arXiv:hep-ph/0204076 v2 28 Jun 2002

SUNY-NTG-02/15

Thermodynamics of chiral symmetry at low densities

K. Splittorff^1, D. Toublan^2 and J.J.M. Verbaarschot^3

1The Niels Bohr Institute, Blegdamsvej 17, Copenhagen, Denmark

2Physics Department, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA

3Department of Physics and Astronomy, SUNY, Stony Brook, NY 11794, USA

Abstract

The phase diagram of two-color QCD as a function of temperature and baryon chemical potential is considered. Using a low-energy chiral Lagrangian based on the symmetries of the microscopic theory, we determine, at the one-loop level, the temperature dependence of the critical chemical potential for diquark condensation and the temperature dependence of the diquark condensate and baryon density. The prediction for the temperature dependence of the critical chemical potential is consistent with the one obtained for a dilute Bose gas. The associated phase transition is shown to be of second order for low temperatures and first order at higher temperatures. The tricritical point at which the second order phase transition ends is determined. The results are carried over to QCD with quarks in the adjoint representation and to ordinary QCD at a non-zero chemical potential for isospin.

PACS: 11.30.Rd, 12.39.Fe, 12.38.Lg, 71.30.+h Keywords: QCD partition function; Non-zero baryon density; Non-zero isospin density; QCD with two Colors; Adjoint QCD; QCD Dirac operator; Lattice QCD; Chiral Lagrangian; Chiral Perturbation Theory; Dilute Bose Gases.

1 Introduction

The properties of strongly interacting matter at finite density and temperature are presently being studied in a variety of ways. Phenomenologically, our understanding of this subject is based on heavy ion collisions and the properties of neutron stars. On the theoretical side several approaches are followed. An asymptotic expansion in the inverse baryon density can be derived in the framework of perturbative QCD [1, 2]. At realistic densities, first principle calculations are not possible and one has to rely on schematic models such as the Nambu-Jona-Lasinio model [3, 4, 5], Random Matrix Models [6, 7], or semiclassical methods such as the instanton liquid model [8]. Based on these studies a plethora of phases and phenomena have been proposed for QCD at non-zero baryon density. Among others, we mention a superconducting phase [1, 8, 3], a color-flavor locked phase [9], a crystalline phase [5], a tricritical point [7, 10] and continuity between quark and hadronic matter [11].

Because of the complex phase of the fermion determinant these scenarios cannot be confirmed by means of first principle lattice simulations of QCD. This makes it imperative to analyze closely related theories for which lattice simulations at realistic densities are possible. We will consider QCD with two colors at non-zero baryon density, QCD with three colors at non-zero isospin density (or phase quenched QCD at non-zero baryon density) or, in general, at nonzero flavor density, and QCD with gauge fields in the adjoint representation at nonzero baryon density. Chiral symmetry is broken spontaneously in the ground state of both QCD with two colors and QCD with three colors, and the lowenergy excitations of these theories are given by a theory of weakly interacting Goldstone bosons which can be analyzed order by order in Chiral Perturbation Theory [12, 13]. Within this framework, a phase transition to a Bose condensed phase has been found to be induced by a chemical potential related to a quantum number carried by at least one of the Goldstone bosons [14, 15, 16, 17, 18, 19].

For QCD with three colors this corresponds to the inclusion of a chemical potential for isospin or strangeness leading to pion or kaon condensation on a scale determined by the mass the Goldstone modes [17, 19]. Because of the Pauli-Gürsey symmetry, Goldstone bosons with non-zero baryon number appear in QCD with two colors, leading to diquark condensation for a baryon chemical potential beyond half the mass of the diquark boson [14, 15, 8, 20]. By including an isospin chemical potential the combined phase diagram can be studied within the framework of chiral perturbation theory [17, 18]. We emphasize that in the chiral limit these results are exact and should coincide with the microscopic theory.

In the color-flavor locked phase which has been proposed as a possible state of QCD at high density chiral symmetry is broken spontaneously as well. The corresponding Goldstone bosons can be described in terms of a chiral Lagrangian [9, 4, 21, 22] very much like the one for QCD with two colors [14, 15].

In this article we study chiral Lagrangians at non-zero chemical potential and temperature. We mainly focus on QCD with two-colors for which also lattice QCD simulations are available [23, 24, 25], but we will discuss the extension of our results to QCD with adjoint quarks at finite baryon density and to QCD with three or more colors and fundamental quarks at non-zero isospin density. In a previous publication [20] we have shown that the chiral Lagrangian for QCD with two colors is renormalizable to one loop, i.e., all infinities that are generated by the one-loop diagrams can be absorbed into the coupling constants of the next to leading order terms in the chiral Lagrangian such that the constants are independent of the temperature and the chemical potential. In that article we have also shown that, to one-loop order, the critical chemical potential is given by half the renormalized pion mass.

Recently Kogut and Sinclair [26] have investigated the critical exponents of the phase transition at zero temperature in quenched QCD with three colors at finite isospin chemical potential, μ_I , and in QCD with two colors at finite baryon chemical potential, μ_B . From chiral perturbation theory at one-loop level we expect that at zero temperature the phase transition to the charged phase is characterized by mean field critical exponents. The measurements in [26] are consistent with mean field critical exponents. Lattice simulations [27] at non-zero baryon chemical potential and temperature, T , indicate that QCD with two colors displays a rich and interesting phase diagram including a tricritical point in the (μ_B, T )-plane. In this article we explore this phase diagram by means of chiral perturbation theory by extending the 1-loop calculation in [20] to non-zero temperature. Our results support the existence of a tricritical point in the (μ_B, T )-plane.

The phase diagram of three-color QCD in the (μ_I , T )-plane has been studied recently on the lattice [28]. The phase diagram again includes a tricritical point. Extending the analytic results for N_c = 2 to N_c = 3 we confirm the existence of this tricritical point in the (μ_I , T )-plane.

The pattern of chiral symmetry breaking is determined by the Dyson index β_D of the Dirac operator. Its value denotes the number of independent degrees of freedom per matrix element. If the Dirac operator does not have anti-unitary symmetries its matrix elements are complex and β_D = 2. This is the case for QCD with three or more colors and fundamental fermions. Anti-unitary symmetry operators can be written as AK with A a unitary operator and K the complex conjugation operator. There are only two nontrivial possibilities for (AK)^2,

(AK)^2 = 1 with β_D = 1 , (1.1) (AK)^2 = −1 with β_D = 4 . (1.2)

In the first case it is always possible to find a basis for which the Dirac operator is real. This case is realized for QCD with two colors and quarks in the fundamental representation. The second case, in which the matrix elements of the Dirac operator can be organized into selfdual quaternions, is realized for QCD with two or more colors and quarks in the adjoint representation. The addition of a chemical potential does affect this triality [29]. Below the critical value of the chemical potential, the number of Goldstone bosons is determined by the pattern of chiral symmetry breaking at zero chemical potential. The only thing that happens at nonzero chemical potential is that degeneracies in the mass spectrum of the Goldstone bosons are lifted. The three different cases are very similar. The only difference is in the degeneracies of the Goldstone modes which only depend on the symmetry breaking pattern. For definiteness we analyze β_D = 1 in this article, and in sections 8.1 and 8.2, we discuss the changes that occur for β_D = 4 and β_D = 2, respectively.

The paper is organized as follows. To make the paper self-contained we first discuss QCD with two colors and the transition into the diquark condensed phase at zero temperature. Then we calculate the temperature dependence of the free energy in the two phases of the theory separately. Using this we determine the critical chemical potential for diquark condensation at non-zero temperature and the tricritical point at which the second order phase transition turns first order. We also study the order parameter and the number density.

2 The Symmetries of QCD with Two Colors

The Lagrangian that describes the low-energy limit of QCD with two colors is uniquely determined by the symmetries of the microscopic theory and the assumption of spontaneous breaking of chiral symmetry. We start by discussing the symmetries.

