( −(p_k + p_l)^2 − iε M^2_{φs} − iε ) + ∑ m=k,l I_C (p^2_m, M_{φs} , M_{φi′m} ) , (3.7)

where I_C represents the dilogarithmic integral

I_C (p^2, M_0, M_1) := −

∫_1 0 dx x ln ( 1 + M^2_1 − M^2_0 − p^2 M^2_0 − iε x + p^2 M^2_0 − iε x^2 ) . (3.8)

Such integrals lead to large logarithms only when the mass M^2_0 is very small compared to p^2 and/or M^2_1 − p^2.

In order to evaluate the Feynman diagrams of the type (3.3) in the eikonal approximation (3.5), we first concentrate on the vertex φ_{ik} (p_k) → φ_s(q)φ_i′_k (p_k − q) and we consider the insertion of the propagator of the soft particle φ_s into the external leg φ_{ik}

φ^s φ_{ik} φi^′_k

eik.

= v_{φik} (p_k)G^{φ̄sφs}_{eik.} (q)iΓ^{φ̄sφ̄i′k φik}_{eik.} (−q, −p_k + q, p_k)G^{φ̄i′k φi′k}_{eik.} (p_k − q) ×

G φ_{i1} ... φ_{i′k} ... φ_{in} 0 (p_1, . . ., p_k, . . ., p_n) ∏ m≠k v_{φim} (p_m). (3.9)

The notation used here is described in detail in (2.4) and in Appendix A. The first line on the rhs of (3.9) corresponds to the left part of the diagram on the left-hand side (lhs), with the propagators and the vertex in eikonal approximation. The second line corresponds to the “white blob” in the diagram on the lhs.

We are interested in diagrams (3.9) involving external scalars (Higgs fields or would-be Goldstone bosons), fermions, antifermions or transverse gauge bosons, i.e. φ_{ik} = Φ_i, f^κ_{j,σ} , f̄ κ_{j,σ} or V a_T . For the internal lines φ_s, φ_{i′k} , in general, we have to consider all possible combinations that are allowed by the electroweak Feynman rules (see Appendix C). However, it turns out that most of them are suppressed in the eikonal approximation.

• Firstly, all diagrams with vertices φ_sφ̄_i′_k φ_{ik} that have couplings with mass dimension can be neglected. Only the 3-particle vertices that have dimensionless couplings need to be considered, i.e. the vertices of the type V V V , V ΦΦ, V ff̄, Φff̄, and the scalar– ghost–antighost vertices V uū.

• Secondly, in the limit q^μ → 0, only those diagrams where the soft particle is a gauge-boson, φ_s = V^a, are not suppressed, whereas all other diagrams are masssuppressed. This can be easily verified using the Feynman rules given in Appendix C, the transversality of the gauge-boson polarization vectors, the Dirac equation for fermionic spinors, and the identity p/^2 = p^2.

For the diagrams that are not suppressed one obtains

¯^{V aμ} φ_{ik} φi^′_k

eik.

= −eI^{V̄ a}_{φi′k φik} D_1 2p^μ_k M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_k, . . ., p_n), (3.10)

where D_1 = [(p_k − q)^2 − M^2_{φi′k} + iε] is the denominator of the internal propagator, and the propagator of the soft gauge boson has been omitted. Note that this expression for the insertion of an outgoing soft gauge boson V^a_μ into the external leg of an incoming particle (or antiparticle) φ_{ik} = Φ_i, f^κ_{j,σ}, f̄^κ_{j,σ}, V^a_T is proportional to its incoming momentum p^μ_k and to the gauge coupling I^{V̄ a}_{φi′k φik} . Here we illustrate how (3.10) is obtained in the case of external transverse gauge bosons. For φ_{ik} = V^b_T, we have

¯^{V aμ} V^b_T V b^′

eik.

= ε^ν_T(p_k)ieI^{V̄ a}_{V b}′_{V b} [ g^μ_ν′ p_{kν} − 2g_ν′_ν p^μ_k + g^μ_ν p_{kν}′ ] ×

−ig^{ν′ ν′′} D_1 G^{φi1 ... V} b′ ... φ_{in} 0,ν^{′′} (p1, . . ., pk, . . ., pn) ∏ n≠k v_{φin} (p_n)

= −eI^{V̄ a}_{V b}′_{V b} D_1 [ −ε^ν_T(p_k)p_{kν} g^{μν′} + 2p^μ_k ε^{ν′}_T (p_k) − ε^μ_T(p_k)p^{ν′}_k ] × G^{φi1 ... V} b′ ... φ_{in} 0,ν^′ (p1, . . ., pk, . . ., pn) ∏ n≠k v_{φin} (p_n). (3.11)

The first term within the square brackets cancels owing to the transversality of the polarization vector ε^ν_T(p_k)p_{kν} = 0. The third term, which is proportional to p^{ν′}_k , is suppressed owing to the Ward identity p^{ν′}_k G^{φi1 ... V} b′ ... φ_{in} 0,ν^′ (p1, . . ., pk, . . ., pn) ∏ n≠k v_{φin} (p_n) = = i^{(1−Q}V^{b′ )}M_{V b}′ M^{φi1 ... Φb′ ... φin} 0 (p_1, . . ., p_k, . . ., p_n), (3.12) and the second term, which is proportional to ε^{ν′}_T (p_k), leads to (3.10).

We note that here, but also in other derivations, owing to gauge-boson emission φ_{ik} → V^aφ_i′_k , we obtain expressions where the wave function v_{φik} (p_k) with mass p^2_k = M^2_{φik} is contracted with a line φ_i′_k carrying a mass M^2_{φi′k} that can be different from M^2_{φik} [in (3.11) we have φ_{ik} = V^b and φ_i′_k = V^{b′} ]. However, in the limit s ≫ M^2_{φik} , M^2_{φi′k} , such expressions are identified with matrix elements for φ_i′_k , i.e. G^{φi1 ... φi′}k^{... φin} (p_1, . . ., p_n) n∏ j=1 v_{φij} (p_j ) ∼ M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_k, . . ., p_n) (3.13)

since for the polarization vectors of fermions and transverse gauge bosons^2 v_{φik} (p_k) = v_{φi′k} (p_k) + O ( M √ s ) . (3.14)

To be precise, the correction of order O (M/ √ s) in (3.14) occurs only for fermionic polarization vectors, where M ∼ m_{φik} − m_{φi′k} . In the case of transverse gauge bosons such correction does not occur since the corresponding polarization vectors are independent of the gauge-boson mass.

We can now consider the complete set of electroweak Feynman diagrams leading to DL mass singularities, i.e. the diagrams where virtual gauge bosons V^a = A, Z, W^+, W^− are exchanged between all possible pairs of external legs

δ^{DL}M^{φi1 ...φin} = n∑ k=1 ∑ l<k ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l V^a φ_{ik}

φ_{il} φ_i′_k

φ_i′_l eik.

. (3.15)

Combining the soft gauge-boson insertions (3.10) for the external legs φ_{ik} and φ_{il} , and using the high-energy approximation (3.7) one easily finds δ^{DL}M^{φi1 ...φin} = = n∑ k=1 ∑ l<k ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l ∫ d_4q

(2π)^4 −4ie^2p_kp_lI^{V a}_{φi′k φik} I^{V̄ a}_{φi′l φil} M^{φi1 ... φi′k ... φi′l ... φin} 0 (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{φi′k} ][(p_l + q)^2 − M^2_{φi′l} ] LA= n∑ k=1 ∑ l<k ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l I^{V a}_{φi′k φik} I^{V̄ a}_{φi′l φil} M^{φi1 ... φi′k ... φi′l ... φin} 0

× α 4π ln 2 ( |r_{kl}| M^2_V a ) + 2 ∑ m=k,l I_C (M^2_{φim} , M_V a , M_{φi′m} ) , (3.16)

where r_{kl} = (p_k + p_l)^2 ∼ 2p_kp_l. The integrals I_C (M^2_{φim} , M_V a , M_{φi′m} ), defined by (3.8), lead to large logarithms only if the mass of the soft gauge boson V^a is much smaller than one of the other masses. This occurs for all photon-exchange diagrams as well as for those weak-boson exchange diagrams where one of the particles φ_{im} , φ_i′_m is a top quark or a Higgs boson. In the case of photonic diagrams we have

I_C (M^2_{φi} , λ, M_{φi} )^{LA}= − 1 4 ln^2 M^2_{φi} λ^2

, (3.17)

2 Note that (3.14) is not valid for polarization vectors of longitudinal gauge bosons. However, these are treated by means of the GBET.

in LA, where λ ≪ M_{φi} is the photon-mass regulator. For the diagrams with weak bosons coupling to top quarks the relevant integrals yield

I_C (m^2_t , M_Z, m_t)^{LA}= − 1 4 ln^2 ( m^2_t M^2_Z ) , I_C (m^2_t , M_W, m_b)^{LA}= I_C (m^2_b, M_W, m_t)^{LA}= − 1 2 ln^2 ( m^2_t M^2_W ) , (3.18)

in the heavy-top limit m_t ≫ M_Z, M_W. For the diagrams where weak bosons couple to Higgs bosons we have the logarithmic contributions

I_C (M^2_V a , M_V a , M_H)^{LA}= I_C (M^2_H, M_V a , M_V a )^{LA}= − 1 2 ln^2 ( M^2_H M^2_V a ) , (3.19)

in the heavy-Higgs limit M_H ≫ M_V a = M_W, M_Z. Recall that the logarithmic contributions to the imaginary part of the corrections are not relevant at one-loop level and are therefore neglected in the logarithmic approximation (LA). Using (3.17) for the photonic diagrams we can rewrite (3.16) as δ^{DL}M^{φi1 ...φin} = α 4π n∑ k=1 ∑ l≠k ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l I^{V a}_{φi′k φik} I^{V̄ a}_{φi′l φil} M^{φi1 ... φi′k ... φi′l ... φin} 0

× [ 1 2 log^2 ( |r_{kl}| M^2_V a ) − δ_V a_A 1 2 log^2 ( M^2_{φik} λ^2 ) + (1 − δ_V a_A)2I_C (M^2_{φik} , M_V a , M_{φi′k} ) ] , (3.20)

where δ_V a_A represents the Kronecker symbol. This formula applies to external chiral fermions, Higgs bosons, and transverse gauge bosons. The DL corrections to processes involving external longitudinal gauge bosons φ_i = Z_L, W^± are obtained from the DL corrections to the processes involving the corresponding would-be Goldstone bosons φ_i = χ, ϕ^± using (3.6). In practice one has to use the gauge couplings to would-be Goldstone bosons on the rhs of (3.20).

Note that the DL terms log^2 |r_{kl}|/M^2_V a in (3.20) are angular-dependent since the invariant r_{kl} depends on the angle between the momenta p_k and p_l. Writing

log^2 ( |r_{kl}| M^2 ) = log^2 ( s M^2 ) + 2 log ( s M^2 ) log ( |r_{kl}| s ) + log^2 ( |r_{kl}| s ) , (3.21)

the angular-dependent part can be isolated in logarithms of r_{kl}/s which lead to a subleading soft–collinear (SSC) contribution of order α log(s/M^2) log(|r_{kl}|/s). The terms α log^2(|r_{kl}|/s) can be neglected if all invariants are of the same order, as we have assumed in (2.7). The terms of type α log^2(s/M^2) together with the additional contributions from photon loops in (3.20) are angular independent. These terms are denoted as the leading soft–collinear (LSC) contribution.

3.2 Leading soft–collinear contributions

The angular-independent leading soft–collinear corrections can be further simplified using (approximate) charge-conservation relations that follow from global SU(2) × U(1) symmetry. The variation of the electroweak Lagrangian with respect to global SU(2) × U(1) transformations leads to following relations between lowest-order S-matrix elements ie n∑ k=1 ∑ φ_i′_k I^{V a}_{φi′k φik} M^{φi1 ... φi′k ... φin} 0 = O ( v^mE^{d−m} ) , m > 0, (3.22)

where d is the mass-dimension of the matrix elements on the lhs. In the special case V^a = A, the rhs vanishes owing to exact U(1)_{em} symmetry, i.e. the electric charge is exactly conserved. For V^a = Z, W^±, instead, the rhs is in general non-vanishing and contains terms proportional to the vev v owing to spontaneous symmetry breaking. However, since we restrict ourselves to matrix elements that are not mass-suppressed (2.8), these contributions can be neglected in the high-energy limit.

Using (3.22), the angular-independent (LSC) logarithms in (3.20) can be written as a single sum over external legs, δ^{LSC}M^{φi1 ... φin} = n∑ k=1 ∑ φ_i′′_k δ^{LSC}_{φi′′k φik} M^{φi1 ... φi′′k ... φin} 0 . (3.23)

After evaluating the sum over A, Z, W^+ and W^−, in (3.20), the correction factors read δ^{LSC}_{φi′′k φik} = − α 8π C^{ew}_{φi′′k φik} log^2 ( s M^2_W ) + δ_{φi′′k φik} { α 4π (I^Z)^2_{φik} log ( s M^2_W ) log ( M^2_Z M^2_W )

− 1 2 Q^2_{φik} L^{em}(s, λ^2, M^2_{φik} ) + δ^{LSC,h}_{φik} } . (3.24)

The first term represents the DL symmetric-electroweak part and is proportional to the electroweak Casimir operator C^{ew} defined in (B.26). This is always diagonal in the indices φ_i′′_k φ_{ik} , except in the case of external transverse neutral gauge bosons, where the nondiagonal components C^{ew}_{AZ} and C^{ew}_{ZA} give rise to mixing between amplitudes involving photons and Z bosons [see (B.29),(B.19)]. The term proportional to (I^Z)^2 originates from Z-boson loops, owing to the difference between M_W and M_Z. The term

L^{em}(s, λ^2, M^2_φ) := α 4π { 2 log ( s M^2_W ) log ( M^2_W λ^2 ) + log^2 ( M^2_W λ^2 ) − log^2 ( M^2_φ λ^2 )} (3.25)

contains all logarithms of pure electromagnetic origin. Finally, there are additional logarithms which originate from the last term on the second line in (3.20) through (3.18) and (3.19). Also such contributions factorize in the simple form given by (3.23) and (3.24), with

δ^{LSC,h} φ_{ik} = − α 2π ∑ V^a=Z,W^± ∑ φ_i′_k |I^{V a}_{φi′k φik} |^2I_C (M^2_{φik} , M_V a , M_{φi′k} ). (3.26)

This is due to the fact that such large logarithms occur only if one of the particles φ_{ik} , φ_i′_k in (3.20) is a top quark or a Higgs boson^3. In practice, owing to the explicit form of the Z and W couplings to the Higgs boson and to the top quark, for each weak boson V^a = Z, W^± only one virtual particle φ_i′_k contributes to the sum in (3.26). In the case of external heavy quarks, (3.26) yields

δ^{LSC,h}

t^L LA= α 4π [ (3c^2_W − s^2_W )^2 72s^2_Wc^2_W ln^2 ( m^2_t M^2_Z ) + 1 2s^2_W ln^2 ( m^2_t M^2_W )] , δ^{LSC,h}

b^L LA= α 4π 1 2s^2_W ln^2 ( m^2_t M^2_W ) , δ^{LSC,h}_{tR}^{LA}= α 4π 2s^2_W 9c^2_W ln^2 ( m^2_t M^2_Z ) . (3.27)

Numerically δ^{LSC,h}

t^L ≈ δ

LSC,h b^L ≈ 0.3%, δ

LSC,h t^R ≈ 0.01%. (3.28)

For external Goldstone-bosons (longitudinal gauge bosons), and for Higgs bosons we have

δ^{LSC,h} ϕ^± LA= α 4π 1 4s^2_W ln^2 ( M^2_H M^2_W ) , δ^{LSC,h}_χ^{LA}= α 4π 1 4s^2_W c^2_W ln^2 ( M^2_H M^2_Z ) , δ^{LSC,h} H LA= α 4π [ 1 4c^2_Ws^2_W ln^2 ( M^2_H M^2_Z ) + 1 2s^2_W ln^2 ( M^2_H M^2_W )] , (3.29)

and in the case of a heavy Higgs boson, these contributions can reach the percent-level per line. For instance at M_H = 200(500) GeV we have

δ^{LSC,h} ϕ^± ≈ 0.2(0.9)%, δ LSC,h

χ ≈ 0.2(1.0)%, δ^{LSC,h}_H ≈ 0.6(2.7)%. (3.30)

Formula (3.24) is in agreement with Refs. [27, 33] apart for the electromagnetic logarithm α log^2(M^2_{φik} /λ^2), which is missing in Ref. [33], and for the top-, Higgs-, and Z-mass dependent logarithms, which are missing in both these references.

3.3 Subleading soft–collinear contributions

The contribution of the second term of (3.21) to (3.20) remains a sum over pairs of external legs, δ^{SSC}M^{φi1 ...φin} = n∑ k=1 ∑ l<k ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l δ^{V a,SSC} φ_i′_k φ_{ik} φ_i′_l φ_{il} M φ_{i1} ... φ_i′_k ... φ_i′_l ... φ_{in} 0 , (3.31)

with angular-dependent terms. The exchange of soft, neutral gauge bosons contributes with δ^{A,SSC} φ_i′_k φ_{ik} φ_i′_l φ_{il} = α 2π [ log ( s M^2_W ) + log ( M^2_W λ^2 )] log ( |r_{kl}| s ) I^A_{φi′k φik} I^A_{φi′l φil} , 3 This permits to write ∑ φi′ k I^{V̄ a}_{φi′′k φi′k} I^{V a}_{φi′k φik} IC (M^2_{φik} , MV a , Mφ_{i′k} )^{LA}= δφ_{i′′k} φ_{ik} ∑ φi′ k |I^{V a}_{φi′k φik} |^2IC (M^2_{φik} , MV a , Mφ_{i′k} ).

δ^{Z,SSC} φ_i′_k φ_{ik} φ_i′_l φ_{il} = α 2π log ( s M^2_W ) log ( |r_{kl}| s ) I^Z_{φi′k φik} I^Z_{φi′l φil} . (3.32) The photon couplings are always diagonal, I^A_{φi′ φi} = δ_{φi′ φi} I^A_{φi} , and the Z-couplings are diagonal everywhere except in the neutral scalar sector. Here, the non-diagonal components I^Z_{Hχ} and I^Z_{χH} [see (B.37)] give rise to mixing between matrix elements involving external Higgs bosons and longitudinal Z bosons. The exchange of soft charged gauge bosons yields δ^{W ±,SSC} φ_i′_k φ_{ik} φ_i′_l φ_{il} = α 2π log ( s M^2_W ) log ( |r_{kl}| s ) I^±_{φi′k φik} I^∓_{φi′l φil} , (3.33) and owing to the non-diagonal matrices I^± [cf. (B.33), (B.38) and (B.45)], contributions of SU(2)-transformed Born matrix elements (with φ_i′_k ≠ φ_{ik} , φ_i′_l ≠ φ_{il} ) appear on the lhs of (3.31). In general, these transformed Born matrix elements are not related to the original Born matrix element and have to be evaluated explicitly.

The SSC corrections for external longitudinal gauge bosons are obtained from (3.31) with the GBET (3.6), i.e. the couplings and the Born matrix elements for would-be Goldstone bosons have to be used on the rhs of (3.31).

The application of the above formulas is illustrated in Ch. 8 for the case of 4-particle processes φ_{i1} (p_1)φ_{i2} (p_2)φ_{i3} (p_3)φ_{i4} (p_4) → 0, (3.34)

where according to our convention (2.1), all particles and momenta are incoming. Owing to total-momentum conservation we have r_{12} = r_{34}, r_{13} = r_{24} and r_{14} = r_{23}, so that (3.31) reduces to δ^{SSC}M^{φi1 φi2 φi3 φi4} = α 2π ∑ V^a=A,Z,W^± ∑ φ_i′_k ,φ_i′_l [ log ( s M^2_W ) + log ( M^2_W M^2_V a )] × { log ( |r_{12}| s ) [ I^{V a}_{φi′1 φi1} I^{V̄ a}_{φi′2 φi2} M^{φi′1 φi′2 φi3 φi4} 0 + I^{V a}_{φi′3 φi3} I^{V̄ a}_{φi′4 φi4} M^{φi1 φi2 φi′3 φi′4} 0 ]

+ log ( |r_{13}| s ) [ I^{V a}_{φi′1 φi1} I^{V̄ a}_{φi′3 φi3} M^{φi′1 φi2 φi′3 φi4} 0 + I^{V a}_{φi′2 φi2} I^{V̄ a}_{φi′4 φi4} M^{φi1 φi′2 φi3 φi′4} 0 ]

+ log ( |r_{14}| s ) [ I^{V a}_{φi′1 φi1} I^{V̄ a}_{φi′4 φi4} M^{φi′1 φi2 φi3 φi′4} 0 + I^{V a}_{φi′2 φi2} I^{V̄ a}_{φi′3 φi3} M^{φi1 φi′2 φi′3 φi4} 0 ]} , (3.35)

and the logarithm with r_{kl} = s vanishes. The corrections for 2 → 2 processes are obtained by crossing symmetry from the corrections (3.35) for the 4 → 0 processes (3.34), i.e. by substituting outgoing particles (antiparticles) by the corresponding incoming antiparticles (particles), as illustrated in (2.3).

Chapter 4

Collinear mass singularities from loop diagrams

In this chapter we treat the single-logarithmic (SL) mass singularities that originate from truncated loop diagrams. First, we show that these mass-singular corrections, which we denote by δ^{coll}M, originate from external-leg emission of collinear virtual gauge bosons and we specify a collinear approximation to evaluate them. Then, we prove the factorization identities δ^{coll}M^{φi1 ... φin} (p_1, . . ., p_n) = n∑ k=1 ∑ φ_i′_k M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_n) δ^{coll}_{φi′k φik} , (4.1)

for arbitrary (non mass-suppressed) matrix elements involving external Higgs bosons, would-be Goldstone bosons, fermions, antifermions as well as transverse gauge bosons. These identities permit to factorize the collinear singularities in the same form as FRC’s for the external fields. The gauge-dependent collinear factors δ^{coll} are evaluated within the ’t Hooft–Feynman gauge. In order to obtain the complete and gauge-independent SL corrections that are associated to the external particles one has to include the contributions of the corresponding FRC’s and, in the case of processes involving longitudinal gauge bosons, the corrections to the GBET. These contributions, which factorize in an obvious way, are derived in Ch. 5. In order to prove (4.1) we use the collinear Ward identities that are derived in Ch. 6.

4.1 Mass singularities in truncated loop diagrams

As we already observed in Ch. 3, owing to the simple pole-structure of the propagators in the ’t Hooft–Feynman gauge, the class of loop diagrams that potentially give rise to mass singularities can be easily determined by applying the analysis of scalar loop integrals made by Kinoshita [49]. This tells us that mass-singular logarithmic corrections arise only from the subset of loop diagrams where an external on-shell line splits into two internal virtual lines^1

φ_c φ_{ik} φ_i′_k . (4.2)

The diagrams of this type involve SL as well as DL mass singularities. These latter originate from the subset of diagrams of type (3.3) in the soft-collinear region, and have been already evaluated in Ch. 3 using the eikonal approximation (eik.). Here we restrict ourselves to the remaining SL corrections that are obtained from^2

φ_c φ_{ik} φ_i′_k

trunc. − ∑ l≠k φ_c φ_{ik}

φ_{il} φ_i′_k

φ_i′_l eik.

, (4.3)

i.e. by subtracting the eikonal contributions from (4.2).

For the moment we consider splittings φ_{ik} (p) → φ_c(q)φ_i′_k (p_k − q) involving arbitrary combinations of fields that are allowed by the electroweak Feynman rules. These lead to loop integrals of the type

I = −i(4π)^2μ^{4−D} ∫ d_Dq (2π)^D N(q) (q^2 − M^2_{φc} + iε)[(p_k − q)^2 − M^2_{φi′k} + iε]

. (4.4)

Here, only the denominators of the φ_j and φ_k propagators are explicit, whereas the remaining part of the diagrams, denoted by N(q), is kept implicit. Since the soft contributions have been subtracted in (4.3), we can assume that N(q) is not singular in the soft limit q^μ → 0. The mass singularity in (4.4) originates from the denominators of the φ_c and φ_i′_k propagators in the collinear region q^μ → xp^μ_k , where the squares of the momenta p_k and p_k − q are small compared to the energy squared p^2_k, (p_k − q)^2 ≪ s. In order to show this, and to fix a precise prescription for extracting the part of the function N(q) that enters the mass-singular part of (4.4), we introduce a Sudakov parametrization [12] for the loop momentum q^μ = xp^μ_k + yl^μ + q^μ_T, (4.5)

where p^μ_k and the light-like four-vector l^μ,

p^μ_k = (p^0_k, ⃗p_k), l^μ = (p^0_k, −p^0_k⃗p_k /|⃗p_k|), (4.6)

describe the component of q^μ which is collinear to the external momentum, whereas the space-like vector q^μ_T with

q_Tp_k = q_Tl = 0, q^2_T = −|⃗q_T|^2 (4.7)

1In the diagrammatic representation (4.2) all on-shell external legs φi_l with l ≠ k, which are not involved in our argumentation, are omitted. All external lines have to be understood as truncated (trunc.); the self-energy and mixing-energy insertions in external legs and the corresponding mass singularities enter the FRC’s and the corrections to the GBET in (5.5).

2The appropriate sums over the internal lines in (4.3) are not specified for the moment.

represents the perpendicular component. In this parametrization we get I = −4i(p_k l)μ^{4−D} ∫ dx ∫ dy ∫ d_{D−2}q_T (2π)^{D−2} N(q) (q^2 − M^2_{φc} + iε)[(p_k − q)^2 − M^2_{φi′k} + iε]

. (4.8)

The denominators of the propagators read q^2 − M^2_{φc} + iε = x^2p^2_k + 2xy(p_kl) − |⃗q_T|^2 − M^2_{φc} + iε, (p_k − q)^2 − M^2_{φi′k} + iε = (1 − x)^2p^2_k + 2(x − 1)y(p_kl) − |⃗q_T|^2 − M^2_{φi′k} + iε, (4.9)

and are linear in the variable y owing to l^2 = 0. For x ∉ {0, 1}, the y integral has single poles at

y_0 =

|⃗q_T|^2 − x^2p^2_k + M^2_{φc} − iε 2x(p_kl) , x ≠ 0,

y_1 =

|⃗q_T|^2 − (1 − x)^2p^2_k + M^2_{φi′k} − iε 2(x − 1)(p_kl)

, x ≠ 1, (4.10)

and is non-zero only when the poles lie in opposite complex half-planes, i.e. for 0 < x < 1. Therefore we have I = −i μ^{4−D} (p_k l)

∫_1 0 dx x(x − 1) ∫ d_{D−2}q_T (2π)^{D−2} ∫ dy N(x, y, q_T) (y − y_0)(y − y_1)

, (4.11)

and closing the y contour around one of the two poles we obtain I = − 2πμ^{4−D} (p_kl) ∫_1 0 dx x(x − 1) ∫ d_{D−2}q_T (2π)^{D−2} N(x, y_i, q_T) y_0 − y_1 = 4πμ^{4−D} ∫_1 0 dx ∫ d_{D−2}q_T (2π)^{D−2} N(x, y_i, q_T) |⃗q_T|^2 + Δ(x)

, (4.12)

where in the vicinity of x = 1, 0 the contour has to be closed around the pole at y_i = y_0, y_1, respectively. In the collinear region |q_T| → 0, the transverse momentum integral in (4.12) exhibits a logarithmic singularity that is regulated by the mass terms in Δ(x) = (1 − x)M^2_{φc} + xM^2_{φi′k} − x(1 − x)p^2_k. (4.13)

In leading approximation, we restrict ourselves to logarithmic mass-singular contributions in (4.12). Terms of order |⃗q_T|^2, p^2_k, M_{φc} or M_{φi′k} are neglected in N(q). Since the relevant pole, y_0 or y_1, is of order |⃗q_T|^2/(p_kl), also contributions proportional to y can be discarded. We therefore arrive at the following simple recipe for N(q)

(1) Substitute N(x, y, q_T) → N(x, 0, 0), i.e. replace q^μ → xp^μ_k , (2) Neglect all mass terms in N(x, 0, 0), (4.14) which we denote as collinear approximation. As already discussed for the eikonal approximation (3.5), if the external state φ_{ik} is a longitudinal gauge boson, then the mass terms cannot be neglected. In this case the GBET (2.19) has to be used.

In collinear approximation, the q_T integration in (4.12) can be easily performed, and expanding in ε = 4 − D we obtain the leading contribution

I = Γ(ε)

∫_1 0 dx ( 4πμ^2 Δ(x) )_ε N(x, 0, 0) = 1 ε + ∫_1 0 dx log ( μ^2 Δ(x) ) N(x, 0, 0) − γ + log 4π + O(ε). (4.15)

Finally, omitting the ultraviolet singularity, which cancels in observables, neglecting constant terms, and performing the integral, we obtain

I^{LA}= log ( μ^2 M^2

) ∫_1 0 dx N(x, 0, 0), (4.16)

in logarithmic approximation (LA). The scale in the logarithm is of the order of the largest mass in (4.13), M^2 ∼ max (p^2_k, M^2_{φc} , M^2_{φi′k} ). (4.17)

4.2 Factorization of collinear singularities

In this section, we apply the collinear approximation (4.14) to the complete set of electroweak Feynman diagrams of the type (4.2), which lead to SL collinear mass singularities that are associated to an external leg φ_{ik} . First, we concentrate on the splitting φ_{ik} (p_k) → φ_c(q)φ_i′_k (p_k −q) of the external particle φ_{ik} into the propagators of the collinear particles φ_c and φ_i′_k

φ^c φ_{ik} φi^′_k

coll. = v_{φik} (p_k)G^{φ̄cφc}_{coll.} (q)iΓ^{φ̄cφ̄i′k φik}_{coll.} (−q, −p_k + q, p_k)G^{φ̄i′k φi′k}_{coll.} (p_k − q).

(4.18)

The notation used here is the same as for the eikonal vertex (3.9). The propagators and the vertex are evaluated in collinear approximation (coll.). We are interested in diagrams (4.18) involving external scalar bosons (φ_{ik} = Φ_i), fermions and antifermions (φ_{ik} = f^κ_{j,σ} , f̄ κ_{j,σ} ) as well as transverse gauge bosons (φ_{ik} = V a_T ). In general, for the internal lines φ_c, φ_i′_k , we have to consider all possible combinations generated by vertices φ_cφ̄_i′_k φ_{ik} of the electroweak Feynman rules (see Appendix C). However, if one applies the collinear approximation (4.14), it turns out that only a restricted subset of Feynman diagrams yields non-suppressed contributions.

• First, we can restrict ourselves to the 3-particle vertices that have dimensionless couplings, i.e. the vertices of the type V V V , V ΦΦ, V ff̄ , Φff̄ and the scalar–ghost– antighost vertices V uū.

• Secondly, in the collinear approximation it turns out that the splittings V_T → ΦΦ, V_T → ff̄ and V_T → uū are suppressed owing to the transversality of the gaugebosons polarization vectors, the splittings Φ → ff̄ are suppressed owing to p/^2 = p^2 ≪ s, and also the splittings f̄ → Φf̄ and f → Φf are suppressed owing to the Dirac equation for fermionic spinors.

Therefore, we need to consider only the splittings

φ_{ik} (p_k) → V^a_μ (q)φ_i′_k (p_k − q), (4.19)

where virtual gauge bosons V^a = A, Z, W^+, W^− are emitted and φ_{ik} and φ_i′_k are both fermions, gauge bosons, or scalars.

4.2.1 Generic factorization identities

In order to proceed we introduce some shorthand notations for matrix elements and Green functions. When we concentrate on a specific external leg φ_{ik} , only the labels corresponding to this external leg are kept explicit. For the matrix element (2.4) we use the shorthand

M^{φi}k (p_k) = v_{φik} (p_k)G^{φi}k^O(p_k, r) = v_{φik} (p_k)G^{φi}k (p_k), (4.20)

where the product of fields O(r) = ∏ l≠k φ_{il} (p_l), r = ∑ l≠k p_l, (4.21)

represents the remaining external legs φ_{il} with l ≠ k. These are always assumed to be on-shell and contracted with the corresponding wave functions, which are suppressed in the notation. Moreover, also O and the corresponding total momentum r are often not written.

In the following, we consider the diagrams of type (4.3) corresponding to the splittings (4.19) and we derive the factorization identities

δ^{coll}M^{φi}k (p_k) =

= ∑ V^a=A,Z,W^± ∑ φ_i′_k V_a φ_i′_k φ_{ik}

trunc. − ∑ l≠k ∑ φ_i′_l V^a φ_{ik}

φ_{il} φ_i′_k

φ_i′_l eik.

coll.

= ∑ φ_i′′_k φ_i′′_k δ^{coll}_{φi′′k φik} , (4.22)

The detailed proof of these identities depends on the spin of the external particles. However, its basic structure can be sketched in a universal way and consists of two main steps:

• After explicit evaluation of the external vertices^3

¯^{V aμ} φ_{ik} φi^′_k

coll.

= v_{φik} (p_k)iΓ V̄^a_μ φ̄_{i′} k φ_{ik} coll. (−q, −pk + q, pk)G φ̄_i′_k φ_i′_k coll. (pk − q)

(4.23)

in collinear approximation, and after explicit subtraction of the eikonal contributions obtained from (3.16), the lhs of (4.22) turns into^4

δ^{coll}M^{φi}k (p_k) = ∑ V^a=A,Z,W^± ∑ φ_i′_k μ^{4−D} ∫ d_Dq (2π)^D −ieI^{V̄ a}_{φi′k φik} (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{φi′k} ] K_{φik}

× lim q^μ→xp^μ_k q^μ φ_i′_k (p_k − q)

V^a_μ (q) − ∑ φ_j φ_i′_k (p_k − q) φ_j (p_k )

V^a_μ (q)

, (4.24)

with K_{φik} = 1 for scalar bosons and transverse gauge bosons and K_{φik} = 2 for fermions. The first diagram appearing in (4.24) results from the first diagram of (4.22) by omitting the external vertex and propagator (4.23). The second diagram in (4.24) originates from the truncation of the self-energy and mixing-energy (φ_iφ_j ) insertions in the first diagram of (4.22). Equation (4.24) is derived in Sects. 4.2.2– 4.2.4.

• The contraction of the diagrams between the curly brackets on the rhs of (4.24) with the gauge-boson momentum q^μ can be simplified using the collinear Ward identities

lim q^μ→xp^μ_k q^μ φ_i′_k (p_k − q)

V^a_μ (q) − ∑ φ_j φ_i′_k (p_k − q) φ_j (p_k )

V^a_μ (q)

= ∑ φ_i′′_k φ_i′′_k (p_k) eI^{V a}_{φi′′k φi′k} , (4.25)

3Here the gauge-boson propagator has been omitted.

4Here and in the following the +iε prescription of the propagators is suppressed in the notation.

which are fulfilled in the collinear approximation and valid up to mass-suppressed terms. These Ward identities are derived in Ch. 6 using the BRS invariance of the spontaneously broken SU(2) × U(1) Lagrangian.

