arXiv:hep-ph/0206180 v2 21 Jun 2002

On Nature of Right-Handed Singlet in 331 Model and Anomalies before and after SSB

T. Kiyan, T. Maekawa, M. Masuda and H. Taira Department of Physics, Kumamoto University, Kumamoto 860-8555 Japan

Abstract

The gauge invariant and anomaly-free 331 model is studied with R_ξ gauges in order to see which of the right-handed singlet between the case (i), assigning the bosonic singlet to the counterpart of 3 and ¯3 representations, and the case (ii), assigning fermionic siglet to the counterpart of the left-handed 3 representation and assigning the antifermionic singlet to that of the left-handed ¯3 representaion, should be assigned in physics but not mathematics to the counterparts of the left-handed fundamental 3 representation and the left-handed complex conjugate ¯3 representation. It is shown that through an effect on the Yukawa interaction of the transformation property of the singlet it depends on the choices of the case (i) or the case (ii) whether the anomaly coefficients even after the spontaneous symmetry breaking (SSB) vanish or not, and the coefficients vanish only in the case (ii) but do not in the case (i). Furthermore, it is pointed out that the BRS invariance after the SSB holds for the case (ii) and (i-b) of two possibilities in the choice for the mass eigenstates in the case (i) and thus the BRS invariance does not necessarily ensure renormalizability of the theory though the inverse of it holds.

1 Introduction

@ Since the success of the standard model (SM) in physics below a few hundreds GEV, various extensions of the model based on the local gauge group are studied by many authors [1]–[4] in order to understand some unanswered questions in the SM. Each of them is constructed covariantly on a local gauge group and then to be anomaly-free as well as renormalizability in the stage of the starting Lagrangian before the SSB. In particular, the 331 model is constructed on the gauge group SU(3)_C ⊗ SU(3)_L ⊗ U(1)_N [1] and has a property that the number of families is required to be a multiple of three to cancel anomalies[5]. Anomalies do not cancel out within each family in contrast with the case of the SM but rather cancel out when contributions from all three families are taken into account for the quark sector.

In the 331 model as well as in similar models, the representation (1, 3, 0) is assigned to the left-handed leptons and (1, singlet , y_N ) to the right-handed ones in three families. On the other hand, the representation (3, ¯3, −1/3) is asigned to the left-handed quarks in the first and second families and the representation (3, 3, 2/3) is assigned to the left-handed quarks in the third family, while the representation (3, singlet , y_N ) is assigned to the righthanded counterparts. There is no problem on an interpretation of the SU(3)_L singlet in the lepton sector because only the fundamental representation is used for assignment and thus the right-handed singlet of the counterpart of the left-handed 3 may be considered to be determined uniquely as the scalar under the fundamental representation. Also no problem occurs in the quark sector if only the fundamental or complex conjugate representation is used for assignment to the left-handed quarks because then the “singlet” may be interpreted as the scalar under the assigned one of the representation. However, in the quark sectors in the model the representations “3” and “¯3” are assigned to the left-handed quarks. Then, there are several possibilities on an interpretation of the singlet. One of them is usually adopted as a mathematical scalar which means the scalar under both of the 3 and ¯3 representations or independent of the 3 and ¯3 representations[1]. In the representation theory of SU(3), the scalar can be expressed in several configurations and one configuration can be rewritten into another one mathematically but each configuration should be considered to exhibit a physical object such as the color singlet in the quark model, i.e., bosonic singlet consisting of color and anticolor or fermionic singlet consisting of three colors (antifermionic singlet of three anticolors). The color singlet boson is different from the color singlet fermion physically but these configurations can be transformed into each other mathematically. The“singlet” in the above assignment may be apriori any one among a bosonic singlet, fermionic or antifermionic singlet because the singlet is not a composite and may be a “scalar” independent of the content. It is, however, important for us to determine the kind of the singlet because it has an effect on the form of the Yukawa interaction[6] whether the bosonic or fermionic (antifermionic) singlet is adopted and further it depends on the nature of the singlet whether the triangle anomaly coefficients[5] disappear or not after the SSB[7].

In a previous article[6], it is pointed out in the case of the 331 model without gauge fixing that even though the starting Lagrangian has gauge invariant and thus renormalizable form the renormalizability after the SSB is not necessarily guaranteed if the content of the singlet assigned to the right-handed quarks is not taken into account. This is because in the 331 model the representations (3, 3, y_N ) and (3, ¯3, y^′_N ) of SU(3)_C ⊗ SU(3)_L ⊗ U(1)_N are assigned to the left-handed quarks in the families, while we have two possibilities for the assignment of the representations to the right-handed quarks, i.e., (i) (3, 1, y_N ) for all right-handed quarks, and (ii) (3, 1_3, y_N ) and (3, 1¯_3, y_N ) for the fermionic and antifermionic singlets. The case (i) means that the “1” of SU(3)_L is independent of whether this state is accompanied with 3 or ¯3 of SU(3)_L and many authors[1] except for us adopt this possibility as far as we know. The case (ii) means that there exist the fermionic and antifermionic singlets, where “1_3” is only the scalar with respect to the transformation of the fundamental triplet and “1¯_3” is only a scalar with respect to the transformation of the complex conjugate representation corresponding to the fermion and antifermion with respect to the color quantum number in the quark model, respectively. These two cases bring about no different results except for the Yukawa interaction of the quarks with the scalar fields but it is definitely important for us to distinguish these possibilities in order to construct the Yukawa interactions in the starting stage of the weak interaction bases. Through the Yukawa interaction, the quark fields get their masses after the SSB[7] and the mass eigenstates (physical fields) are given in terms of the linear combination of the weak interaction bases (fields with superscript 0). If the case (i) is adopted, the mass eigenstates through the interactions need the mixing of the left-handed quarks belonging to the different representations in order to avoid a flavor change (the case (i-a)) or no-mixing to forgive a flavor change through an interaction with vacuum (the case (i-b)). These mixing or no-mixing brings about nonvanishing effect of the triangle anomalies through the interactions of the quark current with the gauge bosons and in the former case the flavor changing neutral current (FCNC)[8] appears. But if the case (ii) is adopted, the above mixing is not needed and thus the triangle anomalies as well as the FCNC do not appear[6].

In this article, the 331 model is discussed in the cases (i) and (ii) with the R_ξ gauges[9] as well as the ghost terms[10]. In addition, the BRS transformation[11] after the SSB is examined. In §2, the notations and Lagrangian are introduced. In §3, the SSB is considered and the Lagrangians are expressed in terms of the mass eigenstates. In §4, the gauge fixing to R_ξ and ghost Lagrangians are given in some detail because almost authors treat with the model by using the Higgs mechanism. In §5, the propagators for the gauge particles, scalars, fermions and ghosts are discussed. In §6, the fermion currents are expressed in terms of the mass eigenstates and in §7, the fermion triangles anomalics are discussed and it is pointed that the anomaly coefficients disappear only in the case (ii) for the singlet. §8 is devoted to a brief discussion of the BRS trnsformation and it is seen that there exists a case where the BRS invariance holds even in the case of non-zero anomalies.

2 Formalism

In this section, notations and a brief explanation will be given for the 331 model[1]. An assignment of the representations to the basic quarks (fermions) is adopted as follows:

l^0_{aL} = ν^0_a e^0_a E^0_a L ∼ (1, 3, 0), ν^0_{aR} ∼ (1, 1, 0), e^0_{aR} ∼ (1, 1, −1), E^0_{aR} ∼ (1, 1, 1),

Q^0_{iL} = d^0_i u^0_i J^0_i L ∼ (3, ¯3, −1/3), (2.1)

u^0_{iR} ∼ (3, 1(1¯_3), 2/3), d^0_{iR} ∼ (3, 1(1¯_3), −1/3), J^0_{iR} ∼ (3, 1(1¯_3), −4/3),

Q^0_{3L} = u^0_3 d^0_3 J^0_3 L ∼ (3, 3, 2/3), u^0_{3R} ∼ (3, 1(1_3), 2/3), d^0_{3R} ∼ (3, 1(1_3), −1/3), J^0_{3R} ∼ (3, 1(1_3), 5/3),

where a takes the values 1, 2, 3 and i takes 1, 2. The singlet term for the lepton should be written as 1_3 in our convention but it is not necessary to distinguish the notations for the leptons because only fundamental triplet representation is used for the left-handed leptons and in these cases the singlet terms are understood naturally as 1_3. However, for the quarks, both fundamental and complex conjugate triplet representations for the left-handed quarks are used and we should distinguish a transformation property of the singlet whether the singlet is accompanied with the fundamental or complex conjugate triplet representation. As pointed out in a previous article[6] the singlet of SU(3) appears through three ways. One of them consists of the basic quark and antiquark, and the other consists of the three quarks (or antiquarks). Of course, their configurations are mathematically (or group theoretically) unique in the sense that one configuration of them can be transformed into the other. However, they can be distinguished physically as the bosonic, fermionic and antifermionic fields though the singlet in the assignment is not composite.

In order to give the quarks mass through the SSB, three scalar fields are introduced

χ = χ^− χ^{−−} χ^0 L ∼ (1, 3, −1), (2.2)

ρ = ρ^+ ρ^0 ρ^{++} L ∼ (1, 3, 1),

η = η^0 η^− η^+ L ∼ (1, 3, 0).

It is noted that the representations χ, ρ and η may be considered as the irreducible components of a reducible field Φ of SU(3)_C ⊗ SU(3)_L ⊗ U(1)_N. Then, the notation Φ = (χ, ρ, η)^T will be used.

The charge operator Q is given by Q = T^3 − √ 3T^8 + N, where T^3 and T^8 together with T^i(i = 1 ∼ 8) are the generators of SU(3)_L and have the representation matrix λ^i/2 for the 3 representation and −λ^T /2 for the ¯3 representation of SU(3)_L. The value y_n of the generator N of U(1) is chosen to give the charge on the particle.

It follows that the quantities consisting of a linear combination of the corresponding leptons in the three families are subject to the same transformation as that of the original ones under SU(3)_C ⊗ SU(3)_L ⊗ U(1)_N, e.g.,

(U^ν ν^0)_a (U^ee^0)_a (U^J E^0)_a L ∼ (1, 3, 0), (U^ν ν^0)_{aR} ∼ (1, 1, 0), a = 1, 2, 3, (2.3)

where the U^ν etc. denote some 3 × 3 unitary matrices. For the quarks, on the other hand, the situation is somewhat different from that for leptons. The state of a linear combination of the right-handed quarks in the three families has the same transformation under the gauge group as the original ones such as (Uu^0)_{aR} ∼ (3, 1, 2/3) in the case (i). In the case (ii),e.g., (Uu^0)_{aR} ≁ (3, 1_3or1¯_3, 2/3) because the singlet “1_3” is a scalar under the 3 representation of SU(3)_L but not under the ¯3 representation and the singlet “1¯_3” is also, while the quantity (Uu^0)_{aR} means the linear combination of the quarks in the three families. For the left-handed quarks,e.g.,

(U_1u^0)_3 (U_2d^0)_3 J^0_3 L ≁ (3, 3, 2/3), (U_3u^0)_i (U_4d^0)_i (U^J J^0)_i L ≁ (3, ¯3, −1/3), (i = 1, 2, ) (2.4)

where U_1 etc. denote some 3 × 3 unitary matrices except for unit matrix, and U^J 2 × 2 matrix depending on the first and second families and it is noted that J^0_3 does not mix with J^0_1 and J^0_2 because of the different charges. On the other hand, the followings hold in the case (ii)

(U^uu^0)_{iR} ∼ (3, 1¯_3, 2/3),

(U^uu^0)_i (U^dd^0)_i (U^J J^0)_i L ∼ (3, ¯3, −1/3), (i = 1, 2) (2.5)

where U^u etc. denote some 2 × 2 matrix on the quarks in the first and the second families. It is noted that the relations (2.4) mean an impossibility of introducing the BRS transformation[11] in contrast to the second of (2.5).