QCD with two colors and fermions in the fundamental representation is special since the gauge group is pseudo real. Its generators, τ_k, satisfy −τ_2τ^†_k τ_2 = τ_k . This implies that the Dirac operator, D, satisfies the anti-unitary symmetry,

Dτ_2Cγ_5 = τ_2Cγ_5D^∗ , (2.3)

where C is the charge conjugation matrix. This symmetry follows immediately from the explicit form of the Dirac operator,

D = γ_ν D_ν + m + μ_B γ_0 . (2.4)

Here, D_ν ≡ ∂_ν + A_ν is the gauge covariant derivative and γ_ν are the hermitian Euclidean Dirac matrices. The microscopic Lagrangian at m = μ_B = 0 has an SU(2N_f ) chiral invariance, often referred to as the Pauli-Gürsey symmetry [30]. This flavor symmetry is manifest if we choose a basis given by left-handed quarks, q_L, and conjugate right-handed anti-quarks, σ_2τ_2q^∗_R, (σ_2 acts in spin space),

Ψ ≡ ( q_L σ_2τ_2q^∗_R ) . (2.5)

The fermionic part of the Lagrangian for QCD with two colors at m = μ_B = 0 in this basis is

L_{QCD} = iΨ^†σ_ν D_ν Ψ , (2.6)

where σ_ν = (−i, σ_k). It is invariant under global transformations

Ψ → V Ψ, with V ∈ SU(2N_f ) . (2.7)

The global SU(2N_f ) chiral invariance is broken explicitly at nonzero baryon chemical potential, μ_B, quark mass, m, or the diquark source, j, which can be seen from the QCD Lagrangian in terms of the Ψ-fields,

L_{QCD} = iΨ^†σ_ν (D_ν − μ_B Bδ_{0ν})Ψ − ( 1 2 Ψ^T σ_2τ_2MΨ + h.c.) . (2.8)

The matrix that includes the mass and the diquark source is defined by [15], M ≡ √ m^2 + j^2(M̂ cos ϕ + Ĵ sin ϕ) , (2.9)

where tan ϕ = j/m . The baryon charge matrix B, the mass matrix M̂ , and the diquark source matrix Ĵ are given by,

B ≡ ( 1 0 0 −1 ) , M̂ ≡ ( 0 1 −1 0 ) , and Ĵ ≡ ( iI 0 0 iI ) (2.10)

with I ≡ ( 0 −1 1 0 ) . (2.11)

The explicit breaking of the global SU(2N_f ) symmetry of the Lagrangian can be compensated by a rotation of the source matrices,

M → V^∗MV^† , (2.12) B → V BV^† . (2.13)

The combined transformation of Ψ, M, and B leaves L_{QCD} invariant. This global SU(2N_f ) invariance of the Lagrangian can be extended to a local SU(2N_f ) flavor symmetry by introducing the vector field B_ν ≡ (B, 0, 0, 0) with transformation properties [31, 14, 15], B_ν → V B_ν V^† − 1 μ_B V ∂_ν V^† . (2.14)

This invariance is vital as we impose that the chiral Lagrangian must be invariant under this local flavor symmetry.

3 The chiral Lagrangian

The global SU(2N_f ) chiral symmetry of the microscopic theory is believed to be spontaneously broken down to Sp(2N_f ) by the vacuum [32, 33]. Associated with this spontaneous breakdown is a set of N_f (2N_f − 1) − 1 Goldstone modes described by the field Σ ∈ SU(2N_f )/Sp(2N_f ). For simplicity, we will only consider an even number of degenerate flavors. For a discussion of non-degenerate flavors see [19].

Under the local SU(2N_f ) rotation the Goldstone field Σ transforms as

Σ → V ΣV^T , V ∈ SU(2N_f ) . (3.15)

The underlying microscopic theory is invariant under the combined local transformation (2.7), (2.12), (2.14) of Ψ, B, and M. The same symmetries should be present in the low-energy chiral Lagrangian and is thus invariant under the combined transformations (3.15), (2.12), (2.14) of Σ, B, and M. Therefore only the covariant derivative [14]

∇_ν Σ = ∂_ν Σ − μ_B (B_ν Σ + ΣB^T_ν ) , ∇_ν Σ^† = ∂_ν Σ^† + μ_B (B^T_ν Σ^† + Σ^†B_ν ), (3.16)

and products of M and Σ can enter in the chiral Lagrangian. The terms that can enter in the chiral Lagrangian are uniquely determined by this symmetry requirement and Lorentz invariance. However, as the number of allowed terms is infinite one needs to introduce a counting scheme which defines the expansion parameters of the theory. In this paper we extend the usual power counting of chiral perturbation theory giving the same weight to the square root of the quark mass, the square root of the diquark source, the chemical potential, and the momenta:

O(p) ∼ O(μ_B) ∼ O( √ m) ∼ O( √ j) ∼ 1 L . (3.17)

Within this counting scheme we obtain a well defined expansion.

Before describing this expansion it is instructive to take a closer look at the nature of the Goldstone manifold SU(2N_f )/Sp(2N_f ). This manifold has N_f (2N_f − 1) − 1 degrees of freedom and can be represented by anti-symmetric special unitary matrices of size 2N_f × 2N_f . A convenient parameterization is given by,

Σ = UΣU^T , (3.18)

where,

U = exp(iΠ/2F ) and Π = π_aX_a/ √ 2N_f . (3.19)

Here, F is the pion decay constant, the fields π_a are the Goldstone modes and the X_a are the 2N^2_f −N_f −1 generators of the coset SU(2N_f )/Sp(2N_f ). They obey the relation X_aΣ = ΣX^T_a and are normalized according to TrX_aX_b = 2N_f δ_{ab}. The constant antisymmetric special unitary matrix Σ is the ground state about which the Π-fields fluctuate.

3.1 Leading Order Chiral Lagrangian

The chiral Lagrangian to leading order, p^2, in the momentum expansion with the required invariance properties is the non-linear σ-model [15],

L^{(2)} =

F^2 2 Tr [ ∇_ν Σ∇_ν Σ^† − χ^†Σ − χΣ^† ] , (3.20)

where we have introduced the source term χ = G F^2

M^† . (3.21)

The constant G is the chiral condensate in the chiral limit. It is tied to the leading order pion decay constant F and pion mass M through the Gell-Mann–Oakes–Renner relation, M^2 = mG/F^2. The action S_2 = ∫ dxL^{(2)} at order p^2, given by the tree diagrams of L^{(2)}, was studied in [14, 15].

3.2 Next-to-Leading Order Chiral Lagrangian

At next to leading order the total action is given by four terms [20],

S = S_2 + S_{1−loop} + S_4 + S_A . (3.22)

The contribution to the free energy from the one-loop diagrams of L^{(2)} is denoted S_{1−loop}, S_4 = ∫ dxL^{(4)}, and S_A is the Wess-Zumino functional. The part of the chiral Lagrangian that contributes to the free energy at order p^4 is given by [20],

L^{(4)} = −L_0Tr [ ∇_ν Σ∇_τ Σ^†∇_ν Σ∇_τ Σ^† ] − L_1 ( Tr [ ∇_ν Σ∇_ν Σ^† ])_2 −L_2Tr [ ∇_ν Σ∇_τ Σ^† ] Tr [ ∇_ν Σ∇_τ Σ^† ] − L_3Tr [( ∇_ν Σ∇_ν Σ^†

)_2]

(3.23)

+L_4Tr [ χΣ^† + Σχ^† ] Tr [ ∇_ν Σ∇_ν Σ^† ] + L_5Tr [( χΣ^† + Σχ^† )( ∇_ν Σ∇_ν Σ^† )] −L_6 ( Tr [ χΣ^† + Σχ^† ])_2 − L_7 ( Tr [ χ^†Σ − χΣ^† ])_2 −L_8Tr [ χΣ^†χΣ^† + Σχ^†Σχ^† ] − H_2Tr [ χχ^† ] . The dimensionless constants L_k and H_2 include counter terms that cancel the divergences that appear at one-loop level (see [20] for a detailed calculation). The contribution from the Wess-Zumino functional is independent of temperature to the 1-loop order and will be ignored in this article. For a discussion of the Wess-Zumino term at μ_B ≠ 0 we refer to [34].

4 Zero Temperature

We now review the predictions obtained from next-to-leading order chiral perturbation theory at zero temperature [20]. These results are the basis for the present work. As usual in 1-loop calculations, a non-zero temperature does not introduce additional divergences in the action. Once we have renormalized the theory to 1-loop order at T = 0, it remains finite at nonzero temperature and chemical potential. In the present paper we study the T ≠ 0 effects at order p^4. We first review the order p^2 results and the corrections at zero temperature at order p^4.