For the Green functions corresponding to the diagrams within the curly brackets in (4.24) we introduce the shorthand G^{[V aφi]O} μ (q, p − q, r) = G^{V aφi O}μ (q, p − q, r) − ∑ φ_j G^{V aφiφj} μ (q, p − q, −p)G^{φj O}(p, r) (4.26)

that will be used in the next sections.

Combining (4.25) with (4.24), we obtain (4.22) with the collinear factor δ^{coll}_{φi′′ φi} = ∑ V^a=A,Z,W^± ∑ φ_i′ μ^{4−D} ∫ d_Dq (2π)^D −iK_{φi} e^2I^{V a}_{φi′′ φi′} I^{V̄ a}_{φi′ φi} (q^2 − M^2_V a )[(p − q)^2 − M^2_{φi′} ] LA= α 4π K_{φi} ∑ V^a=A,Z,W^± ∑ φ_i′ I^{V a}_{φi′′ φi′} I^{V̄ a}_{φi′ φi} log ( μ^2 max (M^2_V a , M^2_{φi} , M^2_{φi′} ) ) , (4.27)

where we have used the logarithmic approximation (4.16) for the loop integral (4.4). The scale in the logarithms is determined by the largest mass in the loop. For photonic diagrams (V^a = A) it is given by the external mass M_{φi} , and for virtual massive gauge bosons V^a = Z, W^+, W^− it is given by M_W ∼ M_Z, M_H or m_t, depending on the diagrams. Therefore we can write log ( μ^2 max (M^2_V a , M^2_{φi} , M^2_{φi′} ) ) = log μ^2 M^2_W

+ δ_V a_A log

M^2_W M^2_{φi} − (1 − δ_V a_A) log ( max (M^2_V a , M^2_{φi} , M^2_{φi′} )

M^2_W ) , (4.28)

so that we arrive at

δ^{coll}_{φi′′ φi}^{LA}= α 4π K_{φi} { C^{ew}_{φi′′ φi} log μ^2 M^2_W + δ_{φi′′ φi} Q^2_{φi} log M^2_W M^2_{φi} − ∑ V^a=Z,W^± ∑ φ_i′ I^{V a}_{φi′′ φi′} I^{V̄ a}_{φi′ φi} log ( max (M^2_W, M^2_{φi} , M^2_{φi′} ) M^2_W ) , (4.29)

where the first term is a symmetric electroweak contribution proportional to the effective electroweak Casimir operator C^{ew} defined in (B.26). The second term is a purely electromagnetic contribution, and the remaining terms receive contributions only from diagrams with φ_i and/or φ_i′ equal to a top quark or to a Higgs boson.

In the following sections we present the explicit derivations of (4.22) and (4.27) for external scalars, transverse gauge bosons and fermions.

4.2.2 Factorization for scalars We first consider the collinear enhancements generated by the virtual splittings Φ_{ik} (p_k) → V^a_μ (q)Φ_i′_k (p_k − q), (4.30)

where an incoming on-shell Higgs boson or would-be Goldstone boson Φ_{ik} = H, χ, ϕ^± emits a virtual collinear gauge boson V^a = A, Z, W^+, W^−. In the collinear approximation q^μ → xp^μ_k , the vertices (4.23) corresponding to these splittings give

¯^{V aμ} Φ_{ik} Φi^′_k

coll.

= lim q^μ→xp^μ_k −eI^{V̄ a}_{Φi′k Φik} D_1

(2p_k − q)_μ = −eI^{V̄ a}_{Φi′k Φik} D_1 ( 2 x − 1 ) q_μ, (4.31)

where D_1 = [(p_k −q)^2 −M^2_{Φi′k} +iε]. With this and with (3.16) for the eikonal contributions the amplitude

δ^{coll}M^{Φi}k (p_k) = ∑ V^a ∑ Φ_i′_k V_a Φ_i′_k Φ_{ik}

trunc. − ∑ l≠k ∑ φ_i′_l V^a

Φ_{ik} Φ_i′_k

φ_{il} φ_i′_l eik.

coll.

(4.32) reads

δ^{coll}M^{Φi}k (p_k) = ∑ V^a=A,Z,W^± ∑ Φ_i′_k =H,χ,ϕ^± μ^{4−D} ∫ d_Dq (2π)^D ieI^{V̄ a}_{Φi′k Φik} (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{Φi′k} ]

× lim q^μ→xp^μ_k {( 2 x − 1 ) q^μG^{[V} aΦ_i′_k ] μ (q, p_k − q)

+ 2p^μ_k ∑ l≠k ∑ φ_i′_l 2ep_{lμ}I^{V a}_{φi′l φil} [(p_l + q)^2 − M^2_{φi′l} ] M^{Φi′k φi′l} 0 (p_k, p_l) } . (4.33)

According to the definition (4.26), we have G^{[V aΦi]} μ (q, p − q) = Φ_i (p − q)

V^a_μ (q) − ∑ Φ_j

Φ_i(p − q) Φj (p)

V^a_μ (q) − ∑ V^c Φ_i (p − q) V^c(p)

V^a_μ (q)

. (4.34)

Note that the subtracted contributions, when inserted in (4.32), correspond to external scalar self-energies (ΦΦ) and scalar–vector mixing-energies (ΦV ).

The expression between the curly brackets in (4.33) can be simplified using^5, lim q^μ→xp^μ_k 2p_kp_l [(p_l + q)^2 − M^2_{φi′l} ] = 1 x + O ( M^2 s ) , (4.35)

and the collinear Ward identity (6.32) for scalar bosons (φ_i = Φ_i). This yields lim q^μ→xp^μ_k { . . . } = lim q^μ→xp^μ_k {( 2 x − 1 ) q^μG^{[V} aΦ_i′_k ] μ (q, p_k − q)

+ 2e x ∑ l≠k ∑ φ_i′_l I^{V a}_{φi′l φil} M^{Φi′k φi′l}_0 (p_k, p_l) = = −e ∑ Φ_i′′_k I^{V a}_{Φi′′k Φi′k} M^{Φi′′k}_0 (p_k)

+ 2e x ∑ Φ_i′′_k I^{V a}_{Φi′′k Φi′k} M^{Φi′′k}_0 (p_k) + ∑ l≠k ∑ φ_i′_l I^{V a}_{φi′l φil} M^{Φi′k φi′l}_0 (p_k, p_l) .(4.36) Owing to global SU(2) × U(1) invariance (3.22) the part proportional to 1/x is masssuppressed as expected, since the soft-collinear contributions have been subtracted. Thus, (4.33) turns into

δ^{coll}M^{Φi}k (p_k) = ∑ V^a,Φ_i′_k ,Φ_i′′_k μ^{4−D} ∫ d_Dq (2π)^D −ie^2I^{V a}_{Φi′′k Φi′k} I^{V̄ a}_{Φi′k Φik} (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{Φi′k} ] M^{Φi′′k}_0 (p_k), (4.37)

and adopting the logarithmic approximation as in (4.27)–(4.29) we obtain the collinear factor

δ^{coll}_{Φi′′ Φi}^{LA}= α 4π δ_{Φi′′ Φi} { C^{ew}_Φ log μ^2 M^2_W + ∑ V^a=Z,W^± ∑ Φ_i′

I^{V a}_{Φi Φi′} I^{V̄ a}_{Φi′ Φi} log ( M^2_W max (M^2_W, M^2_{Φi} , M^2_{Φi′} ) ) .(4.38)

For Higgs bosons we simply have

δ^{coll}_{HH}^{LA}= α 4π C^{ew}_Φ log μ^2 M^2_H

, (4.39)

whereas for the would-be Goldstone bosons Φ_b = χ, ϕ^± associated to the gauge bosons V^b = Z, W^±, using (C.29) we have

δ^{coll}_{Φb Φb}^{LA}= α 4π { C^{ew}_Φ log μ^2 M^2_W − 1 4s^2_W

M^2_{V b} M^2_W log M^2_H M^2_W } . (4.40)

5Since the soft-collinear contributions are subtracted, we do not need a regularization of 1/x for x → 0.

4.2.3 Factorization for transverse gauge bosons

Next, we consider the collinear enhancements generated by the virtual splittings

V^{bk}_ν (p_k) → V^a_μ (q)V^{b′k}_ν′ (p_k − q), (4.41)

where an incoming on-shell transverse gauge boson V^{bk}_T = A_T, Z_T, W^±_T emits a virtual collinear gauge boson V^a = A, Z, W^+, W^−. In the collinear approximation q^μ → xp^μ_k , the vertices (4.23) corresponding to these splittings give

¯^{V aμ} V^b_T V^{b′}_{ν′}

coll. =

= lim q^μ→xp^μ_k ε^ν_T(p_k)ieI^{V̄ a}_{V b}′_{V b} [ g^{μν′} (p_k − 2q)_ν + g^{ν′}_ν (−2p_k + q)^μ + g^μ_ν (p_k + q)^{ν′} ] −i D_1

= lim q^μ→xp^μ_k −eI^{V̄ a}_{V b}′_{V b} D_1 [ (2p_k − q)^με^{ν′}_T (p_k) − (p_k + q)^{ν′} ε^μ_T(p_k) ]

= −eI^{V̄ a}_{V b}′_{V b} D_1 [( 2 x − 1 ) q^με^{ν′}_T (p_k) − ( 2 1 − x − 1 ) (p_k − q)^{ν′} ε^μ_T(p_k) ] , (4.42)

where D_1 = [(p_k −q)^2 −M^2_{V b}′ +iε]. Here we have used the transversality of the polarization vector which leads to ε^ν_T(p_k) (p_k − 2q)_ν = 0 in the limit q^μ → xp^μ_k . In the fractions 2/x and 2/(1 − x) we have isolated the terms that correspond to the eikonal approximation for a soft-collinear V^a gauge boson (x → 0) and a soft-collinear V^{b′} gauge boson (x → 1), respectively.

The SL collinear corrections associated to external gauge bosons are given by

δ^{coll}M^{V bkT} (p_k) = 1 2 ∑ V^a,V^{b′k} V_a V^{b′}k V^{bk}_T

trunc.

− ∑ l≠k ∑ φ_i′_l

V^{b′k}

φ_i′_l V^a

V^{bk}_T

φ_{il} + V^a

φ_i′_l V^{b′k}

V^{bk}_T

φ_{il} eik.

coll.

, (4.43)

where the rhs has been written in a manifestly symmetric way with respect to an interchange of the gauge bosons V^a and V^{b′}k resulting from the splitting (4.41). In particular, the subtracted eikonal contributions have been decomposed into terms originating from soft-collinear V^a bosons (q^μ → 0) as well as from soft-collinear V^{b′}k bosons (q^μ → p^μ_k ). The symmetry factor 1/2 compensates double counting in the sum over V^a, V^{b′}k = A, Z, W^+, W^−.

Using (4.42) and (3.16) for the eikonal contributions we obtain

δ^{coll}M^{V bkT} (p_k) = 1 2 ∑ V^a,V^{b′}k μ^{4−D} ∫ d_Dq (2π)^D ieI^{V̄ a}_{V b}′_{k V bk} (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{V b}′_k ]

× lim q^μ→xp^μ_k {[( 2 x − 1 ) q^με^{ν′}_T (p_k) − ( 2 1 − x − 1 ) (p_k − q)^{ν′} ε^μ_T(p_k) ] G^{[V aV b} ′ k ] μν^′ (q, pk − q)

+ ∑ l≠k ∑ φ_i′_l [ 4ep_lp_kI V^a_{φi′} l φ_{il} [(p_l + q)^2 − M^2_{φi′l} ] M^V b′k T φ_i′_l 0 (p_k, p_l)

− 4ep_lp_kI^{V b′k}_{φi′l φil} [(p_l + p_k − q)^2 − M^2_{φi′l} ] M^V a T φ_i′_l 0 (p_k, p_l) ]} , (4.44)

where according to the definition (4.26), G^{[V aV b]} μν (q, p − q) = V^b_ν (p − q)

V^a_μ (q) − ∑ V^c V^b_ν (p − q) V^c(p)

V^a_μ (q) − ∑ Φ_j

V^b_ν (p − q) Φj (p)

V^a_μ (q)

. (4.45)

The expression between the curly brackets on the rhs of (4.44) can be simplified by means of (4.35), lim q^μ→xp^μ_k 2p_kp_l [(p_l + p_k − q)^2 − M^2_{φi′l} ] = 1 1 − x + O ( M^2 s ) , (4.46)

and by using the collinear Ward identity (6.32) for gauge bosons (φ_i = V^b_ν ) and the equivalent identity lim q^μ→xp^μ(p − q) ν ε^μ_T(p)G^{[V aV b]O} μν (q, p − q, r) = e ∑ V^{b′} M^{V b} ′ T O 0 (p, r)I^{V b}_{V b}′_{V a} . (4.47)

This leads to lim q^μ→xp^μ_k { . . . } = = lim_{qμ→xpμ} k {[( 2 x − 1 ) ε^{ν′}_T (p_k)q^μ − ( 2 1 − x − 1 ) ε^μ_T(p_k)(p − q)^{ν′} ] G^{[V aV b} ′ k ] μν^′ (q, pk − q) + ∑ l≠k ∑ φ_i′_l [ 2e x I^{V a}_{φi′l φil} M^V b′k T φ_i′_l 0 (p_k, p_l) − 2e 1 − x I^{V b} ′ k φ_i′_l φ_{il} M V^a_T φ_i′_l

0 (p_k, p_l) ]}

= −e ∑ V^{b′′}k [ I^{V a}_{V b}′′_{k V b}′_k − I^{V b} ′ k V^{b′′}k V^a ] M^V b′′k T 0 (p_k)

+ 2e x (∑ V^{b′′}k I^{V a}_{V b}′′_{k V b}′_k M^V b′′k T 0 (p_k) + ∑ l≠k ∑ φ_i′_l I^{V a}_{φi′l φil} M^V b′k T φ_i′_l 0 (p_k, p_l) )

− 2e 1 − x (∑ V^{b′′}k I^{V b} ′ k V^{b′′}k V^a M^V b′′k T 0 (p_k) + ∑ l≠k ∑ φ_i′_l I^{V b} ′ k φ_i′_l φ_{il} M V^a_T φ_i′_l

0 (p_k, p_l) ) . (4.48)

Again, the soft-collinear terms proportional to 1/x and 1/(1 − x) are mass-suppressed owing to global SU(2) × U(1) invariance (3.22), so that only the first term in (4.48) remains. Inserting this into (4.44) with I^{V b}_V c_V a = −I^{V a}_{V cV b} , we find

δ^{coll}M^{V bkT} (p_k) = ∑ V^a,V^{b′}k ,V^{b′′}k μ^{4−D} ∫ d_D q

(2π)^D −ie^2I^{V a}_{V b}′′_{k V b}′_k I^{V̄ a}_{V b}′_{k V bk} (q^2 − M^2_V a )[(p_k − q)^2 − M^2_{V b}′_k ] M^V b′′k T 0 (p_k).

(4.49)

Adopting the logarithmic approximation as in (4.27)–(4.29) we obtain the collinear factor

δ^{coll}_{V b}′′_k

T V^{bk}_T LA= α 4π C^{ew}_{V b}′′_{k V bk} log μ^2 M^2_W

, (4.50)

since in all diagrams contributing to (4.49) the largest mass scale is given by M_W ∼ M_Z.

4.2.4 Factorization for fermions We finally consider the collinear enhancements generated by the virtual splittings

f^κ_{j,σ}(p_k) → V^a_μ (q)f^κ_j′_{,σ}′ (p_k − q), (4.51)

where a virtual collinear gauge boson V^a = A, Z, W^+, W^− is emitted by an incoming on-shell fermion f^κ_{j,σ}, i.e. a quark or lepton f = Q, L, with chirality κ = L, R, isospin index σ = ±, and generation index j = 1, 2, 3. In the collinear approximation q^μ → xp^μ_k , the vertices (4.23) corresponding to these splittings give

¯^{V aμ} f^κ_{j,σ} f^κ_{j′,σ′}

coll.

= lim q^μ→xp^μ_k −i(p/_k − q/) D_1 (−ieγ_μ)I^{V̄ a}_f κ_{j′,σ′ f} κ_{j,σ} u_κ(p_k) =

= lim q^μ→xp^μ_k −eI^{V̄ a}_f κ_{j′ ,σ′ f} κ_{j,σ} D_1 u_κ(p_k)(2p_k − 2q)_μ = −eI^{V̄ a}_f κ_{j′ ,σ′ f} κ_{j,σ} D_1 u_κ(p_k) ( 2 x − 2 ) q_μ, (4.52)

where D_1 = [(p_k − q)^2 − m^2_{fj′,σ′} + iε], and the fermionic gauge couplings are defined in (C.25). Here we have used the Dirac equation which implies (p/_k − q/)γ^μu_κ(p_k) → [{(p/_k − q/), γ^μ} + O(m_{j,σ} )] u_κ(p_k) = 2(p_k − q)^μu_κ(p_k) + O(m_{j,σ} )u_κ(p_k) (4.53) for q^μ → xp^μ_k . With (4.52) and with (3.16) for the eikonal contributions the amplitude

δ^{coll}M^{f κj,σ} (p_k) = ∑ V^a ∑ j^′ σ^′ V_a f_{j,σ} f_j′_{,σ}′

trunc. − ∑ l≠k ∑ φ_i′_l V^a f_{j,σ}

φ_{il} f_j′_{,σ}′

φ_i′_l eik.

coll.

(4.54) reads

δ^{coll}M^{f κj,σ} (p_k) = ∑ V^a=A,Z,W^± ∑ j^′ ,σ^′ μ^{4−D} ∫ d_Dq (2π)^D ieI^{V̄ a}_σ′_σU^{V̄ a}_j′_j (q^2 − M^2_V a )[(p_k − q)^2 − m^2_{fj′ ,σ′} ]

× lim q^μ→xp^μ_k {( 2 x − 2 ) q^μG^{[V} aΨ^κ_{j′,σ′} ] μ (q, p_k − q)u(p_k)

+ ∑ l≠k ∑ φ_i′_l 4ep_lp_k I^{V a}_{φi′l φil} [(p_l + q)^2 − M^2_{φi′l} ] M^f κ j′,σ′ φi′l 0 (p_k, p_l) } , (4.55)

where U^{V a} is the unitary mixing matrix defined in (C.20). According to the definition (4.26) the Green function G^{[V aΨκj,σ ]}μ is diagrammatically given by

G^{[V aΨκj,σ ]} μ (q, p − q) = Ψ^κ_{j,σ} (p − q)

V^a_μ (q) − ∑ Ψ̄ Ψ^κ_{j,σ} (p − q) Ψ(p)

V^a_μ (q)

. (4.56)

With (4.35) and with the collinear Ward identity (6.55) for fermions, the expression between the curly brackets in (4.55) simplifies into lim q^μ→xp^μ_k { . . . } = lim q^μ→xp^μ_k ( 2 x − 2 ) q^μG^{[V} aΨ^κ_{j′ ,σ′} ] μ (q, p_k − q)u(p_k) + 2e x ∑ l≠k ∑ φ_i′_l I^{V a}_{φi′l φil} M^f κ j′,σ′ φi′l 0 (p_k, p_l)

= −2e ∑ j^{′′},σ^{′′} I^{V a}_σ′′_σ′ U^{V a}_j′′_j′ M^f κ j′′,σ′′ 0 (p_k)

+ 2e x ∑ j^{′′},σ^{′′} I^{V a}_σ′′_σ′ U^{V a}_j′′_j′ M^f κ j′′,σ′′ 0 (p_k) + ∑ l≠k ∑ φ_i′_l I^{V a}_{φi′l φil} M^f κ j′,σ′ φi′l 0 (p_k, p_l) . Again, the soft-collinear contributions proportional to 1/x are mass-suppressed owing to global gauge invariance (3.22), and we obtain

δ^{coll}M^{f κj,σ} (p_k) = ∑ V^a,j^′ ,j^{′′},σ^′,σ^{′′} μ^{4−D} ∫ d_Dq (2π)^D −2ie^2I^{V a}_σ′′_σ′ U^{V a}_j′′_j′ I^{V̄ a}_σ′_σU^{V̄ a}_j′_j (q^2 − M^2_V a )[(p_k − q)^2 − m^2_{fj′,σ′} ] M^f κ j′′,σ′′ 0 (p_k).

(4.57)

Performing the logarithmic approximation as in (4.27)–(4.29) and using the unitarity of the mixing matrix, ∑ j^′ U V^a j^{′′}j^′ U V̄ a j^′j = δj^{′′}j , we obtain the collinear factor δ^{coll}_f κ_{j′′ ,σ′′ f} κ_{j,σ}^{LA}= δ_σ′′_σ α 2π { δ_j′′_j [ C^{ew}_f κ_{j,σ} log μ^2 M^2_W

+ Q^2_{fj,σ} log

M^2_W m^2_{fj,σ} ]

− δ_{f Q} { δ_j′′_j [ δ_{σ+}δ_{j3} (( I^Z_tκ

)_2 + δ_{κL} 2s^2_W )] + δ_{σ−} δ_{κL} 2s^2_W

V^+_j′′_3V_{3j} } log m^2_t M^2_W } . (4.58)

The first line contains the symmetric electroweak and the pure electromagnetic contributions. The log (m_t/M_W) terms in the second line originate only from diagrams involving real and/or virtual top quarks. The term proportional to δ_{σ+}δ_{j3} contributes only in the case of external top quarks Q^κ_{3,+} = t^κ, whereas the term proportional to δ_{κL}δ_{σ−} V^+_j′′_3V_{3j} contributes in the case of left-handed down quarks Q^L_{j,−} of all three generations and gives also rise to mixing between the generations j^{′′} ≠ j. However, owing to the phenomenological values |V_{33}| = 0.999, |V_{j3}| < 0.05, for j ≠ 3, (4.59)

of the quark-mixing matrix, and since α 4π 1 s^2_W log m^2_t M^2_W

∼ 0.004, (4.60)

the contributions to (4.58) with j, j^{′′} ≠ 3 are smaller than 2 × 10^{−4} and we can use

V^+_j′′_3V_{3j} ∼ δ_j′′_j δ_{j3}, (4.61)

so that δ^{coll}_f κ_{j′′,σ′′ f} κ_{j,σ}^{LA}= δ_σ′′_σ δ_j′′_j α 2π { C^{ew}_f κ_{j,σ} log μ^2 M^2_W

+ Q^2_{fj,σ} log

M^2_W m^2_{fj,σ} + δ_{f Q}δ_{j3} [ δ_{σ+} ( I^Z_tκ

)_2 + δ_{κL} 2s^2_W ] log M^2_W m^2_t } . (4.62)

Chapter 5

Mass singularities from wave-function renormalization

In this chapter we consider the mass singularities that originate from the renormalization of the asymptotic fields and from the corrections to the GBET. These mass singularities appear as logarithms involving the ratio of the scale μ of dimensional regularization to the renormalization scale M for the on-shell fields, i.e. their physical mass. The corresponding corrections to S-matrix elements, which we generically denote by δ^{WF}M, can be easily associated to the external states in the form δ^{WF}M^{φi1 ... φin} (p_1, . . ., p_n) = n∑ k=1 ∑ φ_i′_k M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_n) δ^{WF}_{φi′k φik} . (5.1) In Sect. 5.1, we consider the contributions associated to external Higgs bosons, transverse gauge-bosons and fermions or antifermions, which are simply given by the corresponding field-renormalization constants (FRC’s) δZ as δ^{WF}_{φi′k φik} = 1 2 δZ_{φi′k φik} . (5.2) In Sect. 5.2 we consider the contributions associated to external longitudinal gauge bosons V^b_L = Z_L, W^±_L . These have to be treated with the GBET. Therefore, as can be seen in (2.21), one has to take into account the FRC’s for would-be Goldstone bosons Φ_b = χ, ϕ^± together with the the corrections δA^{V b} to the GBET, resulting into the effective factors

δ^{WF}_{V b}′_{L V bL} = 1 2 δZ_{Φb′ Φb} + δA^{V b} δ_V b′_V b , (5.3)

where δ_V b′_V b represents the Kronecker symbol. Since the unphysical would-be Goldstone bosons can be kept unrenormalized, we will restrict ourselves to the corrections to the GBET, which involve the FRC’s of the gauge bosons as well as mixing-energies between gauge bosons and would-be Goldstone bosons.

Combining the contributions (5.1) with the collinear mass singularities (4.1) that originate from truncated loop diagrams we obtain the complete and gauge-invariant SL masssingular corrections that are associated with external states δ^CM^{φi1 ... φin} (p_1, . . ., p_n) = n∑ k=1 ∑ φ_i′_k M^{φi1 ... φi′k ... φin} 0 (p_1, . . ., p_n) δ^C_{φi′k φik} , (5.4) with δ^C_{φi′k φik} = ( δ^{WF}_{φi′k φik} + δ^{coll}_{φi′k φik} )| | |_{μ2=s} . (5.5)

As explained in the introduction, we exploit the μ-independence of the S matrix and choose the scale μ^2 = s in order to suppress all logarithms of the type log (r_{kl}/μ^2) which result from loop diagrams.

Since we apply the GBET, for external longitudinal gauge bosons the collinear factors δ^{coll} for the corresponding would-be Goldstone bosons have to be used in (5.5). In Sect. 5.2.3, we compare our complete corrections for longitudinal gauge bosons with the corrections for physical would-be Goldstone bosons in the symmetric phase of the electroweak theory.

The contributions described above are derived in the following using the ’t Hooft– Feynman gauge.

5.1 Wave-function renormalization and collinear mass singularities

The contributions (5.2) from FRC’s originate from the renormalization of the bare fields φ_{ik ,0} = ∑ φ_i′_k ( δ_{φik φi′k} + 1 2 δZ_{φik φi′k} ) φ_i′_k , (5.6)

which leads to the relation G^{φi1 ... φin} 0 = ∑ φ_i′_1 ,...,φ_i′_n n∏ k=1 [ δ_{φik φi′k} + 1 2 δZ_{φik φi′k} ] G^{φi1 ... φi′}k^{... φin} , (5.7)

between bare and renormalized connected Green functions^1. The corresponding one-loop relation (5.1) between matrix elements is simply obtained by truncation of (5.7).

In the Sects. 5.1.1–5.1.3 we evaluate the FRC’s δZ for Higgs bosons, gauge bosons, and fermions, and combine them with the corresponding collinear factors as in (5.5). First, we specify the on-shell renormalization conditions [46] for the fields and the resulting relations between FRC’s and self-energies. Then, we present the FRC’s that have been obtained by an explicit evaluation of the electroweak self-energies, using the generic Feynman rules listed in Appendix C and the logarithmic approximation (LA) for 2-point functions and their derivatives that are summarized in Appendix F. These results are in agreement with the exact electroweak FRC’s [46] in the high-energy limit.

5.1.1 Higgs bosons

The bare Higgs field H_0 and its bare mass M_{H,0} are renormalized by the transformations

H_0 = ( 1 + 1 2 δZ_{HH} ) H, M^2_{H,0} = M^2_H + δM^2_H, (5.8)

1Note that in the renormalized Green function in (5.7) the parameters are kept unrenormalized. The parameter-renormalization is discussed in Ch. 7.

and the renormalized one-particle irreducible (1PI) 2-point function reads

iΓ^{HH} (p^2) = i(1 + δZ_{HH} ) ( p^2 − (M^2_H + δM^2_H) ) + iΣ^{HH}_0 (p^2). (5.9)

The FRC δZ_{HH} is fixed by the renormalization condition

~Re ∂Γ^{HH} (p^2) ∂p^2 | | | | |_{p2=M 2H} = 1, (5.10)

so that the residuum of the Higgs propagator equals one. Here ~Re removes only the absorptive part of loop integrals and does not affect the imaginary part of the components of the quark-mixing matrix. The Higgs-mass counterterm is determined by

~Re Γ^{HH} (p^2) | | |_{p2=M 2H} = 0, (5.11)

so that the renormalized Higgs mass corresponds to the pole of the propagator, and it reads δM_H = ~Re Γ^{HH} (M^2_H). (5.12)

Owing to (5.10), the FRC is given by the bare Higgs self-energy as δZ_{HH} = − ∂ ∂p^2 ~Re Σ^{HH}_0 (p^2) | | |_{p2=M 2H} . (5.13)

The following diagrams contribute to the Higgs self-energy

Σ^{HH}_0 =^{H H}

Φ_k

V^a +^{H H} f_{j,σ} f̄_{j′,σ′} +^{H H} V^a

V^b

+^{H H}

Φ_k

Φ_l

+^{H H} u^a ū^b +^{H H} V^c +^{H H}

Φ_k

(5.14)

Here and in the following we do not consider tadpole diagrams, since we assume that the 1PI Higgs 1-point function has been renormalized as in (7.26), such that all tadpole diagrams are compensated by the tadpole counterterm δt and can be neglected.

The contribution of the diagrams (5.14) to (5.13) has been evaluated using the 2- point functions in LA given in Appendix F. It turns out that only the first two diagrams contribute, whereas the diagrams which contain couplings with mass dimension do not give rise to large logarithmic contributions. In particular it has been checked that the terms

M^4_H M^2_W

B̄^′_0(M^2_H, M_W, M_W) that originate from the scalar diagram do not give large logarithms

log (M^2_H/M^2_W) in the heavy Higgs limit M_H ≫ M_W. For the Higgs FRC we obtain

δZ_{HH}^{LA}= α 4π { 2C^{ew}_Φ log μ^2 M^2_H − N^t_C 2s^2_w m^2_t M^2_W log μ^2 M^2_{H,t} } (5.15) in LA. The bosonic diagram gives the term proportional to C^{ew}_Φ , which is the eigenvalue of the Casimir operator (B.28) for the scalar doublet. The fermionic diagrams receive large contributions only from virtual top quarks, with the colour factor N^t_C = 3. The scale of the Yukawa logarithms is determined by the largest mass-scale in the loop, i.e. by [see (2.15)] M_{H,t} := max (M_H, m_t). (5.16) Combining (5.15) with the collinear factor for Higgs bosons (4.38) as in (5.5) we obtain the complete correction factor

δ^C_{HH} = α 4π { 2C^{ew}_Φ log s M^2_H − 3 4s^2_W m^2_t M^2_W log s M^2_{H,t} } . (5.17)

5.1.2 Transverse gauge bosons The bare physical gauge-boson fields and their masses are renormalized by the transformations

V^a_{μ,0} = ∑ V^b ( δ_V a_V b + 1 2 δZ_V a_V b ) V^b_μ , V^a, V^b = A, Z, W^+, W^−, (5.18)

M^2_V a_{,0} = M^2_V a + δM^2_V a , V^a = Z, W^+, W^−, (5.19)

with a non-diagonal field-renormalization matrix δZ. Decomposing the renormalized 1PI 2-point function into transverse and longitudinal parts,

Γ^{V aV̄ b}_{μν} (p) = ( g_{μν} − p_μp_ν p^2 ) Γ^{V aV̄ b}_T (p^2) + p_μp_ν p^2

Γ^{V aV̄ b}_L (p^2), (5.20)

the transverse part reads

Γ^{V aV̄ b}_T (p^2) = −p^2 [ δ_V a_V b + 1 2 δZ_V a_V b + 1 2 δZ_V b_V a ] + ( M^2_V a + δM^2_V a ) δ_V a_V b + M^2_V a 2 δZ_V a_V b + M^2_{V b} 2 δZ_V b_V a − Σ^{V aV̄ b}_{T,0} (p^2), (5.21)

and is constrained by the following renormalization conditions ~Re Γ^{V aV̄ b}_{μν} (p)ε^ν (p) | |_{p2 =M 2V a} = 0, ∀ V^a, V^b, (5.22) lim p^2→M^2_{V a} 1 p^2 − M^2_V a ~Re Γ^{V aV̄ a} μν (p)ε^ν (p) = −ε_μ(p). (5.23)

The first condition (5.22) fixes the mass counterterms

δM^2_V a = ~Re Γ^{V aV̄ a}_{T,0} (M^2_V a ), V^a = Z, W^+, W^−, (5.24)

such that the renormalized masses correspond to the poles of the propagators projected on the physical polarization vectors. Furthermore, it guarantees that the on-shell fields do not mix by requiring for the non-diagonal components of the field-renormalization matrix δZ_V a_V b = 2 ~Re Σ^{V bV̄ a}_{T,0} (M^2_{V b} )

M^2_V a − M^2_{V b} for V^a ≠ V^b. (5.25)

The only non-vanishing components of (5.25) are given by the mixing-energies Σ^{AZ} (p^2) = Σ^{ZA}(p^2) ≠ 0 and read δZ_{AZ} = −2 ~Re Σ^{AZ}_{T,0}(M^2_Z) M^2_Z , δZ_{ZA} = 2 ~Re Σ^{AZ}_{T,0}(0)

M^2_Z

. (5.26)

The diagonal components of the field-renormalization matrix are determined by the renormalization condition (5.23) and read δZ_V a_V a = − ~Re ∂Σ^{V aV̄ a}_{T,0} (p^2) ∂p^2 | | | | p^2=M^2_{V a}

. (5.27)

The field renormalization constants are obtained by evaluating following Feynman diagrams

− iΣ^{V aV̄ b}_{μν,0} =^V a μ V̄ b_ν

V^c

V^d +^V a μ V̄ b_ν

u^c ū^d +^V a μ V̄ b_ν

Φ_k

Φ_j

+^V a μ V̄ b_ν

f_{j,σ} f̄_{j′,σ′}

+^{V aμ V̄ b}ν V^c +^{V aμ V̄ b}ν Φ_k

+^V a μ V̄ b_ν

V^c

Φ_k

(5.28)

in LA. Also here tadpole diagrams are omitted since they are compensated by the tadpole renormalization (7.26). The results for the diagonal components (5.27) and the off-diagonal components (5.26) can be combined as follows using the antisymmetric matrix E defined in (B.20),

δZ_V a_V b^{LA}= α 4π { [ b^{ew}_V a_V b − 2C^{ew}_V a_V b + b^{ew}_{AZ} E_V a_V b ] log μ^2 M^2_W

+ 2δ_V a_V b Q^2_V a log

M^2_W λ^2 }

− δ_V a_Aδ_V b_AΔα(M^2_W) + δZ^{H,t}_{V aV b} . (5.29)

The terms log (μ^2/M^2_W) constitute the symmetric electroweak part. They are expressed in terms of the coefficients of the β-function b^{ew}_{V aV b} defined in Appendix B.6 and the electroweak Casimir operator C^{ew}_{V aV b} in the adjoint representation (B.29). We observe that this symmetric electroweak part can be related to a diagonal renormalization matrix δZ̃ for the gauge-group eigenstate fields

Ṽ^a_{μ,0} = ∑ Ṽ b ( δ_Ṽ a_Ṽ b + 1 2 δZ̃_Ṽ a_Ṽ b ) Ṽ^b_μ , Ṽ^a, Ṽ^b = B, W^1, W^2, W^3. (5.30)

The relation between (5.18) and (5.30) is obtained from the renormalization of the Weinberg rotation (B.9) and reads

δZ = U(θ_w)δZ̃U^{−1}(θ_w) + 2δU(θ_w)U^{−1}(θ_w). (5.31)

The first term in (5.29) is symmetric and corresponds to the first term in (5.31) that originates from δZ̃_Ṽ a_Ṽ b = α 4π δ_Ṽ a_Ṽ b [ b̃^{ew}_{Ṽ a} − 2C̃^{ew}_{Ṽ a} ] log μ^2 M^2_W

(5.32)

for the symmetric fields. This matrix δZ̃ is diagonal, because the U(1) and SU(2) components do not mix through self-energy loop diagrams. The antisymmetric part of (5.29), i.e. the term proportional to E_V a_V b , is related to the second term in (5.31), which corresponds to the renormalization of the weak mixing angle in (B.9). In fact, using the explicit expression (7.17) for the renormalization of the weak mixing angle in LA we have 2 [ δU(θ_w)U^{−1}(θ_w) ] V^aV^b = c_W s_W δc^2_W c^2_W

E_V a_V b^{LA}= α 4π b^{ew}_{AZ} E_V a_V b log μ^2 M^2_W

, (5.33)

up to logarithmic terms of the type log(m^2_t /M^2_W) and log(M^2_H/M^2_W).

