arXiv:hep-ph/0210095 v1 7 Oct 2002

Mon. Not. R. Astron. Soc. 000, 1–3 (2002) Printed 8 October 2002 (MN L^ATEX style file v1.4)

Observational constraint on the fourth derivative of the inflaton potential

Chiara Caprini, Steen H. Hansen & Martin Kunz

University of Oxford, Denys Wilkinson Building, Keble Road, Oxford OX1 3RH, U.K.

Draft version 8 October 2002

ABSTRACT We consider the flow-equations for the 3 slow-roll parameters n_S (scalar spectral index), r (tensor to scalar ratio), and dn_S/dlnk (running of the spectral index). We show that the combination of these flow-equations with the observational bounds from cosmic microwave background and large scale structure allows one to put a lower bound on the fourth derivative of the inflationary potential, M^4_P (V^{′′′′}/V ) > −0.02.

1 INTRODUCTION

Inflation provides the creation of scalar, vector and tensor perturbations in the metric; the scalar ones may be the origin of the formation of large scale structures, the vector ones decayed away, and the tensor ones gave rise to a stochastic background of gravitational waves. It is possible to extract informations about the features of the spectra of these primordial perturbations from observations of the cosmic microwave background (CMB) anisotropies, or from measurements of the matter power spectrum from large scale structure (LSS). The observable variables are the power spectral indices of the density and tensor perturbations, nS and nT , and the overall amplitude of these, usually denoted by S and T . The knowledge of these quantities allows us first of all to test the inflationary scenario, by checking if the theoretically predicted consistency relation is satisfied by the observational values; and then, eventually, to reconstruct the scalar-field potential. The usual way to express these spectra is by a Taylor expansion in the deviation from scale invariance, which can be directly related to the slow roll expansion in the inflaton potential (Lindsey et al. 1997; Martin, Riazuelo & Schwarz 2000; Leach et al. 2002). Each observable quantity can then be related to the parameters in the slow roll expansion.

The evolution of the observables during inflation can be followed by the flow-equations (Hoffman & Turner 2001), and in (Hoffman & Turner 2001) it was found, that the lines T/S ≃ 0 and T/S ≃ −5(nS −1) act as attractors for the evolution in the (nS , T/S) plane. This result provides a new relation between the variables nS and T/S, which the authors suggest can be used as a second consistency relation in interpreting CMB results. A subsequent analysis found (Hansen & Kunz 2002) that by combining the observational bounds with the flow-equations, a non-trivial constraint on the value of the third derivative of the inflaton potential can be obtained. Recently Kinney (2002) generalized the inflationary flow equations to arbitrary order in slow roll, and numerically integrated them after a truncation at the fifth order. In this way one can consider the clustering of points in the tridimensional parameter space, including the running of the spectral index, and hence generalizing the results of (Hoffman & Turner 2001).

In this paper we will extend the analyses of refs. (Hoffman & Turner 2001; Hansen & Kunz 2002; Kinney 2002) and show that a combination of the higher order flow-equations and the observational bound on the inflationary parameters allows one to put a non-trivial constraint on the fourth derivative of the inflaton potential.

2 THE FLOW EQUATIONS

Slow roll models are traditionally defined through the three parameters ϵ, η and ξ^2, which are related to the first, second, and third derivative of the inflaton potential with respect to the inflaton field ϕ (to simplify the expression we avoid write the reduced Planck mass, MP = 2.4 × 10^{18} GeV) ϵ ≡ 1 2 ( V^′ V )_2 , η ≡ V^{′′} V , ξ^2 ≡ V^′ V^{′′′} V^2

. (1)

Assuming that ϵ and η satisfy the flatness conditions, ϵ ≪ 1 and |η| ≪ 1, one finds that the scalar spectral index nS , the tensor to scalar ratio r, and the running of the spectral index ∂lnk ≡^{dnS}_{dlnk} , all observable quantities, can be expressed in terms of the slow roll parameters as

nS − 1 = 2η − 6ϵ + O(ξ^2 ) , nT = − r κ = −2ϵ + O(ξ^2 ) , (2)

∂lnk = −2ξ^2 − 24ϵ^2 + 16ϵη + O(σ^3 ) ,

with the definition

σ^3 = V^{′2}V^{′′′′} V^3 , and where the factor κ depends on the given cosmology (Knox 1995; Turner & White 1996), in particular on the value of ΩΛ and ΩM . In this paper we will use the value κ = 5, corresponding to ΩΛ = 0.65 and ΩM = 0.35.