At T = 0 the orientation of the vacuum to order p^2 is given by,

Σ(α) = Σ_c cos α + Σ_d sin α , (4.24)

where,

α = 0 if μ_B < M/2 , cos α =^{M 2}_{4μ2} if μ_B > M/2 ,

(4.25) and,

Σ_c ≡ I and Σ_d ≡ ( iI 0 0 iI ) . (4.26)

A non-zero value of α corresponds to diquark condensation [15]. The diquarks are color neutral and the condensed phase is a superfluid. We refer to the phases as the normal phase (α = 0) and the diquark- or superfluid phase (α ≠ 0). At non-zero j, the diquark condensate is always non-vanishing. In this case, the orientation of the vacuum is still given by Σ = Σ_c cos α + Σ_d sin α, but α is determined by the saddle point equation,

4μ^2_B cos α sin α = M̃^2 sin(α − ϕ) , (4.27)

where M̃ is the leading order pion mass at diquark source j ≠ 0,

M̃^2 = G √ m^2 + j^2 F^2

. (4.28)

To order p^4 calculations we need the propagators of L^{(2)}. In the normal phase we have N^2_f −1 modes with zero baryon charge, which we will call P -modes and N_f (N_f −1) diquark modes, which we will call Q modes. Their inverse propagators are given by [15, 20],

D^P = p^2 + M^2 , (4.29)

and,

D^Q = ( p^2 + M^2 − 4μ^2_B 4iμ_B p_0 4iμ_B p_0 p^2 + M^2 − 4μ^2_B ) . (4.30)

In the phase of condensed diquarks four different types of modes can be distinguished: N_f (N_f + 1)/2 P_S -modes, (N^2_f − N_f − 2)/2 P_A-modes and N_f (N_f − 1) complex Q-modes. The inverse propagators read,

D^{PS} = p^2 + M^2_1 + 1 4 M^2_3 ,

D^{PA} = p^2 + M^2_2 + 1 4 M^2_3 , (4.31)

D^Q = ( p^2 + M^2_1 iM_3p_0 iM_3p_0 p^2 + M^2_2 ) , where we have introduced,

M^2_1 ≡ M̃^2 cos(α − ϕ) − 4μ^2_B cos 2α , M^2_2 ≡ M̃^2 cos(α − ϕ) − 4μ^2_B cos^2 α , (4.32) M^2_3 ≡ 16μ^2_B cos^2 α .

The Q-modes are mixed, but the mixing matrix can be diagonalized analytically with eigenmodes denoted by Q̃ and Q̃^†. The Q̃-modes are of special interest since they are the Goldstone modes of the superfluid phase at j = 0 and μ_B > M/2. In particular, these diquark modes are massless even though m ≠ 0.

In [20], it was found that at T = 0 the p^4 action is renormalizable at the 1-loop level. The renormalized p^4 action predicts that for μ_B ≥ μ_c = m_π/2 the diquark condensate is nonzero. The quantity m_π is the physical pion mass at 1-loop order expressed in terms of the renormalized couplings of L^{(4)}, the ultraviolet cutoff Λ, and M^2 = Gm/F^2 [20],

m^2_π = M^2 ( 1 + M^2 F^2 [ 4(−2N_f L^r_4 − L^r_5 + 4N_f L^r_6 + 2L^r_8) +

N_f + 1 64π^2N_f ln M^2 Λ^2 ]) . (4.33)

The difference between M^2 and m^2_π is of order p^4. Replacing M^2 with m^2_π in the calculation of S_{1−loop} and S_4 therefore only leads to a higher order correction. We shall make this replacement throughout the calculation.

5 Non-Zero Temperature

The temperature dependence in the chiral expansion enters through S_{1−loop} since this is the only part which involves an explicit momentum integration. In the following sections we calculate the temperature dependence of S_{1−loop} in the normal phase and in the diquark phase, in a similar way as for usual Chiral Perturbation Theory at nonzero temperature and zero chemical potential [35]. This subsequently allows us determine the critical chemical potential, μ_c(T ), which separates the two phases.

5.1 The Normal Phase at T ≠ 0

The free energy at 1-loop order in the normal phase is given by

Ω = −2N_f F^2M^2 − 1 2 (N^2_f − 1)G^P_0 (m_π, T ) − 1 4 N_f (N_f − 1)G^Q_0 (m_π, μ_B, T ) (5.34)

−2N_f m^4_π ( 8N_f L_6 + 2L_8 + H_2 ) + O(p^6) ,

with

G^P_0 (m_π, T ) = − ∑ ∫ d^dp (2π)^d ln(p^2 + m^2_π), (5.35)

G^Q_0 (m_π, μ_B , T ) = − ∑ ∫ d^dp (2π)^d ln ( (p^2 + m^2_π − 4μ^2_B )^2 + 16μ^2_B p^2_0 ) . (5.36)

In the expressions above we have introduced the notation ∑ ∫ d^dp (2π)^d f(p_0, ⃗p) ≡ T ∞∑ n=−∞ ∫ d^{p−1}p (2π)^{d−1} f(2πnT, ⃗p) . (5.37)

As shown below, the 1-loop contribution can be decomposed in the following way:

G_0(T ) = Δ_0 + g_0(T ) , (5.38)

where Δ_0 is the zero temperature propagator at the origin, and g_0(T ) contains the full temperature dependence. The same decomposition holds in the diquark condensation phase and we shall employ it throughout this paper. The propagator of the P -mode at finite temperature can be rewritten as,

G^P_0 (m_π, T ) = ∫_∞ 0 dt e^{−tm2π} (4π)^{d/2}t^{d/2+1} ∞∑ n=−∞ e^{−n2/4tT 2} . (5.39)

The T -independent part is given by the n = 0 term and can be written as,

Δ^P_0 = − ∫ d^dp (2π)^d ln(p^2 + m^2_π) = 1 (4π)^{d/2} Γ(− d 2 )m^d_π . (5.40)

This divergence is canceled by the counter terms in L^{(4)} (3.23) as was explicitly shown in [20]. After performing the t-integration over the n ≠ 0 terms we find for the temperature dependent part,

g^P_0 (T ) = 16 m^2_π T^2 (4π)^2 ∞∑ n=1 K_2(^{mπ n}_T )

n^2

, (5.41)

where K_2 is the modified Bessel function. To evaluate G^Q_0 it is helpful to use the identity,

(p^2 + m^2_π − 4μ^2_B )^2 + 16μ^2_B p^2_0 (5.42) = ( (p_0 − 2iμ_B)^2 + ⃗p^2 + m^2_π )( (p_0 + 2iμ_B )^2 + ⃗p^2 + m^2_π ) .

This results in,

G^Q_0 = 2 (4π)^{d/2} ∫_∞ 0 dt e^{−tm2π} t^{1+d/2} ∞∑ n=−∞ cosh( 2μ_B n T )e^{−n2 /4tT 2} . (5.43)

The T -independent part of this function diverges in 4 dimensions,

Δ^Q_0 = − ∫ d^dp (2π)^d ln ( (p^2 + m^2_π − 4μ^2_B )^2 + 16μ^2_B p^2_0 ) = 2 (4π)^{d/2} Γ(− d 2 )m^d_π , (5.44)

and is renormalized by counter terms in L^{(4)}. The temperature dependent part reads,

g^Q_0 (T ) = 32 m^2_π T^2 (4π)^2 ∞∑ n=1 K_2(^{mπ n}_T )

n^2 cosh( 2μ_B n T ) . (5.45)

The temperature dependent parts g^P_0 (T ) and g^Q_0 (T ) are finite but are not known analytically for arbitrary mass and chemical potential. However, two interesting limits can be analyzed analytically: T ≪ μ_B , m_π and T ≫ μ_B , m_π.

Looking first at the T ≪ μ_B , m_π limit, we make use of the asymptotic series of K_2 and find,

g^Q_0 (T ) = √ 2 T^4 ( m_π πT )_{3/2 ∞}∑ n=1 1 n^{5/2} e^{(2μB−mπ )n/T} [ 1 + 15T 8nm_π + . . . ] (5.46) = √ 2 T^4 ( m_π πT )_{3/2} [

Li_{5/2}(e^{(2μB −mπ )/T} ) + 15T 8m_π Li_{7/2}(e^{(2μB−mπ )/T} ) + . . . ] .