The infrared-divergent logarithm log (M^2_W/λ^2) in the first line of (5.29) originates from soft photons in the first and in the last diagram in (5.28). It contributes only to the δZ_W ±_W ± components. The first term in the second line of (5.29) is a contribution to the δZ_{AA} component originating from light-fermion loops. It reads

Δα(M^2_W) = α 3π ∑ f_{j,σ} ≠t N^f_CQ^2_{fj,σ} log

M^2_W m^2_{fj,σ} , (5.34)

where the sum runs over the generations j = 1, 2, 3 of leptons and quarks f = L, Q with isospin σ = ±, omitting the top-quark contribution and N^f_C is the colour factor. This contribution corresponds to the running of the electromagnetic coupling constant from zero to the scale M_W.

Finally, the last term in (5.29) contains all logarithms log (M^2_H/M^2_W) and log (m^2_t /M^2_W) from diagrams with virtual top quarks or Higgs bosons and reads δZ^{H,t}_{V aV b} = α 4π { δ_V a_V b M^2_V a 12s^2_WM^2_W log M^2_H M^2_W + 2N^t_C 3 T_V a_V b log m^2_t M^2_W } , (5.35)

where

T_V a_V b = ∑ κ=R,L [( I^{V a} I^{V̄ b} + Q^2_V a I^{V̄ b} I^{V a} ) t^κt^κ + ( I^AI^Z ) t^κt^κ E_V a_V b ] , (5.36)

with components

T_W ±_W ± = 1 2s^2_W , T_{ZZ} = 9 − 24s^2_W + 32s^4_W

36s^2_W c^2_W , T_{AZ} = 16s^2_W − 6 9s_W c_W , T_{ZA} = 0, T_{AA} = 8 9 . (5.37)

Combining as in (5.5) the FRC’s (5.29) with the collinear corrections (4.50) originating from loop diagrams we obtain the complete correction factor

δ^C_V a_{T V} b_T = α 4π { 1 2 [ b^{ew}_V a_V b + b^{ew}_{AZ} E_V a_V b ] log s M^2_W

+ δ_V a_V b Q^2_V a log

M^2_W λ^2

+ δ_V a_V b

M^2_V a 24s^2_WM^2_W log M^2_H M^2_W

+ T_V a_V b log m^2_t M^2_W } − 1 2 δ_V a_Aδ_V b_AΔα(M^2_W).

(5.38)

The symmetric part of the log (s/M^2_W) terms and the electromagnetic logarithms agree with Ref. [28]. In Ref. [28] however, the antisymmetric part proportional to E_V a_V b is not present. This part is a specific consequence of the on-shell renormalization condition (5.22), which ensures in particular that on-shell photons and Z bosons do not mix. The resulting off-diagonal components of (5.38) read

δ^C_{AZ} = α 4π { b^{ew}_{AZ} log s M^2_W

+ T_{AZ} log m^2_t M^2_W } , δ^C_{ZA} = 0, (5.39)

and, owing to E_{AZ} = −E_{ZA} = 1, the correction factor for external photons does not involve mixing with Z bosons.

5.1.3 Chiral fermions The bare fields of chiral fermions Ψ^κ_{j,σ,0} and the bare fermionic masses m_{fj,σ,0} are renormalized by the transformations f^κ_{j,σ,0} = 3∑ j^′ =1 ( δ_{jj}′ + 1 2 δZ_f κ_{j,σ f} κ_{j′,σ} ) f^κ_j′_{,σ}, m_{fj,σ ,0} = m_{fj,σ} + δm_{fj,σ} , (5.40) where f = Q, L, κ = R, L, j = 1, 2, 3, σ = ±, and δZ is a matrix in the indices jj^′. The renormalized 1PI 2-point function can be decomposed as Γ^{Ψj,σ Ψ̄j′ ,σ} (p) = ∑ κ=L,R [ p/ω_κΓ^{Ψj,σ Ψ̄j′ ,σ} V,κ (p^2) + ω_κΓ^{Ψj,σ Ψ̄j′ ,σ} S,κ (p^2) ] , (5.41)

with ω_{R,L} = ω_{+,−} = (1 ± γ^5)/2, and the components read Γ^{Ψj′ ,σΨ̄j,σ} V,κ (p^2) = δ_{jj}′ + 1 2 ( δZ_f κ_{j,σ f} κ_{j′,σ} + δZ^+_f κ_{j,σ f} κ_{j′,σ} ) + Σ^{Ψj′,σ Ψ̄j,σ} V,κ,0 (p 2) Γ^{Ψj′ ,σΨ̄j,σ} S,κ (p^2) = − ( m_{fj,σ} + δm_{fj,σ} ) δ_{jj}′ − 1 2 ( m_{fj,σ} δZ_f κ_{j,σ f} κ_{j′,σ} + m_{fj′,σ} δZ^+_f κ̄_{j,σf} κ̄_{j′ ,σ} )

+ Σ^{Ψj′,σΨ̄j,σ} S,κ,0 (p 2), (5.42)

where κ̄ = L, R for κ = R, L. The counterterms are fixed by following renormalization conditions. Firstly, one requires ~Re Γ^Ψj′ ,σ^{Ψ̄}j,σ (p)u_{j′,σ}(p) | | |_{p2=m2f} j′ ,σ = 0, (5.43) so that the on-shell fields do not mix and the poles of the propogators (projected on the Dirac spinors) coincide with the renormalized masses. Secondly, the normalization of the fermionic fields is fixed by lim p^2→m^2_{fj,σ} p/ + m_{fj,σ} p^2 − m^2_{fj,σ} ~Re Γ^Ψj,σ^{Ψ̄}j,σ (p)u_{j,σ}(p) = u_{j,σ} (p). (5.44)

The matrices δZ resulting from these renormalization conditions have off-diagonal components δZ_f κ_{j,σ f} κ_{j′,σ} = 2 m^2_{fj,σ} − m^2_{fj′ ,σ} ~Re [ m^2_{fj,σ} Σ^{Ψj′ ,σΨ̄j,σ} V,κ,0 (m 2 f_{j,σ} ) + mfj,σ mf_j′_{,σ} Σ Ψ_j′_{,σ} Ψ̄_{j,σ} V,κ̄,0 (m 2 f_{j,σ} ) + m_{fj,σ} Σ^{Ψj′ ,σΨ̄j,σ} S,κ,0 (m 2 f_{j,σ} ) + mf_j′_{,σ} Σ Ψ_j′_{,σ}Ψ̄_{j,σ} S,κ̄,0 (m 2 f_{j,σ} ) ] , for j ≠ j^′, (5.45)

with κ̄ = L, R for κ = R, L, and diagonal components δZ_f κ_{j,σf} κ_{j,σ} = − ~Re Σ^{Ψj,σΨ̄j,σ}_{V,κ,0} (m^2_{fj,σ} ) −m_{fj,σ} ∑ κ^′=R,L ∂ ∂p^2 ~Re [ m_{fj,σ} Σ^{Ψj,σΨ̄j,σ} V,κ^′,0 (p 2) +Σ^{Ψj,σΨ̄j,σ} S,κ^′,0 (p 2) ]| | |_{p2=m2f} j,σ ,(5.46)

for κ = R, L. The mass counterterms are given by δm_{fj,σ} = 1 2 ∑ κ=R,L ~Re [ m_{fj,σ} Σ^{Ψj,σΨ̄j,σ} V,κ,0 (m 2 f_{j,σ} ) + Σ Ψ_{j,σ}Ψ̄_{j,σ} S,κ,0 (m 2 f_{j,σ} ) ] . (5.47)

The FRC’s are determined by evaluating the contributions of the loop diagrams

iΣ^{Ψj′ ,σΨ̄j,σ} 0 =^{fj′,σ f̄j,σ} f_j′′_{,σ}′′

V^a +^{fj′ ,σ f̄j,σ} f_j′′_{,σ}′′

Φ_k

(5.48)

in LA. The non-diagonal components (5.45) are given by the mixing-energies, and these can be generated only by virtual charged gauge bosons and would-be Goldstone bosons through the mixing matrix (C.20). In LA we have δZ_f κ_{j,σf} κ_{j′ ,σ} ∼ Σ^{fj′,σf̄j,σ}_0 (m^2_f κ_{j,σ} ) ∝ ∑ j^{′′} U^{f L,W σ} jj^{′′} U f^L,W^{−σ} j^{′′} j^′ log μ^2

M^2_W

+ log M^{2W} max (M^2_W, m^2_{fj,σ} , m^2_{fj′′,−σ} )

= δ_{f Q}δ_{σ−}V^+_{j3}V_{3j}′ log

M^2_W m^2_t

, for j ≠ j^′. (5.49)

where, owing to the unitarity of the quark-mixing matrix, only diagrams involving virtual top quarks (f_j′′_{,−σ} = Q_{3,+} = t) give non-vanishing contributions. The largest ones are those enhanced by the top Yukawa couplings and are of the order α 4π m^2_t s^2_W M^2_W

|V^+_{j3}V_{3j}′ | log m^2_t M^2_W

< 10^{−3}, for j ≠ j^′, (5.50) owing to the small phenomenological values of the non-diagonal components of the quarkmixing matrix (4.59). Therefore, with an accuracy at the percent level we can assume

δZ_f κ_{j,σ f} κ_{j′,σ}^{LA}= 0, for j ≠ j^′. (5.51)

For the diagonal components (5.46) we obtain δZ_f κ_{j,σ f} κ_{j,σ}^{LA}= α 4π [ −C^{ew}_f κ_{j,σ} log μ^2 M^2_W + Q^2_{fj,σ} ( 2 log

M^2_W λ^2

− 3 log

M^2_W m^2_{fj,σ} )] + δZ^{top}_f κ_{j,σ} .(5.52)

The first two terms originate from virtual gauge bosons. The first one, proportional to the eigenvalue of the Casimir operator (B.28) for fermions, is a symmetric electroweak contribution, and the second one is a pure electromagnetic contribution. The remaining part is the contribution from scalar and gauge-boson loops involving external and/or virtual top quarks. It reads

δZ^{top}_f κ_{j,σ}^{LA}= = −δ_{f Q} α 4π { m^2_t 4s^2_W M^2_W [ ( δ_{σ+}δ_{j3}(1 + δ_{κR}) + δ_{σ−}δ_{κL}V^+_{j3}V_{3j} ) log μ^2 m^2_t + 1 2 δ_{σ+}δ_{j3} log m^2_t M^2_{H,t} ]

+ [ δ_{σ+}δ_{j3} (( I^Z_tκ

)_2 + δ_{κL} 2s^2_W ) + δ_{σ−} δ_{κL} 2s^2_W

V^+_{j3}V_{3j} ] log M^2_W m^2_t }

≃ −δ_{f Q}δ_{j3} α 4π { m^2_t 4s^2_WM^2_W [ (δ_{σ+}(1 + δ_{κR}) + δ_{σ−}δ_{κL}) log μ^2 m^2_t + 1 2 δ_{σ+} log m^2_t M^2_{H,t} ]

+ [ δ_{σ+} ( I^Z_tκ

)_2 + δ_{κL} 2s^2_W ] log M^2_W m^2_t } . (5.53)

Also here, the non-diagonal elements V_{3j} of the quark-mixing matrix (4.59) lead to very small contributions, and up to an error of the order 10^{−4} at μ = 1 TeV we can set V_{3j} ≃ δ_{3j} .

Combining (5.52) with the collinear factor for fermions (4.62) as in (5.5), we obtain the complete SL correction factor δ^C_f κ_{j′′ ,σ′′ f} κ_{j,σ} = (5.54) = δ_{jj}′′ δ_{σσ}′′ { α 4π [ 3 2 C^{ew}_f κ_{j,σ} log s M^2_W + Q^2_{fj,σ} ( 1 2 log M^2_W m^2_f

+ log

M^2_W λ^2 )] + δ^{C,top}_f κ_{j,σ} } , with the top-quark contributions

δ^{C,top}_f κ_{j,σ} = δ_{f Q}δ_{j3} α 4π { − m^2_t 8s^2_W M^2_W [ (δ_{σ+}(1 + δ_{κR}) + δ_{σ−}δ_{κL}) log s m^2_t + 1 2 δ_{σ+} log m^2_t M^2_{H,t} ]

+ 3 2 [ δ_{σ+} ( I^Z_tκ

)_2 + δ_{κL} 2s^2_W ] log M^2_W m^2_t } . (5.55)

These ladder are sizable only for external heavy quarks f^κ_{j,σ} = Q^κ_{3,+} = t^κ and f^κ_{j,σ} = Q^L_{3,−} = b^L, and give

δ^{C,top}_{tL} = α 4π { − m^2_t 8s^2_W M^2_W [ log s m^2_t + 1 2 log m^2_t M^2_{H,t} ] + 16c^4_W + 10c^2_W + 1 24s^2_W c^2_W log M^2_W m^2_t } , δ^{C,top}_{tR} = α 4π { − m^2_t 8s^2_W M^2_W [ 2 log s m^2_t + 1 2 log m^2_t M^2_{H,t} ] + 2s^2_W 3c^2_W log M^2_W m^2_t } , δ^{C,top}_bκ = α 4π δ_{κL} { − m^2_t 8s^2_W M^2_W log s m^2_t + 3 4s^2_W log M^2_W m^2_t } . (5.56)

In contrast to the m^2_t corrections to the ρ parameter, which are only related to the (virtual) left-handed (t, b) doublet, logarithmic Yukawa contributions appear also for (external) right-handed top quarks.

5.2 Longitudinally polarized gauge bosons

As explained in Sect. 2.3, in the high-energy limit M^2_W/s → 0, the matrix elements involving longitudinal gauge bosons V^a_L = Z_L, W^±_L have to be expressed by matrix elements involving the corresponding would-be Goldstone bosons Φ_a = χ, ϕ^± via the GBET. In this approach, the corrections to matrix elements involving longitudinal gauge bosons have a two-fold origin. On one hand there are corrections to the GBET (δA^{V a} ), which involve the renormalization of the asymptotic gauge-boson fields (δZ_V a′_V a ) as well as the effects of mixing between gauge bosons and would-be Goldstone bosons. On the other hand corrections to the matrix elements involving the would-be Goldstone bosons originate from the renormalization of the would-be-Goldstone-boson fields^2 (δZ_{Φa′ Φa} ) and from truncated loop diagrams (δ^{coll}_{Φa′ Φa} ).

In Sect. 5.2.1 we derive the GBET following Ref. [52] and we relate the corrections to the GBET to gauge-boson FRC’s, longitudinal gauge-boson self-energies and mixingenergies between gauge bosons and would-be Goldstone bosons. In Sect. 5.2.2 we give our results for the one-loop corrections to the GBET in logarithmic approximation and combine them with the corrections to matrix elements involving would-be Goldstone bosons as explained in (5.5). Finally, in Sect. 5.2.3, we compare our corrections associated with longitudinal gauge bosons with the corrections associated with physical would-be Goldstone bosons in the symmetric phase of the electroweak theory.

5.2.1 Corrections to the Goldstone-boson equivalence theorem We consider a matrix element involving a longitudinal gauge boson V^a_L with polarization vector (2.18), and 1 − n other arbitrary physical fields, M^{V aL φi2 ...φin} (p, p_2 . . ., p_n) = ϵ^μ_L(p)⟨V^a_μ(p)φ_{i2} (p_2) . . .φ_{in} (p_n)⟩ n∏ k=2 v_{φik} (p_k) = = [ p^μ M_V a + O ( M_V a p^0 )] ⟨V^a_μ(p)φ_{i2} (p_2) . . .φ_{in} (p_n)⟩ n∏ k=2 v_{φik} (p_k). (5.57)

For the amputated Green functions we use the notation^3 ⟨V^a_μ(p)φ_{i2} (p_2) . . .φ_{in} (p_n)⟩ = G^{V aμφi2 ...φin} (p, p_2, . . ., p_n). (5.58) 2Note that the unphysical would-be Goldstone bosons can be kept unrenormalized. 3More details concerning our notation for Green functions can be found in Appendix A.

In order to derive the GBET for the matrix element (5.57), we start from following relation between bare Green functions that follows from the BRS invariance of the bare electroweak Lagrangian (cf. Appendix D),

0 = s [ ⟨ū^a_0 (x) n∏ k =2

φ^+_{ik ,0} (x_k )⟩ ] (5.59) = − 1 ξ_a ⟨C^{V̄ a}_0 (x) n∏ k=2 φ^+_{ik,0}(x_k)⟩ − n∑ j=2 ⟨ū^a_0(x)φ^+_{i2,0}(x_2) . . .sφ^+_{ij ,0} (x_j ) . . .φ^+_{in ,0} (x_n )⟩,

where the gauge-fixing term C^{V̄ a}_0 (C.28) is generated by the BRS variation sū^a_0 (D.11) of the antighost field. After Fourier transformation, amputation of the physical on-shell legs φ_{ik} and contraction with their polarization vectors, all terms generated by the BRS variation of the physical on-shell fields sφ_{ik} vanish and one obtains

0 = p^μ⟨V̄^a_{μ,0}(p) n∏ k=2 φ^+_{ik ,0}(p_k)⟩ n∏ k=2 v_{φik ,0} (p_k) + i^{(1−QV a )}ξ_{a,0}M_V a_{,0}⟨Φ^+_{a,0}(p) n∏ k=2 φ^+_{ik ,0}(p_k)⟩ n∏ k=2 v_{φik ,0} (p_k), (5.60)

where Φ_a = χ, ϕ^± are the would-be Goldstone bosons associated to the gauge fields V^a = Z, W^±. In order to amputate these external lines Φ_a and V^a we have to consider the full propagator for gauge bosons and would-be Goldstone bosons, including mixing. This reads G^{φiφj}_{(μν)} (p, −p) = G V^aV^{a′} μν (p, −p) G^{V aΦb′}μ (p, −p) G^{ΦbV a′} ν (p, −p) G^{ΦbΦb′} (p, −p) = g T μν G^{V aV a′} T (p^2) + g^L_{μν} G^{V aV a′}_L (p^2) p^μG^{V aΦb′}_L (p^2) −p^ν G^{ΦbV a′}_L (p^2) G^{ΦbΦb′} (p^2)

, (5.61)

with g^T_{μν} = g_{μν} − p_μp_ν p^2

, g^L_{μν} = p_μp_ν p^2

. (5.62)

In the four sectors of (5.61) we have matrices with indices V^a, V^{a′} = A, Z, W^± and Φ_b, Φ_b′ = χ, ϕ^±, and these are constrained by the Ward identities [52]

p^2G^{V̄ aV b}_{L,0} (p^2) − p^2 [ i^{(QV̄ a +1)}ξ_{a,0}M_V a_{,0}G^{Φ+a V b}_{L,0} (p^2) + i^{(QV b +1)}ξ_{b,0}M_V b_{,0}G^{V̄ aΦb}_{L,0} (p^2) ] + i^{(QV̄ a +QV b )}ξ_{a,0}M_V a_{,0}ξ_{b,0}M_V b_{,0}G^{Φ+a Φb}_0 (p^2) = −iξ_{a,0}δ_V a_V b , (5.63)

for V^a, V^b = A, Z, W^±. Expressing (5.60) in terms of amputated Green functions times propagators and mixing propagators we have ∑ V^b { G^{V̄ aV b}_{L,0} (p^2) − i^{(1−QV a )}ξ_{a,0}M_V a_{,0}G^{Φ+a V b}_{L,0} (p^2) } p^μ⟨V^b_{μ,0}(p)O⟩ = = − ∑ Φ_b { p^2G^{V̄ aΦb}_{L,0} (p^2) + i^{(1−QV a )}ξ_{a,0}M_V a_{,0}G^{Φ+a Φb}_0 (p^2) } ⟨Φ_{b,0}(p)O⟩, (5.64) where the fields ∏ k φ_{ik} have been denoted by the shorthand O, and their wave functions have been omitted. For V^a = W^±, Z, the only mixing terms with V^b ≠ V^a or Φ_b ≠ Φ_a in (5.64) that are allowed by charge conservation are terms with V^a = Z and V^b = A in the first line. However, these terms cancel owing to the corresponding Ward identity (5.63), so that we arrive at p^μ⟨V^a_{μ,0}(p) O⟩ = i^{(1−QV a )}M_V a_{,0}A^{V a}_0 ⟨Φ_{a,0}(p) O⟩, (5.65) for V^a = Z, W^±, with

A^{V a}_0 = − i^{(QV a −1)}p^2G^{V̄ aΦa}_{L,0} (p^2) + ξ_{a,0}M_V a_{,0}G^{Φ+a Φa}_0 (p^2) M_V a_{,0} [ G^{V̄ aV a} L,0 (p^2) − i^{(1−QV a )}ξ_{a,0}M_V a_{,0}G^{Φ+a V a}_{L,0} (p^2)

] . (5.66)

Note that owing to G^{W −σW σ′} L = δ_{σσ}′ G^{W W}_L , G^{ϕ−σϕσ′} = δ_{σσ}′ G^{ϕϕ}, G^{W −σ ϕσ′} L = G^{ϕσ′ W −σ} L = σδ_{σσ}′ G^{W ϕ}_L , (5.67) we have A^{W +}_0 = A^{W −}_0 . The constants (5.66) can be expressed through the full^4 2-point function Γ^{φi φj}_{(μν),0} which has the same structure as the propagator (5.61) and is related to it by g^{(νν′ )} ∑ φ_j G^{φiφj}_{(μν),0}(p, −p)Γ^{φjφk}_{(ν′ρ),0}(p, −p) = iδ^{φi φk} g_{(μρ)}, φ_i, φ_j, φ_k = A, Z, W^±, χ, ϕ^±. (5.68) We note that within a spontaneously broken theory this relation only applies to the full two-point function, where also the tadpole contributions have to be taken into account. In the ’t Hooft gauge (C.28), the components of Γ^{φj φk}_0 are^5 Γ^{V̄ aV b}_{T,0} (p^2) = −δ_V a_V b (p^2 − M^2_V a_{,0}) − Σ^{V̄ aV b}_{T,0} (p^2), Γ^{V̄ aV b}_{L,0} (p^2) = − δ_V a_V b ξ_{a,0} (p^2 − ξ_{a,0}M^2_V a_{,0}) − Σ^{V̄ aV b}_{L,0} (p^2), Γ^{V̄ aΦb}_{L,0} (p^2) = Γ^{ΦbV̄ a}_{L,0} (p^2) = Σ^{V̄ aΦb}_{L,0} (p^2), Γ^{Φ+a Φb}_0 (p^2) = δ_{ΦaΦb} (p^2 − ξ_{a,0}M^2_V a_{,0}) + Σ^{Φ+a Φb}_0 (p^2). (5.69) The constants (5.66) can be expressed as [52]

A^{V a}_0 = p^2/ξ_{a,0} + Γ^{V aV̄ a}_{L,0} (p^2) M_V a_{,0} [ M_V a_{,0} − i^{(1+QV a )}Γ^{V aΦ+a}_{L,0} (p^2)

] = 1 + δA^{V a}_0 , (5.70)

4Note that we here use the symbol Γ^{φi φj} for the full 2-point function (including tadpole diagrams) which is normally only used for the 1PI part.

5In the notation of Ref. [52] the mixing energies for charged gauge bosons read Γ^{W σϕ−σ′} L = Γ^{ϕ−σ′ W σ} L = σδ_{σσ}′ Γ^{W ϕ}_L .

and in one-loop approximation

δA^{V a}_0 = − Σ^{V aV̄ a} L,0 (p^2) M^2_V a_{,0}

+ i^{(1+QV a )}

Σ^{V aΦ+a}_{L,0} (p^2) M_V a_{,0} . (5.71)

We can now renormalize the relation (5.65) by including the counterterms originating from the renormalization of the gauge-boson fields (5.18) and of their masses (5.19). The unphysical would-be Goldstone fields are kept unrenormalized and the renormalization of the gauge parameters does not contribute since (5.65) and (5.71) are explicitly ξ_a– independent. In one-loop approximation, we obtain ∑ V^b p^μ⟨V^b_μ(p) O⟩ ( δ_V b_V a − 1 2 δZ_V b_V a ) = i^{(1−QV a )}(M_V a + δM_V a )A^{V a}_0 ⟨Φ_a(p^2) O⟩,

(5.72)

and since the only possible mixing terms between Z bosons and photons, induced by δZ_{AZ} , cancel owing to the QED Ward identity p^μ⟨A_μ(p) O⟩, we arrive to the renormalized relation

p^μ⟨V^a_μ(p) O⟩ = i^{(1−QV a )}M_V a (1 + δA^{V a} )⟨Φ_a(p^2) O⟩, (5.73)

with

δA^{V a} = δA^{V a}_0 + 1 2 δM^2_V a M^2_V a + 1 2 δZ_V a_V a

= − Σ^{V aV̄ a} L,0 (p^2) M^2_V a_{,0}

+ i^{(1+QV a )}

Σ^{V aΦ+a}_{L,0} (p^2) M_V a_{,0} + 1 2 δM^2_V a M^2_V a + 1 2 δZ_V a_V a . (5.74)

For the matrix element (5.57), the relation (5.73) yields M^{V aL φi2 ...φin} (p, p_2 . . . , p_n) = i^{(1−QV a )}(1 + δA^{V a} )M^{Φaφi2 ...φin} (p, p_2 . . . , p_n), (5.75) up to terms suppressed by factors of order M_V a /E.

5.2.2 Logarithmic corrections to longitudinal gauge bosons In the following, we present our results for the corrections (5.74) in LA. We observe that the tadpole diagrams give non-vanishing contributions to single terms of (5.74). However, these contributions compensate each other in (5.74) and in the following they are omitted everywhere. The diagrams (5.28) yield Σ^{V aV̄ a} L,0 (M^2_V a ) M^2_V a

LA= − α 4π { [2C^{ew}_V a_V a − 4C^{ew}_Φ ] log μ^2 M^2_W + N^t_C 2s^2_W m^2_t M^2_W log μ^2 m^2_t + 3M^2_V a 4s^2_W M^2_W log M^2_H M^2_W } , (5.76) for the longitudinal gauge-boson propagator, where C^{ew}_V a_V a and C^{ew}_Φ represent the electroweak Casimir operator in the adjoint representation (B.29) and in the scalar representation (B.28), respectively. For the mass counterterms (5.24) we obtain

δM^2_V a M^2_V a

LA= − α 4π { [b^{ew}_V a_V a − 4C^{ew}_Φ ] log μ^2 M^2_W + N^t_C 2s^2_W m^2_t M^2_W log μ^2 m^2_t + 10M^2_V a 12s^2_WM^2_W log M^2_H M^2_W + 2N^t_C 3 T_V a_V b log m^2_t M^2_W } , (5.77)

where b^{ew}_V a_V a are the coefficients of the beta function defined in Appendix B.6, and the matrix T_V a_V b is given in (5.36) and (5.37). The FRC’s δZ_V a_V a are given in (5.29). The mixing-energies are obtained from the diagrams

iΣ^{V aΦ+a}_{μ,0} (p) =^V a μ Φ^+_a

V^c

V^d +^V a μ Φ^+_a

u^c ū^d +^V a μ Φ^+_a

V^c

Φ_k

+^V a μ Φ^+_a

Φ_k

Φ_j

+^V a μ Φ^+_a

f_{j,σ} f̄_{j′,σ′} , (5.78)

and in LA we obtain

Σ^{V aΦ+a}_{L,0} (M^2_V a ) M^2_V a

LA= i^{(1−QV a )} α 4π { [C^{ew}_V a_V a − 3C^{ew}_Φ ] log μ^2 M^2_W + N^t_C 2s^2_W m^2_t M^2_W log μ^2 m^2_t + 3M^2_V a 4s^2_W M^2_W log M^2_H M^2_W } . (5.79)

The corrections (5.74) to the GBET are obtained by combining the above results and read δA^{V a} = α 4π { C^{ew}_Φ log μ^2 M^2_W − N^t_C 4s^2_W m^2_t M^2_W log μ^2 m^2_t

+ Q^2_V a log

M^2_W λ^2 + 3M^2_V a 8s^2_W M^2_W log M^2_H M^2_W } , (5.80)

in LA. Note that the μ–dependent part is determined by the scalar eigenvalue C^{ew}_Φ of the electroweak Casimir operator and by large m_t-dependent contributions originating from the mass counterterms (5.77), which are proportional to the colour factor N^t_C = 3.

Finally, the complete SL mass-singular corrections associated to external longitudinal gauge bosons are obtained by

δ^C_{V a}′_{L V aL} = δ_{V a}′_{V a} [ δA^{V a} + δ^{coll}_{ΦaΦa} ] , (5.81)

i.e. by including, as indicated in (5.5), the collinear corrections (4.40) originating from loopdiagrams with external would-be Goldstone bosons. The final result for this correction factor reads

δ^C_{V a}′_{L V aL} = δ_V a′_V a α 4π { 2C^{ew}_Φ log s M^2_W − 3 4s^2_W m^2_t M^2_W log s m^2_t

+ Q^2_V a log

M^2_W λ^2 + M^2_V a 8s^2_W M^2_W log M^2_H M^2_W } . (5.82)

5.2.3 Comparison between spontaneously broken and symmetric phase We stress that the result (5.82), and in particular all mixing-energy diagrams (5.78), receive contributions from the broken part of the electroweak Lagrangian. However, we observe the following. If we restrict ourselves to the symmetric electroweak part of (5.82), i.e. to the log(s) terms, and compare it with (5.17), we observe that Higgs bosons and longitudinal gauge bosons receive the same collinear SL corrections. This suggests that, up to electromagnetic terms and log (M_H/M_W) terms, the collinear corrections to longitudinal gauge bosons can be expressed as collinear corrections (5.5) to on-shell renormalized wouldbe Goldstone bosons with^6

~Re ∂Γ^{ΦaΦ} + a (p^2) ∂p^2 | | | |_{p2=M 2V a} = 1, (5.83)

i.e. with FRC’s δZ_{Φa Φa} = − ∂ ∂p^2 ~Re Σ^{ΦaΦ+}a_0 (p^2) | | | p^2=M^2_{V a}

. (5.84)

In fact, evaluating the diagrams

iΣ^{Φa Φ+a}_0 =^{Φa Φ+a}

Φ_k

V^b +^{Φa Φ+a} f_{j,σ} f̄_{j′,σ′} +^{Φa Φ+a} V^c

V^b

+^{Φa Φ+a}

Φ_k

Φ_l

+^{Φa Φ+a} u^c ū^b +^{Φa Φ+a} V^c +^{Φa Φ+a}

Φ_k

, (5.85)

in LA, we obtain 1 2 δZ_{ΦaΦa}^{LA}= α 4π { C^{ew}_Φ log μ^2 M^2_W − N^t_C 4s^2_W m^2_t M^2_W log μ^2 m^2_t + M^2_V a 4s^2_W M^2_W log M^2_H M^2_W } . (5.86)

The symmetric electroweak part δZ^{ew} of (5.86) corresponds to the corrections to the GBET (5.80), so that

δ^{C,ew}_{V a}′_{L V aL}^{LA}= ( 1 2 δZ^{ew}_{Φa′ Φ}+_a + δ^{coll,ew}_{Φa′ Φa} )| | |_{μ2 =s} . (5.87)

6Recall that the would-be Goldstone bosons have been kept unrenormalized in the above derivation.

Furthermore, also the electromagnetic log (M^2_W/λ^2) term can be correctly reproduced if one neglects the last diagram in the first line of (5.85), which originates from spontaneous symmetry breaking. The remaining diagrams that originate from spontaneous symmetry breaking do not affect (5.86), as we already observed in the case of the Higgs FRC. Therefore, up to the log (M_H/M_W) terms, the collinear corections (5.82) associated with longitudinal gauge bosons correspond to the collinear corrections (5.87) associated with physical scalar bosons belonging to a Higgs doublet with vanishing vev. This justifies, at the one-loop level, the symmetric approach adopted in Ref. [29], where high-energy longitudinal gauge bosons are described by would-be Goldstone bosons as physical scalar bosons.

Chapter 6

Collinear Ward identitites

In this chapter we discuss and derive the collinear Ward identities used in Ch. 4 to prove the factorization of collinear mass singularities. In Sect. 6.1 we present these identities in generic form and make some important remarks concerning their applicability and their derivation. In particular we stress that the mechanism of spontaneous symmetry breaking plays a non-trivial role in ensuring their validity. The detailed derivations are performed in Sects. 6.2 and 6.3 using the BRS invariance of the spontaneously broken electroweak theory.

6.1 Ward identities for generic fields

Recall that we are interested in the mass-singular corrections to generic processes (2.1). As discussed in Ch. 4, these mass singularities originate from loop diagrams where one of the external particles splits into two collinear virtual particles, φ_{ik} (p_k) → V^a_μ (q)φ_i′_k (p_k −q), one of these being a gauge boson. Here we treat the subprocesses that result from these splittings, i.e. processes of the type

φ_{i1} (p_1) · · · φ_{ik−1} (p_{k−1}) V^a_μ (q) φ_i′_k (p_k − q) φ_{ik+1} (p_{k+1}) · · · φ_{in} (p_n) → 0, (6.1)

where the momenta p_k, with k = 1, . . ., n, are relativistic and on-shell, whereas the momenta q and p_k − q of the collinear particles are quasi on-shell. For the subprocess (6.1) we consider the following lowest-order matrix element^1

φ_i′_k (p_k − q)

V^a_μ (q) = G φ_{i1} ... φ_{ik−1} V^aφ_{i′k} φ_{ik+1} ... φ_{in} μ,0 (p_1, . . ., p_{k−1}, q, p_k − q, p_{k+1}, . . ., p_n)

× n∏ j=1 v_{φij} (p_j ), (6.2)

1The diagrammatic notation used in this chapter as well as the shorthands for Green functions and matrix elements are defined in Ch. 4.

where all external lines, except for the gauge boson, are contracted with their wave functions. The collinear Ward identities we want to prove read

lim q^μ→xp^μ_k q^μ φ_i(p − q)

V^a_μ (q) − ∑ φ_j φ_i (p − q) φj (p)

V^a_μ (q) = ∑ φ_i′ φ_i′ (p) eI^{V a}_{φi′ φi} ,

(6.3)

in diagrammatic notation. Equivalently we can write them as lim q^μ→xp^μ q μv_{φi} (p)G^{[V aφi]O} μ,0 (q, p − q, r) = e ∑ φ_i′ M^{φi′ O}_0 (p, r)I^{V a}_{φi′ φi} , (6.4) using the shorthand notations introduced in (4.20), (4.21), and (4.26).