In the above assignment of the fermions, the leptons in the three families can be mixed with the corresponding leptons because common representation 3 or 1 (≡ 1_3) is adopted, while the quarks in the first and second families should not be mixed with the corresponding ones in the third family because they are subject to the different representations and have the different y_n charges.

In what follows, the color symmetry is not treated and thus is omitted unless stated otherwise. The gauge covariant kinetic energy Lagrangians for the fermions, scalars and gauge fields are given as follows:

L_f = 3∑ a=1 { l̄^0_{aL}iD_μγ^μl^0_{aL} + ν̄^0_{aR}iD_μγ^μν^0_{aR} + ē^0_{aL}iD_μγ^μe^0_{aL} + Ē^0_{aR}iD_μγ^μE^0_{aR}

+ Q̄^0_{aL}iD_μγ^μQ^0_{aL} + ū^0_{aR}iD_μγ^μu^0_{aR} + d̄^0_{aR}iD_μγ^μd^0_{aR} + J̄^0_{aR}iD_μγ^μJ^0_{aR} } , (2.6) L_{sc} = (D^μχ)^†(D_μχ) + (D^μρ)^†(D_μρ) + (D^μη)^†(D_μη) − V (χ, ρ, η), (2.7)

L_V = − 1 4 F^j_{μν} F^{j μν} − 1 4 B^{μν} B_{μν} , (2.8)

where the covariant derivatives for each field are given without using the different notations as follows:

D_μQ^0_{iL} = (∂_μ + i g 2 λ^T · A_μ + ig_N 1 3 B_μ)Q^0_{iL}, D_μQ^0_{3L} = (∂_μ − i g 2 λ · A_μ − ig_N 2 3 B_μ)Q^0_{3L},

D_μu^0_{aR} = (∂_μ − ig_N 2 3 B_μ)u^0_{aR}, D_μd^0_{aR} = (∂_μ + ig_N 1 3 B_μ)d^0_{aR}, (2.9)

D_μJ^0_{iR} = (∂_μ + ig_N 4 3 B_μ)J^0_{iR},

D_μJ^0_{3R} = (∂_μ − ig_N 5 3 B_μ)J^0_{3R}, D_μφ = (∂_μ − i g 2 λ · A_μ − ig_N y_φB_μ)φ, with y_φ = −1 for φ = χ, y_φ = 1 for φ = ρ and y_φ = 0 for φ = η.

The field strengths F^j_{μν} and B_{μν} are

F^j_{μν} = ∂_μA^j_ν − ∂_ν A^j_μ + gc_{jkl}A^k_μA^l_ν , (2.10) B_{μν} = ∂_μB_ν − ∂_ν B_μ, where c_{ijk} (i, j, k = 1, 2, · · · , 8) are the structure constants of SU(3).

The interaction potential of the scalar fields and the Yukawa interactions of the fermions with the scalar fields are given as follows: V (χ, ρ, η)= c_1 ( χ^†χ − 1 2 χ^2_v

)_2

+ c_2 ( ρ^†ρ − 1 2 ρ^2_v

)_2

+ c_3 ( η^†η − 1 2 η^2_v

)_2

+c_4(χ^†χ − χ^2_v)(ρ^†ρ − ρ^2_v ) + c_5(χ^†χ − χ^2_v)(η^†η − η^2_v ) + c_6(ρ^†ρ − ρ^2_v )(η^†η − η^2_v ) +c_7(χ^†ρ)(χ^†ρ)^† + c_8(χ^†η)(χ^†η)^† + c_9(ρ^†η)(ρ^†η)^†, (2.11)

L_Y = (l^0_1, l^0_2, l^0_3)_Lμ^χ

E^0_1 E^0_2 E^0_3 R χ + (l^0_1, l^0_2, l^0_3)_Lμ^ρ e^0_1 e^0_2 e^0_3 R ρ + (l^0_1, l^0_2, l^0_3)_Lμ^η ν^0_1 ν^0_2 ν^0_3 R η

+Γ^χ_3 Q^0_{3L}J^0_{3R}χ + (Q^0_1, Q^0_2)_L ( Γ^χ_{11} Γ^χ_{12} Γ^χ_{21} Γ^χ_{22} ) ( J^0_1 J^0_2 ) R χ^∗

+Q^0_{3L}(Γ^ρ_{31}, Γ^ρ_{32}, Γ^ρ_{33}) d^0_1 d^0_2 d^0_3 R ρ + (Q^0_1, Q^0_2)_L ( Γ^ρ_{11} Γ^ρ_{12} Γ^ρ_{13} Γ^ρ_{21} Γ^ρ_{22} Γ^ρ_{23} ) u^0_1 u^0_2 u^0_3 R ρ^∗

+Q^0_{3L}(Γ^η_{31}, Γ^η_{32}, Γ^η_{33}) u^0_1 u^0_2 u^0_3 R η + (Q^0_1, Q^0_2)_L ( Γ^η_{11} Γ^η_{12} Γ^η_{13} Γ^η_{21} Γ^η_{22} Γ^η_{23} ) d^0_1 d^0_2 d^0_3 R η^∗ +h.c., (2.12) where μ^φ(φ = χ, ρ, η) is 3 × 3 constant matrix. L_Y in (2.12) is written in the case of the assignment of the bosonic singlet (“1”) of SU(3)_L to the all right-handed quarks. Of course, the expressions for the interaction between the left-handed and the exotic righthanded quarks with the scalar χ are the same independent of the nature of the singlets and the term involving the quarks in the first and second families is not mixed with the corresponding one in the third family because the charge on the exotic quarks in the first and second families differs from that on the exotic quark in the third family. However, as is seen from (2.12) the interactions of the left-handed and the right-handed quarks with ρ or η in the three families will give rise to a mixture of the quarks in the three families to give masses to the quarks. In the case (ii) of taking into account the nature of the singlet, i.e., fermionic and antifermionic singlets, the interactions of the quarks in the first and second families through ρ or η are not mixed with those in the third family as in the case for the exotic right-handed quarks through χ because in this case the interactions of the u and d quarks with the scalar bosons are given by putting Γ^{ρ,η}_{3i} = Γ^{ρ,η}_{i3} = 0 for i = 1, 2 in (2.12) and thus the left-handed quarks in the first and second families interact with the right-handed quarks through ρ^∗ or η^∗, while those in the third family interact through ρ or η such as those in the case of χ. These results affect the physical fields (mass eigenstates) of the quarks after the SSB and then the interactions between the quark current and the gauge bosons which play an important role for the discussion of the triangle anomalies[5].

The Lagrangian L_f in (2.6) can be rewritten in terms of the fermion currents[12] as follows

L_f = l^0_{aL}iγ^μ∂_μl^0_{aL} + ν^0_{aR}iγ^μ∂_μν^0_{aR} + e^0_{aR}iγ^μ∂_μe^0_{aR} + E^0_{aR}iγ^μ∂_μE^0_{aR}

+Q^0_{aL}iγ^μ∂_μQ^0_{aL} + u^0_{aR}iγ^μ∂_μu^0_{aR} + d^0_{aR}iγ^μ∂_μd^0_{aR} + J^0_{aR}iγ^μ∂_μJ^0_{aR} + g 2 √ 2 [ J^μ_W W^+_μ + J^μ_X X^+_μ + J^μ_Y Y^{++}_μ + h.c. ]

+eJ^μ_{em}A_μ + g 2c_W J^μ_Z Z_μ + g 2 √ 1 − 3t^2_W

J^μ_Z′ Z^′_μ, (2.13)

where

J^μ_{em} = ∑ a l^0_{aL}γ^μQl^0_{aL} − ∑ a e^0_{aR}γ^μe^0_{aR} + ∑ a E^0_{aR}γ^μE^0_{aR} + ∑ a Q^0_{aL}γ^μQQ^0_{aL} + 2 3 ∑ a u^0_{aR}γ^μu^0_{aR} − 1 3 ∑ a d^0_{aR}γ^μd^0_{aR} − 4 3 ∑ j J^0_{jR}γ^μJ^0_{jR} + 5 3 J^0_{3R}γ^μJ^0_{3R},

J^μ_W = ∑ a l^0_{aL}γ^μ(λ_4 − iλ_5)l^0_{aL} + Q^0_{3L}γ^μ(λ_1 + iλ_2)Q^0_{3L} + ∑ j Q^0_{jL}γ^μ(−λ^T_1 − iλ^T_2 )Q^0_{jL},

J^μ_X = ∑ a l^0_{aL}γ^μ(λ_4 − iλ_5)l^0_{aL} + Q^0_{3L}γ^μ(λ_4 − iλ_5)Q^0_{3L} + ∑ j Q^0_{jL}γ^μ(−λ^T_4 + iλ^T_5 )Q^0_{jL},

J^μ_Y = ∑ a l^0_{aL}γ^μ(λ_6 − iλ_7)l^0_{aL} + Q^0_{3L}γ^μ(λ_6 − iλ_7)Q^0_{3L} + ∑ j Q^0_{jL}γ^μ(−λ^T_6 + iλ^T_7 )Q^0_{jL},

J^μ_Z = ∑ a l^0_{aL}γ^μ(λ_3)l^0_{aL} + Q^0_{3L}γ^μλ_3Q^0_{3L} + ∑ j Q^0_{jL}γ^μ(−λ^T_3 )Q^0_{jL} − 2s^2_W J^μ_{em},

J^μ_Z′ = ∑ a l^0_{aL}γ^μ(λ_8 − √ 3t^2_W λ_3)l^0_{aL} + Q^0_{3L}γ^μ(λ_8 − √ 3t^2_W λ_3)Q^0_{3L} + ∑ j Q^0_{jL}γ^μ(−λ^T_8 + √ 3t^2_W λ^T_3 )Q^0_{jL} + 2 √ 3t^2_W J^μ_{em},

√ 2W^±_μ = A^1_μ ∓ iA^2_μ, √ 2X^±_μ = A^4_μ ± iA^5_μ, √ 2Y^{±±}_μ = A^6_μ ± iA^7_μ,

A_μ = s_W A^3_μ + c_W (− √ 3t_W A^8_μ + √ 1 − 3t^2_W B_μ),

Z_μ = c_W A^3_μ − s_W (− √ 3t_W A^8_μ + √ 1 − 3t^2_W B_μ),

Z^′_μ = √ 1 − 3t^2_W A^8_μ + √ 3t_W B_μ, t_W ≡ tan θ_W = g_N √ g^2 + 3g^2_N

, c_W = cos θ_W , e = gg_Y g^2 + g^2_Y . The summation convention will be used here and hereafter over a = 1, 2, 3 and j = 1, 2. It is noted that though the following is obvious from the assignment of the representations to the basic quarks, the above currents for the quark part have the structure that the quarks in the first and second families are not mixed with those in the third family. It is, thus, expected that the expressions for the currents after the SSB should have the form similar to those for the above weak interaction bases in order to make the theory renormalizable, otherwise the vanishing conditions (trace condition in terms of the representation matrices) for the triangle anomalies for various processes[5] will not be expressed in terms of the representation matrices and thus the vanishing condition for all possible processes will not be satisfied in general. It is shown that this result depends on whether the nature of the singlet is taken into account or not[6].