The polylogarithm in the second line is defined by,

Li_n(z) ≡ ∞∑ k=1 z^k k^n . (5.47)

For T ≪ m_π − 2μ_B , the sum is dominated by the n = 1 term. When 2μ_B → m_π, the difference m_π − 2μ_B can become comparable to or even smaller than T . If so, more terms will become important in the sum over n. This is not the case for the P modes as their masses are independent of μ_B when α = 0. Hence, for all T ≪ m_π we find,

g^P_0 =

T^4 √ 2 ( m_π πT )_{3/2} e^{−mπ /T} [ 1 + 15T 8m_π + · · · ] . (5.48)

In the limit T ≫ μ_B , the integrated propagators are given by,

g^P_0 = − T π^2 ∫ dp p^2 ln[1 − exp(− √ p^2 + m^2_π/T )] = π^2T^4 45 − m^2_πT^2 12 + . . . , (5.49)

g^Q_0 = − T π^2 ∫ dpp^2 ( ln[1 − exp((−2μ_B − √ p^2 + m^2_π)/T )]

+ ln[1 − exp((2μ_B − √ p^2 + m^2_π)/T ) ) + . . . = 2π^2T^4 45 − m^2_πT^2 6 + 4μ^2_B T^2 3 + . . . . (5.50)

The two terms in g^Q_0 give the respective contributions from the diquarks and the antidiquarks.

Having calculated the non-zero temperature contributions to the free energy in the normal phase we now turn to the condensates. The baryon density is defined as,

n_B ≡ − dΩ dμ_B . (5.51)

In the normal phase only the Q-modes depend on μ_B . In the low temperature limit, T ≪ m_π, we thus find,

n_B = 1 4 N_f (N_f − 1) ( 2m_πT π )_{3/2} Li_{3/2}(e^{(2μB −mπ )/T} ) . (5.52)

This result agrees with the standard form of the density of a relativistic Bose gas (see eg. [36]).

The calculation of the temperature dependence of the chiral condensate to 1-loop order is straightforward as well. Using the definition,

⟨ψ̄ψ⟩ ≡ − ∂Ω ∂m , (5.53)

we find,

⟨ψ̄ψ⟩(T ) = ⟨ψ̄ψ⟩_0 + 1 2 (N^2_f − 1)e^{−mπ /T} G 2F^2 √ m_π ( T 2π )_{3/2} (3T − 2m_π) (5.54) + 1 4 N_f (N_f − 1) G F^2 √ m_π ( T 2π )_{3/2} (

3T Li_{5/2}(e^{(2μB−mπ )/T} ) −2m_πLi_{3/2}(e^{(2μB−mπ )/T} ) ) .

The zero temperature part, ⟨ψ̄ψ⟩_0, was evaluated in [20],

⟨ψ̄ψ⟩_0 = 2N_f G ( 1 + 2

M^2 F^2 [ 8N_f L^r_6 + 2L^r_8 + H^r_2 −

2N^2_f − N_f − 1 128π^2N_f ln M^2 Λ^2 ]) . (5.55)

Since we are studying the limit T ≪ m_π eq. (5.55) can be simplified to,

⟨ψ̄ψ⟩(T ) = ⟨ψ̄ψ⟩_0 − 1 2 (N^2_f − 1)e^{−mπ /T} G √ m_π F^2 ( T 2π )_{3/2} (5.56) − 1 2 N_f (N_f − 1) G √ m_π F^2 ( T 2π )_{3/2} Li_{3/2}(e^{(2μB −mπ )/T} ) .

The T ≠ 0 correction is negative. The μ_B dependence of the T ≠ 0 correction is through the Li_{3/2}(e^{(2μB −mπ )/T} ) factor of the Q modes. The corrections are finite and for (m_π − 2μ_B )/T ∼ 1 the μ_B -dependent term dominates the exponentially suppressed contribution of the P -modes.

5.2 The Phase with Condensed Diquarks at T ≠ 0

In the phase of condensed diquarks, the free energy is found to be given by [20],

Ω = −2N_f F^2 ( 1 2 (M^2_1 + M^2_2 ) + 1 4 M^2_3 )

− 1 4 N_f (N_f + 1)G^{PS}_0 − 1 4 (N_f (N_f − 1) − 2)G^{PA}_0 − 1 4 N_f (N_f − 1)G^Q_0

−2N_f (M^2_1 − M^2_2 )^2 ( L_0 + 2N_f L_1 + 2N_f L_2 + L_3 ) (5.57)

−4N_f (M^2_1 − M^2_2 )(M^2_2 + 1 4 M^2_3 ) ( 2N_f L_4 + L_5 )

−8N_f (M^2_2 + 1 4 M^2_3 )^2 ( 2N_f L_6 + L_8 ) − 2N_f M̃^4 ( − 2L_8 + H_2 ) +O(p^6) .

The one-loop integrals of the inverse propagators (4.31) are given by,

G^{PS}_0 = − ∑ ∫ d^dp (2π)^d ln ( p^2 + M^2_1 + 1 4 M^2_3 ) , (5.58)

G^{PA}_0 = − ∑ ∫ d^dp (2π)^d ln ( p^2 + M^2_2 + 1 4 M^2_3 ) , (5.59) and,

G^Q_0 = − ∑ ∫ d^dp (2π)^d ln ( (p^2 + M^2_1 )(p^2 + M^2_2 ) + p^2_0M^2_3 ) . (5.60)

The decomposition of G^{PS}_0 and G^{PA}_0 into a temperature independent part Δ_0 and a temperature dependent part g_0(T ) is completely analogous to the evaluation of the P -modes in the normal phase, see (5.40), (5.41). The Q-modes, however, do not have the standard p^2 + m^2_π form, and the separation G^Q_0 (T ) = Δ^Q_0 + g^Q_0 (T ) is non-trivial. Fortunately this technical problem can be dealt with in the physically interesting region for which μ_B ≃ m_π/2 = μ_c(T = 0). In this region the rotation angle α introduced in (4.24) is necessarily small and may be used as an expansion parameter. In the following we focus on this regime.

If we define,

μ̄ ≡ (μ_B − m_π/2)/m_π , (5.61)

we know from the zero-temperature results [15, 20] that μ̄_B ∼ α^2 and that ϕ ∼ α^3. We now compute the temperature-dependent part of (5.60) up to sixth order in α. This allows us to make the decomposition G^Q_0 (T ) = Δ^Q_0 + g^Q_0 (T ) in the region μ_B ≃ μ_c(T = 0).

The expansion of G^Q_0 is given by,

G^Q_0 = − ∑ ∫ d^dp (2π)^d ln [( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 )( (p_0 − im_πy)^2 + ⃗p^2 + m^2_πz^2 ) (5.62) − 1 4 (M^2_1 − M^2_2 )^2] + O(α^8) = − ∑ ∫ d^dp (2π)^d ln [( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 )( (p_0 − im_πy)^2 + ⃗p^2 + m^2_πz^2 )] (5.63) + 1 4 (M^2_1 − M^2_2 )^2 ∑ ∫ d^dp (2π)^d 1 ( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 )( (p_0 − im_πy)^2 + ⃗p^2 + m^2_π z^2 ) +O(α^8) ,

where we have defined,

y ≡ 1 2 M_3 m_π , (5.64) z ≡ 1 m π √ 1 2 (M^2_1 + M^2_2 ) + 1 4 M^2_3 .

The first term looks exactly like the Q-propagator at the origin in the normal phase (cf. (5.43)). We find that the T -dependent part of the first integral in (5.63) is given by

I(T ) ≡ − ∑ ∫ d^dp (2π)^d ln [( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 )( (p_0 − im_πy)^2 + ⃗p^2 + m^2_πz^2 )]

= 2 π^2 ∞∑ n=1 (m_π zT n )_2

cosh ( m_πyn T ) K_2 (m_π zn T ) . (5.65)

The n ≠ 0 terms in the second integral in (5.63) are finite and can be rewritten as,

J (T ) ≡ ∑ ∫ d^dp (2π)^2 1 ( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 )( (p_0 − im_πy)^2 + ⃗p^2 + m^2_πz^2 )

= 1 8m^2_π ∑ ∫ d^dp (2π)^2 1 p^2_0 ( 1 z ∂ ∂z + 1 y ∂ ∂y ) ln [( (p_0 + im_πy)^2 + ⃗p^2 + m^2_πz^2 ) (5.66) ( (p_0 − im_πy)^2 + ⃗p^2 + m^2_πz^2 )]

= − 1 4π^2m^2_π ∞∑ n=1 1 (2πnT )^2 ( 1 z ∂ ∂z + 1 y ∂ ∂y ) (( m_πzT n )_2

cosh ( m_πyn T ) K_2 ( m_πzn T ) )

= m_πz 16π^4yT ∞∑ n=1 n^{−3} [ y cosh ( m_πyn T ) K_1 ( m_πzn T ) − z sinh ( m_πyn T ) K_2 ( m_πzn T )] .