The first two expressions in eq. (2) are truncated at order ξ^2, ignoring errors that are quadratic in ϵ and η, and requiring that |ξ^2| ≪ max(ϵ, |η|) (Lyth & Riotto 1999). The

© 2002 RAS

2 Caprini, Hansen & Kunz

third expression shows us that every time we take the derivative of a slow roll parameter we get a quantity which is one order higher in slow roll, and we therefore need to introduce the new parameter |σ^3| ≪ max(ϵ^2, ϵ|η|, |ξ^2|).

From the set of equations (2) one can derive a system of differential equations which describes the evolution of nS and r as the inflaton rolls down its potential, and is only weakly dependent on the form of the potential itself. By taking, at first order,^{dϕ}_{dlnk} = √ 2ϵ, where ϕ is the inflaton field, one gets (Liddle & Lyth 1992; Kosowsky & Turner 1995) d nS d lnk = 4 r κ [ (nS − 1) + 3 2 r κ ] − 2ξ^2 , (3) d nT d lnk = r κ [ (nS − 1) + r κ ] . (4)

In our attempt to find a constraint on the quantity V^{′′′′} /V , we will make the assumption that either σ^3 or V^{′′′′} /V is constant (see below), so we will not need to require a better accuracy than the one given in the set of equations (2), and in the corresponding first order relation^{dϕ}_{dlnk} = √ 2ϵ. The second derivative of the scalar spectral index takes the form d^2 nS d lnk^2

= 2σ^3 + 2ξ^2η − 24ξ^2ϵ − 192ϵ^3 + 192ϵ^2 η + (5)

− 32ϵη^2 + O(τ) ,

with τ ∝^{dσ3}_{dlnk} , which in our approximation is negligible or zero. By using the definitions in eqs. (2), we get the new system of flow equations d nS d N = −∂lnk (6) d r d N = − r κ [ (nS − 1) + r κ ] (7) d ∂lnk d N = −2σ^3 − 1 2 ∂lnk ( 9 r κ − (nS − 1) ) + (8)

2(nS − 1)^2 r κ + 15(nS − 1) ( r κ )_2 + 15 ( r κ )_3 , where we have used the first order expression d lnk = −dN, consistent with our assumptions in eqs. (2), and N is the number of Hubble times (e-folds) until the end of inflation. The parameter σ^3 is related to the fourth derivative of the potential trough σ^3 = rV^{′′′′} /5V . In order to close this set of equations, we will need to assume that either σ^3 or V^{′′′′} /V can be treated as a constant throughout inflation. The choice between these two assumptions is arbitrary, but will affect the behavior of the flow in the parameter space.

The observational bounds which we will use are the ones obtained in (Hannestad et al. 2002) (for similar results see (Kinney, Melchiorri & Riotto 2001; Hannestad, Hansen & Villante 2001; Wang, Tegmark & Zaldarriaga 2002; Leach & Liddle 2002)) 0.8 < ns < 1.0 , (9) 0 < r < 0.3 , (10) −0.05 < ∂lnk < 0.02 . (11)

Such observations can be inverted to give constraints on the inflationary potential and its derivatives. The COBE observations (Bunn, Liddle & White 1996) gave the first constraint on the first derivative of the inflaton potential,

Figure 1. The SR validity region flown back 50 e-folds, for different fixed values of the parameters σ^3 and V^{′′′′}/V . The dot-dashed line shows the case σ^3 = 0 (identical to V^{′′′′} /V = 0); the two dashed lines show, from right to left, the two cases σ^3 = −10^{−4} and σ^3 = −3 × 10^{−4}; the solid lines instead represent the case in which V^{′′′′}/V is kept constant, and the values are, again from right to left, V^{′′′′} /V = −10^{−2} and V^{′′′′} /V = −1.8 × 10^{−2}. The hatched region is excluded by observations. It is clear from the figure, that a slightly larger negative value of the parameter σ^3 (or V^{′′′′}/V ) will not be acceptable because it doesn’t satisfy the observational constraint.

V^{3/2} M^3 V^′

≈ 5 × 10^{−4} , (12)

and the bounds above, eqs. (9-11), provide constraints on the first and second derivatives of the potential: |V^′/V | < 0.25, |V^{′′}/V | < 0.1. Hansen & Kunz (2002) found V^{′′′} /V > −0.2.

We will study the flow in the three dimensional parameter space (nS , r, ∂lnk ), and by also making use of the observational constraints (9-11), we will be able to induce a limit on the fourth derivative of the potential, V^{′′′′}/V .