3 SSB and particle masses

By introducing the V EV (χ_v) for χ and writing,

χ ≡ 1 √ 2 χ_v + 1 √ 2 χ_h = 1 √ 2 0 0 χ_v + 1 √ 2 χ^−_h χ^{−−}_h χ^0_h

, (3.1)

the symmetry SU(3)_C ⊗ SU(3)_L ⊗ U(1)_N is broken down to SU(3)_C ⊗ SU(2)_L ⊗ U(1)_Y, with the hypercharge operator Y = N − √ 3T_8. It is noted that although the group is broken down to SU(3)_C ⊗ SU(2)_L ⊗ U(1)_Y and the 2 and ¯2 representations of SU(2) are equivalent, the contents of the quarks restricted to the SU(3)_C ⊗ SU(2)_L ⊗ U(1)_Y in the families are different from those in the standard model (SM). For example, the transformation of the doublets in the case of the SM is as follows ( u_a d_a ) L ∼ (3, 2, 1/6), a = 1, 2, 3, (3.2)

while the corresponding doublets except for the J quarks are now ( d_i u_i ) L ∼ (3, ¯2, 1/6), i = 1, 2, ( u_3 d_3 ) L ∼ (3, 2, 1/6). (3.3)

The first doulets with (¯2) in (3.3) may be rewritten in those with the 2 or ¯2 representation as follows ( d^†_i u^†_i ) L ∼ (¯3, 2, −1/6), ( u^†_i −d^†_i ) L ∼ (¯3, ¯2, −1/6), i = 1, 2. (3.4)

The 2 and ¯2 representations of SU(2) are equivalent as is well known but it should be taken care of that the doublets transforming according to them are related to each other in the complex conjugate as above and they are not the same.

In a similar fashion, by the V EV for ρ and writing it

ρ ≡ 1 √ 2 ρ_v + 1 √ 2 ρ_h = 1 √ 2 0 ρ_v 0 + 1 √ 2 ρ^+_h ρ^0_h ρ^{++}_h

, (3.5)

the symmetry SU(2)_L ⊗ U(1)_Y is broken down to U(1)_{em}. In order to give mass to all quarks, the V EV for η is needed and η is written as follows:

η ≡ 1 √ 2 η_v + 1 √ 2 η_h = 1 √ 2 η_v 0 0 + 1 √ 2 η^0_h η^−_h η^+_h

. (3.6)

where here and hereafter the same notations for the component of the V EV of the scalars and the V EV itself are used for confusion will not occur. It is noted that the U(1)_{em} symmetry is not affected by introducing the V EV for η.

The scalar potential (2.11), from which the mass of the scalar particles is determined, is rewritten in terms of the fields with the subscript h by the replacement of the following forms χ^†χ → 1 2 (χ^†_h + χ^†_v)(χ_h + χ_v), χ^†ρ → 1 2 (χ^†_h + χ^†_v)(ρ_h + ρ_v). (3.7)

As noted before, the scalar fields χ, ρ, η may be considered as the irreducible components of the reducible field Φ(= (χ, ρ, η)^T ) and it is convenient to work in terms of hermitian scalar fields in the case of the R_ξ gauges instead of the complex fields by writing these such as χ_j = χ̂_{2,j} + iχ̂_{1,j} with hermitian χ̂_{1,j} and χ̂_{2,j} , where j takes 1,2 and 3 and for instance, χ_1 means χ^−. Then it follows from App.2 that the quantities like (3.7) in the scalar potential are given by the replacement of the following forms

(χ^†_h + χ^†_v)(χ_h + χ_v) → (χ̂^T_h χ̂_h + 2χ̂^T_v χ̂_h + χ̂^T_v χ̂_v), (χ^†_h + χ^†_v)(ρ_h + ρ_v) → (χ̂^T_h + χ̂^T_v )(I_2 + τ_2) ⊗ I_3(ρ̂_h + ρ̂_v). (3.8)

Similarly, the covariant derivative for the scalar fields in (2.7) can be rewritten in terms of Φ as follows

D_μΦ = (∂_μ − iK^Φ_μ )Φ, (3.9) K^Φ_μ ≡ K^χ_μ ⊕ K^ρ_μ ⊕ K^η_μ ,

where ⊕ means a direct sum of the matrices and the notation K^φ_μ denotes the quantity gλ · A_μ/2 + g_N y_φB_μ given in (2.7) with φ ( = χ, ρ and η). (3.9) is rewritten in the covariant derivative D̂_μ corresponding to D_μ given in App.2 as follows

D̂_μΦ̂ = (∂_μ − iK^{Φ̂}_μ )Φ̂, (3.10)

where

K^{Φ̂}_μ ≡ I_2 ⊗ (K^χ_{μ−} ⊕ K^ρ_{μ−} ⊕ K^η_{μ−} ) + τ_2 ⊗ (K^χ_{μ+} ⊕ K^ρ_{μ+} ⊕ K^η_{μ+}), K^φ_{μ±} ≡ 1 2 (K^φ_μ ± K^{φT}_μ ),

and Φ̂ = (χ̂, ρ̂, η̂)^T with φ̂ = (φ_{1,1}, φ_{2,1}, φ_{1,2}, φ_{2,2}, φ_{1,3}, φ_{2,3}) for φ = χ, ρ and η. Then, the covariant kinetic energy term for the scalar field Φ becomes from (2.7) and (B.4) in terms of Φ̂ as follows

(D^μχ)^†(D_μχ) + (D^μρ)^†(D_μρ) + (D^μη)^†(D_μη) = (D^μΦ)^†D_μΦ = 1 2 (D̂^μΦ̂)^T (I_2 + τ_2) ⊗ (I_3 ⊕ I_3 ⊕ I_3)D̂_μΦ̂, (3.11)

where I_3 denotes 3 × 3 unit matrix. By using the V EV of the χ, ρ and η and writing Φ̂ = v + Φ̃ and v = (χ̂_v, ρ̂_v , η̂_v)^T with the non-zero components χ̂_{v2,3} = χ_v, ρ̂_{v2,2} = ρ_v , η̂_{v2,1} = η_v, (3.11) is rewritten as follows

(D^μΦ)^†D_μΦ= 1 2 [(D̂^μΦ̃)^T D̂_μΦ̃ + {v^T (I_2 + τ_2) ⊗ (I_3 ⊕ I_3 ⊕ I_3)K^{Φ̂μ}K^{Φ̂}_μ )Φ̃ +Φ̃^T K^{Φ̂μ}K^{Φ̂}_μ (I_2 + τ_2) ⊗ (I_3 ⊕ I_3 ⊕ I_3)v} − 2iv^T ∂^μK^{Φ̂}_μ Φ̃ +v^T K^{Φ̂μ}K^{Φ̂}_μ v]. (3.12) The last term gives the mass to the gauge bosons in the form [M^2_W W^{μ+}W^−_μ + M^2_X X^{μ+}X^−_μ + M^2_Y Y^{μ++}Y^{−−}_μ + h.c.] + 1 2 (M^2_{Z1} Z^μ_1 Z_{1μ} + M^2_{Z2} Z^μ_2 Z_{2μ}), (3.13)

where Z_{1μ} = cos ϕZ_μ + sin ϕZ^′_μ, Z_{2μ} = − sin ϕZ_μ + cos ϕZ^′_μ, M^2_W = g^2 4 (ρ^2_v + η^2_v ), M^2_X = g^2 4 (χ^2_v + η^2_v ),

M^2_Y = g^2 4 (χ^2_v + ρ^2_v), M^2_{Z1} = 1 2 [ M^2_Z + M^2_Z′ − √ (M^2_Z′ − M^2_Z )^2 + 4(M_{ZZ}′ )^4 ] , M^2_{Z2} = 1 2 [ M^2_Z + M^2_Z′ + √ (M^2_Z′ − M^2_Z )^2 + 4(M_{ZZ}′ )^4 ] , tan ϕ =

M^2_Z − M^2_{Z1} M^2_{ZZ}′ , M^2_Z =

M^2_W c^2_W , M^2_Z′ = 1 1 − 3t^2_W [ (2 + 3t^2_W )M^2_Y + (2 − 3t^2_W )M^2_X − M^2_W ] , M^2_{ZZ}′ = 1 c_W √ 3(1 − 3t^2_W ) [ M^2_Y − M^2_X + 3t^2_W M^2_W ] ,

A_μ denotes the massless gauge field (electromagnetic field) and θ_W the Weinberg angle in SM. It is noted that the neutral gauge bosons Z_1, Z_2 with the definite mass is related with Z, Z^′ through an orthogonal transformation[12].

The mass of the fermions is determined from the Yukawa interaction (2.12) through the SSB. The lepton masses are determined from the first three terms in (2.12) in a similar way as in SM and the Lagrangian is given as follows L^l_Y = E_LM_E E_R + e_LM_ee_R + ν_LM_ν E_ν + 1 χ_v [ ν_LU^{νE} M_E E_Rχ^+_h + e_LU^{eE} M_E E_Rχ^0_h + E_LM_E E_Rχ^0_h ]

+ 1 ρ_v [ ν_LU^{νe}M_ee_Rρ^+_h + e_LM_ee_Rρ^0_h + E_LU^{Ee}M_ee_Rρ^{++}_h ]

+ 1 η_v [ ν_LM_ν ν_Rη^0_h + e_LU^{eν} M_ν ν_Rη^−_h + E_LU^{Eν} M_ν ν_Rη^+_h ] + h.c. (3.14) = 1 χ_v ( (U^{Eν} ν), (U^{Ee}e), E ) L M_E E_R(χ_v + χ_h) + 1 ρ_v ( (U^{eν} ν), e, (U^{eE} E) ) L M_ee_R(ρ_v + ρ_h) + 1 η_v ( ν, (U^{νe} e), (U^{νE} E) ) L M_ν ν_R(η_v + η_h) + h.c., where E^0_{L,R} = A^E_{L,R}E_{L,R}, e^0_{L,R} = A^e_{L,R}e_{L,R}, ν^0_{L,R} = A^ν_{L,R}ν_{L,R}, A^{E†}_{L,R}μ^χA^E_{L,R} = M_E = diag(m_{E1} , m_{E2} , m_{E3} ), E^0_{L,R} = (E^0_1 , E^0_2 , E^0_3 )^T_{L,R}, U^{Ee} = A^{E†}_L A^e_L = (U^{eE} )^†, U^{νe} = U^{νE} U^{Ee}, E^0_{L,R}E^0_{L,R} = UE_{L,R}UE_{L,R} = E_{L,R}E_{L,R} for any unitary U, and similar notations for the other quantities are obvious. The number of the parameters in (3.14) is twenty in all and two of them are through the phases in the unitary matrices U^{Ee} and U^{Eν} [13]. It follows from the nature of the mass eigenstates and (3.14) that the kinetic energy parts and the Yukawa interactions for the leptons in terms of the mass eigenstates have the same form as those in terms of the weak interaction bases. The fact is due to the assignment of only the 3 representation of SU(3)_L to the left-handed leptons and the singlet under the 3 representation for the right-handed ones. It is noted that the transformation of the mass eigenstates for the leptons under SU(3)_L ⊗ U(1)_N is formally expressed in the similar form as to the weak interaction bases, e.g., l^′_{aL} ∼ (1 − i 9∑ b=1 β^bL^b)l_{aL}, (3.15)

where l_{aL} may have the form such as ((U_1ν)_a, (U_2e)_a, (U_3E)_a) with some unitary U’s.