To go from the second to the third line, we have used the same steps as in (5.45) and (5.65).

To order α^4 we find that the temperature-dependent contribution of the Q−modes for μ_B ∼ m_π/2 is given by

g^Q_0 (T ) = 2 π^2 ∞∑ n=1 ( m_πzT n )_2

cosh ( m_πyn T ) K_2 ( m_πzn T ) (5.67)

+(M^2_1 − M^2_2 )^2 m_πz 64π^4yT ∞∑ n=1 n^{−3} [ y cosh ( m_πyn T ) K_1 ( m_πzn T ) − z sinh ( m_πyn T ) K_2 (m_π zn T )] .

Inserting this expression into Ω of (5.57) gives the free energy for μ_B ≃ μ_c(T = 0). The free energy gives an effective potential for α as a function of T and μ_B . Using this effective potential we now study the diquark phase transition in the (μ_B, T )-plane.

6 Second Order Phase Transition and Tricritical Point

Recent lattice simulations [27] of two-color QCD at non-zero temperature and baryon chemical potential have shown that the phase transition between the normal phase and the superfluid phase is of second order for small temperatures and chemical potentials close to m_π/2 and that this second order phase transition line in the (μ_B , T )-plane ends in a tricritical point. In this section we show that Chiral Perturbation Theory confirms the existence of this tricritical point. We shall use the effective potential for the orientation angle α. For the shortcomings and problems associated with the use of the effective potential approach to determine the properties of the phase diagram, we refer to [37].

The sum in (5.67) is not in general analytic but can be evaluated in the high and low temperature limits. Only the low temperature limit is of relevance in this case since the critical temperature, T_c, is much smaller than m_π for the values of μ_B under consideration, that is T_c(μ_B ∼ m_π/2) ≪ m_π. (This is a well known property of Bose condensation: T_c ≪ M if n_B ≪ M^3, see eg. [38].) In setting up the low temperature limit there are two choices, T (μ_B ∼ m_π/2) ≪ m_π(z − y) ≪ m_π or m_π (z − y) ≪ T ≪ m_πz. In order to separate them it is useful to know the leading order in the expansion of y and z and z − y in powers of α and μ̄. To order α^4 they are given by,

z = 1 + μ̄α^2 − 1 16 α^4 + 1 2 αϕ + . . . , y = 1 + 2μ̄ − 1 2 α^2 − μ̄α^2 + 1 24 α^4 + . . . , (6.68) z − y = −2μ̄ + 1 2 α^2 + 1 2 ϕα + 2μ̄α^2 − 5 48 α^4 + . . . ,

(M^2_1 − M^2_2 )^2 = m^4_π α^4 + . . . .

The critical chemical potential at T ≠ 0 is the value of μ for which the vacuum angle α becomes non-zero. The angle α is determined by minimizing the free energy with respect to α. It is thus essential that we have not fixed α at the T = 0 saddle point (4.27). The dimensionless quantities we expand in here are α, μ̄ ∼ α^2, ϕ ∼ α^3. The resulting free energy corresponds to that of a Landau-Ginzburg approach with α being the relevant order parameter.

The critical temperature, T_c, is the temperature for which the free energy is minimized by α = 0. From (6.68) we have that z − y < 0 for α = 0. The critical temperature thus violates the bound T_c ≪ m_π(z − y). Consequently we can not consistently evaluate T_c in this limit. Instead we focus on the physically relevant limit m_π (z − y) ≪ T ≪ m_πz.

The inverse propagators of the P_S and the P_A modes have the standard p^2 + m^2_π form

(cf. (4.31)), and the functions g^{PS}_0 and g^{PA}_0 in the T ≪ m_πz limit are given by

g^{PS}_0 = T^4 1 √ 2 √ M^2_1 + M^2_3 /4 πT 3/2 e^− √_{M 21 +M 23 /4/T} (6.69)

g^{PA}_0 = T^4 1 √ 2 √ M^2_2 + M^2_3 /4 πT 3/2 e^− √_{M 22 +M 23 /4/T} . (6.70)

As compared to g^Q_0 these contributions are exponentially suppressed and can be neglected.

Consider the function g^Q_0 given in (5.67) in the limit T ≪ m_π but T ≫ m_π(z − y). For T ≪ m_πz, the asymptotic expansion of K_2 can be used, which results in,

g^Q_0 = √ 2m^3_π z^3T^5 π^3 ∞∑ n=1 n^{−5/2} cosh ( m_πyn T ) exp [ − m_πnz T ][ 1 + 15T 8m_πzn + . . . ]

+ (M^2_1 − M^2_2 )^2 512y √ 2π^7zm_πT ∞∑ n=1 n^{−9/2} exp [ − m_πnz T ][ y(3T + 8nzm_π) cosh ( m_πyn T )

−z(15T + 8nzm_π ) sinh ( m_πyn T )] . (6.71)

Since z − y ≪ z + y and using the definition of the polylogarithm function (5.47) we find that,

g^Q_0 = √ m^3_πz^3T^5 2π^3 [ Li_{5/2}(e^{−mπ (z−y)/T} ) + 15T 8m_π z Li_{7/2}(e^{−mπ (z−y)/T} ) + . . . ]

− (M^2_1 − M^2_2 )^2 1024y √ 2π^7zm_πT [ 8m_πz(z − y)Li_{7/2}(e^{−mπ (z−y)/T} ) (6.72) +3T (5z − y)Li_{9/2}(e^{−mπ (z−y)/T} ) ] + . . . . Now since m_π(z − y) ≪ T we can expand Li_k (e^{−x}) about the origin, see [39]. For the leading order term we get that,

g^Q_0 = √ m^3_πz^3T^5 2π^3 [ ζ( 5 2 ) − ζ( 3 2 ) m_π(z − y) T − Γ(− 3 2 ) ( m_π(z − y) T )_{3/2} (6.73) + 1 2 ζ( 1 2 ) ( m_π(z − y) T )_2 ] − 3(M^2_1 − M^2_2 )^2 256 ζ( 9 2 ) √ T 2π^7m_π z

+ O(α^6).

From now on, and for simplicity, we set ϕ = 0. We are now ready to evaluate the free energy,

Ω = −N_f F^2 ( const + (4μ^2_B − m^2_π)α^2 − 1 12 (16μ^2_B − M^2)α^4 + 2a_4 m^4_π F^2 α^4 (6.74) + 1 4F^2_π

(N_f − 1)g^Q_0 ) ,

where the T = 0 part, evaluated in [20], is given by,

a_4 = − 5 3 (2N_f L^r_4 + L^r_5) + 4 3 (2N_f L^r_6 + L^r_8) + (L^r_0 + 2N_f L^r_1 + 2N_f L^r_2 + L^r_3) (6.75) − N_f − 1 512π^2N_f + N_f + 1 384π^2N_f ln M^2 Λ^2 .

The minimum of the free energy determines the ground state of the theory. With the free energy (6.74), the roots of the equation ∂Ω/∂α = 0 are given by α = 0 and the roots of the following quadratic equation in α^2

c_2 + c_4α^2 + c_6α^4 = 0 , (6.76)

where, to leading order, we find that

c_2 = − ( 32 √ 2π^3F^2μ̄ − (N_f − 1)ζ( 3 2 ) √ m_πT^3

)_2

+ · · · , (6.77)

c_4 = 1 4 (N_f − 1)^2m_π T^2 ( 8m_ππ − 2m_π ζ( 1 2 )ζ( 3 2 ) − 3T ζ^2( 3 2 ) )

+8 √ 2F^2π^{3/2} ( 32 √ 2π^3F^2μ̄ − (N_f − 1)ζ( 3 2 ) √ m_πT^3 ) (6.78) ( 1 − 3(N_f − 1) √ m^3_πT 256 √ 2π^7F^2 ( 16π^2ζ( 1 2 ) − ζ( 9 2 ) ) − a_4m^2_π 2π^2F^2 )

+ 19 12 ( 32 √ 2π^3F^2μ̄ − (N_f − 1)ζ( 3 2 ) √ m_πT^3

)_2 + · · · , c_6 = −32π^3F^4 + · · · .