3 DISCUSSION

In slow roll inflation, the scales relevant for structure formation crossed outside the horizon roughly 50 e-folds before the end of inflation (Kolb & Turner 1990), and it is at this time that the experimental bounds on the observable parameters in eqs. (9-11) apply. We are going to consider only the case of single field inflation, which will end when the slow roll conditions V^′ /V < √ 6 and V^{′′}/V < 3 are violated. In terms of the value of the parameters nS and r, these conditions translate into the SR “validity-region” (Kolb & Turner 1990; Hoffman & Turner 2001) r κ < 6 or | | |(nS − 1) + 3 r κ | | | < 6 . (13)

Using the evolution equations (6-8), we let all the points of the boundary (13) flow back 50 e-folds (we take the value κ = 5). This is done for different fixed values of the parameter σ^3 (or V^{′′′′}/V ). We can then induce a constraint on this latter by demanding that, at N = 50, at least some of the points of the boundary land inside that region in the

© 2002 RAS, MNRAS 000, 1–3

Observational constraint on the fourth derivative of the inflaton potential 3

Figure 2. Same as fig. 1, but for r and dn_S /dN .

(nS , r, ∂lnk ) space which is allowed by observations, eqs. (9- 11). If no points land inside the space allowed by observations, then we can deduce that we took an unrealistic value for the parameter σ^3 or V^{′′′′} /V .

To follow the flow backwards in time, the slow roll conditions (13) provide us with the initial values for the two variables nS and r. As initial condition for the variable ∂lnk we will take eq. (3), with the extra assumption that ξ^2 = 0. We verified that the position of the points after 50 e-fold is virtually independent on the initial conditions chosen, and therefore this assumption does not affect our results. Moreover, with these initial conditions and in the case σ^3 = 0, all the points of the boundary flow into the validity region. For other cases (e.g. σ^3 ≠ 0) we exclude numerically the possibility that a point could first flow outside this validity region and then later re-enter the region.

In the case where σ^3 is treated as a constant during the last 50 e-folds, we find that for σ^3 < −3.5 × 10^{−4} there are no final points in agreement with observations. This is easily seen in fig. 1, in which the dashed line which corresponds to the value σ^3 = −3 × 10^{−4} is about to exit from the region given by the observational limits, eq. (9). On the other hand, we are not able to induce any limit on the parameter σ^3 in the case σ^3 > 0, because for sufficiently small value of r there will always be points in the allowed region.

If one instead assumes that V^{′′′′}/V can be treated as a constant during inflation, the curve which represent the evolved validity region exceeds the observational boundary if V^{′′′′} /V < −0.02. Also in this case there will always be acceptable points if V^{′′′′} /V takes positive values, however, also in this case only for very small r.

In conclusion, we have shown that the combination of the slow roll equations (6-8) and the observational results (9-11) leads to a lower bound V^{′′′′}/V > −0.02, for single field models which end inflation by breaking the slow roll conditions (13). With a larger number of e-folds this bound becomes slightly stronger.

Figure 3. Same as fig. 1, but for r and n_S .

ACKNOWLEDGEMENTS

We are pleased to thank Pedro Ferreira for useful discussions. SHH is supported by a Marie Curie Fellowship of the European Community under the contract HPMFCT- 2000-00607. MK is supported by a Marie Curie Fellowship of the Swiss National Science Foundation under the contract 83EU-062445.

REFERENCES

Bunn E. F., Liddle A. R., White M. J., 1996 Phys. Rev. D 54, 5917.

Hannestad S., Hansen S. H., Villante F. L., 2001, Astropart. Phys.

16, 137.

Hannestad S., Hansen S. H., Villante F. L., Hamilton A. J., 2002, Astropart. Phys. 17, 375.

Hansen S. H., Kunz M., 2002, MNRAS to appear, hepph/0109252.

Hoffman M. B., Turner M. S., 2001, Phys. Rev. D 64, 023506. Kinney W. H., astro-ph/0206032 Kinney W. H., Melchiorri A., Riotto A., 2001, Phys. Rev. D 63, 023505.

Knox L., 1995, Phys. Rev. D 52, 4307.

Kolb E. W., Turner M. S., 1990, Redwood City, USA: Addison- Wesley (1990) 547 p. (Frontiers in physics, 69).

Kosowsky A., Turner M. S., 1995, Phys. Rev. D 52, 1739. Leach S. M., Liddle A. R., Martin J., Schwarz D. J., 2002, Phys.

Rev. D 66, 023515.

Leach S. M., Liddle A. R., 2002, arXiv:astro-ph/0207213. Liddle A. R., Lyth D. H., 1992, Phys. Lett. B291, 391. Lidsey J. E., Liddle A. R., Kolb E. W., Copeland E. J., Barreiro T., Abney M., 1997, Rev. Mod. Phys. 69, 373.

Lyth D. H., Riotto A., 1999, Phys. Rept. 314, 1.

Martin J., Riazuelo A., Schwarz D. J., 2000, Astrophys. J. 543, L99.

Turner M. S., White M., 1996 Phys. Rev. D53, 6822. Wang X., Tegmark M., Zaldarriaga M., 2002, Phys. Rev. D 65, 123001

© 2002 RAS, MNRAS 000, 1–3