A detailed derivation of (6.4) is presented in Sect. 6.2 for external scalar fields (φ_i = Φ_i) and gauge bosons (φ_i = V^a) and in Sect. 6.3 for fermions (φ_i = Ψ^κ_{j,σ} ). Here we anticipate the most important features and restrictions concerning these collinear Ward identities:

• They are restricted to lowest-order (LO) matrix elements. The subscript 0 indicating LO quantities in often omitted in the following. However, we stress that all equations used in this chapter are only valid in LO.

• They are realized in the high-energy limit (2.7), for (quasi) on-shell external momenta p, and in the limit of collinear gauge boson momenta q, i.e. in the limit where 0 < p^2, (p − q)^2 ≪ s. All these limits have to be taken simultaneously. The wave function v_{φi} (p) corresponds to a particle with mass √ p^2.

• They are valid only up to mass-suppressed terms, to be precise terms of the order M/ √ s (for fermions) or M^2/s (for bosons) with respect to the leading terms appearing in (6.4), where M^2 ∼ max(p^2, M^2_{φi} , M^2_V a ). Furthermore, they apply only to matrix elements that are not mass-suppressed. In other words, they apply to those matrix elements that arise from L_{symm} in LO.

• Their derivation is based on the BRS invariance of a spontaneously broken gauge theory (see Appendix D). In particular, we used only the generic form of the BRS transformations of the fields, the form of the gauge-fixing term in an arbitrary ‘t Hooft gauge, (C.28), and the corresponding form of the tree-level propagators. Therefore, the result is valid for a general spontaneously broken gauge theory, in an arbitrary ‘t Hooft gauge.

It is important to observe that the identities (6.4) do not reflect the presence of the nonvanishing vev of the Higgs doublet. In fact, they are identical to the identities obtained within a symmetric gauge theory with massless gauge bosons. However, spontaneous symmetry breaking plays a non-trivial role in ensuring the validity of (6.4). It guarantees the cancellation of mixing terms between gauge bosons and would-be Goldstone bosons. In particular, we stress the following: extra contributions originating from L_v cannot be excluded a priori in (6.4). In fact, the corresponding mass-suppressed couplings can in principle give extra leading contributions if they are enhanced by propagators with small invariants. We show that no such extra terms are left in the final result. Such terms appear, however, in the derivation of the Ward identity for external would-be Goldstone bosons (φ_i = Φ_i) as “extra contributions” involving gauge bosons (φ_j = V^a), and in the derivation of the Ward identity for external gauge bosons (φ_i = V^a) as “extra contributions” involving would-be Goldstone bosons (φ_j = Φ_i) [see (6.16)]. Their cancellation is guaranteed by Ward identities (6.21) relating the electroweak vertex functions that involve explicit factors with mass dimension. In other words, the validity of (6.4) within a spontaneously broken gauge theory is a non-trivial consequence of the symmetry of the full theory.

6.2 Transverse gauge bosons, would-be Goldstone bosons and Higgs bosons

The Ward identities for external scalar bosons φ_i = Φ_i = H, χ, ϕ^± and transverse gauge bosons φ_i = V^b = A, Z, W^± are of the same form. Here we derive a generic Ward identity for external bosonic fields φ_i valid for φ_i = Φ_i as well as φ_i = V^b. In both cases mixing between would-be Goldstone bosons and gauge bosons has to be taken into account^2. Therefore, we use the symbol φ̃ to denote the mixing partner of φ, i.e. we have (φ, φ̃) = (Φ, V ) or (φ, φ̃) = (V, Φ). The resulting Ward identities read

lim q^μ→xp^μ q μ × φ_i(p − q)

V^a_μ (q) − ∑ φ_i′ φ_i (p − q) φ_i′ (p)

V^a_μ (q) − ∑ φ̃_j φ_i(p − q) φ̃j (p)

V^a_μ (q) =

= ∑ φ_i′ φ_i′ (p) eI^{V a}_{φi′ φi} + O ( M^2E^{d−2} ) , (6.5)

where the diagrammatic representation corresponds to external scalars (φ = Φ), d is the mass dimension of the matrix element and M^2 ∼ max(p^2, M^2_{φi} , M^2_V a ). The proof of (6.5) is organized in six steps:

1. Ward identity for connected Green functions We start using the BRS invariance (cf. Appendix D) of the electroweak Lagrangian. This implies the invariance of connected Green functions with respect to BRS transformations of their field arguments. For the Green function ⟨ū^a(x)φ^+_i (y)O(z)⟩^3 we have the relation

⟨[sū^a (x)]φ^+_i (y)O(z )⟩ − ⟨ū^a (x)[sφ^+_i (y)]O(z )⟩ = ⟨ū^a (x)φ^+_i (y)[sO(z )]⟩. (6.6)

2For external Higgs bosons or photons all mixing terms vanish. 3Analogously to (4.21), O(z) = ∏ l≠k φil (zl) represents a combination of arbitrary physical fields.

Since the BRS variation of the antighost field (D.11) corresponds to the gauge-fixing term (C.28) and using the BRS variation of the physical fields (D.9) we obtain the Ward identity 1 ξ_a ∂^μ_x ⟨V̄^a_μ (x)φ^+_i (y)O(z)⟩ − iev ∑ Φ_j =H,χ,ϕ^± I^{V a}_{HΦj} ⟨Φ_j(x)φ^+_i (y)O(z)⟩

+ ∑ V^b=A,Z,W^± [ X^{V b}_φ+_i ⟨ū^a(x)u^b(y)O(z)⟩ − ie ∑ φ_i′ ⟨ū^a(x)u^b(y)φ^+_i′ (y)O(z)⟩I^{V b}_{φi′φi} ]

= −⟨ū^a(x)φ^+_i (y)[sO(z )]⟩. (6.7)

Fourier transformation of the variables (x, y, z) to the incoming momenta (q, p − q, r) (∂^μ_x → iq^μ) gives i ξ_a q^μ⟨V̄^a_μ (q)φ^+_i (p − q)O(r)⟩ − iev ∑ Φ_j I^{V a}_{HΦj} ⟨Φ_j (q)φ^+_i (p − q)O(r)⟩ + ∑ V^b X^{V b}_φ+_i ⟨ū^a(q)u^b(p − q)O(r)⟩

− ie ∑ V^b,φ_i′ ∫ d_D l

(2π)^D ⟨ū^a(q)u^b(l)φ^+_i′ (p − q − l)O(r)⟩I^{V b}_{φi′φi} = −⟨ū^a(q)φ^+_i (p − q)[sO(r)]⟩. (6.8)

From now on, the rhs is omitted, since the BRS variation of on-shell physical fields does not contribute to physical matrix elements. This can be verified by truncation of the physical external legs O(r) and contraction with the corresponding wave functions.

2. Restriction to lowest order A further simplification concerns the last term on the lhs of (6.8). This originates from the BRS variation sφ^+_i (y) of the external scalar or vector field and contains an external “BRS vertex” connecting the fields u^b(y)φ^+_i′ (y), which we represent by a small box in (6.9). When we restrict the relation (6.8) to LO connected Green functions, this term simplifies into those tree diagrams where the external ghost line is not connected to the scalar leg of the BRS vertex by internal vertices,

sφ^+_i (p − q)

ū^a(q)

=^φ + i′ (p)

ū^a(q) O + ∑ O_1≠O φ^+_{i′} (p + r_2 )

ū^a(q)

O_1

O_2

. (6.9)

We will see in the following that the relevant contributions result only from the first diagram on the rhs of (6.9), where the ghosts are joined by a propagator and all on-shell legs O(r) are connected to the leg φ^+_i′ , which receives momentum p = −r. In the remaining diagrams, the on-shell legs are distributed into two subsets O(r) = O_1(r_1)O_2(r_2) with momenta r_1 + r_2 = r. One subset O_1 interacts with the leg φ^+_i′ , which receives momentum p + r_2 = −r_1. The other subset O_2 interacts with the ghost line. Therefore, in LO the last term on the lhs of (6.8) yields −ie ∑ V^b,φ_i′ ∫ d_Dl (2π)^D ⟨ū^a(q)u^b(l)φ^+_i′ (p − q − l)O(r)⟩I^{V b}_{φi′ φi} = −ie ∑ φ_i′ ⟨ū^a(q)u^a(−q)⟩⟨φ^+_i′ (p)O(r)⟩I^{V a}_{φi′φi} − ie ∑ V^b,φ_i′ ∑ O_1≠O ⟨ū^a(q)u^b(−q − r_2)O_2(r_2)⟩⟨φ^+_i′ (p + r_2)O_1(r_1)⟩I^{V b}_{φi′ φi} , (6.10)

and if we split off the momentum-conservation δ-functions, (6.8) becomes i ξ_a q^μG^{V̄ aφ+i O} μ (q, p − q, r) − iev ∑ Φ_j I^{V a}_{HΦj} G^{Φj φ+i O}(q, p − q, r)

+ ∑ V^b X^{V b}_φ+_i G^{ūaubO}(q, p − q, r) − ie ∑ φ_i′ G^{ūaua} (q)G^{φ+}i^{′ O}(p, r)I^{V a}_{φi′ φi} = ie ∑ V^b,φ_i′ ∑ O_1≠O G^{φ+}i^{′ O1} (p + r_2, r_1)I^{V b}_{φi′ φi} G^{ūaubO2} (q, −q − r_2, r_2). (6.11)

3. Enhanced internal propagators Recall that we are interested in the on-shell and “massless” limit p^2 ≪ s of the above equation. Therefore, we have to take special care of all terms that are enhanced in this limit, like internal propagators carrying momentum p. Since internal lines with small invariants do not occur on the rhs of (6.11), we now concentrate on the lhs. Using (4.26), the first term can be written as G^{V̄ aφ+i O} μ (q, p − q, r) = G^{[V̄ aφ+i ]O}μ (q, p − q, r) + ∑ φ_i′ G^{V̄ aφ+i φi′} μ (q, p − q, −p)G^φi^{′ O}(p, r) + ∑ φ̃_j G^{V̄ aφ+i φ̃j} μ (q, p − q, −p)G^{φ̃j O}(p, r), (6.12)

where for scalar φ^+_i the sums run over scalar φ_i′ and vector φ̃_j and vice versa if φ^+_i is a vector. In this way the enhanced internal propagators with momentum p are isolated in the terms G^{V̄ aφ+i φi′} μ (q, p − q, −p) and G^{V̄ aφ+i φ̃j}μ (q, p − q, −p), whereas the subtracted Green functions G^{[V̄ aφ+i ]O} μ contain no enhancement by definition. A similar decomposition is used for the second and third term on the lhs of (6.11), whereas the enhanced propagator contained in the last term is isolated by writing G^{φ+}i^{′ O}(p, r) = G^{φ+}i^{′ φi′} (p)G^φi^{′ O}(p, r). (6.13) In this way, the lhs of (6.11) can be written as i ξ_a q^μG^{[V̄ aφ+i ]O} μ (q, p − q, r) − iev ∑ Φ_j I^{V a}_{HΦj} G^{[Φj φ+i ]O}(q, p − q, r) +

+ ∑ V^b X^{V b}_φ+_i G^{[ūaub ]O}(q, p − q, r) + ∑ φ_i′ S^{V̄ a}_φ+_{i φi′} G^φi^{′ O}(p, r) + ∑ φ̃_j M^{V̄ a}_φ+_{i φ̃j} G^{φ̃j O}(p, r), (6.14) where all enhanced terms are in the self-energy-like (φφ) contributions S^{V̄ a}_φ+_{i φi′} = i ξ_a q^μG^{V̄ aφ+i φi′} μ (q, p − q, −p) − iev ∑ Φ_k I^{V a}_{HΦk} G^{Φk φ+i φi′} (q, p − q, −p) + ∑ V^b X^{V b}_φ+_i G^{ūaub φi′} (q, p − q, −p) − ieG^{ūa ua} (q)G^{φ+}i^{′ φi′} (p)I^{V a}_{φi′ φi} (6.15) and in the mixing-energy-like (φφ̃) contributions

M^{V̄ a}_φ+_{i φ̃j} = i ξ_a q^μG^{V̄ aφ+i φ̃j} μ (q, p − q, −p) − iev ∑ Φ_k I^{V a}_{HΦk} G^{Φk φ+i φ̃j} (q, p − q, −p) + ∑ V^b X^{V b}_φ+_i G^{ūaubφ̃j} (q, p − q, −p). (6.16) Note that here the terms originating from L_v , i.e. terms proportional to the vev, are enhanced by the internal φ̃_j propagators and represent leading contributions to (6.14). 4. Two further Ward identities In order to simplify (6.15) and (6.16), and to check whether contributions proportional to the vev survive, we have to derive two further Ward identities.

– For the self-energy-like contributions (6.15) we exploit the BRS invariance of the Green function ⟨ū^a(x)φ^+_i (y)φ_i′ (z)⟩:

⟨[sū^a (x)]φ^+_i (y)φ_i ′ (z )⟩ − ⟨ū^a (x)[sφ^+_i (y)]φ_i ′ (z )⟩ = ⟨ū^a (x)φ^+_i (y)[sφ_i ′(z )]⟩. (6.17) Using the BRS variations (D.11), (D.9), and (D.8), we have 1 ξ_a ∂^μ_x ⟨V̄^a_μ (x)φ^+_i (y)φ_i′ (z)⟩ − iev ∑ Φ_j

I^{V a}_{HΦj} ⟨Φ_j (x)φ^+_i (y)φ_i′ (z)⟩ + ∑ V^b X^{V b}_φ+_i ⟨ū^a(x)u^b(y)φ_i′ (z)⟩ − ie ∑ V^b,φ_k ⟨ū^a(x)u^b(y)φ^+_k (y)φ_i′ (z)⟩I^{V b}_{φkφi} = − ∑ V^b X^{V b}_{φi′} ⟨ū^a(x)φ^+_i (y)u^b(z)⟩ − ie ∑ V^b,φ_k I^{V b}_{φi′ φk} ⟨ū^a(x)φ^+_i (y)u^b(z)φ_k(z)⟩. (6.18) In LO, the terms involving four fields reduce to products of pairs of propagators. After Fourier transformation we obtain i ξ_a q^μ⟨V̄^a_μ (q)φ^+_i (p − q)φ_i′ (−p)⟩ − iev ∑ Φ_j I^{V a}_{HΦj} ⟨Φ_j (q)φ^+_i (p − q)φ_i′ (−p)⟩ + ∑ V^b X^{V b}_φ+_i ⟨ū^a(q)u^b(p − q)φ_i′ (−p)⟩ − ie⟨ū^a(q)u^a(−q)⟩⟨φ^+_i′ (p)φ_i′ (−p)⟩I^{V a}_{φi′ φi} = − ∑ V^b X^{V b}_{φi′} ⟨ū^a(q)φ^+_i (p − q)u^b(−p)⟩ − ie⟨ū^a(q)u^a(−q)⟩⟨φ^+_i (p − q)φ_i(−p + q)⟩I^{V a}_{φi′ φi} , (6.19) and we easily see that S^{V̄ a}_φ+_{i φi′} = − ∑ V^b X^{V b}_{φi′} G^{ūaφ+i ub} (q, p − q, −p) − ieG^{ūa ua} (q)G^{φ+i φi} (p − q)I^{V a}_{φi′ φi} . (6.20) – For the mixing-energy-like contributions (6.16) we use the BRS invariance of the Green function ⟨ū^a(x)φ^+_i (y)φ̃_j(z)⟩. The resulting WI is obtained from (6.19) by substituting φ_i′ → φ̃_j and by neglecting the mixing propagators ⟨φ^+_i (p)φ̃_j(−p)⟩ which vanish in LO and reads i ξ_a q^μ⟨V̄^a_μ (q)φ^+_i (p − q)φ̃_j (−p)⟩ − iev ∑ Φ_k

I^{V a}_{HΦk} ⟨Φ_k(q)φ^+_i (p − q)φ̃_j (−p)⟩ (6.21) + ∑ V^b X^{V b}_φ+_i ⟨ū^a(q)u^b(p − q)φ̃_j(−p)⟩ = − ∑ V^b X^{V b}_{φ̃j} ⟨ū^a(q)φ^+_i (p − q)u^b(−p)⟩. This relation involves the V V Φ couplings as well as other terms originating from L_v , and leads to M^{V̄ a}_φ+_{i φ̃j} = − ∑ V^b X^{V b}_{φ̃j} G^{ūaφ+i ub} (q, p − q, −p). (6.22)

Both (6.20) and (6.22) contain the ghost vertex function G^{ūaφ+}i^{ub} , but when we combine them in (6.14) these ghost contributions cancel owing to the LO identity that relates external would-be Goldstone bosons and gauge bosons, ∑ V^d G^{V dO}_μ (p, r)X^{V b}_V d_μ + ∑ Φ_j G^{Φj O}(p, r)X^{V b}_{Φj} G^{ūaφ+}i^{ub} (q, p − q, −p)

= −ip^μG^{V bO}_μ (p, r) + iev ∑ Φ_j I^{V b}_{Φj H} G^{Φj O}(p, r) G^{ūaφ+}i^{ub} (q, p − q, −p) = 0. (6.23)

Thus, all terms originating from internal propagators with momentum p cancel and the complete identity (6.11) becomes i ξ_a q^μG^{[V̄ aφ+i ]O} μ (q, p − q, r) − iev ∑ Φ_j I^{V a}_{HΦj} G^{[Φj φ+i ]O}(q, p − q, r) + ∑ V^b X^{V b}_φ+_i G^{[ūaub]O}(q, p − q, r) − ieG^{ūa ua} (q)G^{φ+i φi} (p − q) ∑ φ_i′ G^φi^{′ O}(p, r)I^{V a}_{φi′ φi} = ie ∑ V^b,φ_i′ ∑ O_1≠O G^{φ+}i^{′ O1} (p + r_2, r_1)I^{V b}_{φi′ φi} G^{ūaubO2} (q, −q − r_2, r_2). (6.24)

5. External-leg truncation Now we can truncate the two remaining external legs. To this end we observe that [see (C.35), (C.36)] the longitudinal part of the LO gauge-boson propagator G^{V aV̄ a}_L (q), the LO ghost propagator, and the LO propagator of the associated would-be Goldstone boson Φ_j are related by 1 ξ_a G^{V aV̄ a} L (q) = G^{ūaua} (q) = −G^{Φ+j Φj} (q). (6.25)

Using this relation, the leg with momentum q is easily truncated by multiplying the above identity with the longitudinal part of the inverse gauge-boson propagator −iξ_aΓ^{V aV̄ a}_L (q). The leg with momentum p − q is truncated by multiplying (6.24) by the inverse (scalarboson or gauge-boson) propagator −iΓ^{φi φ+}i (p − q), and by using X^{V b}_φ+_i G^{ubūb} (p − q) = c_{φi} G^{φ+i φi} (p − q)X^{V b}_φ+_i . (6.26) with c_{Φi} = 1 and c_V b = −1/ξ_b. The truncated identity reads iq^μG^{[V aφi]O} μ (q, p − q, r) + iev ∑ Φ_j I^{V a}_{HΦj} G^{[Φ+j φ}i^{]O}(q, p − q, r) + ∑ V^b c_{φi} X^{V b}_φ+_i G^{[uaūb]O}(q, p − q, r) − ie ∑ φ_i′ G^φi^{′ O}(p, r)I^{V a}_{φi′ φi} = ie ∑ V^b,φ_i′ ∑ O_1≠O [ −iΓ^{φi φ+i} (p − q)G^{φ+}i^{′ O1} (−r_1, r_1) ] I^{V b}_{φi′ φi} G^{uaubO2} (q, −q − r_2, r_2). (6.27)

6. Collinear limit Finally, we take the collinear limit q^μ → xp^μ and assume M^2 ∼ max(p^2, M^2_{φi} , M^2_V a ) ≪ s. (6.28) Furthermore, we contract (6.27) with the wave function v_{φi} (p) of an on-shell external state with mass √ p^2. For scalar bosons the wave function is trivial (v_Φ(p) = 1), whereas for external gauge bosons we consider transverse polarizations v_{Vν} (p) = ε^ν_T(p). Then various terms in (6.27) are mass-suppressed. The rhs is mass-suppressed owing to lim q^μ→xp^μ v φ_i (p)Γ φ_iφ^+_i (p − q)Gφ^+_{i′} φ_i′ (−r 1) ∼ lim_{qμ→xpμ} (p − q)^2 − M^2_{φi} r^2_1 = O ( M^2 s ) , (6.29)

since (p − q)^2 − M^2_{φi} ∼ M^2 in the collinear limit, whereas r_1 is a non-trivial combination of the external momenta, and like for all invariants (2.7) we assume that r^2_1 ∼ s. The second term on the the lhs of (6.27) is proportional to the vev and therefore mass-suppressed, and for the third term we have lim q^μ→xp^μ v φ_i (p)X V^b φ^+_i = O(M). (6.30)

For gauge bosons this is due to the transversality of the polarization vector lim q^μ→xp^μ (p − q) ν ε^ν_T(p) = 0, (6.31)

whereas for scalar bosons X^{V b}_{Φ+i} is explicitly proportional to the vev. The remaining leading terms give the result lim q^μ→xp^μ q μv_{φi} (p)G^{[V aφi]O} μ (q, p − q, r) = e ∑ φ_i′ v_{φi} (p)G^φi^{′ O}(p, r)I^{V a}_{φi′ φi} + O ( M^2 s M^{φiO} ) ,

= e ∑ φ_i′ M^{φi′ O}(p, r)I^{V a}_{φi′φi} + O ( M^2 s M^{φiO} ) , (6.32) which is the identity represented in (6.5) in diagrammatic form. Recall that, as noted in (3.14), the wave function for transverse gauge bosons is independent of their mass, i.e. v_{φi} (p) = v_{φi′} (p). 6.3 Chiral fermions and antifermions

The collinear Ward identities for chiral fermions φ_i = Ψ^κ_{j,σ} and antifermions φ_i = Ψ̄^κ_{j,σ} are derived in the same way as the identities (6.5) for gauge bosons and scalar bosons. Actually the derivation is much simpler since no mixing contributions have to be considered. Here we restrict ourselves to the case of antifermions, and we prove the identity

lim q^μ→xp^μ q μ × Ψ̄^κ_{j,σ} (p − q)

V^a_μ (q) − Ψ̄^κ_{j,σ} (p − q)

V^a_μ (q) =

= ∑ j^′,σ^′

Ψ̄κ_{j′ ,σ′} (p) eI^{V a}_{f̄} κ_{j′ ,σ′ f̄} κ_{j,σ} + O ( ME^{d−1} ) , (6.33)

where d is the mass dimension of the matrix element and M^2 ∼ max(p^2, m^2_{fj,σ} , M^2_V a ). The generalized gauge couplings to fermions are defined in (C.25) and they include the quark mixing matrix. Owing to (B.4), for antifermions we have I^{V a}_{f̄} κ_{j′,σ′ f̄} κ_{j,σ} = −I^{V a}_f κ_{j,σ f} κ_{j′,σ′} = −I^{V a}_f κ_{σ f} κ_{σ′} U^{f κ,V a}_{jj}′ . (6.34) In the following we will often omit the chirality κ and use the shorthand I^{V a}_{σσ}′ U^{V a}_{jj}′ = I^{V a}_f κ_{j,σf} κ_{j′ ,σ′} . (6.35) For the proof of (6.33) we follow the same steps as in Sect. 6.2. 1. Ward identity for connected Green functions We start from the BRS invariance of the connected GF ⟨ū^a(x)Ψ^κ_{j,σ}(y)O(z)⟩^4 ⟨[sū^a (x)]Ψ^κ_{j ,σ}(y)O(z )⟩ − ⟨ū^a (x)[sΨ^κ_{j ,σ}(y)]O(z )⟩ = −⟨ū^a (x)Ψ^κ_{j ,σ}(y)[sO(z )]⟩, (6.36) and with the BRS variations (D.11) and (D.8) we have the Ward identity 1 ξ_a ∂^μ_x ⟨V̄^a_μ (x)Ψ^κ_{j,σ} (y)O(z)⟩ − iev ∑ Φ_i=H,χ,ϕ^± I^{V a}_{HΦi} ⟨Φ_i(x)Ψ^κ_{j,σ}(y)O(z)⟩ + ie ∑ V^b=A,Z,W^± ∑ j^′ ,σ^′ I^{V b}_f κ_{j,σf} κ_{j′ ,σ′} ⟨ū^a(x)u^b(y)Ψ^κ_j′_{,σ}′ (y)O(z)⟩ = ⟨ū^a(x)Ψ^κ_{j,σ}(y)[sO(z )]⟩. (6.37)

4Note that connected Green functions involving the fermionic fields Ψ are associated to incoming antifermions.

Fourier transformation of the variables (x, y, z) to the incoming momenta (q, p − q, r) (∂^μ_x → iq^μ) gives i ξ_a q^μ⟨V̄^a_μ (q)Ψ^κ_{j,σ} (p − q)O(r)⟩ − iev ∑ Φ_i I^{V a}_{HΦi} ⟨Φ_i(q)Ψ^κ_{j,σ}(p − q)O(r)⟩

+ ie ∑ V^b,j^′ ,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∫ d_D l (2π)^D ⟨ū^a(q)u^b(l)Ψ^κ_j′_{,σ}′ (p − q − l)O(r)⟩ = ⟨ū^a(q)Ψ^κ_{j,σ}(p − q)[sO(r)]⟩. (6.38) Again we assume that all physical external legs denoted by O have been amputated and contracted with their wave functions, so that the rhs of (6.38), which involves BRS variations of these on-shell physical fields, vanishes. 2. Restriction to lowest order When we restrict the relation (6.38) to lowest-order, the last term on the lhs simplifies as in (6.9) into

sΨ^κ_{j ,σ} (p − q)

ū^a(q) = Ψ^κ_{j′ ,σ′} (p)

ū^a(q) O + ∑ O_1≠O

Ψ^κ_{j′ ,σ′} (p + r_2 )

ū^a(q)

O_1

O_2

, (6.39)

i.e. ie ∑ V^b,j^′,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∫ d_Dl (2π)^D ⟨ū^a(q)u^b(l)Ψ^κ_j′_{,σ}′ (p − q − l)O(r)⟩ = = ie ∑ j^′,σ^′ I^{V a}_{σσ}′ U^{V a}_{jj}′ ⟨ū^a(q)u^a(−q)⟩⟨Ψ^κ_j′_{,σ}′ (p)O(r)⟩ + ie ∑ V^b,j^′,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∑ O_1≠O ⟨ū^a(q)u^b(−q − r_2)O_2(r_2)⟩⟨Ψ^κ_j′_{,σ}′ (p + r_2)O_1(r_1)⟩, (6.40) where the operators O(r), O_1(r_1) and O_2(r_2) are defined as in (6.10). Splitting off the momentum-conservation δ-functions, (6.38) becomes i ξ_a q^μG^{V̄ aΨκj,σ O} μ (q, p − q, r) − iev ∑ Φ_i I^{V a}_{HΦi} G^{ΦiΨκj,σ O}(q, p − q, r) + ie ∑ j^′,σ^′ I^{V a}_{σσ}′ U^{V a}_{jj}′ G^{ūaua} (q)G^{Ψκj′,σ′ O}(p, r) = −ie ∑ V^b,j^′,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∑ O_1≠O G^{Ψκj′ ,σ′ O1} (p + r_2, r_1)G^{ūaubO2} (q, −q − r_2, r_2). (6.41)

3. Enhanced internal propagators In order to identify all terms containing enhanced internal propagators with momentum p, we rewrite the first term on the lhs of (6.41) using (4.26) as G^{V̄ aΨκj,σ O} μ (q, p − q, r) = = G^{[V̄ aΨκj,σ ]O} μ (q, p − q, r) + ∑ j^′,σ^′ G^{V̄} aΨ^κ_{j,σ} Ψ̄^κ_{j′,σ′} μ (q, p − q, −p)G^{Ψ̄κj′ ,σ′ O}(p, r), (6.42) and the second term in the same form. For the third term we have G^{Ψκj′,σ′ O}(p, r) = G^{Ψκj′,σ′ Ψ̄κj′,σ′} (p)G^{Ψ̄κj′ ,σ′ O}(p, r). (6.43) In this way, the lhs of (6.41) can be written as i ξ_a q^μG^{[V̄ aΨκj,σ ]O} μ (q, p − q, r) − iev ∑ Φ_i I^{V a}_{HΦi} G^{[ΦiΨκj,σ ]O}(q, p − q, r) + ∑ j^′,σ^′ S^{V̄ a}_Ψκ_{j,σΨ̄}κ_{j′ ,σ′} G^{Ψ̄κj′,σ′ O}(p, r), (6.44) where all enhanced propagators are isolated in S^{V̄ a}_Ψκ_{j,σΨ̄}κ_{j′ ,σ′} = i ξ_a q^μG^{V̄} aΨ^κ_{j,σ}Ψ̄^κ_{j′ ,σ′} μ (q, p − q, −p) − iev ∑ Φ_i I^{V a}_{HΦi} G^{ΦiΨ} κ j,σ Ψ̄κ_{j′,σ′} μ (q, p − q, −p) + ieI^{V a}_{σσ}′ U^{V a}_{jj}′ G^{ūaua} (q)G^{Ψκj′,σ′ Ψ̄κj′ ,σ′} (p). (6.45) 4. A further Ward identity In order to simplify (6.45) we derive a Ward identity for the V^aΨ̄Ψ vertex. This is obtained from the BRS invariance of the Green function ⟨ū^a(x)Ψ^κ_{j,σ} (y)Ψ̄^κ_j′_{,σ}′ (z)⟩,

⟨[sū^a (x)]Ψ^κ_{j ,σ}(y)Ψ̄^κ_j ′_{,σ}′ (z )⟩ − ⟨ū^a (x)[sΨ^κ_{j ,σ}(y)]Ψ̄^κ_j ′_{,σ}′ (z )⟩ = −⟨ū^a (x)Ψ^κ_{j ,σ}(y)[sΨ̄^κ_j ′_{,σ}′ (z )]⟩. (6.46) With the BRS variations (D.11), (D.8), and (D.9), we have 1 ξ_a ∂^μ_x ⟨V̄^a_μ (x)Ψ^κ_{j,σ}(y)Ψ̄^κ_j′_{,σ}′ (z)⟩ − iev ∑ Φ_i I^{V a}_{HΦi} ⟨Φ_i(x)Ψ^κ_{j,σ}(y)Ψ̄^κ_j′_{,σ}′ (z)⟩ + ie ∑ V^b,k,ρ I^{V b}_{σρ} U^{V b}_{jk} ⟨ū^a(x)u^b(y)Ψ^κ_{k,ρ}(y)Ψ̄^κ_j′_{,σ}′ (z)⟩ = −ie ∑ V^b,k,ρ ⟨ū^a(x)Ψ^κ_{j,σ}(y)u^b(z)Ψ̄^κ_{k,ρ}(z)⟩I^{V b}_{ρσ}′ U^{V b}_{kj}′ , (6.47) and in LO the terms involving four fields reduce to products of pairs of propagators. After Fourier transformation i ξ_a q^μ⟨V̄^a_μ (q)Ψ^κ_{j,σ} (p − q)Ψ̄^κ_j′_{,σ}′ (k)⟩ − iev ∑ Φ_i I^{V a}_{HΦi} ⟨Φ_i(q)Ψ^κ_{j,σ} (p − q)Ψ̄^κ_j′_{,σ}′ (k)⟩ + ieI^{V a}_{σσ}′ U^{V a}_{jj}′ ⟨ū^a(q)u^a(−q)⟩⟨Ψ^κ_j′_{,σ}′ (p)Ψ̄^κ_j′_{,σ}′ (k)⟩ = +ieI^{V a}_{σσ}′ U^{V a}_{jj}′ ⟨ū^a(q)u^a(−q)⟩⟨Ψ^κ_{j,σ}(p − q)Ψ̄^κ_{j,σ}(k + q)⟩, (6.48) where the sign on the rhs has changed owing to exchange of the anti-commuting ghost and fermionic fields. We see that S^{V̄ a}_Ψκ_{j,σΨ̄}κ_{j′ ,σ′} = ieI^{V a}_{σσ}′ U^{V a}_{jj}′ G^{ūaua} (q)G^{Ψκj,σΨ̄κj,σ} (p − q), (6.49) and the complete identity (6.41) becomes i ξ_a q^μG^{[V̄ aΨκj,σ ]O} μ (q, p − q, r) − iev ∑ Φ_i I^{V a}_{HΦi} G^{[ΦiΨκj,σ ]O}(q, p − q, r) + ie ∑ j^′,σ^′ I^{V a}_{σσ}′ U^{V a}_{jj}′ G^{ūaua} (q)G^{Ψκj,σΨ̄κj,σ} (p − q)G^{Ψ̄κj′ ,σ′ O}(p, r) = −ie ∑ V^b,j^′,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∑ O_1≠O G^{Ψκj′ ,σ′ O1} (p + r_2, r_1)G^{ūaubO2} (q, −q − r_2, r_2). (6.50)

5. External-leg truncation The two remaining external legs are truncated by multiplying (6.50) with the longitudinal part of the inverse gauge-boson propagator −iξ_aΓ^{V aV̄ a}_L (q), using (6.25), and with the inverse fermionic propagator iΓ^{Ψ̄j,σ Ψj,σ} (p − q). The resulting truncated identity reads

iq^μG^{[V aΨ̄} κ j,σ ]O μ (q, p − q, r) + iev ∑ Φ_i I^{V a}_{HΦi} G^{[Φ+i Ψ̄κj,σ ]O}(q, p − q, r) + ie ∑ j^′,σ^′ I^{V a}_{σσ}′ U^{V a}_{jj}′ G^{Ψ̄κj′,σ′ O}(p, r) = e ∑ V^b,j^′,σ^′ I^{V b}_{σσ}′ U^{V b}_{jj}′ ∑ O_1≠O Γ^{Ψ̄j,σ Ψj,σ} (p − q)G^{Ψκj′,σ′ O1} (−r_1, r_1)G^{uaubO2} (q, −q − r_2, r_2). (6.51)

6. Collinear limit Finally, we take the collinear limit q^μ → xp^μ, we assume M^2 ∼ max (p^2, m^2_{fj,σ} , M^2_V a ) ≪ s, (6.52)

and we contract (6.51) with the spinor v̄(p) of an on-shell antifermion with mass √ p^2.