The interaction of the quarks with the χ in (2.12) gives the mass to the J quarks and the Lagrangian has the explicit form in terms of the masses and their eigenstates

L^χ_Y = m_{J3} J_{3L}J_{3R} + J_LM_J J_R + 1 χ_v m_{J3} [ u_{3L}χ^−_h + d_{3L}χ^{−−}_h + J_{3L}χ^0_h ] J_{3R} + 1 χ_v [ d_LU^{dJ} M_J χ^{−∗}_h + u_LU^{uJ} M_J χ^{−−∗}_h + J_LM_J χ^{0∗}_h ] J_R + h.c. (3.16) = 1 χ_v ( u_3, d_3, J_3 ) L m_{J3} J_{3R}(χ_v + χ_h) + 1 χ_v ( (U^{Jd}d), (U^{Ju}u), J ) L M_J J_R(χ_v + χ^∗_h) + h.c., where m_{J3} (= χ_vΓ^χ_3 / √ 2) denotes the mass of J_3(= J^0_3 ), and the 2 × 2 mass matrix is diagonalized in the usual way J^0_{L,R} = A^J_{L,R}J_{L,R}, u^0_{L,R} = A^u_{L,R}u_{L,R}, d^0_{L,R} = A^d_{L,R}d_{L,R},

A^{J†}_L M^χA^J_R = M_J ≡ ( m_{J1} 0 0 m_{J2} ) , J^0_{L,R} = ( J^0_1 J^0_2 ) L,R , M^χ = χ_v √ 2 ( Γ^χ_{11} Γ^χ_{12} Γ^χ_{21} Γ^χ_{22} ) , U^{Jd} = A^{J†}_L A^d_L, U^{Ju} = A^{J†}_L A^u_L, A^{J†}_{L,R}A^J_{L,R} = I, etc., J^{0†}_{3L,R}J^0_{3L,R} = J^†_{3L,R}J_{3L,R}, J^{0†}_{L,R}J^0_{L,R} = J^†_{L,R}J_{L,R} The quantities U^{Jd} and U^{Ju} denote the 2 × 2 Cabibbo matrices[14] and each one is characterized only by one real parameter. The number of the parameters in (3.16) is five and the CP violation phases do not appear[13]. It is noted that the result is independent of the nature of the singlet because the charge of J_3 is different from that of the J_1, J_2 and thus J_3 can not be mixed with J_1 and J_2. The expression (3.16) has the form similar to that in (2.12) and the quantities (u_3, d_3, J_3)^T_L and ((U^{Jd}d)_i, (U^{Ju}u)_i, J_i)^T_L corresponding to those in the weak interaction bases as well as the right-handed ones are subject to the transformation corresponding to that in the weak interaction bases.

In the case (i) of “1”, the masses of the u and d quarks are given from L_Y in (2.12) through the VEV of the ρ and η. The Lagrangian giving the mass to these quarks has the form 1 √ 2 ( η_vū^0_{3L}Γ^η_{3a}u^0_{aR} + ρ_vd̄^0_{3L}Γ^ρ_{3a}d^0_{aR} + ρ_vū^0_{iL}Γ^ρ_{ia}u^0_{aR} + η_vd̄^0_{iL}Γ^η_{ia}d^0_{aR} ) + h.c., (3.17) where the sum over i is taken from 1 to 2, and that over a from 1 to 3. It is then seen that there are two possibilities of diagonalizing the mass matrices. One of them is to admit the mixing of the left-handed quarks belonging to the different representations in order to forbid unwanted processes such as u(c) ↔ t and d(s) ↔ b with the interaction with vacuum (or without interaction). The other one is to forbid the mixing of the lefthanded quarks belonging to the different representations and to admit the above unwanted processes.

The Lagrangian for the quark sector in the first one called case (i-a) can be rewritten in terms of the mass eigenstates as follows

L^ρ_Y + L^η_Y = U_LM_uU_R + D_LM_dD_R + 1 √ 2 U_LB^{u†}_L ( I_2Γ^ρρ^{0∗}_h + I_1Γ^ηη^0_h ) B^u_RU_R + 1 √ 2 D_LB^{d†}_L ( I_1Γ^ρρ^0_h + I_2Γ^ηη^{0∗}_h ) B^d_RD_R + 1 √ 2 U_LB^{u†}_L ( I_2Γ^η η^{−∗}_h + I_1Γ^ρρ^+_h ) B^d_RD_R + 1 √ 2 D_LB^{d†}_L ( I_2Γ^ρρ^{+∗}_h + I_1Γ^η η^−_h ) B^u_RU_R + 1 √ 2 J_{3L}Γ^ρ_1B^d_RD_Rρ^{++}_h + 1 √ 2 J_{3L}Γ^η_1 B^u_RU_Rη^+_h + 1 √ 2 J_LA^{J†}_L Γ^ρ_2B^u_RU_Rρ^{++∗}_h + 1 √ 2 J_LA^{J†}_L Γ^η_2 B^d_RD_Rη^{+∗}_h + h.c., (3.18) where

Γ^{ρ,η}_1 = (Γ^{ρ,η}_{31} Γ^{ρ,η}_{32} Γ^{ρ,η}_{33} ), Γ^{ρ,η}_2 = ( Γ^{ρ,η}_{11} Γ^{ρ,η}_{12} Γ^{ρ,η}_{13} ) Γ^{ρ,η}_{21} Γ^{ρ,η}_{22} Γ^{ρ,η}_{23} ) , Γ^{ρ,η} = ( Γ^{ρ,η}_2 Γ^{ρ,η}_1 ) ,

U^0_{L,R} = u^0_1 u^0_2 u^0_3 L,R , D^0_{L,R} = d^0_1 d^0_2 d^0_3 L,R , U^0_{L,R} = B^u_{L,R}U_{L,R}, D^0_{L,R} = B^d_{L,R}D_{L,R},

1 √ 2 B^{u†}_L (I_2Γ^ρρ_v + I_1Γ^ηη_v ) B^u_R = M_u ≡ m_{u1} 0 0 0 m_{u2} 0 0 0 m_{u3}

, I_1 =

0 0 0 0 0 0 0 0 1 ,

1 √ 2 B^{d†}_L (I_1Γ^ρρ_v + I_2Γ^η η_v) B^d_R = M_d ≡ m_{d1} 0 0 0 m_{d2} 0 0 0 m_{d3}

, I_2 =

1 0 0 0 1 0 0 0 0 .

It is noted that the unitary matrices defining the mass eigenstates can not be combined into the Kobayashi-Maskawa-like matrices[14] as in (3.14) and (3.16) and appear in the interaction by itself. It is seen that the mass matrices are diagonalized through 3 × 3 unitary matrices which produce a result of the mixture of the left-handed quarks belonging to the different representations, 3 and ¯3, and it is necessary to diagonalize the 3 × 3 matrices by 3 × 3 unitary matrices and use the mass eigenstates with three components because the quantities Γ_{3i} and Γ_{i3}(i = 1, 2) are not zero in general. Thus, the parameters appear through these matrices as well as those in the Γ matrices and the number of the parameters in (3.18) amounts to about fifty eight. The CP violation occurs through the phases in these matrices in addition to those in the Kobayashi-Maskawa matrices in (3.14) for leptons[13][14]. The following relations hold due to the unitary transformation U^{0†}_{L,R}U^0_{L,R} = U^†_{L,R}U_{L,R}, D^{0†}_{L,R}D^0_{L,R} = D^†_{L,R}D_{L,R}. (3.19) It is evident that (3.18) can not be rewritten in the form (2.12) corresponding to that in terms of the weak interaction bases because of the mixing of the left-handed quarks belonging to the different representations. It is noted that the relations in (3.19) do not mean the relations such as u^{0†}_{3L,R}u^0_{3L,R} = U^†_{3L,R}U_{3L,R} and

∑_2 i=1 u^{0†}_{iL,R}u^0_{iL,R} = ∑_2 i=1 U^†_{iL,R}U_{iL,R} although the reverse is true.

The Lagrangian for the quark sector in the latter one called case (i-b) can be rewritten in terms of the mass eigenstates as follows

L^ρ_Y + L^η_Y = 1 η_v ( u_3, d_3, J_3 ) L m_{u3} u_{3R} (η_v + η_h) + 1 ρ_v ( u_3, d̄_3, J̄_3 ) L m_{d3} d_{3R} (ρ_v + ρ_h) + 1 ρ_v ( (U^{ud}d), ū, (U^{uJ} J) ) L m_uu_R (ρ_v + ρ^∗_h) + 1 η_v ( d, (U^{du}u), (U^{dJ} J) ) L m_dd_R (η_v + η^∗_h) + 1 √ 2 [( u_3, d_3, J_3 ) L (Γ^η_{31}, Γ^η_{32}) A^u_Ru_R (η_v + η_h) + ( u_3, d_3, J_3 ) L (Γ^ρ_{31}, Γ^ρ_{32}) A^d_Rd_R (ρ_v + ρ_h)

+ ( (U^{ud}d), u, (U^{uJ} J) ) L A^{u†}_L ( Γ^ρ_{13} Γ^ρ_{23} ) u_{3R} (ρ_v + ρ^∗_h) + ( d, (U^{du}u), (U^{dJ} J) ) L A^{d†}_L ( Γ^η_{13} Γ^η_{23} ) d_{3R} (η_v + η^∗_h) ] + h.c., (3.20) where u^0_{L,R} = A^u_{L,R}u_{L,R}, d^0_{L,R} = A^d_{L,R}d_{L,R}, u^0_{3L,R} = u_{3L,R}, d^0_{3L,R} = d_{3L,R}, u_{L,R} = ( u_1 u_2 ) L,R , d_{L,R} = ( d_1 d_2 ) L,R , m_{u3} = 1 √ 2 η_v Γ^η_{33}, m_{d3} = 1 √ 2 ρ_v Γ^ρ_{33}, 1 √ 2 ρ_v A^{u†}_L ( Γ^ρ_{11} Γ^ρ_{12} Γ^ρ_{21} Γ^ρ_{22} ) A^u_R = m_u = ( m_{u1} 0 0 m_{u2} ) , 1 √ 2 η_vA^{d†}_L ( Γ^η_{11} Γ^η_{12} Γ^η_{21} Γ^η_{22} ) A^d_R = m_d = ( m_{d1} 0 0 m_{d2} ) , U^{ud} ≡ A^{u†}_L A^d_L = (U^{du})^†, U^{Ju} ≡ A^{J†}_L A^u_L, U^{Jd} = U^{Ju}U^{ud}, u^{0†}_{L,R}u^0_{L,R} = u^†_{L,R}u_{L,R} = (Uu)^†_{L,R}(Uu)_{L,R}, d^{0†}_{L,R}d^0_{L,R} = d^†_{L,R}d_{L,R} = (Ud)^†_{L,R}(Ud)_{L,R}. The Lagrangian (3.20) has the form corresponding to that in (2.12) in terms of the weak interaction bases and it is evident that the transformation of the mass eigenstate quarks under SU(3)_L ⊗ U(1)_N is formally given by the form corresponding to those in the weak interaction bases. It is noted that the bracketed terms on the right side in (3.20) contain unwanted processes of the flavor change in the interaction with the vacuum.

In the case (ii) of “1_3” and “1¯_3” for the singlet, however, the corresponding Lagrangian is given by putting Γ^{ρ,η}_{3i} = Γ^{ρ,η}_{i3} = 0 (i = 1, 2) from (3.20), i.e. given by omitting the bracketed terms in (3.20). Then, it is noted that the matrices defining the mass eigenstates are combined into the three Cabibbo matrices one of which is given by the product of the other two and the Lagrangian is given in the form similar to that for the J quark. Of course, the above unwanted processes do not appear. The number of the parameters in in this case is eight and no CP violation occurs. It is noted that the interaction terms are expressed in the forms similar to those in (2.12) in the case (ii) also as in the case of J’s. It follows that the expression for the quark parts is summarized in terms of the mass eigenstates for the basic fermions and 2 × 2 Cabibbo matrices and thus the parameters appear through the masses of the fermions and the Cabibbo matrices together with no CP violation from the quark parts. Thus, the number of the parameters is twenty six in all. The relations u^{0†}_L u^0_L = u^†_Lu_L and d^{0†}_L d^0_L = d^†_Ld_L but not (3.19) are desirable from a physical point of view as mentioned before and are necessary for the anomaly coefficients[5] after the SSB to have the expressions corresponding to those in terms of the representation matrices before the SSB.