An effective potential of the form Ω = c_0 +^1_2 c_2α^2 +^1_4 c_4α^4 +^1_6 c_6α^6 would lead to the same equation as (6.76). As it is well known from the literature, the signs of the coefficients c_2 and c_4 determine the order of the phase transition (see e.g. [40]). If c_2 = 0 and c_4 > 0, the phase transition is second order, and if c_2 = 0 and c_4 = 0, there is a tricritical point.

From c_2 = 0, we find that the phase transition occurs at,

μ̄_{sec} =

N_f − 1 32F^2_π ζ( 3 2 ) √ m_πT^3 2π^3

. (6.79)

From c_2 = 0 and c_4 = 0, we find a tricritical point at,

μ̄_{tri} =

(N_f − 1)m^2_π 6 √ 3ζ^2(^3_2 )F^2_π ( 1 − ζ(1/2)ζ(3/2) 4π )_{3/2} , (6.80)

T_{tri} = 2m_π 4π − ζ(1/2)ζ(3/2) 3ζ^2(3/2)

. (6.81)

For T < T_{tri}, we therefore find a second order phase transition at,

μ_{sec}(T ) = m_π ( 1 2 + μ̄_{sec}(T ) ) (6.82) = m_π 2 + 1 32F^2_π

(N_f − 1) √ m^3_πT^3 2π^3 ζ( 3 2 ) . (6.83)

Alternatively this equation gives T_{sec} as a function of μ_B .

It is instructive to compare the results obtained with the predictions of a dilute Bose gas in the canonical ensemble. In that approach the baryon density, n_B, is fixed and the interaction is determined by the quartic terms in the chiral Lagrangian. In order to make the comparison recall that near the phase transition point at T = 0 we have to leading order in μ_B − M/2 [15],

n_B = 32N_f F^2(μ_B − M 2 ) = 32N_f F^2Mμ̄ . (6.84)

Inserting this relation in (6.83) we find that the critical temperature and the number density are related by,

n_B = 2N_f (N_f − 1)ζ( 3 2 ) ( m_π T_{sec}(n_B ) 2π )_{3/2} , (6.85)

which exactly corresponds to the relation found in the semi-classical approach [41].

Finally, notice that both μ̄_{tri} and T_{tri} vanish in the chiral limit. This is in complete agreement with the results obtained within Chiral Perturbation Theory at zero temperature in the chiral limit: the phase transition is first order and μ_c = μ̄_c = 0 [14, 15].

Notice that the tricritical temperature is of the same order as m_π. The approximation that we used in the last stage of the derivation of (6.76) is not fully justified for such high temperatures. The tricritical temperature given above is therefore approximate. In order to get a more precise answer, one needs to numerically compute the different integrals involved in the free energy. The most important point here is that Chiral Perturbation Theory confirms the existence of a tricritical point.

7 Order Parameter and Number Density

The order parameter of the diquark-condensation phase is the diquark condensate ⟨ψψ⟩ = ⟨ψ̄ψ⟩_0 sin α, where ⟨ψ̄ψ⟩_0 is the quark-antiquark condensate at zero temperature and chemical potential. The value of the order parameter close to the second order phase transition in the (μ_B, T )-plane is therefore given by the root of (6.76). To leading order, we obtain,

α^2 = 8(μ̄ − μ̄_{sec}) + · · · = 8 m_π μ_B − m_π 2 − N_f − 1 32F^2_π ζ( 3 2 ) √ m^3_πT^3 2π^3

. (7.86)

In the diquark condensation phase, the number density is given by,

n_B = − dΩ dμ_B = − 1 M dΩ dμ̄ = 4N_f MF^2_π (α^2 + 4μ̄_{sec}). (7.87)

Both α and n_B decrease with increasing T at fixed μ̄ > μ̄_c. In the zero temperature limit, we recover the results found in [20] for both the order parameter and the number density.

8 Other ensembles

So far we have studied two-color QCD with quarks transforming under the fundamental representation of the gauge group. The low-energy chiral Lagrangian based on the assumption of the spontaneous breaking of the SU(2N_f ) classical chiral symmetry leaving Sp(2N_f ) invariant. In the classification given in the introduction this is the universality class labeled by β_D = 1. There exist two other classes of chiral Lagrangians based on spontaneous breaking of chiral symmetry. The symmetry breaking patterns are

SU(2N_f ) → SO(2N_f ) and SU(N_f ) × SU(N_f ) → SU(N_f ). As discussed in the introduction, the first case (β_D = 4) applies to QCD with quarks in the adjoint representation of the gauge group, whereas the second case (β_D = 2) corresponds to ordinary QCD with N_c ≥ 3 [42]. It is straightforward to extend the results obtained above to these two classes of theories and we do so in the following two subsections.

8.1 Quarks in the adjoint representation of the gauge group

The chiral Lagrangian based on the coset SU(2N_f )/SO(2N_f ) is similar in almost all respects to the chiral Lagrangian for two-color QCD. In both theories some Goldstone modes correspond to diquark states. The diquarks have baryon charge 2 and consequently there is a phase transition at μ_B = m_π /2. From the study to leading order in [15] we know that the propagators in the two theories are identical, and only the degeneracy of the modes are different. Extending the results obtained above to β_D = 4 thus simply amounts to changing appropriate combinatorial factors. For the convenience of the reader we explicitly report the results.

In the α = 0 phase the baryon density is (this is the analogue of (5.52)),

n_B ≡ 1 4 N_f (N_f + 1) ( 2m_πT π )_{3/2} Li_{3/2}(e^{(2μB −mπ )/T} ) . (8.88)

The chiral condensate is (α = 0),

⟨ψ̄ψ⟩(T ) = ⟨ψ̄ψ⟩_0 + 1 2 (N^2_f − 1)e^{−mπ /T} G 2F^2 √ m_π ( T 2π )_{3/2} (3T − 2m_π) (8.89) + 1 4 N_f (N_f + 1) G F^2 √ m_π ( T 2π )_{3/2} (

3T Li_{5/2}(e^{(2μB−mπ )/T} )

−2m_π Li_{3/2}(e^{(2μB−mπ )/T} ) ) .

The free energy of the diquark condensation phase is given by,

Ω = −N_f F^2 ( const + (4μ^2_B − m^2_π)α^2 − 1 12 (16μ^2_B − M^2)α^4 + 1 4F^2_π

(N_f + 1)g^Q_0 ) ,(8.90)

where g^Q_0 is the same as in the two-color case and is given in (6.73). We ignored the zero-temperature contribution that corresponds to (6.75) since, as in the two-color case studied in the previous sections, it does not contribute to the critical points to leading order. This free energy is extremely similar to (6.74). The analysis of the phase diagram proceeds in the same way as in Section 6.

We find that the critical chemical potential for the second order phase transition is given by,

μ_{sec}(T ) = m_π 2 + N_f + 1 32F^2_π √ m^3_πT^3 2π^3 ζ( 3 2 ) , (8.91)

and that the phase transition turns first order at the tricritical point given by,

μ_{tri} = m_π 2 + (N_f + 1)m^3_π 6 √ 3ζ^2(^3_2 )F^2_π ( 1 − ζ(1/2)ζ(3/2) 4π )_{3/2} , (8.92)

T_{tri} = 2m_π 4π − ζ(1/2)ζ(3/2) 3ζ^2(3/2)

. (8.93)

The order parameter close to the second order phase transition is readily obtained in the same way as in the two-color case. To leading order, we obtain,

α^2 = 8(μ̄ − μ̄_{sec}), (8.94)

where μ̄_{sec} is given by (8.91), (5.61). In the diquark condensation phase, the number density is given by,

n_B = 4N_f MF^2_π (α^2 + 4μ̄_{sec}). (8.95)

8.2 Ordinary QCD with μ_I ≠ 0

In QCD with N_c ≥ 3 and quarks in the fundamental representation of the gauge group the Goldstone manifold is SU(N_f ). The diquarks are no longer Goldstone modes and the chiral Lagrangian does not couple to μ_B. The pions do however have non-trivial isospin and consequently the chiral Lagrangian couples to a chemical potential, μ_I = (μ_u − μ_d)/2, for the third component of isospin. This theory is equivalent to QCD at nonzero baryon chemical potential but with a fermion determinant replaced by its absolute value. It was shown in [16, 17] that pion condensation occurs for μ_I ≥ m_π at T = 0. An isospin chemical potential also has non-trivial effects for β_D = 1 and β_D = 4. As was shown in [18] the competition between μ_I and μ_B can lead to novel first order phase transitions. Similar phenomena occur in QCD with N_c = 3 and N_f = 3 [19]. In this system the competition is established between μ_I and the strangeness chemical potential μ_S . Here we shall give the leading temperature effects for QCD with N_c ≥ 3 and quarks in the fundamental representation with a generalized isospin chemical potential. For an an even number of flavors N_f = 2n we take n flavors with chemical potential μ_I and n flavors with chemical potential −μ_I .