Then the rhs of (6.51) is mass-suppressed owing to lim q^μ→xp^μ v̄(p)Γ^{Ψ̄j,σ Ψj,σ} (p − q)G^{Ψj′,σ′ Ψ̄j′ ,σ′} (−r_1) ∝ Mv̄(p)r/_1 r^2_1 = O ( M √ s ) , (6.53)

since v̄(p)[p/−q/−m_{fj,σ} ] ∼ M in the collinear limit, whereas r_1 is a non-trivial combination of the external momenta, and like for all invariants (2.7) we assume that r^2_1 ∼ s. Also the second term on the the lhs is mass-suppressed since it is proportional to the vev. The remaining leading terms give lim q^μ→xp^μ q^μv̄(p)G^{[V aΨ̄} κ j,σ ]O μ (q, p − q, r) = = −e ∑ j^′,σ^′ I^{V a}_{σσ}′ U^{V a}_{jj}′ v̄(p)G^{Ψ̄κj′ ,σ′ O}(p, r) + O ( M √ s M^{f̄ κj,σ O} ) , = −e ∑ j^′,σ^′ I^{V a}_f κ_{σ f} κ_{σ′} U^{f κ,V a}_{jj}′ M^{f̄ κj′,σ′ O}(p, r) + O ( M √ s M^{f̄ κj,σ O} ) , (6.54) which is the identity represented in (6.33) with the gauge couplings (6.34) for antifermions. Note that Ψ_{j,σ} ≠ Ψ_j′_{,σ}′ for V^a = W^± and, as noted in (3.13) and (3.14), the mass of the wave function v̄(p) need not be equal to the masses of the fields Ψ_{j,σ} or Ψ_j′_{,σ}′ . The analogous identity for fermions reads lim q^μ→xp^μ q μG^{[V aΨκj,σ ]O} μ (q, p − q, r)u(p) = e ∑ j^′,σ^′ M^{f κj′,σ′ O}(p, r)I^{V a}_f κ_{σ′f} κ_σ U^{f κ,V a}_j′_j + O ( M √ s M^{f κj,σ O} ) , (6.55)

and can be derived exactly in the same way.

Chapter 7

Leading logarithms from parameter renormalization

In this chapter we present the one-loop logarithmic corrections that are related to the renormalization of the parameters. As we will see, at high-energies and for matrix elements that are not mass-suppressed, one can restrict oneself to the running of the dimensionless coupling constants that appear in the symmetric phase of the electroweak theory. However, in order to relate these parameters to physical quantities that are defined at the electroweak scale or below, additional effects that are related to the renormalization of the vacuum expectation value (tadpole contributions) have to be taken into account.

7.1 Logarithms connected to parameter renormalization

The running of the parameters from the renormalization scale μ_R to the energy scale √ s gives rise to one-loop logarithmic corrections of the type α log (s/μ^2_R). These logarithms are related to ultraviolet divergences and to the scale μ of dimensional regularization. In the corrections to S-matrix elements they always appear in the combination log s μ^2

+ log μ^2 μ^2_R

= log s μ^2_R

, (7.1)

with the contributions log (s/μ^2) from loop diagrams, and the contributions log (μ^2/μ^2_R) from the counterterms. As a consequence of renormalizability, this combination is always μ–independent. In our approach, all large logarithms of the type (7.1) that are related to the running of the parameters are absorbed into the counterterms by setting μ^2 = s. The corresponding one-loop corrections to a given matrix element are obtained as δ^{PR}M^{φi1 ... φin} = ∑ λ_i ∂M^{φi1 ... φin} 0 ∂λ_i δλ_i | | | | | |_{μ2 =s} , (7.2)

where δλ_i are the counterterms that renormalize the bare parameters

λ_{i,0} = λ_i + δλ_i. (7.3)

These counterterms depend on the specific choice of the renormalization conditions.

In the high-energy limit, for processes that are not mass-suppressed, and provided that matrix elements involving longitudinal gauge bosons are expressed using the GBET, the running of the masses in the propagators or in couplings with mass dimension yields only mass-suppressed corrections. Then, one can restrict oneself to the renormalization of the dimensionless parameters λ_i = g_1, g_2, λ_H, λ_t, (7.4) i.e. the gauge couplings g_1,g_2, the Higgs self-coupling λ_H, and the top-quark Yukawa coupling^1 λ_t. These are the dimensionless coupling constants that appear in the symmetric phase of the electroweak theory. They represent a convenient set of independent parameters in order to describe electroweak processes at high energies. However, they are not directly related to observable physical quantities.

Since we want to express the S-matrix elements in terms of physical parameters (coupling constants and masses) that are measured at the electroweak scale or below, we adopt the following set of independent parameters

λ_i = e, c_W, h_H, h_t, (7.5)

involving the electric charge e, the cosine of the weak mixing angle c_W = cos θ_w defined as

c^2_W = 1 − s^2_W =

M^2_W M^2_Z

, (7.6)

and the mass ratios

h_H =

M^2_H M^2_W

, h_t = m_t M_W

. (7.7)

For the renormalization of these parameters we adopt the on-shell scheme [46], where the electric charge is defined in the Thomson limit of Compton scattering and the masses M_W, M_Z, m_t, and M_H are defined as the poles of the propagators of the physical fields W, Z, t, and H, respectively.

Once the parameters (7.5) and their counterterms have been determined in the on-shell scheme they can be translated into the parameters (7.4) and the corresponding counterterms. The parameters (7.4) are obtained by the following simple relations:

g_1 = e c_W

, g_2 = e s_W

, (7.8)

λ_H = e^2 2s^2_W h_H, λ_t = e √ 2s_W h_t. (7.9)

In one-loop approximation, the corresponding relations for the counterterms read δg_1 g_1 = δe e − 1 2 δc^2_W c^2_W

, (7.10) δg_2 g_2 = δe e − 1 2 δs^2_W s^2_W = δe e + c^2_W 2s^2_W δc^2_W c^2_W

, (7.11)

1The Yukawa couplings λf ∝ mf /MW to light fermions f ≠ t are not considered since they are very small.

δλ_H λ_H = 2 δg_2 g_2 + δh^{eff}_H h_H

, (7.12) δλ_t λ_t = δg_2 g_2 + δh_t h_t

. (7.13)

These relations are obtained by the first derivatives of the lowest-order relations, and by absorbing additional effects originating from tadpole renormalization (cf. Ref. [53]) into a redefinition of the counterterm δh_H → δh^{eff}_H . These tadpole effects are discussed in Sect. 7.3.

In the following sections all counterterms are determined in LA. If one adopts the set of parameters (7.5), then the parameter-renormalization corrections to a specific Born matrix element are obtained from

δ^{PR}M = { ∂M_0 ∂e δe + ∂M_0 ∂c_W δc_W + ∂M_0 ∂h_H δh^{eff}_H + ∂M_0 ∂h_t δh_t } | | |_{μ2=s} , (7.14)

or by the replacements e → e + δe, c_W → c_W + δc_W, s_W → s_W + δs_W , h_H → h_H + δh^{eff}_H , and h_t → h_t + δh_t in M_0(e, c_W, h_H, h_t). Equivalently, one can use the parameters (7.4) and the counterterms (7.10)–(7.13). In any case, the lowest-order matrix elements need to be known in the high-energy limit only. For processes with longitudinal gauge bosons, the renormalization of the parameters has to be applied to the matrix elements resulting from the GBET.

7.2 Renormalization of gauge interactions

In the on-shell scheme [46], the gauge interactions with matter are determined by the parameters e, M_W, M_Z. The electric charge is defined as the photon–electron coupling constant in the limit of zero momentum transfer. The renormalization condition for the corresponding vertex function reads ū(p)Γ^{Aeē}_μ (0, p, −p)u(p) | | |_{p2=m2e} = eū(p)γ_μu(p). (7.15)

The resulting counterterm δe is related to the gauge-boson FRC’s (5.29) by Ward identities [46] and reads δe e = − 1 2 [ δZ_{AA} + s_W c_W δZ_{ZA} ]

LA= 1 2 [ − α 4π b^{ew}_{AA} log μ^2 M^2_W

+ Δα(M^2_W) ] , (7.16)

where b^{ew}_{AA} = −11/3 is the one-loop coefficient of the electroweak beta function (see Appendix B.6) corresponding to the running electromagnetic coupling, and Δα(M^2_W) is given in (5.34) and represents the running of the electromagnetic coupling constant from zero momentum transfer to the electroweak scale.

The physical masses of the weak gauge-bosons are fixed by the renormalization conditions (5.22) and their counterterms are given in (5.77) in LA. The resulting counterterm for the weak mixing angle (7.6) is

δc^2_W c^2_W = δM^2_W M^2_W − δM^2_Z M^2_Z LA= α 4π { s_W c_W b^{ew}_{AZ} log μ^2 M^2_W + 5 6c^2_W log M^2_H M^2_W − 9 + 6s^2_W − 32s^4_W 18s^2_W c^2_W log m^2_t M^2_W } . (7.17)

where we have used the relation

b^{ew}_{AZ} = c_W s_W

(b^{ew}_{ZZ} − b^{ew}_{W W} ) = −

19 + 22s^2_W

6s_W c_W

(7.18)

between coefficients of the electroweak beta function, which follows from (B.59). Note that the large Yukawa contributions (m^2_t /M^2_W) log(μ^2/m^2_t ) in the mass counterterms (5.77) cancel in (7.17).

For the counterterms (7.10) and (7.11) to the U(1) and SU(2) gauge couplings we obtain δg_1 g_1 LA= 1 2 { α 4π [ −b̃^{ew}_B log μ^2 M^2_W − 5 6c^2_W log M^2_H M^2_W + 9 + 6s^2_W − 32s^4_W

18s^2_W c^2_W log m^2_t M^2_W ] + Δα(M^2_W) } , δg_2 g_2 LA= 1 2 { α 4π [ −b̃^{ew}_W log μ^2 M^2_W + 5 6s^2_W log M^2_H M^2_W − 9 + 6s^2_W − 32s^4_W

18s^4_W log m^2_t M^2_W ] + Δα(M^2_W) } , (7.19)

where we have used the relations (B.59), and b̃^{ew}_B = −41/(6c^2_W) and b̃^{ew}_W = 19/(6s^2_W) are the one-loop coefficients of the electroweak beta function corresponding to the U(1) and SU(2) running couplings, respectively.

7.3 Renormalization in the scalar sector

We consider now the scalar sector and discuss the renormalization of the dimensionless scalar self-interaction λ_H that enters the scalar potential

V (Φ) = −μ^2|Φ + v|^2 + λ_H 4 |Φ + v|^4, Φ + v = ϕ + 1√ 2 (v + H + iχ)

. (7.20)

In order to relate λ_H to the masses of the physical Higgs boson and the weak gauge bosons, we need to define and to renormalize all parameters in the scalar potential, including the dimension-full parameters μ and v. Note that the vev v and its counterterm δv are related to the parameters in the gauge sector and the corresponding counterterms by

M_W = g_2 2 v, δM_W M_W = δg_2 g_2 + δv v . (7.21)

In order to specify physical renormalization conditions for the two remaining parameters in the Higgs potential we consider those terms that are linear and bilinear in the Higgs field H V (Φ) = −tH + 1 2 M^2_HH^2 + . . . . (7.22)

The tadpole t and the Higgs mass M_H are related to (μ, v, λ_H) by t = v ( μ^2 − λ_H 4 v^2 ) , (7.23)

M^2_H = −μ^2 +

3λ_H 4 v^2 = 2μ^2 − 3 t v . (7.24)

In the on-shell scheme, one adopts t and M_H as independent parameters and one renormalizes them as follows:

• The Higgs mass (7.24) is defined as physical mass through the renormalization condition (5.11) and the resulting counterterm is given in (5.12). Evaluating the Higgs self-energy diagrams (5.14) in LA we obtain^2

δM^2_H M^2_H LA= α 4π {[ 9 2s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) − 3 2 C^{ew}_Φ + 15 8s^2_W

M^2_H M^2_W ] log μ^2_D M^2_H + N^t_C 2s^2_W m^2_t M^2_W ( 1 − 6 m^2_t M^2_H ) log μ^2_D m^2_t − N^t_C 2s^2_W m^2_t M^2_W ( 1 − 4 m^2_t M^2_H ) log M^2_{H,t} m^2_t } , (7.25)

where M_{H,t} = max (M_H, m_t) and C^{ew}_Φ = (1 + 2c^2_W )/(4c^2_Ws^2_W ) [see (B.28)].

• For the renormalized tadpole (7.23) one requires t = 0 such that, in lowest order, v corresponds to the minimum of the potential and to the vev of the Higgs field. Since this condition is not protected by any symmetry, the vev of the Higgs field is shifted by radiative corrections. In order to compensate this shift one introduces a tadpole counterterm δt and one requires

Γ^H (0) = Γ^H_0 (0) + δt = 0, (7.26)

for the 1PI Higgs 1-point function. This guarantees that v corresponds to the minimum of the effective potential. Evaluating the tadpole diagrams

iΓ^H_0 =^H V^a +^H u^a +^H

Φ_k

+^H f_{j,σ}

(7.27)

2In this section, the scale of dimensional regularization is denoted by μD.

in LA we obtain

δt = −Γ^H_0 (0)^{LA}= α 4π 2s_W M_WM^2_H e {[ − 3 2s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) − 1 2 C^{ew}_Φ ] log μ^2_D M^2_W − 3 8s^2_W

M^2_H M^2_W log μ^2_D M^2_H

+ N^t_C m^4_t s^2_W M^2_WM^2_H log μ^2_D m^2_t } . (7.28)

The scalar self-coupling λ_H is now determined by v, t, M_H through (7.23), (7.24) and reads

λ_H = 2 v^2 ( M^2_H + t v ) . (7.29)

The corresponding counterterm is given by the derivative of (7.29) at t = 0 and reads δλ_H λ_H = − δv^2 v^2 + δM^2_H M^2_H + δt vM^2_H = 2 δg_2 g_2 − δM^2_W M^2_W + δM^2_H M^2_H + eδt 2s_WM_WM^2_H

. (7.30)

We stress that besides the naive renormalization of the lowest-order relation (7.9) additional tadpole contributions appear in (7.30). In LA we have δλ_H λ_H LA= α 4π {[ 3 s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) − 6C^{ew}_Φ ] log μ_D^2 M^2_W + 3 2s^2_W

M^2_H M^2_W log μ_D^2 M^2_H + N^t_C s^2_W m^2_t M^2_W ( 1 − 2 m^2_t M^2_H ) log μ_D^2 m^2_t + [ − 9 2s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) + 3 2 C^{ew}_Φ + 5 3s^2_W ] log M^2_H M^2_W − 9 − 12s^2_W − 32s^4_W 18s^4_W log m^2_t M^2_W − N^t_C 2s^2_W m^2_t M^2_W ( 1 − 4 m^2_t M^2_H ) log M^2_{H,t} m^2_t } + Δα(M^2_W).

(7.31)

In the parametrization (7.5), the effect of the tadpole renormalization can be absorbed into the counterterm for the mass ratio h_H as in (7.12). This is then given by

δh^{eff}_H h_H = − δM^2_W M^2_W + δM^2_H M^2_H + eδt 2s_W M_WM^2_H

, (7.32)

and in LA

δh^{eff}_H h_H LA= α 4π {[ b^{ew}_{W W} + 3 s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) − 6C^{ew}_Φ ] log μ^2_D M^2_W + 3 2s^2_W

M^2_H M^2_W log μ^2_D M^2_H + N^t_C s^2_W m^2_t M^2_W ( 1 − 2 m^2_t M^2_H ) log μ^2_D m^2_t + [ − 9 2s^2_W

M^2_W M^2_H ( 1 + 1 2c^4_W ) + 3 2 C^{ew}_Φ + 5 6s^2_W ] log M^2_H M^2_W + N^t_C 3s^2_W log m^2_t M^2_W − N^t_C 2s^2_W m^2_t M^2_W ( 1 − 4 m^2_t M^2_H ) log M^2_{H,t} m^2_t } . (7.33)

7.4 Renormalization of the top-quark Yukawa coupling

The renormalization of the top-quark Yukawa coupling is determined by the top-quark mass. In the on-shell scheme, m_t is defined as the physical top-quark mass through the renormalization condition (5.43). The corresponding counterterm is given by (5.47), and evaluating the top self-energy (5.48) in LA we obtain δm_t m_t LA= α 4π { 1 2 (C^{ew}_tL − C^{ew}_tR ) log μ^2 m^2_t + 3 8s^2_W m^2_t M^2_W log μ^2 M^2_{H,t} } , (7.34)

where M_{H,t} = max (M_H, m_t) and the Casimir operator C^{ew} is defined in (B.28). Combining this with the counterterm for the W–boson mass (5.77) and using the relation

C^{ew}_Φ = C^{ew}_tL + 1 2 C^{ew}_tR , (7.35)

we obtain the counterterm to the mass ratio h_t in (7.7) δh_t h_t = δm_t m_t − 1 2 δM^2_W M^2_W LA= α 4π { 1 2 b^{ew}_{W W} log μ^2 M^2_W + [ 3 + 2N^t_C 8s^2_W m^2_t M^2_W − 3 2 (C^{ew}_tL + C^{ew}_tR ) ] log μ^2 m^2_t + ( 1 2s^2_W

− 2C^{ew}_Φ ) log m^2_t M^2_W − 3 8s^2_W m^2_t M^2_W log M^2_{H,t} m^2_t + 5 12s^2_W log M^2_H M^2_W } . (7.36)

Finally, for the counterterm (7.13) to the top-quark Yukawa coupling we have δλ_t λ_t LA= α 4π {[ − 3 2 (C^{ew}_tL + C^{ew}_tR ) +

3 + 2N^t_C

8s^2_W m^2_t M^2_W ] log μ^2 m^2_t − ( 9 − 12s^2_W − 32s^4_W 36s^4_W

+ 2C^{ew}_Φ ) log m^2_t M^2_W − 3 8s^2_W m^2_t M^2_W log M^2_{H,t} m^2_t + 5 6s^2_W log M^2_H M^2_W }

+ 1 2 Δα(M^2_W). (7.37)

Chapter 8

Applications to simple processes

In this chapter, our generic results for the electroweak logarithmic corrections are applied to the processes e^+e^− → ff̄, e^+e^− → W^+W^−, e^+e^− → ZZ, Zγ, γγ and d̄u → W^+Z, W^+γ. We give explicit analytical and numerical expressions for the relative corrections

δ_{φi1 φi2 →φi3 φi4} (p_1, p_2, p_3, p_4) = δM^{φi}1^{φi}2^{φ̄i}3^{φ̄i}4 (p_1, p_2, −p_3, −p_4) M^{φi1 φi2 φ̄i3 φ̄i4} 0 (p_1, p_2, −p_3, −p_4)

(8.1)

to the Born matrix elements. Recall that according to our convention (2.1), the predictions for 2 → 2 processes have to be extracted using crossing symmetry from our formulas for 4 → 0 processes. Note that the corrections to the cross sections are twice as large as (8.1).

The complete logarithmic corrections are first presented in analytic form, expressing the coefficients of the various logarithms^1 in terms of the gauge couplings and of other group-theoretical quantities that are defined in Appendix B. The coefficients of the genuine electroweak^2 (ew) logarithms are then evaluated numerically using the parameters

M_W = 80.35 GeV, M_Z = 91.1867 GeV, m_t = 175 GeV, α = 1 137.036

, s^2_W = 1 −

M^2_W M^2_Z

≈ 0.22356. (8.2)

For the DL and SL contributions we use the shorthands (2.13), and in order to keep track of the origin of the various SL terms we introduce different subscripts

l_C = l_{Yuk} = l_{PR} = l_Z = l(s) = α 4π log s M^2_W

, (8.3)

where l_C, l_{Yuk}, l_{PR}, and l_Z, denote collinear^3 , Yukawa, PR contributions, and the Z-boson contributions from (3.24), respectively.

1In this chapter the logarithms log (MH/MW ) and log (mt/MW ) have been omitted. 2These are obtained by omitting the pure electromagnetic contributions that result from the gap between the electromagnetic and the weak scale as well as the contributions log (MH/MW ) and log (mt/MW ). Accordingly they include the symmetric-electroweak contributions and the I^Z terms originating from Zboson loops in (3.24).

3By collinear corrections we mean the corrections (5.5) which involve the collinear mass singularities from truncated loop diagrams as well as the mass singularities from field-renormalization.

8.1 Four-fermion neutral-current processes

The Sudakov DL corrections (3.24) and the collinear or soft SL corrections (5.54) depend only on the quantum numbers of the external legs, and can be applied to 4-fermion processes in a universal way. However, we are interested also in the SSC corrections (3.35) and PR corrections, which depend on the specific properties of the process. A general description of these corrections requires a decomposition of the Born matrix element into neutral-current (NC) and charged-current (CC) contributions. In order to simplify the discussion we restrict ourselves to pure NC transitions. To simplify notation, we consider processes involving a lepton–antilepton and a quark–antiquark pair. However, our analysis applies to the more general case of two fermion–antifermion pairs of different isospin doublets. The 4 external states and their momenta are chosen to be incoming, so that the process reads l̄^κ_σl^κ_σq^λ_ρ q̄^λ_ρ → 0, (8.4)

where κ, λ = R, L are the chiralities and σ, ρ = ± the isospin indices. All formulas for the 4 → 0 process (8.4) are expressed in terms of the eigenvalues I^N_lκ_σ and I^N_{qλρ} of the fermions (see Appendix B).

1. Born matrix elements In the high-energy limit, the Born amplitude is given by M^{l̄κσlκσ qλρ q̄λρ} 0 = e^2R_lκ_{σq}λ_ρ

A_{12} r_{12}

, (8.5)

where R_{ϕiϕk} := ∑ N =A,Z I^N_{ϕi} I^N_{ϕk} = 1 4c^2_W Y_{ϕi} Y_{ϕk} + 1 s^2_W

T^3_{ϕi} T^3_{ϕk} , (8.6)

and terms of order M^2_Z/r_{12}, originating from the difference between the photon and the Zboson mass, are neglected. Note that (8.6) and the following formulas have an important chirality dependence, owing to the different values of the group-theoretical operators in the representations for right-handed and left-handed fermions.

2. Leading soft-collinear corrections The Sudakov soft–collinear corrections give according to (3.24) the leading contribution δ^{LSC}_{l̄κσ lκσqλρ q̄λρ} = − ∑ f^μ_τ =l^κ_σ ,q^λ_ρ [ C^{ew}_f μ_τ L(s) − 2(I^Z_f μ_τ )^2 log

M^2_Z M^2_W l_Z + Q^2_{fτ} L^{em}(s, λ^2, m^2_{fτ} ) ] . (8.7)

3. Subleading soft-collinear corrections The angular-dependent SSC corrections are obtained from (3.35). The contribution of the neutral gauge bosons N = A, Z is diagonal in the SU(2) indices, and factorizes into the Born matrix element (8.5) times the relative correction ∑ N =A,Z δ^{N,SSC} l̄κ_σ lκ_σqλ_ρ q̄λ_ρ = −2l(s) { (R_lκ_{σl}κ_σ + R_qλ_{ρ q}λ_ρ ) log |r_{12}| s + 2R_lκ_{σq}λ_ρ log |r_{13}| |r_{14}| }

− α 2π log M^2_W λ^2 [ (Q^2_{lσ} + Q^2_{qρ} ) log |r_{12}| s + 2Q_{lσ} Q_{qρ} log |r_{13}| |r_{14}| ] , (8.8) where I^N_{f̄ f̄} = −I^N_{f f} = −I^N_f has been used and terms involving log (M_W/M_Z) log (s/M^2_W) have been omitted. The contribution of the charged gauge bosons to (3.35) gives ∑ V^a=W^± δ^{V a,SSC}M^{l̄κσlκσ qλρ q̄λρ} = − 1 s^2_W l(s) {( δ_{κL}M^{l̄κ−σlκ−σqλρ q̄λρ} 0 + δ_{λL}M^{l̄κσlκσqλ−ρq̄λ−ρ} 0 ) log |r_{12}| s + δ_{κL}δ_{λL} [ δ_{σρ} ( M^{l̄κ−σlκσqλ−ρq̄λρ} 0 + M^{l̄κσlκ−σqλρ q̄λ−ρ} 0 ) log |r_{13}| s − δ_{−σρ} ( M^{l̄κ−σlκσqλρ q̄λ−ρ} 0 + M^{l̄κσlκ−σqλ−ρq̄λρ} 0 ) log |r_{14}| s ]} , (8.9)

where the non-diagonal couplings (B.33) have been used^4. On the rhs, the SU(2)-transformed Born matrix elements involving the isospin partners l^κ_{−σ}, q^λ_{−ρ}, have to be evaluated explicitly. The NC matrix elements (first line) are obtained from (8.5), and for the CC amplitudes we find up to mass-suppressed terms using the non-diagonal couplings (B.33), M l̄κ_{σ′} lκ_{−σ′} qλ_{ρ′} q̄λ_{−ρ′} 0 = e^2 2s^2_W

A_{12} r_{12}

. (8.10)

Then, dividing (8.9) by the Born matrix element, we obtain the relative correction ∑ V^a=W^± δ^{V a,SSC} l̄κ_σlκ_σ qλ_ρ q̄λ_ρ = − 1 s^2_W R_lκ_{σq}λ_ρ l(s) {( δ_{κL}R_lκ_{−σq}λ_ρ + δ_{λL}R_lκ_{σq}λ_{−ρ} ) log |r_{12}| s (8.11) + δ_{κL}δ_{λL} s^2_W [ δ_{σρ} log |r_{13}| s − δ_{−σρ} log |r_{14}| s ]} . The angular-dependent corrections for 2 → 2 processes, like those depicted in Fig. 8.1, are directly obtained from (8.8) and (8.11) by substituting the invariants r_{kl} by the corresponding Mandelstam variables s, t, u. For the s-channel processes l̄^κ_σl^κ_σ → q̄^λ_ρ q^λ_ρ , we have to substitute r_{12} = s, r_{13} = t, r_{14} = u, and the SSC corrections simplify to δ^{SSC}_{l̄κσlκσ →q̄λρ qλρ} = −l(s) [ 4R_lκ_{σq}λ_ρ log t u + δ_{κL}δ_{λL} s^4_W R_lκ_{σq}λ_ρ ( δ_{σρ} log |t| s − δ_{−σρ} log |u| s )]

− α π Q_{lσ} Q_{qρ} log

M^2_W λ^2 log t u . (8.12)

If one subtracts the photonic contributions from (8.12) one finds agreement with eq. (50) of Ref. [39]. For the t-channel processes q̄^λ_ρ l^κ_σ → q̄^λ_ρ l^κ_σ, the substitution in (8.8) and (8.11) reads r_{12} = t, r_{13} = s, r_{14} = u, whereas for q^λ_ρ l^κ_σ → q^λ_ρ l^κ_σ one has to choose r_{12} = t, r_{13} = u, r_{14} = s.

4. SL corrections associated to external particles The SL corrections (5.54) give δ^C_{l̄κσlκσ qλρ q̄λρ} = ∑ f^μ_τ =l^κ_σ ,q^λ_ρ [ 3C^{ew}_f μ_τ l_C − m^2_t 4s^2_W M^2_W

((1 + δ_{μR})δ_{fτ t} + δ_{μL}δ_{fτ b}) l_{Yuk}

+ α 4π Q^2_{fτ} ( log M^2_W m^2_{fτ} + 2 log

M^2_W λ^2 )] , (8.13)

4Note that the non-diagonal effects related to the quark-mixing matrix have not been considered in this section.

l^κ_σ l̄κ_σ

q^λ_ρ q̄^λ_ρ A, Z

l^κ_σ q̄^λ_ρ A, Z l^κ_σ q̄^λ_ρ

Figure 8.1: Lowest-order diagrams for l̄^κ_σl^κ_σ → q̄^λ_ρ q^λ_ρ and q̄^λ_ρ l^κ_σ → q̄^λ_ρ l^κ_σ

where the Yukawa corrections contribute only in the case of external top (f_τ = t) or bottom (f_τ = b) quarks and depend on their chirality μ.

5. Logarithms from parameter renormalization The PR logarithms for NC processes are obtained from the renormalization of the electric charge and the weak mixing angle in the Born amplitude (8.5). Using (7.17) and (7.16) this gives the relative correction δ^{PR}_{l̄κσlκσ qλρ q̄λρ} = [ s_W c_W b^{ew}_{AZ} Δ_lκ_{σq}λ_ρ − b^{ew}_{AA} ] l_{PR} + Δα(M^2_W), (8.14)

where Δ_{ϕiϕk} := −^1_{4c2W} Y_{ϕi} Y_{ϕk} +^{c2W}_{s4W} T^3_{ϕi} T^3_{ϕk} R_{ϕiϕk} (8.15)

gives a chirality-dependent contribution owing to mixing-angle renormalization of (8.6), and b^{ew}_{AA} represents the universal contribution of electric charge renormalization.

6. Numerical evaluation In order to give an impression of the size of the genuine electroweak part of the corrections, we consider the relative corrections δ^{κeκf ,ew}_{e+e−→f̄ f} to NC processes e^+e^− → f̄f with chiralities κ_e, κ_f = R or L, and give the numerical coefficients of the electroweak logarithms for the cases f = μ, t, b. For muon-pair production we have

δ^{RR,ew}

e^+e^−→μ^+ μ^− = −2.58 L(s) − 5.15 ( log t u ) l(s) + 0.29 l_Z + 7.73 l_C + 8.80 l_{PR},

δ^{RL,ew}

e^+e^−→μ^+ μ^− = −4.96 L(s) − 2.58 ( log t u ) l(s) + 0.37 l_Z + 14.9 l_C + 8.80 l_{PR},

δ^{LL,ew}

e^+e^−→μ^+ μ^− = −7.35 L(s) − ( 5.76 log t u + 13.9 log |t| s ) l(s) + 0.45 l_Z

+ 22.1 l_C − 9.03 l_{PR}, (8.16)

and δ^{LR,ew}_{e+ e−→μ+ μ−} = δ^{RL,ew}_{e+ e−→μ+ μ−} . For top-quark-pair production we find

δ^{RR,ew}

e^+ e^−→t̄t = −1.86 L(s) + 3.43 ( log t u ) l(s) + 0.21 l_Z + 5.58 l_C − 10.6 l_{Yuk} + 8.80 l_{PR},

δ^{RL,ew}

e^+ e^−→t̄t = −4.68 L(s) + 0.86 ( log t u ) l(s) + 0.50 l_Z + 14.0 l_C − 5.30 l_{Yuk} + 8.80 l_{PR}, δ^{LR,ew}

e^+ e^−→t̄t = −4.25 L(s) + 1.72 ( log t u ) l(s) + 0.29 l_Z + 12.7 l_C − 10.6 l_{Yuk} + 8.80 l_{PR},

δ^{LL,ew}

e^+ e^−→t̄t = −7.07 L(s) + ( 4.90 log t u − 16.3 log |u| s ) l(s) + 0.58 l_Z

+ 21.2 l_C − 5.30 l_{Yuk} − 12.2 l_{PR}, (8.17)

and for bottom-quark-pair production we obtain

δ^{RR,ew}

e^+e^−→b̄b = −1.43 L(s) − 1.72 ( log t u ) l(s) + 0.16 l_Z + 4.29 l_C + 8.80 l_{PR},

δ^{RL,ew}

e^+e^−→b̄b = −4.68 L(s) + 0.86 ( log t u ) l(s) + 0.67 l_Z + 14.0 l_C − 5.30 l_{Yuk} + 8.80 l_{PR},

δ^{LR,ew}

e^+e^−→b̄b = −3.82 L(s) − 0.86 ( log t u ) l(s) + 0.24 l_Z + 11.5 l_C + 8.80 l_{PR},

δ^{LL,ew}

e^+e^−→b̄b = −7.07 L(s) − ( 4.04 log t u + 19.8 log |t| s ) l(s) + 0.75 l_Z

+ 21.2 l_C − 5.30 l_{Yuk} − 16.6 l_{PR}. (8.18)

The Mandelstam variables are defined as usual, i.e. s = (p_e+ + p_e− )^2, t = (p_e+ − p¯_f )^2 and u = (p_e+ −p_f )^2. Note that the corrections to light quark-pair production f = u, c (d, s) are obtained from the results for heavy quarks f = t (b) by omitting the Yukawa contributions. Independently of the process and of the chirality, the DL and SL terms appear in the combination (−L(s)+3l_C), so that the negative DL contribution becomes dominating only above 400 GeV, and at √ s = 1 TeV the cancellation between SL and DL corrections is still important. The SU(2) interaction, which is stronger than the U(1) interaction, generates large corrections for left-handed fermions. Also the PR logarithms show a strong chirality dependence: the RR and RL transitions receive positive corrections from the running of the abelian U(1) coupling, whereas the LL transition is dominated by the non-abelian SU(2) interaction and receives negative PR corrections.

8.2 Production of W-boson pairs in e^+e^−annihilation

We consider the polarized scattering process^5 e^+_κ e^−_κ → W^+_{λ+} W^−_{λ−} , where κ = R, L is the electron chirality, and λ_± = 0, ± represent the gauge-boson helicities. In the high-energy limit only the following helicity combinations are non-suppressed [14, 54]: the purely longitudinal final state (λ_+, λ_−) = (0, 0), which we denote by (λ_+, λ_−) = (L, L), and the purely transverse and opposite final state (λ_+, λ_−) = (±, ∓), which we denote by (λ_+, λ_−) = (T, T). All these final states, can be written as (λ_+, λ_−) = (λ, −λ). The Mandelstam variables are s = (p_e+ + p_e− )^2, t = (p_e+ − p_W+ )^2 ∼ −s(1 − cos θ)/2, and u = (p_e+ − p_W− )^2 ∼ −s(1 + cos θ)/2, where θ is the angle between e^+ and W^+.

1. Born matrix elements The Born amplitude gets contributions of the s- and t-channel diagrams in Fig. 8.2 and reads

M^{e+κ e−κ →W+L W−L}

0 = e^2R_e−_{κ ϕ−} A_s s , 5The momenta and fields of the initial states are incoming, and those of the final states are outgoing.

e^− e^+

ϕ^− ϕ^+ A, Z

e^− e^+

ν_e

W^−_T

W^+_T

Figure 8.2: Dominant lowest-order diagrams for e^+e^− → ϕ^+ϕ^− and e^+e^− → W^+_T W^−_T

M^{e+L e−L →W+T W−T} 0 = e^2 2s^2_W A_t t (8.19)

up to terms of order M^2_W/s, where R is defined in (8.6). The amplitude involving longitudinal gauge bosons W_L is expressed by the amplitude involving would-be Goldstone bosons ϕ^± and is dominated by the s-channel exchange of neutral gauge bosons. The amplitude for transverse gauge-boson production is dominated by the t-channel contribution, which involves only the SU(2) interaction. Therefore, it is non-vanishing only for left-handed electrons in the initial state.

2. Leading soft-collinear corrections The leading DL corrections (3.24) yield

δ^{LSC}_e+_{κ e}−_{κ →W}+_{λ W}−_λ = − ∑ φ=e^−_κ ,W^−_λ [ C^{ew}_φ L(s) − 2(I^Z_φ )^2 log

M^2_Z M^2_W l_Z + Q^2_φL^{em}(s, λ^2, m^2_φ) ] . (8.20)

Here and in the following formulas, for longitudinally polarized gauge bosons W^±_L the quantum numbers of the would-be Goldstone bosons ϕ^± have to be used.