4 R_ξ gauges

It is useful to use the tilde quantities for the scalar fields in order to fix the gauge and introduce the ghost fields[9][10]. We first rewrite (3.11) in terms of these quantities. Then, the non-zero components of the scalar fields in the case of the Higgs mechanism are given by putting χ̃_{α,i} = 0 except for χ̃_{2,3} and ρ̃_{α,1} = ρ̃_{1,2} = 0 in (3.12) but then the terms such as gρ_v (∂^μY^{++}_μ ρ^{++†}_h − ∂^μY^{−−}_μ ρ^{++}_h ) and gη_v (∂^μW^−_μ η^+_h − ∂^μW^+_μ η^−_h + ∂^μX^+_μ η^−_h − ∂^μX^−_μ η^+_h ) , which lead to the unwanted processes such as ρ^{−−} ↔ Y^{−−} and η^+ ↔ W^+ for moving gauge bosons, remain in the third term in (3.12). These terms can not be excluded with some additional physical procedure as long as the Higgs mechanism is used. Therefore, it is more reasonable to use R_ξ gauges than the gauge based on the Higgs mechanism because the terms giving the above unwanted processes can be cancelled by terms added to the Lagrangian to fix the gauge.

The gauge fixing Lagrangian is introduced according to the known procedure[9] as follows L_{gf} = − ξ 2 9∑ a=1 ( ∂^μV^a_μ − i g^a ξ v^T L^{Φ̂a}Φ̃

)_2

, (4.1)

where

L^{Φ̂a} ≡ I_2 ⊗ (L^{χa}_− ⊕ L^{ρa}_− ⊕ L^{ηa}_− ) + τ_2 ⊗ (L^{χa}_+ ⊕ L^{ρa}_+ ⊕ L^{ηa}_+ ), L^{φa}_± ≡ 1 2 ( L^{φa} ± L^{φaT} ) , L^{φa} = L^a = { λ^a/2 (a = 1, 2, · · · , 8), y_φI_3 (a = 9),

and V^a_μ = A^a_μ, g_a = g (a = 1, 2, · · · , 8), V^9_μ = B_μ and g_9 = g_N . It is noted that the cross terms from (4.1) cancel the third term in (3.12). Furthermore, as is well known a set of nine ghost fields C^a(a = 1, 2, · · · , 9) corresponding to the nine generators L_i = λ_i/2(i = 1, 2, · · · , 8) and y_ϕI_3 are needed to ensure unitarity and renormalizability[9][10][15]. The Lagrangian for the ghost fields is given with the known procedure[9] by L_{gh} = i [ ∂^μC^a(∂_μC^a + g_bf_{abc}V^b_μ C^c) − g_ag_b ξ C^av^T L^{Φ̂a}L^{Φ̂b}(v + Φ̃)C^b ] , (4.2)

where f_{abc} denotes the structure constants of SU(3)_L ⊗ U(1) with f_{ab9} = 0. The mass term of the ghost fields contained in the last term of (4.2) is given by replacing V^a_μ → C^a in that of the gauge fields given by the last term in (3.12) except for the factor ξ. The explicit expression of (4.2) in terms of the χ, ρ, and η is given as follows L_{gh}= i [ ∂^μC^j (∂_μC^j + gf_{jkl}A^k_μC^l) + ∂^μC∂_μC − g^2 2ξ C^j { χ^T_v { I_2 ⊗ (L^j L^k + L^{jT} L^{kT} ) + τ_2 ⊗ (L^j L^k − L^{jT} L^{kT} ) } (χ_v + χ̃) +ρ^T_v { I_2 ⊗ (L^j L^k + L^{jT} L^{kT} ) + τ_2 ⊗ (L^j L^k − L^{jT} L^{kT} ) } (ρ_v + ρ̃) +η^T_v { I_2 ⊗ (L^j L^k + L^{jT} L^{kT} ) + τ_2 ⊗ (L^j L^k − L^{jT} L^{kT} ) } (η_v + η̃) } C^k

− g^2_N ξ C { χ^T_v (χ_v + χ̃) + ρ^T_v (ρ_v + ρ̃) } C + gg_N 2ξ C^j { χ^T_v { τ_2 ⊗ (L^j − L^{jT} ) + I_2 ⊗ (L^j + L^{jT} ) } (χ_v + χ̃) +ρ^T_v { τ_2 ⊗ (L^j − L^{jT} ) + I_2 ⊗ (L^j + L^{jT} ) } (ρ_v + ρ̃) } C + gg_N 2ξ C { χ^T_v { τ_2 ⊗ (L^j − L^{jT} ) + I_2 ⊗ (L^j + L^{jT} ) } (χ_v + χ̃) +ρ^T_v { τ_2 ⊗ (L^j − L^{jT} ) + I_2 ⊗ (L^j + L^{jT} ) } (ρ_v + ρ̃) } C^j ] , (4.3)

where C ≡ C^9 and χ_v(ρ_v , η_v) is used instead of χ̂_v (ρ̂_v, η̂_v ).

5 Propagators

As the Lagrangian in the R_ξ gauge is determined, the propagators for the particles are obtained in a known way. Those for the gauge bosons are obtained in the form similar to those in SM from L_V in (2.8) and (3.12) as follows iD^A_{μν} (k) = −i 1 k^2 g_{μν} − (1 −^1_ξ )

k^2 k_μk_ν , for A_μ

iD^V_{μν} (k) = −i 1 k^2 − M^2_V g_{μν} − (1 −^1_ξ ) k^2 − M^2_V /ξ k_μk_ν , for V = W^±_μ , X^±_μ , Y^{±±}_μ ,

iD^{Zi}_{μν} (k) = −i 1 (k^2 − M^2_{Zi} ) g_{μν} − (1 −^1_ξ )k_μk_ν (k^2 − M^2_{Zi} /ξ)

, for Z_i (i = 1, 2), (5.1)

where here and hereafter a factor to select the boundary condition is omitted.

Those for the ghost fields are given from those in (4.3) which has the same mass matrix as the gauge field in (3.13) except for the parameter ξ and thus the states of the ghost may be classified in the way similar to those of the gauge bosons. The notations corresponding to the gauge bosons are used,i.e., such as c^+_W , c^+_X , c_A, etc. corresponding to W^+_μ , X^+_μ , A_μ, etc. and the propagators are given as follows

iD^G_A (k) = i k^2

, for c_A

iD^G_X (k) = i k^2 − M^2_X /ξ

, for X = c^±_W , c^±_X , c^{±±}_Y , (5.2) iD^G_{Zi} (k) = i k^2 − M^2_{Zi} /ξ

, for c_{Zi} (i = 1, 2),

where the expressions for c^+_W etc. in terms of c^i etc. are given by replacing the A^i_μ and B_μ in the expressions for the gauge bosons W^+_μ etc. with c^i and c and the M^2_X denotes the mass of the gauge boson X. It is noted that the first one in (5.2) corresponds to a propagator of the mass zero field and remains in the limit of ξ → 0 in contrast to those of the other eight.

The propagators for the scalar fields are divided into three types and are given as follows:

(I)Type 1. The mass matrix for a pair of fields (x̃, ỹ) is given by the 2 × 2 matrix

μ^2 +

M^2 4ξ = c ( y −x ) (y − x) + g^2 4ξ ( x y ) (x y). The propagators for the diagonalized fields of these are given by (a) For^{g2}_{4ξ} > c; iD^{x̂}_{sc}(k) = i k^2 −^{4cM 2x}_{g2} , iD^ŷ_{sc}(k) = i k^2 −^{M 2x}_ξ

, (5.3)

x̂ = cos ϕ_sx̃ − sin ϕ_sỹ, ŷ = cos ϕ_sỹ + sin ϕ_sx̃,

M^2_x = g^2 4 (x^2 + y^2), tan ϕ_s = y x , (b) For c >^{g2}_{4ξ} ;

The propagator in this case is given by replacing x → y and y → −x in (a).

It follows that one of the two propagators in (5.3) has a physical pole 4cM^2_x /g^2 depending on a mass M^2_x of the gauge boson x and the other a pole M^2/ξ depending on the ξ. Thus one of these remains even in a limit ξ → 0 and the other disappears in the limit. Explicitly, the following six cases are possible for a pair of fields

(i) x = χ_v, y = η_v , c = c_8/2, M^2_x = M^2_X for x̃ = χ̃_{1,1}, ỹ = η̃_{1,3}. (ii) x = η_v, y = −χ_v, c = c_8/2, M^2_x = M^2_X for x̃ = χ̃_{2,1}, ỹ = η̃_{2,3}. (iii) x = χ_v, y = ρ_v, c = c_7/2, M^2_x = M^2_Y for x̃ = χ̃_{1,2}, ỹ = ρ̃_{1,3}. (iv) x = χ_v, y = −ρ_v, c = c_7/2, M^2_x = M^2_Y for x̃ = χ̃_{2,2}, ỹ = ρ̃_{2,3}. (v) x = ρ_v , y = η_v, c = c_9/2, M^2_x = M^2_W for x̃ = ρ̃_{1,1}, ỹ = η̃_{1,2}. (vi) x = ρ_v , y = −η_v, c = c_9/2, M^2_x = M^2_W for x̃ = ρ̃_{2,1}, ỹ = η̃_{2,2}.

(II)Type 2. The mass matrix for the (χ̃_{1,3}, ρ̃_{1,2}, η̃_{1,1}) is given by

M^2 = 1 ξ (^{g2}_3 + g^{′2})χ^2 −(^{g2}_6 + g^{′2})χρ −^{g2}_6 χη −(^{g2}_6 + g^{′2})χρ (^{g2}_3 + g^{′2})ρ^2 −^{g2}_6 ρη −^{g2}_6 χη −^{g2}_6 ρη^{g2}_3 η^2

, (5.4)

where the notations (χ, ρ, η) are used instead of (χ_v, ρ_v , η_v). The propagators are given for the diagonalized fields of these by

iD_0(k) = i k^2 , iD_−(k) = i k^2 − M^2_−/ξ

, iD_+(k) = i k^2 − M^2_+/ξ , where

χ̃_0 = a(ρηχ̃_{1,3} + χηρ̃_{1,2} + χρη̃_{1,1}), ρ̃_{M+} = cos θρ̃_− + sin θη̃_+, η̃_{M−} = − sin θρ̃_+ + cos θη̃_−, ρ̃_− = b(χχ̃_{1,3} + ρρ̃_{1,2} − 2ηη̃_{1,1}), η̃_+ = c{χ(ρ^2 + 2η^2)χ̃_{1,3} − ρ(χ^2 + 2η^2)ρ̃_{1,2} + η(χ^2 − ρ^2)η̃_{1,1}}, a^2(χ^2ρ^2 + χ^2η^2 + η^2ρ^2) = 1, b^2(χ^2 + ρ^2 + 4η^2) = 1, c = ab,

tan θ = 1 M^2_{23} [ M^2_{33} − M^2_{22} − √ (M^2_{33} − M^2_{22})^2 + 4(M^2_{23})^2 ] , M^2_{22} = b^2 [ g^2 3 (χ^4 + ρ^4 + 4η^4 − ρ^2χ^2 + 2η^2χ^2 + 2ρ^2η^2) + g^2_N (χ^2 − ρ^2)^2 ] , M^2_{33} =

4b^2 a^2 ( g^2 4 + g^2_N ) , M^2_{23} =

2b^2 a ( χ^2 − ρ^2 ) ( g^2 4 + g^2_N ) , M^2_± = 1 2 [ g^2 3 ( ρ^2 + χ^2 + η^2 )

∓ { g^2 3 (ρ^2 + χ^2 + η^2) + g^2_N (ρ^2 + χ^2)

}_2 − 4g^2 3 ( g^2 4 + g^2_N ) (χ^2ρ^2 + χ^2η^2 + ρ^2η^2) . It is noted that one of the propagators appears with the zero-mass form as above due to detM^2 = 0.