The particular interest in this system comes from that fact that the fermion determinant in the path integral of the Euclidean partition function is positive, see [43]. The first lattice study of QCD at non-zero μ_I and T appeared recently [28]. The similarity with two color QCD at μ_B ≠ 0 is striking. Again the chiral Lagrangian is completely analogous to QCD with two colors and describes the same physics. At T = 0 and μ_I = m_π there is a second order phase transition to a pion condensed phase and with increasing temperature this phase transition turns first order.

At μ_I = 0 and m = 0 this system has an SU(N_f ) × SU(N_f ) × U(1) classical symmetry which is assumed to be spontaneously broken to SU(N_f ) × U(1) by the vacuum. There are N^2_f − 1 ≡ 4n^2 − 1 Goldstone modes which organize themselves into n^2 isotriplets and n^2 − 1 isosinglets. At μ_I ≠ 0, the SU(N_f ) × U(1) is explicitly broken down to SU(n) × SU(n) × U(1) leaving only internal rotations in the u and the d sector invariant. At μ_I = m_π the SU(n)×SU(n)×U(1) invariance is spontaneously broken down to SU(n) leaving n^2 massless modes. The leading order chiral Lagrangian is [16, 17],

L^{(2)} =

F^2 4 Tr∇_ν Σ∇_ν Σ^† −

F^2M^2 2 ReTrΣ , (8.96)

where,

∇_ν Σ = ∂_ν Σ − δ_{μ0} μ_I 2 (τ_3Σ − Στ_3) . (8.97)

The isospin charge matrix is denoted τ_3. Since the isospin charge of the pions is equal to one we redefine μ̄ as,

μ̄ ≡ (μ_I − m_π)/m_π. (8.98)

We obtain the free energy for T << M,

Ω = −N_f F^2 ( 1 2 (M^2_1 + M^2_2 ) + 1 4 M^2_3 ) − 1 2 nG^Q_0 , (8.99)

where, as in [18],

M^2_1 ≡ M̃^2 cos(α − ϕ) − μ^2_I cos 2α ,

M^2_2 ≡ M̃^2 cos(α − ϕ) − μ^2_I cos^2 α , (8.100) M^2_3 ≡ 4μ^2_I cos^2 α .

In the α = 0 phase the isospin density is,

n_I ≡ 1 8 n^2 (2m_π T π )_{3/2} Li_{3/2}(e^{(μI −mπ )/T} ) . (8.101)

The chiral condensate is (α = 0),

⟨ψ̄ψ⟩(T ) = ⟨ψ̄ψ⟩_0 + 1 2 (2n^2 − 1)e^{−mπ /T} G 2F^2 √ m_π ( T 2π )_{3/2} (3T − 2M) (8.102) + 1 2 n^2 G F^2 √ m_π ( T 2π )_{3/2} (3T Li_{5/2}(e^{(μI −mπ )/T} ) − 2m_π Li_{3/2}(e^{(μI −mπ )/T} )) .

The free energy of the diquark condensation phase is given by,

Ω = − n 2 F^2 ( const + (μ^2_I − m^2_π)α^2 − 1 12 (4μ^2_I − M^2)α^4 + n F^2_π g^Q_0 ) , (8.103)

where g^Q_0 is the same as in the two-color case and is given in (6.73), but with,

z = 1 + 1 2 μ̄α^2 − 1 16 α^4 + . . . ,

y = 1 + μ̄ − 1 2 α^2 − 1 2 μ̄α^2 + 1 24 α^4 + . . . , (8.104)

M^2_1 − M^2_2 = m^2_πα^2 + . . . ,

instead of (6.68) and μ̄ as defined in (8.98). We have ignored the zero-temperature contribution that corresponds to (6.75) since it does not contribute to the critical points to leading order as found in Section 6. This free energy is extremely similar to (6.74). The analysis of the phase diagrams proceeds in the same way as in Section 6.

We find that the critical isospin chemical potential for the line of second order phase transitions is given by,

μ_{sec}(T ) = m_π + n 4F^2_π √ m^3_πT^3 2π^3 ζ( 3 2 ) , (8.105) and that this second order phase transition line ends in a tricritical point at

μ_{tri} = m_π + 4 nm^3_π 3 √ 3ζ^2(^3_2 )F^2_π ( 1 − ζ(1/2)ζ(3/2) 4π )_{3/2} , (8.106)

T_{tri} = 2m_π 4π − ζ(1/2)ζ(3/2) 3ζ^2(3/2)

. (8.107)

The order parameter close to the second order phase transition is easily obtained in the same way as in the two-color case. To leading order, we obtain,

α^2 = 4(μ̄ − μ̄_{sec}), (8.108)

where μ̄_{sec} is given by (8.105), (8.98). In the superfluid phase the number density is given by, n_I = nMF^2_π (α^2 + 2μ̄_{sec}). (8.109)

9 Summary and Conclusions

In this article we have studied the phase diagram of various QCD-like theories at nonzero chemical potential and non-zero temperature. These studies have been performed by means of chiral Lagrangians with the symmetries of the microscopic theories. The chiral Lagrangians describe the low-energy dynamics of the Goldstone modes and are limited to phases where the symmetry of the microscopic Lagrangian is spontaneously broken by the ground state. Although such theories cannot be used to study the high temperature restoration of the broken symmetry, they are very powerful to study the different low-energy phases.

Using Chiral Perturbation Theory, we have demonstrated that the phase diagram of QCD with two colors and quarks in the fundamental representation at non-zero temperature and baryon chemical potential has a very rich structure. At low temperature, there are two different phases: a “normal” phase with a non-zero quark-antiquark condensate, and a superfluid diquark condensation phase with a non-zero diquark condensate. For small enough temperatures, we have found that a second order phase transition separates these two phases. Our result for this second order phase transition line in the (μ_B, T )-plane are in complete agreement with the semi-classical dilute gas approximation. However, we have shown analytically that this second order phase transition line ends in a tricritical point when the chemical potential is increased. Above this point, the two phases are separated by a first order phase transition. All our results are solely based on symmetry and are therefore very robust. They are in complete agreement with recent lattice simulations [14, 44] of this theory at non-zero temperature and chemical potential and with recent Random Matrix [45] studies.

We have also analyzed the phase diagram of theories that share many properties of QCD with two colors and quarks in the fundamental representation at non-zero temperature and baryon chemical potential. We have shown that the phase diagram of QCD with any number of colors and quarks in the adjoint representation at non-zero temperature and baryon chemical potential, as well as the phase diagram of QCD with three colors and quarks in the fundamental representation at non-zero temperature and isospin chemical potential are very similar to the phase diagram of QCD with two colors and quarks in the fundamental representation at non-zero temperature and baryon chemical potential that was described above. We again found a second order phase transition separating the normal phase from a superfluid phase at small temperature that ends in a tricritical point when the temperature is increased.

These different QCD-like theories all contain Goldstone modes in their spectrum at zero temperature and zero chemical potential. They all react similarly upon the introduction of a chemical potential associated with a quantum number carried by at least one of these Goldstone modes: At low enough temperature and high enough chemical potential, the ground sate of the theory is a superfluid. The normal and superfluid phases are separated by a second order phase transition at small temperatures. This second order phase transition lines ends in a tricritical point and the phase transition is first order when the temperature increases. This remains true for any physical system with spontaneous breaking of a global symmetry, and their phase diagram at non-zero temperature and chemical potential will be similar to the one described above. In all these theories, the order parameter of the superfluid phase and the number density also behave similarly. These results are again in complete agreement with available lattice simulations. The results of this article could be used as non-trivial tests for new simulation schemes developed to solve the sign problem [46].

Acknowledgments: G. Baym, B. Klein, J. Kogut, J.T. Lenaghan, R. Pisarski, B. Vanderheyden, are acknowledged for useful discussions. D.T. is supported in part by “Holderbank”-Stiftung. This work was partially supported by the US DOE grant DE- FG-88ER40388 and by the NSF grant NSF-PHY-0102409.

References

[1] D. Bailin and A. Love, Phys. Rept. 107, 325 (1984).