3. Subleading soft-collinear corrections The SSC corrections are obtained by applying (3.35) to the crossing symmetric process e^+_κ e^−_κ W^−_λ W^+_{−λ} → 0. The contribution of the neutral gauge bosons N = A, Z gives ∑ N =A,Z δ^{N,SSC} e^+_κ e^−_κ →W^+_λ W^−_λ = −4Re^−κ W^−_λ l(s) log t u − α π Q_e− Q_W− log

M^2_W λ^2 log t u , (8.21)

and corresponds to the result (8.8) for 4-fermion s-channel NC processes. The contribution of soft W^± bosons to (3.35) yields ∑ V^a=W^± δ^{V a,SSC}M^{e+κ e−κ ϕ−ϕ+} = − 2l(s)δ_{κL} √ 2s_W ∑ S=H,χ [ I^+_S M^{ν̄κe−κ Sϕ+} 0 − I^−_S M^{e+κ νκ ϕ−S} 0 ] log |t| s , ∑ V^a=W^±

δ^{V a,SSC}M^{e+L e−L W−T W+T} = − 2l(s) √ 2s_W ∑ N =A,Z [ I^+_N M^{ν̄Le−L NTW+T}

0 − I^−_N M^{e+L νLW−T NT} 0 ] log |t| s , (8.22)

where, depending on the polarization of the final states, one has to use the non-diagonal W^± couplings to would-be Goldstone bosons (I^±_S ) defined in (B.38) or the W^± couplings to gauge bosons (I^±_N ) defined in (B.45). The SU(2)-transformed Born matrix elements on the rhs of (8.22) have to be evaluated explicitly. For would-be Goldstone bosons, we have s-channel CC amplitudes M^{ν̄κe−κ Sϕ+} 0 = −e^2I^−_S δ_{κL} √ 2s_W A_s s , M^{e+κ νκ ϕ−S} 0 = e^2I^+_S δ_{κL} √ 2s_W A_s s , (8.23)

similar to the NC Born amplitude in (8.19), whereas for transverse gauge bosons we have M^{ν̄κe−κ NTW+T} 0 = M^{e+κ νκW−T NT}

0 = e^2 δ_{κL} √ 2s_W ( I^N_{νκ} A_t t + I^N_e−_κ A_u u ) , (8.24)

where A_t = A_u up to mass-suppressed contributions. In contrast to (8.19), the transformed amplitude (8.24) receives contributions from both t and u channels. Expressing (8.22) as relative corrections to the Born matrix elements we obtain ∑ V^a=W^± δ^{V a,SSC} e^+_κ e^−_κ →W^+_L W^−_L = −l(s) δ_{κL} s^4_W R_e−_{L ϕ}− log |t| s , ∑ V^a=W^± δ^{V a,SSC} e^+_L e^−_L →W^+_T W^−_T = − 2 s^2_W ( 1 − t u ) l(s) log |t| s . (8.25)

4. SL corrections associated to external particles The SL corrections can be read off from (5.54), (5.38), and (5.82),

δ^C_e+_{κ e}−_{κ →W}+_{L W}−_L = [ 3C^{ew}_{eκ} + 4C^{ew}_Φ ] l_C − 3 2s^2_W m^2_t M^2_W l_{Yuk} + α 4π ∑ φ=e,W ( log M^2_W m^2_φ

+ 2 log

M^2_W λ^2 ) ,

δ^C_e+_{L e}−_{L →W}+_{T W}−_T = [ 3C^{ew}_{eL} + b^{ew}_W ] l_C + α 4π ∑ φ=e,W ( log M^2_W m^2_φ

+ 2 log

M^2_W λ^2 ) . (8.26)

Despite of their different origin, the l_C contributions for longitudinal and transverse gauge bosons have similar numerical values 4C^{ew}_Φ = 14.707 and b^{ew}_W = 14.165. The strong Wpolarization dependence of δ^C is due to the large Yukawa contributions occurring only for longitudinal gauge bosons.

5. Logarithms from parameter renormalization The PR logarithms are obtained from the renormalization of (8.19) and read according to (7.16)–(7.19)

δ^{PR}_e+_{κ e}−_{κ →W}+_{L W}−_L = [ s_W c_W b^{ew}_{AZ} Δ_e−_{κ ϕ−} − b^{ew}_{AA} ] l_{PR} + Δα(M^2_W),

δ^{PR}_e+_{L e}−_{L →W}+_{T W}−_T = −b^{ew}_W l_{PR} + Δα(M^2_W), (8.27)

where Δ is defined in (8.15). Note that for transverse polarizations, the symmetricelectroweak parts of the PR corrections (−b^{ew}_W l_{PR}) and the collinear SL corrections originating from external gauge bosons (b^{ew}_W l_C) cancel. As illustrated in Appendix E, this kind of cancellation takes place for all processes with production of arbitrary many charged or neutral transverse gauge bosons in fermion–antifermion annihilation.

The results (8.20)–(8.27) can be compared with those of Ref. [14]. After subtracting the real soft-photonic corrections from the results of Ref. [14] we find complete agreement for the logarithmic corrections.

6. Numerical evaluation The coefficients for the various electroweak logarithmic contributions to the relative corrections δ^{κλ}_{e+e−→W+ W−} read

δ^{LL,ew}

e^+e^−→W^+ W^− = −7.35 L(s) − ( 5.76 log t u + 13.9 log |t| s ) l(s) + 0.45 l_Z

+ 25.7 l_C − 31.8 l_{Yuk} − 9.03 l_{PR},

δ^{RL,ew}

e^+e^−→W^+ W^− = −4.96 L(s) − 2.58 ( log t u ) l(s) + 0.37 l_Z

+ 18.6 l_C − 31.8 l_{Yuk} + 8.80 l_{PR},

δ^{LT,ew}

e^+e^−→W^+ W^− = −12.6 L(s) − 8.95 [ log t u + ( 1 − t u ) log |t| s ] l(s) + 1.98 l_Z

+ 25.2 l_C − 14.2 l_{PR}. (8.28)

Recall that the pure electromagnetic contributions have been omitted. These correction factors are shown in Figs. 8.3 and 8.4 as a function of the scattering angle and the energy, respectively. If the electrons are left-handed, large negative DL and PR corrections originate from the SU(2) interaction. Instead, for right-handed electrons the DL corrections are smaller, and the PR contribution is positive. For transverse W bosons, there are no Yukawa contributions and the other contributions are in general larger than for longitudinal W bosons. Nevertheless, for energies around 1 TeV, the corrections are similar. Finally, note that the angular-dependent contributions are very important for the LL and LT corrections: at √ s ≈ 1 TeV they vary from +15% to −5% for scattering angles 30^∘ < θ < 150^∘, whereas the angular-dependent part of the RL corrections remains between ±2%.

8.3 Production of neutral gauge-boson pairs in e^+e^−annihilation

We consider the polarized scattering process e^+_κ e^−_κ → N^1_TN^2_T with incoming electrons of chirality κ = R, L and outgoing gauge bosons N^k = A, Z. The amplitude is non-suppressed only for transverse and opposite gauge-boson polarizations (λ_1, λ_2) = (±, ∓) [55].

1. Born matrix elements In lowest order the t- and u-channel diagrams (Fig. 8.5) yield M^{e+κ e−κ →N 1TN 2T} 0 = e^2I^{N 1}_e−_κ I^{N 2}_e−_κ [ A_t t + A_u u ] (8.29)

up to terms of order M^2_W/s, where the Mandelstam variables are defined as in Sect. 8.2. In the ultra-relativistic limit the amplitude is symmetric with respect to exchange of the θ [^∘] δ^{ew} [%] RL

LL

LT

Figure 8.3: Dependence of the electroweak correction factor δ^{ew}_{e+κ e−κ →W+λ W−λ} on the scat-

tering angle θ at √ s = 1 TeV for polarizations κλ = RL, LL, and LT

√ s [ GeV] δ^{ew} [%] RL

LL

LT

Figure 8.4: Dependence of the electroweak correction factor δ^{ew}_{e+κ e−κ →W+λ W−λ} on the energy √ s at θ = 90^∘ for polarizations κλ = RL, LL, and LT e^− e^+

N^2

N^1

e^− e^+

N^2

N^1

Figure 8.5: Lowest-order diagrams for e^+e^− → N^1N^2

gauge bosons, and if we restrict ourselves to the combinations of helicities that are not suppressed we have A_t = A_u, (8.30) up to mass-suppressed contributions.

2. Leading soft-collinear corrections The leading DL corrections read [cf. (3.24)]

δ^{LSC}M^{e+κ e−κ →N 1TN 2T} = − [ C^{ew}_{eκ} L(s) − 2(I^Z_{eκ} )^2 log

M^2_Z M^2_W l_Z + L^{em}(s, λ^2, m^2_e) ] M^{e+κ e−κ →N 1TN 2T} 0 − 1 2 [ C^{ew}_N ′_{N 1} M^{e+κ e−κ →N} ′ TN^2_T

0 + C^{ew}_N ′_{N 2} M^{e+κ e−κ →N 1TN} ′ T 0 ] L(s) (8.31)

with a non-diagonal contribution associated with the external neutral gauge bosons. Using

C^{ew}_N ′_N I^{N ′} = 2 s^2_W

U_{N W} 3 (θ_w)Ĩ^{W 3} = 2 s^2_W

U_{N W} 3 (θ_w)

T^3 s_W

, (8.32)

where U_{N Ñ} (θ_w) is the Weinberg rotation defined in (B.9), we can derive a correction relative to the Born matrix element,

δ^{LSC}_e+_{κ e}−_{κ →N 1TN 2T} = − [ C^{ew}_{eκ} L(s) − 2(I^Z_{eκ} )^2 log

M^2_Z M^2_W l_Z + L^{em}(s, λ^2, m^2_e) ]

− T^3_{e−κ} s^3_W ∑ k=1,2 U_N k_W 3 (θ_w ) I^{N k}_{e−κ} L(s). (8.33)

Note that only the SU(2) component of the neutral gauge bosons is self-interacting and can exchange soft gauge bosons. For this reason, only left-handed electrons (T^3 ≠ 0) yield a contribution to (8.32) and to the corresponding term in (8.33).

3. Subleading soft-collinear corrections Angular-dependent DL corrections (3.35) arise only from the exchange of soft W^± bosons between initial and final states, and using the non-diagonal couplings (B.45) we obtain

δ^{SSC}M^{e+κ e−κ N 1TN 2T} = 2l(s)δ_{κL} √ 2s_W {[ I^+_{N 1} M^{ν̄κe−κ W+T N 2T}

0 − I^−_{N 2} M^{e+κ νκN 1TW−T} 0 ] log |t| s + [ I^+_{N 2} M^{ν̄κe−κ N 1TW+T}

0 − I^−_{N 1} M^{e+κ νκW−T N 2T} 0 ] log |u| s } . (8.34)

The SU(2)-transformed Born matrix elements on the rhs are given by M^{ν̄κe−κ W+T NT} 0 = M^{e+κ νκ NTW−T}

0 = e^2 δ_{κL} √ 2s_W ( I^N_e−_κ A_t t + I^N_{νκ} A_u u ) (8.35)

and by (8.24) with A_t = A_u. Expressing the correction (8.34) relative to the Born matrix element (8.29), we obtain

δ^{SSC}_e+_{κ e}−_{κ →N 1TN 2T} = δ_{κL} s^2_W l(s) 2∑ k=1 ∑ r=t,u I^{N k}_{W−} I^{N k}_{e−L} r^′ s + r s I^{N k′}_{νL} I^{N k′}_{e−L} log |r| s , (8.36)

where r^′ = (t, u) for r = (u, t), and k^′ = (1, 2) for k = (2, 1).

4. SL corrections associated to external particles Using (5.54) and (5.38) we obtain for the SL corrections relative to the Born matrix element

δ^C_e+_{κ e}−_{κ →N 1TN 2T} = 3C^{ew}_{eκ} l_C + α 4π ( log M^2_W m^2_e

+ 2 log

M^2_W λ^2 ) + δ^C_N 1_T + δ^C_N 2_T (8.37)

with

δ^C_A := δ^C_{AA} = 1 2 b^{ew}_{AA}l_C − 1 2 Δα(M^2_W),

δ^C_Z := δ^C_{ZZ} + δ^C_{AZ} M^{e+κ e−κ →AT NT} 0 M^{e+κ e−κ →ZTNT} 0 = 1 2 b^{ew}_{ZZ} + b^{ew}_{AZ} I^A_{e−κ} I^Z_{e−κ} l_C. (8.38)

5. Logarithms from parameter renormalization The PR logarithms result from the renormalization of (8.29). As shown in Appendix E, they are opposite to the collinear SL corrections (8.38) up to pure electromagnetic logarithms. Relative to the Born matrix element they read

δ^{PR}_e+_{κ e}−_{κ →N 1TN 2T} = δ^{PR}_N 1_T + δ^{PR}_N 2_T (8.39)

with (see (E.13)) δ^{PR}_A := −δ^C_A , δ^{PR}_Z := −δ^C_Z + 1 2 Δα(M^2_W). (8.40)

6. Numerical evaluation For right-handed electrons, κ = R, the various electroweak logarithmic contributions to the relative corrections δ^{κT}_{e+ e−→N 1 N 2} give

δ^{RT,ew}

e^+ e^−→AA = −1.29 L(s) + 0.15 lZ + 0.20 lC + 3.67 lPR,

δ^{RT,ew}

e^+e^−→AZ = −1.29 L(s) + 0.15 lZ − 11.3 lC + 15.1 lPR,

δ^{RT,ew}

e^+e^−→ZZ = −1.29 L(s) + 0.15 lZ − 22.8 lC + 26.6 lPR. (8.41)

θ [^∘] δ^{ew} [%]

AA

AZ

ZZ

Figure 8.6: Angular dependence of the electroweak corrections to e^+_L e^−_L → AA, AZ, ZZ at √ s = 1 TeV

Note that there is no angular dependence. The PR contributions are numerically compensated by the SL and DL Sudakov contributions, and at √ s = 1 TeV the electroweak logarithmic corrections are less than 1%. For left-handed electrons, we find

δ^{LT,ew}

e^+e^−→AA = −8.15 L(s) + 8.95F1(t)l(s) + 0.22 lZ + 7.36 lC + 3.67 lPR, (8.42)

δ^{LT,ew}

e^+e^−→AZ = −12.2 L(s) + (17.0F1(t) − 8.09F2(t))l(s) + 0.22 lZ + 28.1 lC − 17.1 lPR,

δ^{LT,ew}

e^+e^−→ZZ = −16.2 L(s) + (25.1F1(t) − 45.4F2(t))l(s) + 0.22 lZ + 48.9 lC − 37.9 lPR

with the (t, u)-symmetric angular-dependent functions

F_1(t) := u s log |t| s + t s log |u| s , F_2(t) := t s log |t| s + u s log |u| s . (8.43)

For left-handed electrons all contributions are larger than for right-handed electrons owing to the SU(2) interaction. The non-abelian effects are particularly strong for Z-boson-pair production (see Figs. 8.6, 8.7), where the total corrections are almost −25% for √ s = 1 TeV and θ = 90^∘. The angular-dependent contribution is forward–backward symmetric, and for ZZ production it varies from +15% to −5% for scattering angles 30^∘ < θ < 90^∘.

8.4 Production of W^+A and W^+Z in d̄u annihilation

In this section, we consider the logarithmic corrections to the partonic subprocesses

d̄_Lu_L → W^+_{λW} N_{λN} , N = A, Z, (8.44)

√ s [ GeV] δ^{ew} [%]

AA

AZ

ZZ

Figure 8.7: Energy dependence of the electroweak corrections to e^+_L e^−_L → AA, AZ, ZZ at θ = 90^∘

of the proton–proton scattering processes pp → W^+A and pp → W^+Z. The following results have been used in Ref. [26] to obtain the logarithmic corrections to the complete hadronic processes pp → W^±γ → lν_lγ and pp → W^±Z → lν_ll̄^′l^′.

In the partonic processes (8.44), the charged gauge boson W^+ in the final state can be created only from left-handed anti-down and up quarks d̄_L, u_L in the initial state through the SU(2) interaction. In the high-energy limit, as in the previous examples, only the following combinations of the gauge-boson helicities λ_{W,N} = 0, ± are non-suppressed: the purely transverse and opposite final state (λ_W, λ_N ) = (±, ∓), which we denote by (λ_W, λ_N ) = (T, T), and, in the case of W^+Z production, the purely longitudinal final state (λ_W, λ_Z) = (0, 0), which we denote by (λ_W, λ_Z) = (L, L). All these final states, can be written as (λ_W, λ_N ) = (λ, −λ). The Mandelstam variables read s = (p¯_d + p_u)^2, t = (p¯_d − p_W+ )^2 ∼ −s(1 − cos θ)/2, and u = (p¯_d − p_N )^2 ∼ −s(1 + cos θ)/2, where the momenta of the initial and final states are incoming and outgoing, respectively, and θ is the angle^6 between ⃗p¯_d and ⃗p_W+ .

1. Born matrix elements The Born amplitudes get contributions of the s−, t− and u−channel diagrams in Fig. 8.8. In the high-energy limit, i.e. up to corrections of order M^2_W/s, the Born amplitudes^7 for the non-suppressed helicities read

M^{d̄LuLW−L ZL}

0 = −iM^{d̄LuLϕ−χ}

0 = − ie^2 √ 2s_W

I^+_χ A_s s = − e^2 2 √ 2s^2_W A_s s , 6Note that the angle used in Ref. [26] is not θ but θ̂ = 180^∘ − θ, i.e. the angle between ⃗p¯_d and ⃗pN . 7According to our convention (2.1), we give the amplitudes for the crossing symmetric process d̄_Lu_LW^−_{λW} N_{λN} → 0, which are equivalent to the amplitudes for the process (8.44).

u_L d̄_L

χ ϕ^+

W^+

u_L d̄_L

u_L

N_T

W^+_T

u_L d̄_L

d_L

N_T

W^+_T

Figure 8.8: Dominant lowest-order diagrams for d̄_Lu_L → ϕ^+χ and d̄_Lu_L → W^+_T N_T

M^{d̄LuLW−T NT} 0 = e^2 √ 2s_W

H^N , H^N = ( I^N_{uL} A_t t + I^N_{dL} A_u u ) , (8.45)

The Born amplitude involving longitudinal gauge bosons W^±_L , Z_L is expressed by the amplitude involving would-be Goldstone bosons ϕ^±, χ and is dominated by the s-channel exchange of W bosons. The production of transverse gauge bosons is dominated by the tand u-channel contributions and, as noted in (8.30), the amplitudes A_t and A_u are equal for non-suppressed helicities and in the high-energy limit. Therefore, using the fact that left-handed up and down quarks have opposite weak isospin and equal weak hypercharge, the transverse amplitude H^N can be easily expressed in terms of the symmetric and antisymmetric functions F_± = A_t ( 1 t ± 1 u ) (8.46) as H^N = U_{N W} 3 (θ_w)Ĩ^{W 3}_{uL} F_− + U_{N B}(θ_w)Ĩ^B_{uL} F_+, (8.47)

where we have used (B.16). The quantities Ĩ^{W 3}_{uL} and Ĩ^B_{uL} are the eigenvalues of the SU(2) and U(1) gauge couplings (B.11), and U_{N Ñ} (θ_w) are the components of the Weinberg rotation (B.9). The explicit expressions for N = A, Z read

H^A = −

F_− + Y_{qL} F_+ 2 , H^Z = c^2_WF_− − s^2_W Y_{qL} F_+ 2s_W c_W

. (8.48)

2. Leading soft-collinear corrections The leading (angular-independent) Sudakov soft-collinear corrections are obtained from (3.24). For longitudinally polarized final states, the resulting relative correction to the Born matrix element reads

δ^{LSC}_{d̄LuL→W}+_{L ZL} = − 1 2 ∑ φ=d̄_L,u_L,ϕ^−,χ [ C^{ew}_φ L(s) − 2(I^Z_φ )^2 log

M^2_Z M^2_W l_Z + Q^2_φL^{em}(s, λ^2, m^2_φ) ] ,

= − [ C^{ew}_{qL} + C^{ew}_Φ ] L(s) + ∑ φ=d̄_L,u_L,ϕ^−,χ

(I^Z_φ )^2 log

M^2_Z M^2_W l_Z − 1 2 ∑ φ=d̄_L,u_L,ϕ^−

Q^2_φL^{em}(s, λ^2, m^2_φ), (8.49) whereas for transversely polarized final states we have the relative correction

δ^{LSC}_{d̄LuL→W}+_{T NT} = − 1 2 ∑ φ=d̄_L,u_L,W^− [ C^{ew}_φ L(s) − 2(I^Z_φ )^2 log

M^2_Z M^2_W l_Z + Q^2_φL^{em}(s, λ^2, m^2_φ) ]

− 1 2 L(s) ∑ N^′=A,Z C^{ew}_N ′_N

M^{d̄LuL→W+T N ′T} 0 M^{d̄LuL→W+T NT} 0 . (8.50)

Since the Casimir operator (B.29) is non-diagonal in the neutral gauge sector, the contribution associated with the neutral gauge boson N (last line) involves also the transformed Born matrix element with a neutral gauge boson N^′ ≠ N. This contribution can be simplified using^8 ∑ N^′=A,Z C^{ew}_N ′_N M^{d̄LuL→W+T N ′T}

0 = C^{ew}_W U_{N W} 3 (θ_w) e^2 √ 2s_W

Ĩ^{W 3}_{uL} F_−, (8.51)

so that (8.50) can be written as

δ^{LSC}_{d̄LuL→W}+_{T NT} = − [ C^{ew}_{qL} + 1 2 C^{ew}_W ( 1 + G^N_− )] L(s) + ∑ φ=d̄_L,u_L,W^− [ (I^Z_φ )^2 log

M^2_Z M^2_W l_Z − 1 2 Q^2_φL^{em}(s, λ^2, m^2_φ) ] . (8.52)

The factor G^N_− is defined by

G^N_± = U_{N W} 3 (θ_w)

Ĩ W^3_{uL} H^N F_±, (8.53)

and for N = A, Z this reads

G^A_± = F_± F_− + Y_{qL} F_+

, G^Z_± = c^2_W F_± c^2_WF_− − s^2_W Y_{qL} F_+

. (8.54)

3. Subleading corrections from soft-collinear photon and Z–boson exchange The angular-dependent Sudakov (SSC) corrections are obtained by applying the complete formula (3.35) to the crossing symmetric process d̄_Lu_LW^−_{λW} N_{λN} → 0. We first consider the contribution originating from the exchange of soft-collinear neutral gauge bosons V^a = A, Z between initial and final states. This yields ∑ V^a=A,Z δ^{V a,SSC} d̄_Lu_L→W^+_{λW} N_{λN} = ∑ V^a=A,Z 2 [ l(s) + α 4π log M^2_W M^2_V a ] I^{V a}_W−_{λW} ( I^{V a}_{d̄L} log |t| s + I^{V a}_{uL} log |u| s )

+ 2l(s)I^Z_{NλN} ( I^Z_{d̄L} log |u| s + I^Z_{uL} log |t| s ) = 8As one can see from the rhs of (8.51), the soft-collinear corrections associated with the final-state neutral gauge bosons originate only from their W^3 component.

= 2l(s)

T^3_{W−λW} T^3_{uL}

s^2_W + I^Z_{NλN} c_W s_W

T^3_{uL} ( log |t| s + log |u| s )

− Y_W−_{λW} Y_{uL}

4c^2_W + I^Z_{NλN} s_W 2c_W Y_{qL} ( log |t| s − log |u| s )

− α 2π Q_W− [ Q_d log |t| s − Q_u log |u| s ] log M^2_W λ^2

. (8.55)

In this formula, for longitudinal final states W^+_L Z_L the quantum numbers of the corresponding would-be Goldstone bosons ϕ^+, χ have to be used, in particular T^3_{ϕ−} = −^1_2 , Y_ϕ− = −1. For the transverse final states, one has to use the quantum numbers T^3_{W −} = −1, Y_W − = 0. The factor I^Z_{NλN} describes the coupling of the soft Z-boson with the final-state gauge boson N_{λN} , and is given by

I^Z_{Nλ} := ∑ N^′_λ I^Z_N ′_{λNλ} M^{d̄LuLW} − λW N^′_λ 0 M d̄_Lu_LW^−_{λW} N_λ 0 , (8.56)

with I^Z_Z = I^Z_A = 0, I^Z_χ = I^Z_{Hχ}

I^+_H I^+_χ = − 1 2s_W c_W

. (8.57)

For transverse final states I^Z_N vanishes since there is no ZZA or ZZZ gauge coupling. For longitudinal final states it is non-vanishing owing to the I^Z_{Hχ} coupling, that gives rise to mixing between χ and H. The effect of this mixing is included into the definition (8.57) of I^Z_χ . The resulting SSC corrections from soft neutral gauge bosons read ∑ V^a=A,Z δ^{V a,SSC} d̄_Lu_L→W^+_L Z_L = − l(s) s^2_W [( log |t| s + log |u| s ) − s^2_W c^2_W Y_{qL} ( log |t| s − log |u| s )]

− α 2π Q_W− [ Q_d log |t| s − Q_u log |u| s ] log M^2_W λ^2 , ∑ V^a=A,Z δ^{V a,SSC} d̄_Lu_L→W^+_T N_T = − l(s) s^2_W ( log |t| s + log |u| s )

− α 2π Q_W− [ Q_d log |t| s − Q_u log |u| s ] log M^2_W λ^2

. (8.58)

4. Subleading corrections from soft-collinear W–boson exchange We come now to the part of the SSC corrections (3.35) that originates from exchange of soft-collinear charged gauge bosons V^a = W^± between initial and final states. This part reads ∑ V^a=W^±

δ^{V a,SSC}M^{d̄LuLW−λ}W^{NλN} =

= − 2l(s) √ 2s_W ∑ N^′_{λW} I^+_N ′_{λW} M^{ūLuLN ′λW NλN}

0 + I^+_{NλN} M^{d̄LdLW} − λW W^+_{λN} 0 log |t| s

− ∑ N^′_{λW} I^+_N ′_{λW} M^{d̄LdLN ′λW NλN}

0 + I^+_{NλN} M^{ūLuLW} − λW W^+_{λN} 0 log |u| s . (8.59)

In the case of longitudinal polarizations λ_W = λ_N = L, longitudinal gauge bosons W^±_L , Z_L have to be substituted by the would-be Goldstone bosons ϕ^±, χ, the sums on the rhs run over the neutral scalar fields N^′_L = H, χ, and the corresponding non-diagonal W^± couplings (B.39) have to be used. The transformed Born matrix elements for longitudinal final states are given by M^{q̄LqLHχ} 0 = e^2I^Z_{qL} I^Z_{χH} A_s s , M^{q̄LqLχχ} 0 = 0, M^{q̄LqLϕ−ϕ+} 0 = e^2 ∑ V^a=A,Z I^{V a}_{qL} I^{V a}_ϕ− A_s s = −e^2 ( T^3_{qL} 2s^2_W + Y_{qL} 4c^2_W ) A_s s . (8.60)

Inserting these in (8.59) and dividing by the Born matrix element for longitudinal gauge bosons we obtain the relative correction ∑ V^a=W^± δ^{V a,SSC} d̄_Lu_L→W^+_L Z_L = − l(s) s^2_W {( log |t| s + log |u| s ) − s^2_W c^2_W Y_{qL} ( log |t| s − log |u| s )} . (8.61)

For transverse gauge bosons λ_W = λ_N = T, the sums on the rhs run over the neutral gauge bosons N^′_T = A, Z, and the non-diagonal W^± couplings (B.46) have to be used. The transformed Born matrix elements for transverse final states read M^{q̄LqLN ′TNT} 0 = e^2I^{N ′}_{qL} I^N_{qL} F_+,

M^{d̄LdLW−T W+T} 0 = e^2 2s^2_W A_t t = e^2 s^2_W

F_+ + F_− 4 , M^{ūLuLW−T W+T} 0 = e^2 2s^2_W A_u u = e^2 s^2_W

F_+ − F_− 4 . (8.62)

Inserting these in (8.59), and using ∑ N^′ I^+_N ′ M^{q̄LqL→N ′TNT} 0 = e^2 s_W

I^N_{qL}Ĩ^{W 3}_{qL} F_+ = e^2 s^2_W

T^3_{uL} ( U_{N W} 3 (θ_w)Ĩ^{W 3}_{qL} + U_{N B}(θ_w)Ĩ^B_{qL} )

(8.63)

and I^+_N = 2U_{N W} 3 (θ_w)Ĩ^{W 3}_{uL} , we obtain ∑ V^a=W^±

δ^{V a,SSC}M^{d̄LuL→W+T NT} = = 2l(s) √ 2s_W e^2 s^2_W { − [ T^3_{uL} (U_{N W} 3 (θ_w)Ĩ^{W 3}_{uL} + U_{N B}(θ_w)Ĩ^B_{uL} )F_+ + I^+_N

F_+ + F_− 4 ] log |t| s + [ T^3_{dL} (U_{N W} 3 (θ_w)Ĩ^{W 3}_{dL} + U_{N B}(θ_w)Ĩ^B_{dL} )F_+ + I^+_N

F_+ − F_− 4 ] log |u| s }

= − 2l(s) √ 2s_W e^2 s^2_W { 1 2 H^N ( log |t| s + log |u| s ) + U_{N W} 3 (θ_w)Ĩ^{W 3}_{uL} F_+ ( log |t| s − log |u| s )} . (8.64)

Then, dividing by the Born matrix element for transverse gauge bosons we obtain the relative correction ∑ V^a=W^± δ^{V a,SSC} d̄_Lu_L→W^+_T N_T = − l(s) s^2_W {( log |t| s + log |u| s ) + 2G^N_+ ( log |t| s − log |u| s )} , (8.65)

where G^N_+ , is given in (8.53), (8.54).

5. Complete subleading soft-collinear corrections Combining the contributions of soft-collinear neutral gauge bosons (8.58) and of softcollinear charged gauge bosons (8.61), (8.65) we obtain the total SSC relative corrections,

δ^{SSC}_{d̄LuL→W}+_{L ZL} = − 2 s^2_W l(s) {( log |u| s + log |t| s ) − s^2_W c^2_W

Y_{qL} log t u }

− α 2π Q_W− [ Q_d log |t| s − Q_u log |u| s ] log M^2_W λ^2 , δ^{SSC}_{d̄LuL→W}+_{T NT} = − 2 s^2_W l(s) {( log |t| s + log |u| s ) + G^N_+ log t u }

− α 2π Q_W− [ Q_d log |t| s − Q_u log |u| s ] log M^2_W λ^2

. (8.66)

6. SL contributions associated to the external particles For longitudinal final states, according to (5.54) and (5.82), the SL corrections associated to the external particles give

δ^C_{d̄LuL→W}+_{L ZL} = [ 3C^{ew}_{qL} + 4C^{ew}_Φ ] l_C − 3 2s^2_W m^2_t M^2_W l_{Yuk} + ∑ φ=d̄_L,u_L,W^−

Q^2_φ l^{em}(m^2_φ), (8.67)

with l^{em}(m^2_φ) = α 4π ( 1 2 log M^2_W m^2_φ

+ log

M^2_W λ^2 ) . (8.68)

For transverse final states, according to (5.54) and (5.38) we have the relative corrections

δ^C_{d̄LuL→W}+_{T ZT} = 3C ew q_L + 1 2 b^{ew}_{W W} + ∑ N^′=A,Z (b^{ew}_N ′_N + E_N ′_N b^{ew}_{AZ} )

M^{d̄LuL→W+T N ′T} 0 M^{d̄LuL→W+T NT} 0 l^C + ∑ φ=d̄_L,u_L,W^−

Q^2_φ l^{em}(m^2_φ), (8.69)

so that

δ^C_{d̄LuL→W}+_{T AT} = 3C^{ew}_{qL} l_C + 1 2 [b^{ew}_{W W} + b^{ew}_{AA}] l_C + ∑ φ=d̄_L,u_L,W^−

Q^2_φ l^{em}(m^2_φ), (8.70)

δ^C_{d̄LuL→W}+_{T ZT} = 3C^{ew}_{qL} l_C + 1 2 [ b^{ew}_{W W} + b^{ew}_{ZZ} + 2b^{ew}_{AZ} H^A H^Z ] l_C + ∑ φ=d̄_L,u_L,W^−

Q^2_φ l^{em}(m^2_φ).

7. Logarithmic corrections from parameter renormalization The PR corrections are obtained from the renormalization of the U(1) and SU(2) couplings [see (7.19)] in the Born amplitude (8.45). For longitudinally polarized final states they read

δ^{PR}_{d̄LuL→W}+_{L ZL} = −b^{ew}_W l_{PR} + Δα(M^2_W). (8.71)

For transverse polarizations of the final states, as shown in Appendix E, the PR corrections can be associated to the external gauge-boson lines, and according to (E.9)–(E.12) they are given by

δ^{PR}_{d̄LuL→W}+_{T NT} = δ^{PR}_{W W} + ∑ N^′=A,Z δ^{PR}_N ′_N

M^{d̄LuL→W+T N ′T} 0 M^{d̄LuL→W+T NT} 0 (8.72)

= − 1 2 b^{ew}_{W W} + ∑ N^′=A,Z (b^{ew}_N ′_N + E_N ′_N b^{ew}_{AZ} ) H^{N ′} H^N l_{PR} + Δα(M^2_W),

so that

δ^{PR}_{d̄LuL→W}+_{T AT} = − 1 2 [b^{ew}_{W W} + b^{ew}_{AA}] l_{PR} + Δα(M^2_W),

δ^{PR}_{d̄LuL→W}+_{T ZT} = − 1 2 [ b^{ew}_{W W} + b^{ew}_{ZZ} + 2b^{ew}_{AZ} H^A H^Z ] l_{PR} + Δα(M^2_W). (8.73)

Adding the SL corrections (8.69) and (8.72) for transverse final states, we obtain^9

δ^C_{d̄LuL→W}+_{T NT} + δ^{PR}_{d̄LuL→W}+_{T NT} =

= 3C^{ew}_{qL} l_C + ∑ φ=d̄_L,u_L,W^−

Q^2_φ l^{em}(m^2_φ) + 1 2 (1 + δ_{N Z})Δα(M^2_W), (8.74)

where only energy-dependent logarithmic corrections (5.54) that are associated to the initial states contributes whereas, as shown in (E.13), the energy-dependent logarithms associated to the final-state gauge bosons are cancelled by the contributions of parameter renormalization.

8. Numerical evaluation The coefficients for the various electroweak logarithmic contributions to the relative corrections read

δ^{ew}_{d̄LuL→W}+_{T AT} = [ −7.86 − 4.47 G^A_− ] L(s) − 8.95 [ log |t| s + log |u| s + G^A_+ log t u ] l(s) + 1.32 l_Z + 15.42 l_C − 5.25 l_{PR},

δ^{ew}_{d̄LuL→W}+_{T ZT} = [ −7.86 − 4.47 G^Z_− ] L(s) − 8.95 [ log |t| s + log |u| s + G^Z_+ log t u ] l(s) + 1.32 l_Z + [ 21.77 − 9.57 H^A H^Z ] l_C + [ −11.60 + 9.57 H^A H^Z ] l_{PR},

9In the following formula δN Z represents the Kronecker symbol.