(III)Type 3. The propagator of the case is for the fields (χ̃_{2,3}, ρ̃_{2,2}, η̃_{2,1}), which correspond to the neutral fields appearing with the masses in the Higgs mechanism and are the real counterparts of the neutral scalar fields whose imagianry parts appear in the type 2, and is given by

iD(χ̃_{2,3}, ρ̃_{2,2}, η̃_{2,1}) = i k^2 − M^2

, (5.5)

where the mass matrix is given by

M^2 =

2c_1χ^2 c_4χρ c_5χη c_4χρ 2c_2ρ^2 c_6ρη c_5χη c_6ρη 2c_3η^2 . It is noted that the first type of the propagators has two types of the pole, one at 4cM^2_x /g^2 and the gauge-dependent pole at M^2_x /ξ with the gauge boson mass and the second one has the mass matrix proportional to ξ^{−1} whose determinant is zero. The third type is for the fields (χ_{2,2}, ρ_{2,2}, η_{2,1}) and the mass matrix with three non-zero eigenvalues is independent of ξ.

It follows that in the limit of ξ → 0, there are one massless (photon), and eight massive vector bosons, ten scalar bosons (18 - 8=10) one of which is massless and no other particles independent of ξ. The result for the degree of freedom agrees with that expected from the Higgs mechanism. It is, however, noted that as mentioned before an unwanted processes appear in the Higgs mechanism but in the R_ξ gauge the unwanted processes are cancelled out by the gauge fixing terms. It is confirmed that all the above propagators behave like (momentum)^{−2} in the momentum → ∞ limit in the case of 0 < ξ < ∞. Thus it is expected that the theory with the R_ξ gauge will be renormalizable provided that the triangle anomalies do not appear from the interaction of the fermion fields with those of the gauge bosons as is well known. However, it is shown without the gauge fixing in a previous paper[6] that the nature of the singlet assigned to the right-handed quarks in the families affects the triangle anomalies.

The propagator for the mass eigenstate fermions can be discussed in the usual way from the second order terms in (3.14) for the leptons and the discussions after (3.16) for the quarks together with the kenetic energy terms expressed in terms of the mass eigenstates from (2.6). The propagators for the leptons and the J quarks are given in a unique way. However, the propagators for the mass eigenstate u and d quarks have the different forms depending on the nature of the right-handed singlet.

In the case (i-a), the progpagator for each quark of U_a and D_a is given throught (3.18) and the kinetic energy terms expressed in terms of the mass eigenstates from (2.6) in the same form as those for the leptons. It is, however, noted that the mass eigenstates in (3.18) are given by a linear combination of the quarks belonging to different represenattions as mentioned below (3.18). It,thus, follows that in this case the quark currents in terms of the mass eigenstates have the form different from those in terms of the weak interaction bases. In the case (i-b), owing to the braketed terms in (3.20) the propagators are not given for each quark but with the form related to the three quarks such as of the u_1, u_2 and u_3 each of which is a linear combination of three weak interaction bases. The propagators for the u and d are obtained from (3.20) and the kinetic energy terms in (2.6) and for instance, those for the u_1,u_2 and u_3 are given in the coupled form in the known way as follows iD(k) = i /k − m_1 0 h_{13} 0 /k − m_2 h_{23} h_{31} h_{32} /k − m_3 −1 ,

h_{i3} ≡ 1 √ 2 { η_v ∑ Γ^{η∗}_{3j} (A^u_R)^∗_{ji}P_L + ρ_v ∑ (A^u_R)^∗_{ji}Γ^η_{j3}P_R } , h_{3i} ≡ 1 √ 2 { η_v ∑ Γ^η_{3j} (A^u_R)_{ji}P_R + ρ_v ∑ Γ^{ρ∗}_{j3} (A^u_L)_{ji}P_L } , m_1 = m_{u1} , m_2 = m_{u1 2}, m_3 = m_{u3} , (5.6)

where the sum over j is meant from 1 to 2. It, thus, follows that the quark currents in terms of the mass eigenstate quarks have the same form as those in the weak interaction bases but the anomaly coefficients from the quark currents can not be expressed in the form with the product of the representation matrices in terms of the weak interaction bases (see §7) because of the propagator by the mixing of the quarks in the different representations.

In the case (ii) of taking into account the transformation property of the right-handed singlet, i.e., “1_3” for the counterpart of the left-handed “3” representation and “1¯_3” for that of the left-handed “¯3” representation, the propagators are given for each quarks such as for the J quarks and then such phenomena appearing in the case (i-b) for the anomaly coefficient does not exist for lack of the bracketed terms in (3.20), i.e., due to Γ^{ρ,η}_{i3} = Γ^{ρ,η}_{3i} = 0. The result will play an important role in the fermion triangle anomalies and thus in the renormalization of the theory.

As is seen from above discussion on the quark propagators the quantities Γ^{ρ,η}_{3i} and Γ^{ρ,η}_{i3} for i = 1, 2 must be zero in order to give the consistent result to the theory, i.e. anomaly free and then renorlizability. The condition of Γ^{ρ,η}_{i3} = Γ^{ρ,η}_{3i} = 0 is satisfied automatically in the case (ii) of our assignment of “1_3” and “1¯_3”, but is not ensured in the case (i) of “1” except for imposition of the condition by hand. In the next section, the fermion currents are given in terms of the mass eigenstates.

6 Fermion currents in terms of mass eigenstates

The currents in (2.13) in terms of the weak interaction bases can be given in terms of the mass eigenstates given in (3.14) for the lepton and those after (3.16) for the quarks. Owing to the last relations below (3.14) and the corresponding ones such as the relation (3.19) and the last relation below (3.16) and (3.20) for the quarks, the lepton parts in the currents J^μ_W etc.,[16] and the electromagnetic current J^μ_{em} may be given by substitution of the weak interaction bases in (2.13) into the corresponding mass field or the mass field multiplied with some unitary matrix such as ν^′ = U^{eν} ν and D^′ = BD as seen from (3.14) ∼ (3.20). However, the quark parts of the currents except for the electromagnetic current have the different forms after the SSB according to the nature of the singlet[6].

In the case (i-a), the quark part of the J^μ_W current can be rewritten in the form

J^μ_W ∼ Q^0_{3L}γ^μ(λ_1 + iλ_2)Q^0_{3L} + Q^0_{jL}γ^μ(−λ^T_1 − iλ^T_2 )Q^0_{jL} = 2U_{aL}(B^{u†})_{a3}γ^μ(B^d_L)_{3b}D_{bL} − 2U_{aL}(B^{u†})_{aj} γ^μ(B^d_L)_{jb}D_{bL}, (6.1)

where the sum over a and b is meant from 1 to 3 and that over j from 1 to 2. It is noted that the last expression can not be rewritten owing to the different sign in front of the terms in the same form as that in the weak interaction bases. This different sign comes from the fact that the left-handed quarks in the first and the second families are transformed under the ¯3 representation but those in the third family are under the 3 representation. The mixing of the quarks in the different representations as mentioned below (3.18) must be used to construct the mass eigenstates. Similarly, it is apparent that the quark parts for the other currents can not be expressed in the form corresponding to those in terms of the weak interaction bases and in particular the FCNC[6][8] appears from the neutral current J^μ_Z′ such as

Q^0_{3L}γ^μλ_8Q^0_{3L} − Q^0_{jL}γ^μλ^T_8 Q^0_{jL}= U_{aL}(B^{u†}_L )_{a3}γ^μ(B^u_L)_{3b}U_{bL} − U_{aL}(B^{u†}_L )_{aj} γ^μ(B^u_L)_{jb}U_{bL}

+D_{aL}(B^{d†}_L )_{a3}γ^μ(B^d_L)_{3b}D_{bL} − D_{aL}(B^{d†}_L )_{aj} γ^μ(B^d_L)_{jb}D_{bL} +J_{3L}γ^μJ_{3L} − J_Lγ^μJ_L.

The FCNC does not occur in the J quarks but occurs in the u and d quarks bucause the mixing of the J quarks belonging to the different representations does not appear as seen from (3.16) but that of the u and d quarks appears as seen from (3.18) [8][12][13].

In the case (i-b), the quark part of the J^μ_W current can be given in the form similar to that in the weak interaction bases,i.e.,

J^μ_W ∼ Q^0_{3L}γ^μ(λ_1 + iλ_2)Q^0_{3L} + Q^0_{jL}γ^μ(−λ^T_1 − iλ^T_2 )Q^0_{jL}

= Q_{3L}γ^μ(λ_1 + iλ_2)Q_{3L} + Q_{jL}γ^μ(−λ^T_1 − iλ^T_2 )Q_{jL}, (6.2)

where

Q_{3L} = u_3 d_3 J_3 L , Q_{iL} = d_i u^′_i J^′_i L , u^′_L = U^{du}u_L, J^′_L = U^{dJ} J_L.

It is apparent that the other currents for the quark parts have the forms corresponding to those in the weak interaction bases and then the cross terms of the left-handed quarks belonging to the different representations do not appear in contrast to the case (i-a). In this case, however, the propagators depend on the quarks belonging to the different representations as seen from (5.6) in §5.

In the case (ii) of “1_3” and “1¯_3”, the currents in (2.13) are given in the same form as in the case (i-b). A decisive difference from the case (i-b) is that in the case (ib) the bracketed terms in (3.20) appear but in the case (ii) these terms vanish due to Γ^{ρ,η}_{3i} = Γ^{ρ,η}_{i3} = 0. As the result, the propagators of the u and d quarks are given for each mass eigenstate quark in contrast to those in the cases (i-a) and (i-b) and then the anomaly coefficients after the SSB are given in the same form as that in the weak interaction bases as will be seen in the next section.

7 Triangle anomalies

It is known that the anomalies, which are singuralities associated with the fermion triangle diagram contributions to the vertex of three currents, should be cancelled even when the gauge structure of the theory is modified by the SSB[5]. If the anomalies appear without vanishing, the renormalizability of the theory will be destroyed[11][15].

The anomaly coefficient A_{ijk} in the vertex of currents i, j and k is given by[5] A_{ijk}∼ 2TrL^i_L{L^j_L, L^k_L} − 2TrL^i_R{L^j_R, L^k_R} ≡ 2(A^L_{ijk} − A^R_{ijk}), (7.1) where L^i_L and L^i_R denote the represenation matrices of the left- and right-handed fermions. In the case (ii) of the singlet 1_3 and 1¯_3, it follows from the discussion in §6 that the anomaly coefficients are zero because the currents after the SSB are expressed in terms of ones corresponding to those in terms of the weak interaction bases before the SSB. For instance, the coefficients for the processes Z → W^+W^− and Z → Y^{++}Y^{−−} become ∑ Tr(T_{3L} − 2s^2_W Q_L){T_{1L} − iT_{2L}, T_{1L} + iT_{2L}} = 3 8 [Trλ_3{λ_1 − iλ_2, λ_1 + iλ_2}

+Trλ_3{λ_1 − iλ_2, λ_1 + iλ_2} + 2Tr(−λ^T_3 ){−λ^T_1 + iλ^T_2 , −λ^T_1 − iλ^T_2 }] −6s^2_W [TrQ_l{λ_1 − iλ_2, λ_1 + iλ_2} + TrQ_{3L}{λ_1 − iλ_2, λ_1 + iλ_2} +2Tr(Q_{iL}){−λ^T_1 + iλ^T_2 , −λ^T_1 − iλ^T_2 }] = 0, ∑ Tr(T_{3L} − 2s^2_W Q_L){T_{6L} − iT_{7L}, T_{6L} + iT_{7L}} = 3 8 [Trλ_3{λ_6 − iλ_7, λ_6 + iλ_7}

+Trλ_3{λ_6 − iλ_7, λ_6 + iλ_7} + 2Tr(−λ^T_3 ){−λ^T_6 + iλ^T_7 , −λ^T_6 − iλ^T_7 }] −6s^2_W [TrQ_l{λ_1 − iλ_2, λ_1 + iλ_2} + TrQ_{3L}{λ_1 − iλ_2, λ_1 + iλ_2} +2Tr(Q_{iL}){−λ^T_1 + iλ^T_2 , −λ^T_1 − iλ^T_2 }] = 0, (7.2) where the quantities Q_l, Q_{3L} and Q_{iL} are the charges of the leptons and quarks given by

Q_l =

0 0 0 0 −1 0 0 0 1 , Q_{3L} = 1 3 2 0 0 0 −1 0 0 0 5 , Q_{iL} = 1 3 −1 0 0 0 2 0 0 0 −4 .

and the sum is meant over the families. It is noted that the factor 3 in (7.2) comes from the three families for the leptons and the three colors for the quarks. It follows that the anomaly coefficients are not necessarily zero due to the sum of all charge in three families in contrast with the case in the SM. In this way it is easy to see that the anomaly coefficients vanish for all possible processes. Thus, the renormalizability of the theory will be guaranteed in the case (ii), while it is apparent that in the case (i) the coefficients will not become zero in general because the anomaly coefficients can not be expressed in the form of (7.1) for both (i-a) and (i-b) due to the mixing of the quarks belonging to the different representations as seen from (3.18) and (5.6).