[2] D. T. Son, Phys. Rev. D 59, 094019 (1999) [arXiv:hep-ph/9812287]. [3] M. G. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B 422, 247 (1998) [arXiv:hepph/9711395].

[4] R. Casalbuoni and R. Gatto, Phys. Lett. B 464 (1999) 111 [arXiv:hep-ph/9908227]. [5] M. Alford, J. Bowers, and K. Rajagopal, Phys. Rev. D 63 (2001) 074016 [arXiv:hepph/0008208].

[6] M.A. Stephanov, Phys. Rev. Lett. 76 (1996) 4472 [arXiv:hep-lat/9604003]. [7] M. A. Halasz, A. D. Jackson, R. E. Shrock, M. A. Stephanov and J. J. Verbaarschot, Phys. Rev. D 58, 096007 (1998) [arXiv:hep-ph/9804290].

[8] R. Rapp, T. Schafer, E. V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 81, 53 (1998) [arXiv:hep-ph/9711396].

[9] M. Alford, K. Rajagopal, and F. Wilczek, Nucl. Phys. B 537 (1999) 443 [arXiv:hepph/9804403].

[10] M. Stephanov, K. Rajagopal and E. V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998) [arXiv:hep-ph/9806219].

[11] T. Schafer and F. Wilczek, Phys. Rev. Lett. 82, 3956 (1999) [arXiv:hep-ph/9811473]. [12] S. Weinberg, Physica A 96 (1979) 327.

[13] J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142; Nucl. Phys. B 250 (1985) 465.

[14] J.B. Kogut, M.A. Stephanov, and D. Toublan, Phys. Lett. B 464 (1999) 183 [arXiv:hep-ph/9906346].

[15] J.B. Kogut, M.A. Stephanov, D. Toublan, J.J.M. Verbaarschot, and A. Zhitnitsky, Nucl. Phys. B 582 (2000) 477 [arXiv:hep-ph/0001171].

[16] D. Toublan and J.J.M. Verbaarschot, Int. J. Mod. Phys. B15 (2001) 1404 [arXiv:hepth/0001110].

[17] D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 86 (2001) 592 [arXiv:hepph/0005225].

[18] K. Splittorff, D. T. Son, and M. A. Stephanov, Phys. Rev. D 64 (2001) 016003 [arXiv:hep-ph/0012274].

[19] J. B. Kogut and D. Toublan, Phys. Rev. D 64 (2001) 034007 [arXiv:hep-ph/0103271]. [20] K. Splittorff, D. Toublan, and J.J.M. Verbaarschot, Nucl. Phys. B 620 (2002) 290 [arXiv:hep-ph/0108040].

[21] D.T. Son and M.A. Stephanov, Phys. Rev. D 61 (2000) 074012 [arXiv:hepph/9910491], Phys. Rev. D 62 (2000) 059902 [arXiv:hep-ph/0004095].

[22] P. F. Bedaque and M. J. Savage, Phys. Rev. C 62 (2000) 018501 [arXiv:nuclth/9909055].

[23] E. Dagotto, F. Karsch, and A. Moreo, Phys. Lett. B 169 (1986) 421; E. Dagotto, A.

Moreo, and U. Wolff, Phys. Rev. Lett. 57 (1986) 1292; Phys. Lett. B 186 (1987) 395.

[24] S. Hands, J. B. Kogut, M. Lombardo and S. E. Morrison, Nucl. Phys. B 558 (1999) 327; S. Hands and S.E. Morrison, hep-lat/9902012, hep-lat/9905021.

[25] M. Lombardo, hep-lat/9907025; S. Hands, I. Montvay, S. Morrison, M. Oevers, L.

Scorzato, and J. Skullerud, Eur. Phys. J. C 17 (2000) 285-302;

R. Aloisio, V. Azcoiti, G. Di Carlo, A. Galante, A.F. Grillo, hep-lat/0007018 and Phys. Lett. B 493 (2000) 189-196;

Y. Liu, O. Miyamura, A. Nakamura, and T. Takaishi, hep-lat/0009009; S.J. Hands, J.B. Kogut, S.E. Morrison, and D.K. Sinclair, Nucl. Phys. Proc. Suppl. 94 (2001) 457, hep-lat/0010028;

R. Aloisio, V. Azcoiti, G. Di Carlo, A. Galante, and A.F. Grillo, Nucl. Phys. B 606 (2001) 322;

B. Alles, M. D’Elia, M. P. Lombardo and M. Pepe, Nucl. Phys. Proc. Suppl. 94 (2001) 441;

E. Bittner, M. Lombardo, H. Markum and R. Pullirsch, Nucl. Phys. Proc. Suppl. 94 (2001) 445;

B. A. Berg, E. Bittner, H. Markum, R. Pullirsch, M. P. Lombardo and T. Wettig, heplat/0007008. E. Bittner, M. Lombardo, H. Markum and R. Pullirsch, hep-ph/0009192; J. B. Kogut, D. K. Sinclair, S. J. Hands and S. E. Morrison, Phys. Rev. D 64 (2001) 094505; P. R. Crompton, Nucl. Phys. B 626 (2002) 228.

[26] J. B. Kogut and D. K. Sinclair, hep-lat/0201017.

[27] J. B. Kogut, D. Toublan and D. K. Sinclair, Phys. Lett. B 514 (2001) 77 [arXiv:heplat/0104010].

[28] J.B. Kogut and D.K. Sinclair, hep-lat/0202028.

[29] M.A. Halasz, J.C. Osborn and J.J.M. Verbaarschot, Phys. Rev. D56 (1997) 7059 [arXiv:hep-lat/9704007].

[30] W. Pauli, Nuovo Cimento 6 (1957) 205 ; Gürsey, Nuovo Cimento 7 (1958) 411.

[31] R. F. Alvarez-Estrada and A. Gomez Nicola, Phys. Lett. B 355 (1995) 288 [Erratumibid. B 380 (1995) 491].

[32] A. Smilga and J. J. Verbaarschot, Phys. Rev. D 51 (1995) 829 [arXiv:hepth/9404031].

[33] D. Toublan and J.J.M. Verbaarschot, Nucl. Phys. B560 (1999) 259 [arXiv:hepth/9904199].

[34] J.T. Lenaghan, F. Sannino, and K. Splittorff, Phys. Rev. D 65 (2002) 054002 [arXiv:hep-ph/0107099]; Z. Duan, P.S. Rodrigues da Silva and F. Sannino, Nucl. Phys. B 592 (2001) 371 [arXiv:hep-ph/0001303].

[35] J. Gasser and H. Leutwyler, Phys. Lett. B 184 (1987) 83; Phys. Lett. B 188 (1987) 477; P. Gerber and H. Leutwyler, Nucl. Phys. B 321 (1989) 387; A. Schenk, Nucl. Phys. B 363 (1991) 97; D. Toublan, Phys. Rev. D 56 (1997) 5629 [arXiv:hepph/9706273].

[36] H.E. Haber and H.A. Weldon, J. Math. Phys. 23 (1982) 1852. [37] G. Baym and G. Grinstein, Phys. Rev. D 15 (1977) 2897. [38] H.E. Haber and H.A. Weldon, Phys. Rev. Lett. 46 (1981) 1497. [39] H. Bateman (The bateman Manuscript Project), Higher Transcendental Functions, Vol I, McGraw-Hill book company, INC. 1953.

[40] K. Huang, Statistical Mechanics, Second Edition, John Wiley & Sons, New York, 1987.

[41] L.D. Landau and E.M. Lifshitz, Course of Theoretical Physics, Vol 5, Statistical Physics, Part 1, Third edition, Pergamon (1980).

[42] J.J.M. Verbaarschot. Phys. Rev. Lett. 72 (1994) 2531 [arXiv:hep-th/9401059];

Phys. Lett. B 329 (1994) 351 [arXiv:hep-th/9402008].

[43] M. Alford, A. Kapustin, and F. Wilczek, Phys. Rev. D 59 (1999) 054502 [arXiv:heplat/9807039].

[44] J.B. Kogut, D.K. Sinclair, and D. Toublan, in preparation. [45] B. Klein, D. Toublan, and J.J.M. Verbaarschot, in preparation. [46] Z. Fodor and S.D. Katz, [arXiv:hep-lat/0104001]; P.R. Crompton, Nucl. Phys. B 619 (2001) 499; Nucl. Phys. B 619 (2001) 499.