θ [^∘] δ^{ew} [%]

W^+_T A_T

W^+_T Z_T

W^+_L Z_L

Figure 8.9: Dependence of the electroweak correction factors δ^{ew}_{d̄LuL→W+T AT} , δ^{ew}_{d̄LuL→W+T ZT} , and δ^{ew}_{d̄LuL→W+L ZL} , on the scattering angle θ at √ s = 1 TeV.

δ^{ew}_{d̄LuL→W}+_{L ZL} = −7.07 L(s) + [ −8.95 ( log |t| s + log |u| s ) + 0.86 log t u ] l(s) + 0.92 l_Z + 24.88 l_C − 31.83 l_{Yuk} − 14.16 l_{PR}. (8.75)

The angular dependence of the corrections is plotted in Fig. 8.9 for scattering angles 30^∘ < θ < 75^∘. In this plot, the central angular region, where the LO matrix element has zeros, has been omitted. The energy dependence of the corrections at θ = 60^∘ is represented in Fig. 8.10.

For a detailed discussion of the behaviour of these corrections and their impact on the hadronic processes pp → W^±γ → lν_lγ and pp → W^±Z → lν_ll̄^′l^′ we refer to Ref. [26].

√ s [ GeV] δ^{ew} [%] W^+_T A_T

W^+_T Z_T

W^+_L Z_L

Figure 8.10: Dependence of the electroweak correction factors δ^{ew}_{d̄LuL→W+T AT} , δ^{ew}_{d̄LuL→W+T ZT} ,

and δ^{ew}_{d̄LuL→W+L ZL} , on the centre-of-mass energy √ s at θ = 60^∘.

Appendix A

Conventions for Green functions

Our conventions for Green functions are based on Ref. [52]. In configuration space we use the equivalent notations ⟨0|T φ_{i1} (x_1) . . .φ_{in} (x_n)|0⟩ = ⟨φ_{i1} (x_1) . . .φ_{in} (x_n)⟩ = G^{φi1 ...φin} (x_1, . . ., x_n). (A.1) The fields V^a_μ , Φ_k, Ψ_{j,σ} appearing in the Green functions are associated with outgoing particles or incoming antiparticles, because the corresponding field operators create antiparticles and annihilate particles. The opposite holds for the charge-conjugate fields V̄ a_μ , Φ^+_k , Ψ̄_{j,σ}.

Fourier transformation is defined with incoming momenta, and the momentum-con-servation δ-function is factorized as

(2π)^4δ^{(4)} (_n ∑ k=1 p_k ) G^{φi1 ...φin} (p_1, . . ., p_n)

= ∫ ( n∏ k=1 d^4x_k ) exp −i n∑ j=1 x_j p_j G^φi1^{...φ}in (x_1, . . ., x_n). (A.2)

The vertex functions are given by the functional derivatives of the corresponding generating functional Γ, Γ^{φi1 ...φin} (x_1, . . ., x_n) = δ^nΓ{φ} δφ_{i1} (x_1) . . .δφ_{in} (x_n)

, (A.3)

and their Fourier transforms are defined as in (A.2) for Green functions. For 2-point Green functions and vertex functions we use the shorthand notations G^{φiφ+j} (p) = G^{φiφ+j} (p, −p), Γ^{φi φ+j} (p) = Γ^{φi φ+j} (p, −p). (A.4) For anticommuting fields the sign is inverted when the field arguments are exchanged, i.e. G^{φiφ+j} (p) = −G^{φ+j φi} (−p), Γ^{φi φ+j} (p) = −Γ^{φ+j φi} (−p), (A.5) for fermions φ = Ψ or ghost fields φ = u.

The 2-point vertex functions correspond to the inverse propagators. More precisely ∑ φ_k Γ^{φ+i φk} (p)G^{φkφ+j} (p) = ∑ φ_k G^{φ+j φk} (−p)Γ^{φk φ+i} (−p) = ±iδ_{φi φj} , (A.6) with + for bosons and − for fermions and ghosts. In the case of fermions with Dirac indices α, β, γ one has to substitute φ^+_i = Ψ̄_α, φ^+_j = Ψ̄_β , φ_k = Ψ_γ .

For the truncation of an external leg φ_{ik} in momentum space we adopt the convention G^{φi1 ... φi}k^{... φin} (p_1, . . ., p_k, . . ., p_n) = ∑ φ^+_{ik} G^{φik φ+i}k (p_k)G^{φi1 ... φ+i}k^{... φin} (p_1, . . ., p_k, . . ., p_n), (A.7) where the field argument corresponding to the truncated leg is underlined. The fields V^a_μ , Φ_k, Ψ_{j,σ} in truncated Green functions and vertex functions are associated with incoming particles or outgoing antiparticles, and the opposite holds for the charge-conjugate fields.

Appendix B

Representations of the gauge group

In this appendix, we define the generators of the gauge group and the other grouptheoretical quantities that are used in our generic formulas. Explicit matrix representations are given in the symmetric basis corresponding to U(1) and SU(2) gauge fields, as well as in the physical basis corresponding to mass-eigenstate gauge fields.

B.1 SU(2) × U(1) generators

The basic group-theoretical matrices are the generators I^{V a} of global transformations δφ_i = ie ∑ V^a ∑ φ_i′ I^{V a}_{φiφi′} δθ^{V a} φ_i′ . (B.1) According to the notation introduced in Sect. 2.1, the fields φ_i, φ_i′ are understood as the components of a multiplet φ which may represent chiral fermions, gauge-bosons or scalar bosons. The representation of the matrices I^{V a}_{φiφi′} depends on the multiplet φ and is in general not irreducible. The sums in (B.1) run over all gauge fields V^a of the SU(2)×U(1) group and all components φ_i′ of the multiplet φ.

The transformation of the complex-conjugate fields is fixed by the complex conjugation of (B.1), thus ( I^{V a}_{φj φi} )_∗ = −I^{V̄ a}_φ+_{j φ}+_i , (B.2)

where V̄^a and φ^+_j represent the charge-conjugate of V^a and φ_j , respectively. Since the representations are unitary, in a real basis (V̄^a = V^a) the generators are self-adjoint, and in general I^{V̄ a} = ( I^{V a} )_+ , i.e. I^{V̄ a}_{φiφj} = ( I^{V a}_{φj φi} )_∗ . (B.3)

Combining (B.3) with (B.2) yields the relation

I^{V a}_{φi φj} = −I^{V a}_φ+_{j φ}+_i , (B.4)

between transposed components. The generators in the adjoint representation are related to the structure constants [see (B.40), (B.22) and (B.23)] through the commutation relations [I^{V a} , I^{V b} ]_{φiφj} = ∑ V^c I^{V c}_{φiφj} I^{V a}_V c_V b = i s_W ∑ V^c ε^{V aV bV c} I^{V̄ c}_{φiφj} . (B.5) For the eigenvalues of diagonal generators (or other diagonal matrices) we use the notation I_{φi φi′} = δ_{φiφi′} I_{φi} . (B.6) B.2 Symmetric and physical basis for gauge fields

Group-theoretical quantities carrying gauge-boson indices can be expressed in the symmetric or in the physical basis. The symmetric basis is formed by the U(1) and SU(2) gauge bosons, which are an SU(2) singlet and triplet, respectively. These are combined into the 4-vector Ṽ = (B, W^3, W^1, W^2)^T, (B.7)

and all quantities in this basis are denoted by a tilde. The physical basis is given by the charge and mass eigenstates V = (A, Z, W^+, W^−)^T, (B.8) and is related to the symmetric basis by the unitary transformation

V = U(θ_w)Ṽ , U(θ_w) = c_W −s_W 0 0 s_W c_W 0 0 0 0^{1√}_2^{−i√}_2 0 0^{1√}_2^{i√}_2

, (B.9)

or A = c_WB − s_W W^3, Z = s_W B + c_W W^3, W^± =

W^1 ∓ iW^2 √ 2 . (B.10)

For the Weinberg rotation in the neutral sector we use the shorthands c_W = cos θ_w and s_W = sin θ_w . In the on shell renormalization scheme the Weinberg angle is fixed by (7.6).

Generators of the gauge group In the symmetric basis, the generators of the gauge group are given by

Ĩ^B = − 1 c_W Y 2 , Ĩ^{W a} = 1 s_W

T^a, a = 1, 2, 3, (B.11)

where Y is the weak hypercharge and T^a are the components of the weak isospin. These are related to the electric charge by Q = T^3 + Y/2. As a convention, the generators are treated as co-vectors Ĩ^Ṽ = (Ĩ^B, Ĩ^{W 3} , Ĩ^{W 1} , Ĩ^{W 2} ) (B.12)

in the symmetric basis, so that they transform to the physical basis

I^V = (I^A, I^Z, I^{W +} , I^{W −} ), (B.13) as

I^V = Ĩ^Ṽ U^+(θ_w), U^+(θ_w) = U^{−1}(θ_w) = c_W s_W 0 0 −s_W c_W 0 0 0 0^{1√}_2^{1√}_2 0 0^{i√}_2^{−i√}_2

, (B.14)

or equivalently

I^A = −Q, I^Z =

T^3 − s^2_W Q s_W c_W

, I^± = 1 s_W

T^± = 1 s_W

T^1 ± iT^2 √ 2 . (B.15)

Note that, owing to^1 (Ĩ^Ṽ )^+ = (Ĩ^Ṽ )^T, the V̄^a component of the co-vector I^V can be understood as the V^a component of the vector I^{V̄} defined by

I^{V̄} = ( I^V )_+ = ( Ĩ^Ṽ U^+(θ_w)

)_+

= U(θ_w ) ( Ĩ^Ṽ )_T

, with I^{V̄ a} = ∑ Ṽ b U_{V aṼ b} (θ_w)Ĩ^{Ṽ b} . (B.16)

Matrices with gauge-boson indices and their transformation As a general convention, all matrices that carry two gauge-boson (lower) indices, i.e. the 4 × 4 matrices of the type M_V a_V b , are transformed as usual matrices. By this we mean that the the first and second indices transform as a vector and a co-vector, respectively, i.e.

M_V a_V b = [ U(θ_w)M̃U^+(θ_w) ] V^aV^b . (B.17) In the symmetric basis, most of the invariant 4 × 4 matrices can be decomposed into the U(1) and SU(2) Kronecker matrices δ̃^{U(1)}_{Ṽ aṼ b} := δ_{Ṽ aB}δ_{Ṽ bB}, δ̃^{SU(2)}_{Ṽ aṼ b} := δ_{Ṽ aṼ b} − δ̃^{U(1)}_{Ṽ aṼ b} , (B.18) where δ_Ṽ a_Ṽ b represents the usual Kronecker symbol. In the physical basis, (B.18) translate into

δ^{U(1)} = c^2_W s_W c_W 0 0 s_W c_W s^2_W 0 0 0 0 0 0 0 0 0 0

, δ^{SU(2)} = s^2_W −s_W c_W 0 0 −s_W c_W c^2_W 0 0 0 0 1 0 0 0 0 1

. (B.19)

We also define the antisymmetric matrix E, whose components are all vanishing except for E_{AZ} = −E_{ZA} = 1, i.e.

E :=

0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0

. (B.20)

1Here the adjoint operation acts as a complex conjugation as well as a transposition of the indices V^a and the representation indices of the matrices Ĩ^{Ṽ a} . This identity follows from (Ĩ^{Ṽ a} )^+ = Ĩ^{Ṽ a} .

This matrix is invariant with respect to Weinberg rotations, i.e.

U(θ_w)EU^+(θ_w) = E. (B.21)

Totally antisymmetric tensor and adjoint representation

In the symmetric basis, we define the totally antisymmetric tensor as usual by ε̃^{Ṽ aṼ bṼ c} = (−1)^p if Ṽ^aṼ^bṼ^c = π(W^1W^2W^3),

0 otherwise,

(B.22)

where (−1)^p represents the sign of the permutation π. In order to preserve a manifestly totally antisymmetric form, as a convention for the transformation behaviour of (B.22) we treat all indices as covariant [in the sense of (B.14)]. As a result, in the physical basis we have ε^{V aV bV c} = −i × (−1)^pU_{N W} 3 (θ_w) if V^aV^bV^c = π(NW^+W^−),

0 otherwise,

(B.23)

where (−1)^p represents the sign of the permutation π, U_{AW} 3 (θ_w) = −s_W and U_{ZW} 3 (θ_w) = c_W .

Using the above conventions, we can write the well-known relations for the selfcontraction of the totally antisymmetric tensor in the invariant form ∑ V^c ε^{V aV bV c} ε^{V a′ V b′ V̄ c} = δ^{SU(2)}_{V̄ aV a}′ δ^{SU(2)}_{V̄ bV b}′ − δ^{SU(2)}_{V̄ aV b}′ δ^{SU(2)}_{V̄ bV a}′ ∑ V^b,V^c ε^{V aV bV c} ε^{V a′ V̄ bV̄ c} = 2δ^{SU(2)}_{V̄ aV a}′ , (B.24) where the SU(2) Kronecker matrices on the rhs are given by (B.18) or (B.19) depending on the basis.

As well-known, the generators of the gauge group in the adjoint representation I^{V a}_{V cV b} [see (B.40)] are proportional to the totally antisymmetric tensor. Their transformation behaviour is as follows: the upper index must transform as a co-vector (B.14) whereas the two lower indices must transform as in (B.17). Therefore we have I^{V a}_{V cV b} ∝ ε^{V aV bV̄ c} , (B.25) and we note that care has to be taken in handling the first lower index, which has to be charge conjugated. In particular, we see that in the physical basis the generators are not manifestly totally antisymmetric.

B.3 Casimir operator

The electroweak Casimir operator is defined as a sum over the squared U(1) and SU(2) generators C^{ew}_{φiφi′} := ∑ V^a=A,Z,W^± ( I^{V a} I^{V̄ a} ) φ_i φ_i′ = 1 c^2_W ( Y 2 )_2 φ_i φ_i′ + 1 s^2_W

C^{SU(2)}

φ_iφ_i′ , (B.26)

where C^{SU(2)} = 3∑ a=1 (T^a)^2 (B.27)

is the SU(2) Casimir operator. For irreducible representations with hypercharge Y_φ and isospin T_φ, the SU(2) Casimir operator is given by T_φ(T_φ + 1) times the identity matrix. Therefore for fermions and scalars the electroweak Casimir operator is diagonal and reads C^{ew}_{φiφi′} = δ_{φi φi′} [ Y^2_φ 4c^2_W + T_φ(T_φ + 1) s^2_W ] . (B.28)

The adjoint representation (gauge bosons) is not irreducible, since the gauge group is semisimple. In this representation, with Y_V = 0 and T_V = 1, the electroweak Casimir operator is non-diagonal in the neutral components of the physical basis and reads

C^{ew}_{V aV b} = 2 s^2_W δ^{SU(2)}

V^aV^b , (B.29)

where δ^{SU(2)} is defined in (B.19). In order to isolate the part of C^{ew} associated with the charged gauge bosons we also introduce

(I^W )^2 := ∑ V^a=W^±

I^{V a} I^{V̄ a} =

C^{SU(2)} − (T^3)^2 s^2_W

. (B.30)

B.4 Explicit values for Y , Q, T^3, C^{SU(2)}, (I^A)^2, (I^Z)^2, (I^W )^2, C^{ew}, and I^±

Here we list the eigenvalues (or components) of the operators Y , Q, T^3, C^{SU(2)}, (I^A)^2, (I^Z )^2, (I^W )^2, C^{ew}, and I^±. In our general results, for incoming particles or outgoing antiparticles the values of the particles have to be used, whereas for incoming antiparticles or outgoing particles one has to use the values of the antiparticles.

Fermions

The fermionic doublets f^κ = (f^κ_+, f^κ_−)^T transform according to the fundamental or trivial representations of SU(2), depending on the chirality κ = L, R. Except for I^±, the above operators are diagonal. For lepton doublets, L^κ = (ν^κ, l^κ)^T, their eigenvalues are

Y/2 Q T^3 C^{SU(2)} (I^A)^2 (I^Z)^2 (I^W )^2 C^{ew}

ν^L(ϕ^∗_0), ν̄^L(ϕ_0) ∓^1_2 0 ±^1_2^3_4 0^1_{4s2Wc2W}^1_{2s2W}^{1+2c2W}_{4s2W c2W}

l^L(ϕ^−), l̄^L(ϕ^+) ∓^1_2 ∓1 ∓^1_2^3_4 1^{(c2W −s2W )2}_{4s2Wc2W}^1_{2s2W}^{1+2c2W}_{4s2W c2W}

l^R, l̄^R ∓1 ∓1 0 0 1^{s2W}_{c2W} 0^1_{c2W} (B.31) where in the first two lines the correspondence (B.34) is indicated. For quark doublets, Q^κ = (u^κ, d^κ)^T, the eigenvalues read

Y/2 Q T^3 C^{SU(2)} (I^A)^2 (I^Z )^2 (I^W )^2 C^{ew}

u^L, ū^L ±^1_6 ±^2_3 ±^1_2^3_4^4_9^{(3c2W −s2W )2}_{36s2W c2W}^1_{2s2W}^{s2W +27c2W}_{36c2Ws2W}

d^L, d̄^L ±^1_6 ∓^1_3 ∓^1_2^3_4^1_9^{(3c2W +s2W )2}_{36s2W c2W}^1_{2s2W}^{s2W +27c2W}_{36c2Ws2W}

u^R, ū^R ±^2_3 ±^2_3 0 0^4_9^4_9^{s2W}_{c2W} 0^4_{9c2W}

d^R, d̄^R ∓^1_3 ∓^1_3 0 0^1_9^1_9^{s2W}_{c2W} 0^1_{9c2W}

(B.32)

For left-handed fermions, I^± are the usual raising and lowering operators, the nonvanishing components of which read

I^σ_f L_{σ′ f} L_{−σ′} = −I^σ_{f̄} L_{−σ′ f̄} L_{σ′} = δ_{σσ}′ √ 2s_W

, (B.33)

whereas for right-handed fermions I^± = 0.

Scalar fields

The scalar doublet, Φ = (ϕ^+, ϕ_0)^T, Φ^∗ = (ϕ^−, ϕ^∗_0)^T, transforms according to the fundamental representation, and its quantum numbers correspond to those of left-handed leptons (B.31) with

ϕ^+ ↔ l̄^L, ϕ_0 ↔ ν̄^L, ϕ^− ↔ l^L, ϕ^∗_0 ↔ ν^L. (B.34)

In the physical basis, the ϕ_0 component^2 is parametrized by the neutral mass-eigenstate fields H and χ, ϕ_0 = 1 √ 2 (H + iχ). (B.35)

In this basis, S = (H, χ), the operators Q, C^{SU(2)}, (I^A)^2, (I^Z)^2, and C^{ew} remain unchanged, while T^3 and Y become non-diagonal in the neutral components

T^3_{SS}′ = − ( Y 2 ) SS^′ = − 1 2 0 i −i 0

, (B.36)

so that I^Z_{Hχ} = −I^Z_{χH} = −i 2s_W c_W

. (B.37)

The I^± couplings read I^σ_{Sϕ−σ}′ = −I^σ_{ϕσ}′_S = δ_{σσ}′ I^σ_S , (B.38) with I^σ_H := − σ 2s_W

, I^σ_χ := − i 2s_W

. (B.39)

2We note that Φ denotes the dynamical part of the Higgs doublet whereas the vev is denoted by v.

Gauge fields In the adjoint representation, i.e. for gauge bosons, the generators are fixed by the structure constants of the gauge group through (B.5) and read

I^{V a}_V c_V b = i s_W ε^{V aV bV̄ c} , (B.40) where ε is the totally antisymmetric tensor given by (B.22) and (B.23) in the symmetric and physical basis, respectively. In particular, in the physical basis we have

I^{V a}_{V̄ cV b} = (−1)^{p+1} if V^aV^bV^c = π(AW^+W^−), (−1)^{p cW}_{sW} if V^aV^bV^c = π(ZW^+W^−),

0 otherwise,

(B.41)

where (−1)^p represents the sign of the permutation π and care must be taken for the first lower index V̄^c, which is charge conjugated.

The eigenvalues of the gauge fields in the symmetric basis read

Y/2 Q T^3 C^{SU(2)} (I^A)^2 (I^Z)^2 (I^W )^2 C^{ew} W^± 0 ±1 ±1 2 1^{c2W}_{s2W}^1_{s2W}^2_{s2W} W^3 0 0 0 2 0 0^2_{s2W}^2_{s2W} B 0 0 0 0 0 0 0 0

(B.42)

In the physical basis, the operators in (B.42) that have vanishing eigenvalues in the neutral sector remain unchanged, i.e.

Y/2 Q T^3 (I^A)^2 (I^Z )^2 W^± 0 ±1 ±1 1^{c2W}_{s2W} Z 0 0 0 0 0 A 0 0 0 0 0

(B.43)

whereas the remaining operators become non-diagonal in the neutral sector and read

C^{ew} =

C^{SU(2)}

s^2_W

= (I^W )^2 = 2 s^2_W δ^{SU(2)}, (B.44)

with the Kronecker matrix δ^{SU(2)} defined in (B.19).

Finally, for the non-vanishing physical components of the I^± couplings we introduce the notation I^σ_{N W −σ}′ = −I^σ_{W σ}′_N = δ_{σσ}′ I^σ_N , (B.45) where I^σ_N = σU_{N W} 3 (θ_w )/s_W, with I^σ_A = −σ, I^σ_Z = σ c_W s_W

. (B.46)

B.5 Dynkin operator

The group-theoretical object appearing in gauge-boson self-energy diagrams with internal particles φ_i, φ_i′ is the Dynkin operator D^{ew}_V a_V b (φ) := Tr_φ { I^{V̄ a} I^{V b} } = ∑ φ_i,φ_i′ I^{V̄ a}_{φiφi′} I^{V b}_{φi′ φi} , (B.47) which depends on the representation of the multiplet φ. In the symmetric basis D^{ew} is diagonal and proportional to the Kronecker matrices (B.18). In the physical basis it can be decomposed into the U(1) and SU(2) parts (B.19) as D^{ew}_V a_V b (φ) = D^{ew}_B (φ)δ^{U(1)}_{V aV b} + D^{ew}_W (φ)δ^{SU(2)}_{V aV b} . (B.48) For the scalar doublet and the left-handed fermionic doublets, φ = Φ, f^L,

D^{ew}_B (φ) =

Y^2_φ 4c^2_W

Tr_φ{1}, D^{ew}_W (φ) = 1 4s^2_W

Tr_φ{1}, (B.49) with Tr_f L {1} = 2, Tr_Φ{1} = 4, (B.50) i.e. the left-handed doublet is treated as two complex Dirac fields, whereas the scalar doublet is treated as four real scalar fields^3. For the right-handed fermionic singlets, φ = f^R, the eigenvalues read

D^{ew}_B (f^R) =

Y^2_{f R+} + Y^2_{f R−}

4c^2_W

, D^{ew}_W (f^R) = 0, (B.51)

and include the sum over the f^R_+ (up) and f^R_− (down) fermions. The explicit values of the components of the Dynkin operator for the leptonic doublets and for the scalar doublet are D^{ew}_{AA} D^{ew}_{AZ} D^{ew}_{ZZ} D^{ew}_W Φ 2^{s2W −c2W}_{sW cW}^{s4W +c4W}_{s2W c2W}^1_{s2W} L^L 1^{s2W −c2W}_{2sWcW}^{s4W +c4W}_{2s2W c2W}^1_{2s2W} L^R 1^{sW}_{cW}^{s2W}_{c2W} 0 L^L + L^R 2^{3s2W −c2W}_{2sWcW}^{3s4W+c4W}_{2s2W c2W}^1_{2s2W}

(B.52)

and for the quark doublets D^{ew}_{AA} D^{ew}_{AZ} D^{ew}_{ZZ} D^{ew}_W Q^{L 5}_9^{s2W −9c2W}_{18sW cW}^{s4W +9c4W}_{18s2W c2W}^1_{2s2W} Q^{R 5}_9^5_9^{sW}_{cW}^5_9^{s2W}_{c2W} 0 Q^L + Q^{R 10}_9^{11s2W−9c2W}_{18sW cW}^{11s4W+9c4W}_{18s2W c2W}^1_{2s2W}

(B.53)

3Note that in Ref. [24] also the scalar doublet has been treated as two complex fields. There, we had TrΦ{1} = 2, so that the Dynkin operator D^{ew}(Φ) was half as large as here but the factor in front of it in (B.56) was twice as large.

In the adjoint representation the Dynkin operator corresponds to the electroweak Casimir operator (B.29), D^{ew}_V a_V b (V ) = C^{ew}_V a_V b , (B.54) with eigenvalues D^{ew}_B (V ) = 0, D^{ew}_W (V ) = 2 s^2_W

. (B.55)

B.6 β-function coefficients

In gauge-boson self-energies and mixing-energies, the sum of gauge-boson, scalar, and fermionic loops give the following combination of Dynkin operators

b^{ew}_V a_V b := 11 3 D^{ew}_V a_V b (V ) − 1 6 D^{ew}_V a_V b (Φ) − 2 3 ∑ f =Q,L ∑ j=1,2,3 N^f_C ∑ λ=R,L D^{ew}_V a_V b (f^λ_j ), (B.56)

which is proportional to the one-loop coefficients of the β-function. This can be decomposed into the U(1) and SU(2) invariant parts

b^{ew}_V a_V b = b^{ew}_B δ^{U(1)}_{V aV b} + b^{ew}_W δ^{SU(2)}_{V aV b} , (B.57)

with the Kronecker matrices (B.19). The eigenvalues are given by

b^{ew}_B = − 41 6c^2_W

, b^{ew}_W = 19 6s^2_W

, (B.58)

and describe the running of the hypercharge and weak-isospin coupling constants [cf. (7.19)], respectively. In the physical basis (B.19), the single components read

b^{ew}_{AA} = c^2_Wb^{ew}_B + s^2_W b^{ew}_W = − 11 3 , b^{ew}_{AZ} = c_Ws_W (b^{ew}_B − b^{ew}_W ) = −

19 + 22s^2_W 6s_W c_W , b^{ew}_{ZZ} = s^2_W b^{ew}_B + c^2_W b^{ew}_W =

19 − 38s^2_W − 22s^4_W

6s^2_W c^2_W

, b^{ew}_{W W} = b^{ew}_W = 19 6s^2_W

. (B.59)

The AA component determines the running of the electric charge, and the AZ component is associated with the running of the weak mixing angle [cf. (7.16) and (7.17)].

Appendix C

Electroweak Lagrangian and Feynman rules

In this appendix, we describe the electroweak Lagrangian [52] and the corresponding Feynman rules using our conventions^1. This formulation is invariant with respect to unitary mixing transformations in the gauge sector. Explicit expressions in the physical or in the symmetric basis can be obtained using the corresponding representations given in Appendix B.

In Sects. C.1–C.6 we present the various parts of the electroweak Lagrangian

L_{ew} = L_{gauge} + L_{scalar} + L_{Yukawa} + L_{ferm.} + L_{fix} + L_{ghost}, (C.1)

and list the corresponding vertices. Our notation for 3-point vertex functions is

iΓ^{φi1 φi2 φi3} (p_1, p_2, p_3) = φ_{i1} (p_1) φ_{i2} (p_2)

φ_{i3} (p_3)

, (C.2)

where all momenta are incoming. A similar notation holds for n-point functions. The conventions and the Feynman rules for propagators are summarized in Sect. C.7.

The covariant derivative, which generates the gauge interactions, reads (D_μ)_{φiφj} = δ_{φi φj} ∂_μ − ie ∑ V^a=A,Z,W^± I^{V a}_{φiφj} V^a_μ , (C.3)

in our notation.

1The parametrization and the conventions we adopt are equivalent to those of Ref. [52]. However, we use the generic group-theoretical quantities introduced in Appendix B.

C.1 Gauge sector

The gauge sector of the Lagrangian,

L_{gauge} = − 1 4 ∑ V^a F^{V a,μν} F^{V̄ a}_{μν} , (C.4) with the field strength tensor F^{V a}_{μν} = i e [D_μ, D_ν ]^{V a} = ∂_μV^a_ν − ∂_ν V^a_μ − ie ∑ V^b,V^c I^{V b}_V a_V c V^b_μ V^c_ν , (C.5)

gives rise to the triple and to the quartic gauge-boson vertices

V^{a1}_{μ1} (k_1)

V^{a2}_{μ2} (k_2)

V^{a3}_{μ3} (k_3)

= e s_W ε^{V a1 V a2 V a3} [ g_{μ1μ2} (p_1 − p_2)_{μ3} + g_{μ2μ3} (p_2 − p_3)_{μ1}

+ g_{μ3 μ1} (p_3 − p_1)_{μ2} ] , (C.6) V^{a1}_{μ1}

V^{a3}_{μ3}

V^{a2}_{μ2}

V^{a4}_{μ4}

= −i e^2 s^2_W [ δ^{SU(2)}_{V̄ a1 V a2} δ^{SU(2)}_{V̄ a3 V a4} (2g_{μ1μ2} g_{μ3μ4} − g_{μ1μ3} g_{μ2μ4}

− g_{μ1 μ4} g_{μ2μ3} ) + (2 ↔ 3) + (2 ↔ 4) ] , (C.7)

where ε is the totally antisymmetric tensor given by (B.22), (B.23) and δ^{SU(2)} is the SU(2) Kronecker matrix defined in (B.19). The gauge-boson propagators depend on the gauge-fixing Lagrangian and are given in (C.34) and (C.35).

C.2 Scalar sector

The scalar sector of the Lagrangian consists of

L_{scalar} = [D^μ(Φ + v)]^+ D_μ(Φ + v) + μ^2|Φ + v|^2 − λ_H 4 |Φ + v|^4 = 1 2 ∑ Φ_i ,Φ_j ,Φ_k

(D^+_μ )_Φ+_{i Φk} (D^μ)_{Φk Φj} (Φ + v)_i(Φ + v)_j

+ μ^2 2 ∑ Φ_i

(Φ + v)^+_i (Φ + v)_i − λ_H 16 ∑ Φ_i

(Φ + v)^+_i (Φ + v)_i 2 , (C.8) where the sums run over the four dynamical components Φ_i = H, χ, ϕ^± of the doublet. The corresponding vev is denoted by

v_i = v δ_{HΦi} (C.9)

and corresponds to the minimum of the potential. In lowest order, the vev and the parameters μ, λ_H of the potential are related to the physical parameters s_W , M_W and M_H by μ = M_H √ 2 , v = 2s_W M_W e , λ_H = e^2M^2_H 2s^2_W M^2_W

. (C.10)

The kinetic-energy term of (C.8) gives rise to the vertices

V^a_μ Φ_{i1} (p_1)

Φ_{i2} (p_2)

= ieI^{V a}_{Φ+i1 Φi2} (p_2 − p_1)_μ, (C.11)

Φ_{i1}

Φ_{i2}

V^{a1}_{μ1}

V^{a2}_{μ2}

= ie^2g_{μ1μ2} { I^{V a1} , I^{V a2} } Φ^+_{i1} Φ_{i2}

, (C.12)

Φ_i

V^{a1}_{μ1}

V^{a2}_{μ2}

= ie^2vg_{μ1μ2} { I^{V a1} , I^{V a2} } HΦ_i , (C.13)

where the curly brackets denote anti-commutators. From the Higgs potential we obtain the vertices

Φ_{i1}

Φ_{i3}

Φ_{i2}

Φ_{i4}

= −i λ_H 2 ( δ_Φ+_{i1 Φi2} δ_Φ+_{i3 Φi4} + δ_Φ+_{i1 Φi4} δ_Φ+_{i3 Φi2}

+ δ_Φ+_{i1 Φi3} δ_Φ+_{i2 Φi4} ) , (C.14)

Φ_{i1}

Φ_{i2}

Φ_{i3}

= −i λ_Hv 2 ( δ_{HΦi1} δ_Φ+_{i2 Φi3} + δ_{HΦi2} δ_Φ+_{i3 Φi1}

+ δ_{HΦi3} δ_Φ+_{i1 Φi2} ) , (C.15)

where δ_{Φi Φj} is the usual Kronecker symbol. The propagators for Higgs and would-be Goldstone bosons are given in (C.36).

C.3 Yukawa sector

In the Yukawa sector, the Lagrangian reads

L_{Yukawa} = − ∑ f =Q,L 3∑ i,j=1 ( G^{f−}_{ij} f̄^L_i (Φ + v)f^R_{j,−} + G^{f+}_{ij} f̄^L_i (Φ + v)^cf^R_{j,+} + h.c. ) , (C.16)

where Φ = (ϕ^+, ϕ_0)^T, Φ^c = (ϕ^∗_0, −ϕ^−), multiply the left-handed doublets f^L_i with flavour i = 1, 2, 3, and G^{f±} are the Yukawa matrices for f_+ (up) and f_− (down) fermions. These matrices can be diagonalized by the unitary transformations f^κ_{i,σ} → 3∑ i^′=1 U^{f κσ}_{ii}′ f^κ_i′_{,σ} , f = Q, L, κ = R, L, σ = ±, G^{fσ}_{ij} → δ_{ij} λ_{fi,σ} , (C.17) and the resulting eigenvalues are related to the fermion masses by λ_{fj,σ} = e m_{fj,σ} √ 2s_W M_W

, (C.18)

in lowest order. The mixing transformation enters the interaction through the CKM matrix

V_{ij} = 3∑ k=1 U^{QL+}_{ik} ( U^{QL−} )_+ kj . (C.19)

In order to describe the corresponding effects in a generic way we introduce the matrix^2

U^{f κ,V a} jj^′ :=

V_{jj}′ if V^a = W^+ and f^κ = Q^L,

V^+_{jj}′ if V^a = W^− and f^κ = Q^L,

δ_{jj}′ otherwise.

(C.20)

2In the calculations we often use the shorthand U^{V a}_{jj}′ = U^{f κ,V a}_{jj′} , where the dependence on f^κ is implicitly understood.

The Yukawa vertices resulting from (C.16) can be written as^3

S Ψ̄_{j,σ}

Ψ_j′_{,σ}′ = δ_{σσ}′ δ_{jj}′ λ_{fj,σ} √ 2 × i if S = H, σγ^5 if S = χ,

(C.21)

ϕ^± Ψ̄_{j,σ}

Ψ_j′_{,σ}′ = ∓iδ_{σ±} δ_σ′_∓U^{W ±}_{jj}′ (ω_−λ_{fj,±} − ω_+λ_{fj′,∓} ), (C.22)

with the chiral projectors ω_± = 1 2 (1 ± γ^5). (C.23)

C.4 Fermionic sector

The fermionic gauge interactions originate from

L_{ferm.} = i ∑ f =Q,L 3∑ j,j^′=1 ∑ κ=R,L ∑ σ,σ^′ =± f̄^κ_{j,σ} [ γ_μ(D^μ)_f κ_{j,σ f} κ_{j′,σ′} ] f^κ_j′_{,σ}′ , (C.24)

where the generators in the covariant derivative (C.3) for φ_i = f^κ_{j,σ} have to be understood as generalized generators^4 I^{V a}_f κ_{j,σ f} κ_{j′,σ′} := I^{V a}_f κ_{σ f} κ_{σ′} U^{f κ,V a}_{jj}′ , (C.25) involving the flavour-mixing matrix (C.20). The resulting fermionic gauge vertices read^5

V^a_μ Ψ̄_{j,σ}

Ψ_j′_{,σ}′ = −ieγ_μ ( ω_+I^{V a}_{f Rj,σ f Rj′,σ′} + ω_− I^{V a}_{f Lj,σf Lj′ ,σ′} ) . (C.26)

The fermionic propagators originate from L_{ferm.} + L_{Yukawa} and are given by (C.39).