8 BRS transformation

In this section, we discuss a BRS transformation[11]. It is well known that the invariance under the BRS transformation is produced by adding the ghost term even after the gauge invariance of the Lagrangian is violated by the gauge fixing. It is, also, considered that the BRS invariance is not violated by the SSB in order for the theory to be renormalizable and for the S-matrix to be independent of the gauge parameter[15].

If we start with the gauge invariant Lagrangian containing the fields of the chiral transformation, the anomalies associated with the fermion triangle diagram on three currents must also disappear in order to guarantee the renormalizability of the theory and then the BRS invariance is ensured as is easily seen for our case (ii). Of course, it is evident that even after the SSB the above conditions for the theory shoud not be violated in order for the theory to be renormalizable. That is, the anomaly coefficients after the SSB must vanish and then the invariance under the BRS transformation must hold. However, in some cases, the invariance under the BRS transformation holds thought the anomaly coefficients do not vanish as in the case (i-b) in §7. Therefore, in order for the theory to be renormalizable the anomaly coefficients must vanish and then also the BRS invariance will be ensured. This is because the BRS invariance is necessary for the unitarity of the S matrix[15].

As discussed in §6 and §7, the cases (i-a) and (i-b) for the singlet lead to non-zero results for the anomaly coefficients though in the case (i-b) the total Lagrangian is invariant under the BRS transformation in contrast to the case (i-a) in which case the BRS transformation can not be defined as noted below (2.5). However, in the case (ii) for the singlet the anomaly coefficients become zero for all possible triangle diagrams and the BRS invariance holds as is easily seen. Thus, it may be concluded that the possibility of the singlet “1”, i.e., the case (i), must be excluded for the theory to be renormalizable. We will show the invariance under the BRS transformation in the case (ii) for the counterparts of “3” and “¯3” briefly below.

It is easily seen that the Lagrangian L_{gf} + L_{gh} of the gauge fixing and the ghost terms in (4.1) and (4.2) is invariant under the following BRS transformations of the fields

δ_BC^a = i 2 λf_{abc}C^bC^c, δ_BC^a = λξ(∂^μV^a_μ − ig_a ξ ⟨v|L^{Φa}|Φ̃⟩), δ_BΦ̃ = λL^{Φa}(v + Φ̃)C^a, δ_BV^a_μ = −iλD_μC^a, (8.1)

where D_μC^a ≡ ∂_μC^a +gf_{abc}V^b_μ C^c and the BRS transformation is defined as usual, i.e., the substitution of the parameters in the gauge transformation β^a → iλC^a with a constant hermitian Grassmann quantity λ. It is noted that the following equation of motion holds

∂^μD_μC^a + g_ag_b ξ ⟨v|L^{Φa}L^{Φb}|v + Φ̃⟩C^b = 0. (8.2)

where no sum over a but the sum over b is taken from 1 to 9. The BRS transformation for the fermions is given by the above substitution of the parameters in the formulas such as the transformation in (3.15). It thus follows that if the Lagrangians except for the gauge fixing and the ghost terms are invariant under the BRS transformation even after the SSB, the total Lagrangian is also invariant under the transformation.

It is evident that the original Lagrangians (2.6), (2.7), (2.8) and (2.12) are invariant under the BRS transformation given by v = 0 in (8.1) and even in the case of v ≠ 0 for the leptons and the scalars because as noted in §3 the Lagrangians and the fields in terms of the mass eigenstates are rewritten in the same form corresponding to those in terms of the weak interaction bases and the BRS transformation for the mass eigenstates is given in the same form as that for the weak interaction bases as noted in §2 and §3.

However, in the case (i-a) the Lagrangian for the quarks can not be rewritten with the similar form in terms of the weak interaction bases and the mass eigenstate bases also as noted in §3 and furthermore the variation for the quarks Q_{aL} can not be expressed in the form corresponding to those in terms of the weak interaction bases because the quarks in the different representations are mixed. In the case (i-b) as mentioned in §6 the Lagrangian for the quarks can be expressed in the same form corresponding to that in the weak interaction bases, but the propagators of the quarks are given for a set of the quarks belonging to the different representations (see (5.2)). Therefore, in this case the total Lagrangian is inariant under the BRS transformation but the anomaly coefficients are not zero in general.

In the case (ii) by taking into account the transformation property of the right-handed singlet of the quarks there is no problem in expressing the Lagrangian in terms of the weak interaction bases in the corresponding form in terms of the mass eigenstates as seen up to now. Thus, even after the SSB the anomalies as well as the FCNC disappear and the theory will become renormalizable. Of course an invariance under the BRS transformation is ensured.

9 Discussion

We discussed the 331 model in which for the left-handed quark sectors in the three families the complex conjugate representations are assigned to the first and the second families and the fundamental representation is assigned to the third family, while the singlet assignment to the right-handed quarks associated with the left-handed quarks has the case of “1” independent of the left-handed 3 and ¯3 and the case of “1_3” and “1¯_3” depending on the left-handed “3” and “¯3”. Though the choices have an effect to the form of the Yukawa interactions of the quarks with the scalar fields as seen in (2.12), the theory will be anomaly free and renormalizable at the stage of the original Lagrangian before the SSB. In this case, it is easily seen that an invariance under the BRS transformation holds after fixing to the R_ξ gauge in addition to the ghost terms.

However, the situation after the SSB becomes quite different from that before the SSB. This is because except for the J quarks the Yukawa interaction giving mass to the quarks through the SSB is different for both cases of the singlet. As shown in the previous sections, the anomaly coefficients can not be zero in general in the case of the adoption of the singlet “1” independent of the left-handed “3” and “¯3” but in the case (ii) of the right-handed singlet “1_3” associated with the fundamental representation and “1¯_3” with the complex conjugate representation there appear no anomalies even after the SSB. It seems natural in the gauge theory with the chiral trasformation for us to take into account the transformation propperties of the singlet in physics but not mathematics as discussed in §1.

Though an invariance under the BRS trasformation holds in the case (i-b), the anomaly remains without vanishing as pointed out in §8 and thus the renormalizability of the theory is destroyed after the SSB. However, in the case (ii) of the singlet “1_3” and “1¯_3” the invariance under the BRS trasformation as well as disappearance of any anomaly holds even after the SSB. We may thus conclude that in construction of the model based on the chiral gauge theory with the fundamental and complex conjugate representations in the assignment of the representations to the basic particles in the families such as the 331 model the counterparts of the fundamental and the complex conjugate representations should be subjected to the definite transformation according to that of each partner.

Appendix.1

As is well known, the singlet appears in the following ways in the representation of SU(3)

(i) 3 ⊗ 3 = 1 ⊕ 8, (ii) 3 ⊗ 3 ⊗ 3 = 1 ⊕ 8 ⊕ 8 ⊕ 10, (iii) ¯3 ⊗ ¯3 ⊗ ¯3 = 1 ⊕ 8 ⊕ 8 ⊕ 10,

where 3 denotes the fundamental representation and ¯3 the complex conjugate representation of SU(3). Of course, it is well known that the expressions from the left side for the singlet “1” on the right side are equivalent mathematically to each other in the sense that the relation such as 3 ⊗ ¯3 = ¯3 ⊕ 6 holds and then one of the configurations on the right-side given from the left side is rewritten to another singlet configuration “1”. That is, it may be said that these three singlets are equivalent to each other under a transformation of SU(3). However, it is physically natural to consider their physical content different because if 3 is assigned to a member of the fundamental fermion and each configuration on the right side is accepted as the quantity of a definite particle, the particle corresponding to the singlet in (i), called bosonic singlet, will express a boson-like one such as in the boson in the quark model but not a fermion or anti-fermion, and those in (ii) and (iii), called fermionic and antifermionic singlets, will express only a fermion and an anti-fermion, respectively. In other words, the bosonic singlet in (i) may be said the scalar with respect to both 3 and /or ¯3 or independent of 3 and ¯3 in the sense that the configuration consists of the fundamental fermion and antifermion, but those in (ii) and (iii) are the scalar only with respect to the 3 and ¯3 in the sense that each of them consists of only the fermion and antifermion, respectively. Thus, it is physically natural to consider that there exist three kinds of the singlet corresponding to (i), (ii) and (iii). Of course, it does not need considering the distinction of these in almost all models except for the models such as the 331 model because only the fundamental (or complex conjugate) representation for the lefdt-handed basic particles in the first stage is adopted and then the singlet of the counterparts is meant as in (ii) (or (iii)), while in the 331 model both of the fundamental and complex conjugate representations are used to assignment of the representations and then the transformation property of the singlet affects the forms of the Yukawa interactions. It is, however, noted that the fermions in the families are not considered composite such as above (i), (ii) and (iii) and then the assignment of the representation to these fermions are free a priori provided that it is physically allowed and leads to a consistent result.

Appendix.2

Let us consider a group G with the generators T^j (j = 1, 2, ..., N) satisfying the commutation relations

[T^j, T^k] = ic_{jkl}T^l, (B.1)

where the generators are hermitian. We consider n complex scalar fields Φ_j (j = 1, 2, ..., n), arranged in a column vector Φ transforming according to the n × n representation matrices L^j , which satisfy the same commutation relations as those in (B.1) and are normalized by tr(L^j L^k ) = t(L)δ_{jk} in each irreducible component of L^j . The Φ is subject to the following relation under an infinitesimal transformation:

Φ^′_j = Φ_j − i(u · L)_{jk} Φ_k . (B.2)

Instead of n complex scalar fields Φ_j (j = 1, 2, ..., n), it is often convenient to use 2n hermitian scalar fields by writing Φ_j = (Φ_{2,j} + iΦ_{1,j} )/ √ 2 with hermitian Φ_{1,j} and Φ_{2,j} .

Then, due to the relation U(1) ∼ SO(2) the transformation (B.2) is rewritten in terms of a direct product as follows:

Φ̂^′= ( I − iI_2 ⊗ u · ( L − L^T ) /2 − iτ_2 ⊗ u · ( L + L^T ) /2 ) Φ̂, (B.3)

where I_2 and τ_2 are 2 × 2 unit and Pauli matrices with elements (τ_2)_{αβ} = −iϵ_{αβ} = iϵ_{βα}, ϵ_{12} = 1, and Φ̂ = (Φ_{1,1}, Φ_{2,1}, Φ_{1,2}, Φ_{2,2}, · · · , Φ_{1,n}, Φ_{2,n})^T . An action of I_2 ⊗ L^j and τ_2 ⊗ L^j on Φ̂ is given by (I_2 ⊗ L^jΦ̂)_{α,k} = δ_{αβ}(L^j )_{kl}Φ̂_{β,l} and (τ_2 ⊗ L^jΦ̂)_{α,k} = (τ_2)_{αβ}(L^j )_{kl}Φ̂_{β,l}, respectively. It then follows that the representation matrices I_2 ⊗ (L^j − L^{j T} ) and τ_2 ⊗ (L^j + L^{j T} ) are hermitian and antisymmetric: (I_2 ⊗ (L^j − L^{j T} ))^T = −I_2 ⊗ (L^j − L^{j T} ) and

(τ_2 ⊗ (L^j + L^{j T} ))^T = −τ_2 ⊗ (L^j + L^{j T} ). If the covariant derivative is written in the form D_μΦ ≡ (∂_μ − iM_μ)Φ with hermitian M_μ, then the corresponding covariant derivative D̂ for the Φ̂ becomes D̂_μΦ̂ = (∂_μ − i{I_2 ⊗ (M_μ − M^T_μ )/2 + τ_2 ⊗ (M_μ + M^T_μ )/2})Φ̂.

It is seen that the following relations hold

Ψ^†Φ= 1 2 Ψ̂^T (I_2 + τ_2) ⊗ I_nΦ̂,

Ψ^†u · LΦ= 1 2 Ψ̂^T (I_2 + τ_2) ⊗ u · LΦ̂, = 1 2 Ψ̂^T {(I_2 + τ_2) ⊗ I_n}{I_2 ⊗ u · (L − L^T )/2 + τ_2 ⊗ u · (L + L^T )/2)}Φ̂ (B.4)

(D^μ Ψ)^†D_μΦ= 1 2 (D̂^μΨ̂)^T (I_2 + τ_2) ⊗ I_nD̂_μΦ̂ = 1 2 (∂^μΨ̂^T I_2 ⊗ I_n + iΨ̂^T I_2 ⊗ M^μ){(I_2 + τ_2) ⊗ I_n}I_2 ⊗ (I_n∂_μ − iM_μ)Φ̂,

where I_n is n × n unit matrix.@

It is often useful to consider anti-commutators which are hermitian but have non-zero trace and may be written as follows {L^j , L^k} = d_{jkl}L^l + 2tr(L) n δ_{jk} I_n, where d_{jkl} are totally symmetric in three indices and given by d_{jkl} = tr({L^j , L^k }L^l)/tr(L). It is known that the non-zero structure constants c_{jkl} and the symmetric coefficients d_{jkl} are given in the case of the 3 × 3 Gell-Mann matrices L^j = λ^j /2 (j = 1, 2, · · · 8) as follows:

c_{123} = 1, c_{147} = c_{165} = c_{246} = c_{257} = c_{345} = c_{376} = 1/2, c_{458} = c_{678} = √ 3/2, d_{146} = d_{157} = d_{246} = −d_{247} = d_{256} = d_{344} = d_{355} = −d_{366} = −d_{377} = 1, d_{118} = d_{228} = d_{338} = −d_{888} = 2 √ 3/3, d_{448} = d_{558} = d_{668} = d_{778} = − √ 3/3. In the case of SU(n), the (n^2 − 1) matrices L^j of the fundamental representation can be separated in two classes, symmetric matrices L^{j T} = L^j and antisymmetric matrices L^{j T} = −L^j . A set of numbers satisfying the former relation is put F_1 with (n − 1)(n + 2)/2 numbers and that of the latter F_2 with n(n − 1)/2 numbers. Then it follows that the representation matrices {(I_2 ⊗ (L^j − L^{j T} )/2, τ_2 ⊗ (L^k + L^{kT} )/2}, which are antisymmetric and are equivalent to the (n^2 − 1) matrices contained in the n(2n − 1) represenation matrices of the group SO(2n), become {I_2 ⊗ L^j , τ_2 ⊗ L^k} for j ∈ F_2 and k ∈ F_1. Thus, they satisfy the same commutation relation as those for L^j , because the relations [A ⊗ B, C ⊗ D] = [A, C] ⊗ BD + CA ⊗ [B, D] holds and the first term vanishes. However, the anti commutators {A ⊗ B, C ⊗ D} can not be expressed in terms of the above antisymmetric ones because these commutators are symmetric matrices. In the case of SU(2) and SU(3), F_1 consists of the matrices with the numbers {1, 3} and {1, 3, 4, 6, 8} and F_2 with {2} and {2, 5, 7}, respectively.

References

[1] F. Pisano and V. Pleitez, Phys. Rev.D46 (1992), 410, hep-ph/9206242.

P.H.Frampton, Phys. Rev. Lett.69(1992), 2889.

R. Foot, O.F. Hernandez, F. pisano and V. Pleitez, Phys. Rev.D47(1993), 4158, hep-ph/9207264.

V. Pleitez and M.D. Tonasse, Phys. Rev. D48 (1993) 2353, hep-ph/9301232. D. Ng, Phys. Rev. D49 (1994) 4805, hep-ph/9212284.

R. Foot, H.N. Long, and T.A. Tran, Phys. Rev. D50 (1994) 34, hep-ph/9402243. M.D. Tonasse, Phys. Lett. B381 (1996) 191, hep-ph/9605230. H.N. Long, Phys. Rev. D54 (1996) 4691, hep-ph/9607439; Mod. Phys. Lett. A13 (1998) 1865, hep-ph/9711204.

Y. Okamoto and M. Yasue, Phys. Lett. B466 (1999) 267, hep-ph/9906383. J.C. Montero, C.A.S. Pires and V. Pleitez, Phys. Rev. D60 (1999) 115003, hepph/9903251.

P. Das and P. Jain, Phys. Rev. D62 (2000) 075001, hep-ph/9903432. A. Doff and F.Pisano, Mod. Phys. Lett. A15 (2000) 1471, hep-ph/0007306. T.A Nguyen, N.A. Ky and H.N. Long, Int. J. Mod. Phys. A15 (2000) 283, hepph/9810273.

T. Kitabayashi, Phys. Rev. D64 (2001) 057301, hep-ph/0103195. M. Yasue, Phys. Lett. B508 (2001) 85, hep-ph/0102228.

[2] T.V. Duong, and E. Ma. Phys. Lett. B316 (1993) 307, hep-ph/9306264.

H.N. Long and P.B. Pal, Mod. Phys. Lett. A13 (1998) 2355, hep-ph/9711455. J.C. Montero, V. Pleitez, and M.C. Rodriguez, Phys. Rev. D65 (2002) 035006, hep-ph/0012178.

[3] M.B. Tully and G.C.Joshi, Mod. Phys. Lett. A13 (1998) 2065, hep-ph/9807201.

[4] For earlier 331 models see:

J. Schechter and Y. Ueda, Phys. Rev. D8 (1973), 48. H. Fritzsch and P. Minkowski, Phys.Lett. 63B (1976) 99. P. Langacker and G. Segrè, Phys. Rev.Lett 39 (1977) 259. B. W. Lee and S. Weinberg, Phys. Rev.Lett. 38 (1977) 1237. G. Senjanovic, Nucl.Phys. B136 (1978) 301.

M. Singer, J.W.F. Valle and J. Schechter , Phys. Rev. D22 (1980) 738. J.W.F. Valle and M. Singer, Phys. Rev. D28 (1983) 540.

[5] S.L. Adler, Phys. Rev. 177 (1969) 2426.

J.S. Bell and R. Jackiw, Nuovo Cim. 60A (1969) 47. W.A. Bardeen, Phys. Rev. 184 (1969) 1848. J. Wess and B. Zumino, Phys. Lett. 37B (1971) 95. K. Fujikawa, Phys. Rev. Lett. 42 (1979) 1195; 44 (1980) 1733. P. Langacker, Phys. Rep. 72 (1981) 185. S.B. Treiman, R. Jackiw, B. Zumino and E. Witten, Current Algebra and Anomalies (World scientific, 1985).

[6] K. Kawano, T. Kiyan, T. Maekawa, A. Tangoda, H. Taira and S. Yokoi, Phys. Rep. Kumamoto Univ. 11 (2000) 15. T. Kiyan, T. Maekawa, S. Yokoi, hep-ph/0206019.

[7] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345.

J. Goldstone, Nuovo Cim. 19 (1961) 154.

J. Goldstone, A. Salam and S. Weinberg, Phys. Rev. 127 (1962) 965. K. Fujikawa, B.W. Lee and A.I. Sanda, Phys. Rev. D6 (1972) 2923.

[8] J.C. Montero, F. Pisano and V. Pleitez, Phys. Rev. D47 (1993) 2918, hepph/9212271.

D.G Dumm, F. Pisano and V. Pleitez, Mod. Phys. Lett. A9 (1994) 1609, hepph/9307265.

J.T. Liu, and D. Ng, Phys. Rev. D50 (1994) 548, hep-ph/9401228. J.T Liu, Phys. Rev. D50 (1994) 542, hep-ph/9312312. M. Ozer, Phys. Rev. D54 (1996) 1143; 4561.

H.N. Long and V.T. Van, J. Phys. G25 (1999) 2319, hep-ph/9909302

[9] G.’t Hooft and M.Veltman, Nucl. Phys. B50 (1972) 318.

K. Fujikawa, B.W. Lee and A.T. Sanda, Phys. Rev. D6 (1972) 2923. S. Weinberg, Phys. Rev. D7 (1973) 1068. E.S. Abers and B.W. Lee, Phys. Rep. 9 (1973) 1.

[10] R.P. Feynman, Acta Phys. Polonica 26 (1963) 697.

B.S. Dewitt, Phys. Rev. 162 (1967) 1195,;1239. L.D. Fadde’ev and V.N. Popov, Phys. Lett. 25B (1967) 29. G.’t Hooft, Nucl. Phys. B33 (1971) 173.

[11] C. Becchi, A. Rouet and R. Stora, Comm. Math. Phys. 42 (1975) 127, Ann. Phys.

98 (1976) 287.

J. Zinn-Justin, Lecture note in Physics, Vol.37 (Springer, 1975) 2. E.S. Fradkin and G.A. Vilkovisky, Phys. Lett. 55B (1975) 224. I.A. Batalin and G.A. Vilkovisky, Phys. Lett. 69B (1977) 309.

[12] H.N. Long and T.A. Tran, Mod. Phys. Lett. A9 (1994) 2507.

J.T. Liu, and D. Ng, Z. Phys. C62 (1994) 693, hep-ph/9302271. P. Jain and S.D. Joglekar, Phys. Lett. B407 (1997) 151, hep-ph/9612461. M.B. Tully and G.C. Joshi, Phys. Rev. D64 (2001) 011301, hep-ph/0011172.

[13] R. Foot, Mod. Phys. Lett. A10 (1995) 159, hep-ph/9402244.

L. Epele, H. Fanchiotti, C.G. Canal and D.G. Dumm, Phys. Lett. B343 (1995) 291. P.B. Pal, Phys. Rev. D52 (1995) 1659, hep-ph/9411406. D.G. Dumm, Int. J. Mod. Phys. A11 (1996) 887, hep-ph/9603440. T.H. Lee and D.S. Hwang Int. J. Mod. Phys. A12 (1997) 4411. J.C. Montero, V. Pleitez and O. Ravinez, Phys. Rev. D60 (1999) 076003, hepph/9811280.

L. Lavoura, Phys. Rev. D61 (2000) 076003, hep-ph/9909275.

[14] N. Cabibbo, Phys. Rev. Lett. 10 (1963) 531.

M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 (1973) 652.

[15] G.’t Hooft, Nucl. Phys. B33 (1971) 173; B35 (1971) 167.

B.W. Lee and J. Zinn-Justin, Phys. Rev. D5 (1972) 3137, D7 (1972) 1049. G.’t Hooft and M.Veltman, Nucl. Phys. B50 (1972) 318.

T. Kugo and I. Ojima, Phys. Lett. 73B (1978) 459, Prog. Theor. Phys. 60 (1978) 1869, 61 (1979) 294.

[16] M.Ozer, Phys. Lett. B337 (1994) 324.

V. Pleitez and M.D. Tonasse, Phys. Lett. B430 (1998) 174, hep-ph/9707298. G. Tavares-Velasco and J.J. Toscano, Phys. Rev. D65 (2002) 013005, hepph/0108114.