3The following vertices correspond to Γ^{ΦiΨ̄j,σΨj′ ,σ′} = −Γ^{ΦiΨj′ ,σ′ Ψ̄j,σ} .

4In the calculations, we often use the shorthand notation I^{V a}_{σσ}′ = I^{V a}_f κ_{σ f} κ_{σ′} , where the dependence on f^κ is implicitly understood.

5The following vertices correspond to Γ^{V a Ψ̄j,σΨj′ ,σ′} μ = −Γ^{V aΨj′ ,σ′ Ψ̄j,σ} μ .

C.5 Gauge-fixing Lagrangian

The gauge-fixing Lagrangian is given by

L_{fix} = − ∑ V^a=A,Z,W^± 1 2ξ_a C^{V a} C^{V̄ a} , (C.27)

and depends on the gauge parameters ξ_A, ξ_Z , and ξ_+ = ξ_−. A ’t Hooft gauge fixing is given by C^{V̄ a} {V, Φ, x} = ∂^μV̄^a_μ − ievξ_a ∑ Φ_i =H,χ,ϕ^± I^{V a}_{HΦi} Φ_i = ∂^μV̄^a_μ − i^{QV̄ a} ξ_aM_V a Φ^+_a . (C.28)

Here, the Higgs gauge couplings I^{V a}_{HΦi} relate the gauge fields V^a = Z, W^± to the associated would-be Goldstone boson fields Φ_a = χ, ϕ^± through

ievI^{V a}_{HΦ}+_j = −ievI^{V a}_{Φj H} = i^{QV̄ a} δ_{Φj Φa} M_V a , |I^{V a}_{HΦj} |^2 = δ_{Φj Φa}

M^2_V a 4s^2_W M^2_W

. (C.29)

In the ’t Hooft gauge the contributions of the would-be Goldstone bosons to the gaugefixing terms cancel the lowest-order mixing between gauge bosons and would-be Goldstone bosons, such that the lowest-order propagators are diagonal. These are given by (C.34),(C.35) for gauge bosons and by (C.36) for Higgs bosons and would-be Goldstone bosons.

C.6 Ghost Lagrangian

The ghost Lagrangian corresponding to the gauge-fixing (C.27), (C.28) is given by

L_{ghost} = − ∑ V^a,V^b ∫ d^4y ū^a(x) δC^{V a} (x) δθ^{V b} (y) u^b(y) (C.30)

= ∑ V^a,V^b (∂_μū^a) (D^μ)_{V aV b} u^b − ξ_ae^2v ∑ Φ_i ( I^{V̄ a} I^{V b} ) HΦ_i Φ_iū^au^b ,

where the ghost and antighost fields are denoted by^6 u^a = u^{V a} and ū^a = ū^{V a} . The Lagrangian (C.30) generates the vertices

V^a_μ ū^b(p_b)

u^c(p_c)

= e s_W ε^{V aV̄ bV c} p_{bμ}, (C.31)

6The ghosts and antighosts transform as vectors and covectors, respectively, under mixing transformations (B.9). In particular, u^± = (u^1 ∓ iu^2 )/ √ 2 and ū^± = (ū^1 ± iū^2 )/ √ 2.

Φ_i ū^a(p_a)

u^b(p_b)

= iξ_ae^2v ( I^{V̄ a} I^{V b} ) HΦ_i . (C.32)

The propagators for ghost fields are given by (C.40).

C.7 Feynman rules for propagators

For the propagators of commuting fields we use the notation G^{φiφ+j} (p) = φ_i(p) φ^+j (−p) . (C.33)

The gauge-boson propagators read

V^a_μ (p) V̄^b_ν (−p) = ( g_{μν} − p_μp_ν p^2 ) G^{V aV̄ b}_T (p^2) + p_μp_ν p^2

G^{V aV̄ b}_L (p^2), (C.34)

with G^{V aV̄ b}_T (p^2) = −iδ_V a_V b p^2 − M^2_V a

, G^{V aV̄ b}_L (p^2) = −iξ_aδ_V a_V b p^2 − ξ_aM^2_V a

. (C.35)

The propagators for Higgs bosons and would-be Goldstone bosons Φ_{a,b} = H, χ, ϕ^± are given by

Φ_a(p) Φ^+_b (−p) = iδ_{Φa Φb} p^2 − M^2_{Φa}

, (C.36)

with

M^2_{Φa} =

M^2_H if Φ_a = H, ξ_aM^2_V a if Φ_a = χ, ϕ^±,

(C.37)

where V^a = Z, W^± are the weak gauge bosons associated to the would-be Goldstone bosons Φ_a = χ, ϕ^±. For the propagators of anticommuting fields we adopt the notation G^{φiφ+j} (−p) = ±G^{φ+j φi} (p) = φ_i(−p) φ^+j (p) . (C.38)

The fermionic propagators are given by

Ψ_α(−p) Ψ̄β (p) = i(p/ + m)_{αβ} p^2 − m^2

, (C.39) where α, β are the Dirac indices, and the remaining indices are implicitly understood. Finally, the ghost-field propagators read u^a(−p) ū^b(p) = iδ_V a_V b p^2 − ξ_aM^2_V a

. (C.40)

Appendix D

BRS transformations

In this appendix we summarize the explicit form of the gauge transformations and BRS transformations in the electroweak Standard Model. As in Appendix C we follow the conventions of Ref. [52] but we use the generic notation introduced in Appendix B.

D.1 Gauge transformations

The classical Lagrangian of the electroweak Standard Model,

L_{cl.} = L_{gauge} + L_{scalar} + L_{Yukawa} + L_{ferm.}, (D.1)

is invariant with respect to gauge transformations of the physical fields and would-be Goldstone bosons which can generically be written as δφ_i(x) = ∑ V^a=A,Z,W^± X^{V a}_{φi} δθ^{V a} (x) + ie ∑ φ_i′ I^{V a}_{φiφi′} δθ^{V a} (x)φ_i′ (x) . (D.2)

The matrices I^{V a}_{φiφi′} are the SU(2) × U(1) generators in the representation of the fields φ_i (see Appendix B), and the linear operator X^{V a}_{φi} represents the transformation of free fields.

Scalar bosons For scalar bosons, φ_i = Φ_i + v_i, only the dynamical part Φ_i = H, χ, ϕ^± transforms

δv_i = 0, δΦ_i(x) = ie ∑ V^a,Φ_i′ I^{V a}_{Φi Φi′} δθ^{V a} (x) [Φ_i′ (x) + v_i′ ] , (D.3)

so that the operator X^{V a}_{Φi} in (D.2) is determined by the contribution of the vev (C.9), and reads X^{V a}_{Φi} δθ^{V a} (x) = ievI^{V a}_{Φi H} δθ^{V a} (x) = −i^{QV̄ a} δ_{Φi Φa} M_V a δθ^{V a} (x), (D.4) where Φ_a = χ, ϕ^± are the would-be Goldstone bosons associated to the gauge fields V^a = Z, W^±.

Gauge bosons

For gauge bosons, φ_i = V^b = A, Z, W^±, we have

X^{V a}_V b_μ δθ^{V a} (x) = δ_V a_V b ∂_μδθ^{V a} (x), (D.5)

which in momentum space leads to

X^{V a}_V b_μ δθ^{V a} (p) = ip_μδ_V a_V b δθ^{V a} (p). (D.6)

Fermions

For fermions, φ_i = Ψ^κ_{j,σ} , X^{V a}_Ψκ_{j,σ} δθ^{V a} (x) = 0, (D.7)

and the gauge transformation of the mass-eigenstate fermions is determined by the generalized generators (C.25), which involve the flavour-mixing matrix (C.20).

D.2 BRS transformations

The gauge-fixing terms (C.27) and the corresponding ghost terms (C.30) break the gauge invariance of the classical electroweak Lagrangian. However, the complete electroweak Lagrangian is invariant with respect to BRS transformations [56] of the ghost and physical fields.

The BRS transformation of the physical fields corresponds to a local gauge transformation (D.2) with gauge-transformation parameters δθ^{V a} (x) = δλu^a(x) determined by the ghost fields u^a(x) and the infinitesimal Grassman parameter δλ. To be precise, the BRS variation sφ_i (x) is defined as left derivative^1 with respect to the Grassman parameter δλ, i.e. δφ_i(x) = δλ sφ_i(x), and reads

sφ_i (x) = ∑ V^a =A,Z ,W^±

X^{V a}_{φi} u^a (x) + ie ∑ φ_i′

I^{V a}_{φi φi′} u^a (x)φ_i ′ (x)

. (D.8)

The BRS variation for charge-conjugate fields is obtained from the adjoint of (D.8) as

sφ^+_i (x) = ∑ V^a =A,Z ,W^±

X^{V a}_{φ+i} u^a (x) − ie ∑ φ_i′

u^a (x)φ^+_i ′ (x)I^{V a}_{φi′ φi}

, (D.9)

where we have used (B.3).

The BRS variation of the ghost fields is given by

su^b (x) = ie 2 ∑ V^a ,V^c =A,Z ,W^±

I^{V a}_V b_V c u^a (x)u^c (x), (D.10)

1The product rule for a Grassman left derivative is s(φi φj ) = (sφi )φj +(−1 )^{Ni} φi sφj , where Ni is given by the ghost plus the fermion number of the field φi .

and the BRS variation of the antighost fields is determined by the gauge-fixing functionals (C.28) and reads

sū^a (x) = − 1 ξ_a C^{V̄ a} {V, Φ, x} = − 1 ξ_a ∂^μV̄^a_μ + iev ∑ Φ_i =H,χ,ϕ^± I^{V a}_{HΦi} Φ_i = − 1 ξ_a ∂^μV̄^a_μ + i^{QV̄ a} M_V a Φ^+_a . (D.11)

Appendix E

Production of transverse gauge bosons in fermion–antifermion annihilation

For transverse W-pair production, we have observed in Sect. 8.2 that the symmetric electroweak parts of the PR contributions (7.2) and of the mass-singular SL corrections (5.4) which are associated to the external transverse gauge bosons cancel exactly. Here we illustrate how this cancellation takes place for all processes of the type

f^κ_{j,σ}f̄^κ_j′_{,σ}′ → V^{a1}_T · · · V^{an}_T , (E.1)

where an arbitrary number n of neutral or charged transverse gauge bosons V^{ak}_T = A_T, Z_T, W^±_T are produced in fermion–antifermion annihilation. The mass-singular SL corrections for the process (E.1) which are associated to the external particles read δ^CM^{f κj,σf̄ κj′,σ′ V a1T ... V anT} = ( δ^C_f κ_{j,σ f} κ_{j,σ} + δ^C_f κ_{j′,σ′ f} κ_{j′,σ′} ) M^f κ j,σ f̄ κ_{j′ ,σ′} V^a1_T ... V^an_T 0 + n∑ k=1 δ^C_{V a}′_{k V ak} M^f κ j,σ f̄ κ_{j′,σ′} V^a1_T ... V^{a′}k_T ... V^an_T 0 , (E.2)

where the correction matrix associated to the external transverse gauge bosons is given in (5.38). Recall that, owing to the non-diagonal δ^C_{AZ} component (5.39), this matrix gives rise to mixing between matrix elements involving external Z bosons and photons.

For the processes of type (E.1), it turns out that in the high-energy limit also the contribution of coupling-constant renormalization can be written as a sum over the external gauge bosons. This can be easily shown, relating the physical gauge bosons in (E.1) to their gauge-group eigenstate components (B.7). In the high-energy limit, if one neglects all mass terms in the propagators, the Born matrix element for the process (E.1) can be written as^1 M^{f f̄V} a1 T ... V^{an}_T 0 = ∑ Ṽ^{a′}_1 ,...,Ṽ^{a′}_n ~M^{f f̄Ṽ a} ′ 1 T ... Ṽ^{a′n}_T 0 n∏ k=1 U^{−1}_{Ṽ a}′_{k V ak} (θ_w), (E.3)

1The gauge-boson indices of matrix elements transform as co-vectors (B.14).

where the indices of the fermions have been suppressed. The Born matrix elements on the rhs correspond to the processes f^κ_{j,σ}f̄^κ_{j,σ}′ → Ṽ^{a′1}_T · · · Ṽ^{a′n}_T , (E.4) where gauge-group eigenstates Ṽ^{a′}k = W^i or B are produced. The dependence of these processes on the coupling constants can be easily related to the external gauge-boson lines. The Born matrix elements for (E.4) are proportional to a factor g_1 for each U(1) gauge boson and a factor g_2 for each SU(2) gauge boson. Therefore, using the diagonal matrix

G̃_{Ṽ a′ Ṽ a} = g_1δ̃^{U(1)}_{Ṽ a′ Ṽ a} + g_2δ̃^{SU(2)}_{Ṽ a′ Ṽ a} , (E.5)

with the U(1) and SU(2) Kronecker matrices defined in (B.18), we can write ~M^{f f̄Ṽ a1}T^{... Ṽ an}T 0 = ∑ Ṽ^{a′}_1 ,...,Ṽ^{a′}_n Ã^{f f̄Ṽ a} ′ 1 T ... Ṽ^{a′n}_T 0 n∏ k=1 G̃_{Ṽ a′k Ṽ ak} , (E.6)

and (E.3) becomes M^{f f̄V} a1 T ... V^{an}_T 0 = ∑ Ṽ^{a′}_1 ,...,Ṽ^{a′}_n Ã^{f f̄Ṽ a} ′ 1 T ... Ṽ^{a′n}_T 0 n∏ k=1 [ G̃U^{−1}(θ_w ) ] Ṽ^{a′}_k V a_k , (E.7)

where the amplitudes Ã_0 are independent of the coupling constants. The renormalization of the coupling constants (and of the mixing angle) gives δ (_n ∏ k=1 [ G̃U^{−1}(θ_w) ] Ṽ^{a′′}_k V^a_k ) = = n∑ l=1 ∏ k≠l [ G̃U^{−1}(θ_w) ] Ṽ^{a′′}_k V^a_k [ δG̃U^{−1}(θ_w) + G̃δU^{−1}(θ_w) ] Ṽ^{a′′}_l V^a_l = ∑ V^{a′}1 ,...,V^{a′}n n∏ k=1 [ G̃U^{−1}(θ_w ) ] Ṽ^{a′′}_k V^{a′}_k × n∑ l=1 ∏ j≠l δ_{V a}′_{j V aj} [ U(θ_w) δG̃ G̃ U^{−1}(θ^w) + U(θ^w)δU^{−1}(θ^w) ] V^{a′}l V^al . (E.8)

Therefore, the correction to (E.7) originating from the parameter renormalization can be written as a sum over the external gauge bosons δ^{PR}M^{f f̄V a1T ... V anT} = n∑ k=1 ∑ V^{a′k} δ^{PR}_{V a}′_{k V ak} M^{f f̄V} a1 T ... V^a ′ k T ... V^{an}_T 0 , (E.9)

with

δ^{PR}_{V a}′_{V a} = {[ U(θ_w) δG̃ G̃ U^{−1}(θ^w) ] V^{a′} V^a + [ U(θ_w)δU^{−1}(θ_w) ] V^{a′} V^a }| | | |_{μ2 =s} . (E.10)

The first term originates from the renormalization of (E.5) and is rotated as in (B.17). With the rotated U(1) and SU(2) Kronecker matrices (B.19), and according to (7.19) it yields [ U(θ_w ) δG̃ G̃ U^{−1}(θ^w) ] V^{a′} V^a = δg_1 g_1 δ^{U(1)}_{V a}′_{V a} + δg_2 g_2 δ^{SU(2)} V^{a′} V^a LA= − 1 2 α 4π b^{ew}_{V a}′_{V a} log μ^2 M^2_W + 1 2 Δα(M^2_W)δ_V a′_V a , (E.11)

where the matrix b^{ew}, corresponding to the one-loop coefficients of the beta function, is defined in Appendix B.6. The second term is related to the renormalization of the Weinberg angle (7.17), and in LA it yields [ U(θ_w)δU^{−1}(θ_w) ] V^{a′} V^a = − c_W 2s_W δc^2_W c^2_W

E_{V a}′_{V a}^{LA}= − 1 2 α 4π b^{ew}_{AZ} E_{V a}′_{V a} log μ^2 M^2_W

, (E.12)

where E is the antisymmetric matrix defined in (B.20).

Adding the contributions of parameter renormalization (E.9) and the mass-singular SL corrections (5.38) associated with the external transverse gauge bosons, we obtain

δ^{PR}_{V a}′_{V a} + δ^C_{V a}′_{V a} = 1 2 ( δ_{V a}′_{V a} − δ_V a_Aδ_{V a}′_A ) Δα(M^2_W) + δ_{V a}′_{V a} Q^2_V a α 4π log M^2_W λ^2

. (E.13)

In this sum all symmetric-electroweak logarithms, i.e. all log (s/M^2_W) terms which grow with energy cancel. Therefore, apart for the contributions in (E.2) that are associated with the fermionic initial states, only large logarithms of pure electromagnetic origin contribute to the the complete SL corrections. Note that this cancellation between PR and collinear logarithms is a consequence of Ward identities, like the identity between the electric charge and the photonic FRC in QED.

Appendix F

Leading logarithms from 2-point functions and their derivatives

In this appendix, we present explicit results for the logarithmic approximation of 2-point functions and their derivatives. These have been used in Ch. 5 and Ch. 7 for the evaluation of the logarithmic contributions to field renormalization constants (FRC’s), and parameter-renormalization counterterms, respectively.

F.1 Definitions

For n-point functions we use the same notation as in Ref. [46]. In this appendix we restrict ourselves to the scalar 1-point function A_0, and the scalar and tensor 2-point functions B_0, B_μ, and B_{μν} , which are defined by i (4π)^2

A_0(m_0) := μ^{4−D} ∫ d_Dq (2π)^D 1 (q^2 − m^2_0 + iε)

, (F.1) i (4π)^2 B_{{0,μ,μν}}(p, m_0, m_1) := μ^{4−D} ∫ d_Dq (2π)^D {1, q_μ, q_μq_ν } (q^2 − m^2_0 + iε)[(q + p)^2 − m^2_1 + iε] . These integrals are evaluated in D = 4 − 2ε dimensions, and μ is the mass scale introduced by the procedure of dimensional regularization. For completeness we also give the definition of the scalar 3-point function i (4π)^2

C_0(p_1, p_2, m_0, m_1, m_2) := (F.2) μ^{4−D} ∫ d_D q

(2π)^D 1 (q^2 − m^2_0 + iε)[(q + p_1)^2 − m^2_1 + iε][(q + p_2)^2 − m^2 + iε] , which is used in Sect. 3.1. The tensor 2-point integrals have the following Lorentz– invariant decompositions:

B_μ(p, m_0, m_1) := p_μB_1(p^2, m_0, m_1), B_{μν} (p, m_0, m_1) := g_{μν} B_{00}(p^2, m_0, m_1) + p_μp_ν B_{11}(p^2, m_0, m_1). (F.3)

Derivatives are denoted by

B^′(p^2, m_0, m_1) := ∂ ∂p^2 B(p^2, m_0, m_1). (F.4)

F.2 Logarithmic approximation

Generic massive self-energy diagrams

m_0 m_1 p (F.5)

depend on four mass scales: the external mass p^2, the internal masses m^2_0 and m^2_1 and the scale μ^2 of dimensional regularization. In the following, we restrict ourselves to those diagrams which contribute to the electroweak FRC’s and to the coupling-constant counterterms. The corresponding scalar and tensor 2-point functions and their derivatives are evaluated in the limit μ^2 ∼ s ≫ p^2, m^2_0, m^2_1, (F.6)

in logarithmic approximation (LA). In this approximation, only logarithms involving large ratios of the scales μ^2, p^2, m^2_0, m^2_1 are considered. The ultraviolet 1/ε poles as well as constant and mass-suppressed contributions are neglected. Also the imaginary part of the integrals is neglected, since we restrict ourselves to one-loop approximation.

As basic input for the logarithmic approximation we have used

A_0(m_0)^{LA}= m^2_0 log μ^2 m^2_0

, (F.7)

for the 1-point function and the explicit expressions [46]

B_0(p, m_0, m_1)^{LA}= log μ^2 m^2_0 + 1 2 ( 1 − m^2_0 − m^2_1

p^2 ) log m^2_0 m^2_1 + 1 2 m_0m_1 p^2 ( r − 1 r ) log r^2,

p^2B^′_0(p, m_0, m_1)^{LA}= 1 2 { m^2_1 − m^2_0

p^2 log m^2_1 m^2_0 − [ m_0m_1 p^2 ( r − 1 r ) + r^2 + 1 r^2 − 1 ] log r^2 } , (F.8)

for the scalar 2-point function and its derivative, where r is determined by r + 1 r = m^2_0 + m^2_1 − p^2 − iε m_0m_1

. (F.9)

The components B_1, B_{00}, B_{11} of tensor 2-point functions and the derivatives B^′_1, B^′_{00} can be obtained from (F.7) and (F.8) using simple reduction formulas [46].

The formulas (F.8) and the resulting formulas for the tensor components can be further simplified if some ratios of the masses p^2, m^2_0, m^2_1 are very small (or very large). In this case, the result (F.8) has to be expanded up to the needed power in the small mass ratios, and care has to be taken if inverse powers of the small expansion parameters occur, especially in the reduction formulas.

Different expansions have to be performed, depending on the hierarchy of the masses p^2, m^2_0, m^2_1. For this reason, we have to distinguish the following four cases (a) m^2_i ≪ p^2 and p^2 − m^2_{1−i} ≪ p^2 for i = 0 or i = 1, (b) not (a) and m^2_i ≫̸ p^2 for i = 0, 1, (c) m^2_0 = m^2_1 ≫ p^2, (d) m^2_i ≫ p^2 ≪̸ m^2_{1−i} for i = 0 or i = 1, (F.10) which include the possible hierarchies occurring in electroweak self-energy diagrams. Note that, in practice, the case (a) occurs only for diagrams involving a virtual photon with infinitesimal mass m_i = λ. Therefore, we can restrict ourselves to the special case (a^′) m^2_i = λ^2 ≪ p^2 = m^2_{1−i} for i = 0 or i = 1. (F.11)

F.3 Results

It turns out that each 2-point function considered in this section has the same logarithmic approximation in all four cases (F.10), apart from the derivatives B^′_0 and B^′_1, which give rise to additional infrared logarithms in the case (a^′).

In the explicit results presented below, the scale of the logarithms is determined by M^2 := max (p^2, m^2_0, m^2_1), m^2 := max (m^2_0, m^2_1), (F.12) and the logarithmic approximation for B_{11} can be read off from the results for B_{00} and g^{μν} B_{μν} (p, m_0, m_1) = DB_{00}(p^2, m_0, m_1) + p^2B_{11}(p^2, m_0, m_1). (F.13)

Results for 2-point functions The logarithmic approximations in this section are valid in all four cases (F.10).

B_0(p, m_0, m_1)^{LA}= log μ^2 M^2 , B_1(p^2, m_0, m_1)^{LA}= − 1 2 log μ^2 M^2 , 1 p^2

B_{00}(p^2, m_0, m_1)^{LA}=

3m^2_0 + 3m^2_1 − p^2 12p^2 log μ^2 M^2 , 1 p^2 g^{μν} B_{μν} (p^2, m_0, m_1)^{LA}= m^2_0 + m^2_1

p^2 log μ^2 M^2

. (F.14)

For p^2 = 0 we have

g^{μν} B_{μν} (0, m_0, m_1) = DB_{00}(0, m_0, m_1)^{LA}= (m^2_0 + m^2_1) log μ^2 m^2 , B_0(0, m_0, m_1)^{LA}= log μ^2 m^2 , B_1(0, m_0, m_1)^{LA}= − 1 2 log μ^2 m^2

, (F.15) and since (m^2_0 + m^2_1)/p^2 log (M^2/m^2) is always suppressed, it follows that

B_0(p, m_0, m_1) − B_0(0, m_0, m_1)^{LA}= − log

M^2 m^2 , B_1(p^2, m_0, m_1) − B_1(0, m_0, m_1)^{LA}= 1 2 log M^2 m^2 , 1 p^2 [ B_{00}(p^2, m_0, m_1) − B_{00}(0, m_0, m_1)

]_{LA} = − 1 12 log μ^2 M^2 , 1 p^2 [ g^{μν} B_{μν} (p^2, m_0, m_1) − g^{μν} B_{μν} (0, m_0, m_1)

]_{LA} = 0. (F.16)

Note that all results in this section are explicitly symmetric with respect to exchange of the internal masses m_0 and m_1.

Results for derivatives of 2-point functions In the cases (b), (c), (d) in (F.10) the derivatives of B_0 and B_1 are given by

p^2B^′_0(p, m_0, m_1) = p^2B^′_1(p^2, m_0, m_1)^{LA}= 0, (F.17)

in logarithmic approximation. In the case (a^′) in (F.11), i.e. for photonic diagrams, we have the additional infrared logarithms

p^2B^′_0(p, m_0, m_1)^{LA}= 1 2 log m^2_{1−i} m^2_i = 1 2 log p^2 λ^2 , p^2B^′_1(p^2, m_0, m_1) + 1 2 p^2B^′_0(p, m_0, m_1)^{LA}= − 1 4 log m^2_0 m^2_1

. (F.18)

Note that the first expression is symmetric with respect to exchange of the internal masses, whereas the second one is antisymmetric. Finally,

B^′_{00}(p^2, m_0, m_1)^{LA}= − 1 12 log μ^2 M^2

(F.19)

in all four cases (F.10).

Bibliography

[1] S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264;

A. Salam, Weak and Electromagnetic Interactions in Elementary Particle Theory, ed. N. Svartholm (Stockholm, 1968), p. 367;

S.L. Glashow, J. Iliopoulos and L. Maiani, Phys. Rev. D2 (1970) 1285. [2] P.W. Higgs, Phys. Lett. 12 (1964) 132, Phys. Rev. Lett. 13 (1964) 508 and Phys. Rev. 145 (1966) 1156;

T.W.B. Kibble, Phys. Rev. 155 (1967) 1554.

[3] G. ’t Hooft, Nucl. Phys. B33 (1971) 173 and B35 (1971) 167;

B.W. Lee, Phys. Rev. D9 (1974) 933.

[4] R. Barate et al. [ALEPH Collaboration], Phys. Lett. B495 (2000) 1 [hep-ex/0011045]. [5] E. Tournefier, hep-ex/0105091.

[6] G. Altarelli and M. L. Mangano eds., Proceedings of the Workshop Standard Model Physics (and more) at the LHC, (CERN-2000-004, Genève, 2000) [7] E. Accomando et al. [ECFA/DESY LC Physics Working Group Collaboration], Phys.

Rep. 299 (1998) 1 [hep-ph/9705442].

[8] J.A. Aguilar-Saavedra et al. [ECFA/DESY LC Physics Working Group Collaboration], hep-ph/0106315.

[9] G. Passarino and M. Veltman, Nucl. Phys. B160 (1979) 151. [10] G. ’t Hooft and M. Veltman, Nucl. Phys. B153 (1979) 365.

[11] A. Freitas, S. Heinemeyer, W. Hollik, W. Walter and G. Weiglein, hep-ph/0101260. [12] V.V. Sudakov, JETP 3 (1956) 65.

[13] M. Kuroda, G. Moultaka and D. Schildknecht, Nucl. Phys. B350 (1991) 25;

G. Degrassi and A. Sirlin, Phys. Rev. D46 (1992) 3104; A. Denner, S. Dittmaier and R. Schuster, Nucl. Phys. B452 (1995) 80; A. Denner, S. Dittmaier and T. Hahn, Phys. Rev. D56 (1997) 117.

[14] W. Beenakker et al., Nucl. Phys. B410 (1993) 245 and Phys. Lett. B317 (1993) 622. [15] A. Denner, hep-ph/0110155.

[16] P. Ciafaloni and D. Comelli, Phys. Lett. B446 (1999) 278 [hep-ph/9809321]. [17] M. Beccaria, P. Ciafaloni, D. Comelli, F.M. Renard and C. Verzegnassi, Phys. Rev. D61 (2000) 073005 [hep-ph/9906319].

[18] M. Beccaria, P. Ciafaloni, D. Comelli, F.M. Renard and C. Verzegnassi, Phys. Rev. D61 (2000) 011301 [hep-ph/9907389] [19] M. Beccaria, F. M. Renard and C. Verzegnassi, Phys. Rev. D63 (2001) 053013 [hepph/0010205].

[20] M. Beccaria, F.M. Renard and C. Verzegnassi, Phys. Rev. D63 (2001) 095010 [hepph/0007224].

[21] M. Beccaria, S. Prelovsek, F. M. Renard and C. Verzegnassi, Phys. Rev. D64 (2001) 053016 [hep-ph/0104245].

[22] M. Beccaria, F.M. Renard and C. Verzegnassi, Phys. Rev. D64 (2001) 073008 [hepph/0103335].

[23] J. Layssac and F M. Renard, Phys. Rev. D64 (2001) 053018 [hep-ph/0104205]. [24] A. Denner and S. Pozzorini, Eur. Phys. J. C18 (2001) 461 [hep-ph/0010201]. [25] A. Denner and S. Pozzorini, Eur. Phys. J. C21 (2001) 63 [hep-ph/0104127]. [26] E. Accomando, A. Denner and S. Pozzorini, hep-ph/0110114, to appear in Phys. Rev. [27] V.S. Fadin, L.N. Lipatov, A.D. Martin and M. Melles, Phys. Rev. D61 (2000) 094002 [hep-ph/9910338].

[28] M. Melles, Phys. Rev. D63 (2001) 034003 [hep-ph/0004056]. [29] M. Melles, Phys. Rev. D64 (2001) 014011 [hep-ph/0012157]. [30] M. Melles, Phys. Rev. D64 (2001) 054003 [hep-ph/0102097]. [31] M. Melles,hep-ph/0104232. [32] M. Melles, hep-ph/0108221.

[33] P. Ciafaloni and D. Comelli, Phys. Lett. B476 (2000) 49 [hep-ph/9910278]. [34] M. Ciafaloni, P. Ciafaloni and D. Comelli, Phys. Rev. Lett. 84 (2000) 4810 [hepph/0001142] and Nucl. Phys. B589 (2000) 359 [hep-ph/0004071].

[35] M. Ciafaloni, P. Ciafaloni and D. Comelli, Phys. Lett. B501 (2001) 216 [hepph/0007096].

[36] M. Ciafaloni, P. Ciafaloni and D. Comelli, Phys. Rev. Lett. 87 (2001) 211802 [hepph/0103315].

[37] M. Ciafaloni, P. Ciafaloni and D. Comelli, Nucl. Phys. B613 (2001) 382 [hepph/0103316].

[38] M. Ciafaloni, P. Ciafaloni and D. Comelli, hep-ph/0111109.

[39] J.H. Kühn, A.A. Penin and V.A. Smirnov, Eur. Phys. J. C17 (2000) 97 [hepph/9912503] and Nucl. Phys. Proc. Suppl. 89 (2000) 94 [hep-ph/0005301].

[40] J.H. Kühn, S. Moch, A.A. Penin and V.A. Smirnov, Nucl. Phys. B616 (2001) 286 [hep-ph/0106298].

[41] M. Melles, Phys. Lett. B495 (2000) 81 [hep-ph/0006077].

[42] M. Hori, H. Kawamura and J. Kodaira, Phys. Lett. B491 (2000) 275 [hepph/0007329].

[43] W. Beenakker and A. Werthenbach, Nucl. Phys. Proc. Suppl. 89 (2000) 88 [hepph/0006009].

[44] W. Beenakker and A. Werthenbach, Phys. Lett. B489 (2000) 148 [hep-ph/0005316]. [45] W. Beenakker and A. Werthenbach, hep-ph/0112030. [46] A. Denner, Fortschr. Phys. 41 (1993) 307.

[47] J.M. Cornwall, D.N. Levin and G. Tiktopoulos, Phys. Rev. D10 (1974) 1145;

G.J. Gounaris, R. Kögerler and H. Neufeld, Phys. Rev. D34 (1986) 3257. [48] Y.P. Yao and C.P. Yuan, Phys. Rev. D38 (1988) 2237;

J. Bagger and C. Schmidt, Phys. Rev. D41 (1990) 264;

H.J. He, Y.P. Kuang and X. Li, Phys. Rev. Lett. 69 (1992) 2619 and Phys. Rev. D49 (1994) 4842;

D. Espriu and J. Matias, Phys. Rev. D52 (1995) 6530 [hep-ph/9501279]; A. Denner and S. Dittmaier, Phys. Rev. D 54 (1996) 4499 [hep-ph/9603341].

[49] T. Kinoshita, J. Math. Phys. 3 (1962) 650.

[50] J.C. Collins, D.E. Soper and G. Sterman, Factorization of Hard Processes in QCD, in Pertubative Quantum Chromodynamics, ed. A.H. Mueller (World Scientific, Singapore, 1989) p. 1-91.

[51] M. Roth and A. Denner, Nucl. Phys. B479 (1996) 495.

[52] M. Böhm, A. Denner and H. Joos, Gauge Theories, (Teubner, Stuttgart, 2001). [53] A. Denner, G. Weiglein and S. Dittmaier, Nucl. Phys. B440 (1995) 95 [hepph/9410338].

[54] W. Beenakker and A. Denner, Int. J. Mod. Phys. A9 (1994) 4837. [55] A. Denner and T. Sack, Nucl. Phys. B306 (1988) 221.

[56] C. Becchi, A. Rouet and R. Stora, Phys. Lett. B52 (1974) 344 and Commun. Math.

Phys. 42 (1975) 127.

Acknowledgements

• I am very grateful to Dr. Ansgar Denner who proposed the interesting topic of my thesis and guided me during my work. Thanks to his helpfulness I could profit a lot from his great experience. His professional and human support was fundamental.

• I am also grateful to Prof. Daniel Wyler for his support and for the stimulating atmosphere at the Institute of Theoretical Physics of the University of Zürich.

• I would like to thank my colleagues of the Paul Scherrer Institut, in particular Elena Accomando and Michael Melles for their interest in my work.

• I am thankful to Wim Beenakker and Anja Werthenbach for valuable discussions.

• I am indebted to my parents for their strong and continuous support during my studies.

• I am very grateful to Serena Fiscalini, who shared with me the difficulties and the nice moments during the years of the studies and of the doctoral thesis. I am particularly thankful for her help in the period when this work was written.