arXiv:hep-ph/0211463 v2 9 Dec 2002

Noncommutative QED and the Lifetimes of Ortho and Para Positronium

Mauro Caravati,^{1, ∗} Alberto Devoto,^{1, †} and Wayne W. Repko^{2, ‡}

1Dipartmento di Fisica, Universitá di Cagliari and INFN, Sezione di Cagliari, Cagliari, Italy

2Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824

(Dated: December 9, 2002)

We examine the implications of including corrections associated with the noncommutative extension of quantum electrodynamics - NCQED - to the decays of the ortho and para positronium (^3Ps and^1Ps ) ground states. In NCQED, the well known charge conjugation argument restricting 3Ps decays to an odd number of photons and^1Ps decays to an even number of photons no longer obtains. Instead, the dominant two photon decay mode of^1Ps is accompanied by a three photon mode. The dominant three photon decay mode of^3Ps receives a NCQED correction, but there is no corresponding two photon decay mode in the weak binding limit. These corrections to the Ps three photon decay mode have a different energy distribution, but their effect is too small to explain any discrepancy between the observed and calculated values of the^3Ps lifetime.

PACS numbers: 11.10.Nx,36.10.Dr

1. INTRODUCTION

The interest in formulating field theories on noncommutative spaces is relatively old [1]. It has been revived recently due to developments connected to the analysis of string theories [2, 3, 4]. These developments suggest that field theories on non-commuting spaces are well defined quantum theories [3]. In noncommutative geometry, the coordinates x^μ obey the commutation relations

[x^μ, x^ν] = iθ^{μν} , (1)

where θ^{μν} = −θ^{νμ}. A noncommutative version of an ordinary field theory can be obtained by replacing all ordinary products with Moyal ⋆ products defined by

(f ⋆ g)(x) = exp

(_1 2 θ^{μν} ∂_xμ ∂_yν ) f(x)g(y) | |_{x=y} . (2)

In particular, the application of this recipe to the Lagrangian for ordinary quantum electrodynamics (QED) results in the noncommutative quantum electrodynamics (NCQED) Lagrangian

L =^1_2 iψ̄ ⋆ γ^{μ ↔}D_μ ψ − mψ̄ ⋆ ψ −^1_4 F_{μν} ⋆ F^{μν} , (3)

where D_μψ = ∂_μψ − ieA_μ ⋆ ψ , (4) D_μψ̄ = ∂_μψ̄ + ieψ̄ ⋆ A_μ , (5) ψ̄⋆^↔D_μ ψ = ψ̄ ⋆ D_μψ − D_μψ̄ ⋆ ψ , (6) F_{μν} = ∂_μA_ν − ∂_ν A_μ − ie [A_μ, A_ν]_⋆ , (7)

∗Electronic address: Mauro.Caravati@ca.infn.it †Electronic address: Alberto.Devoto@ca.infn.it ‡Electronic address: repko@pa.msu.edu

and [A_μ, A_ν]_⋆ = A_μ ⋆ A_ν − A_ν ⋆ A_μ . (8)

When supplemented with a gauge fixing term, including a ghost contribution, the Lagrangian Eq. (3) can be used to obtain a set of vertices and Feynman rules for perturbative calculations [5]. The vertices of NCQED, which include nonabelian interactions among photons, are illustrated in Fig. 1.

FIG. 1: The basic vertices of NCQED. c denotes the ghost.

The physical implications of these nonabelian photon interactions have been the subject of numerous investigations [6] including collider signatures [7, 8, 9], effects in atomic systems [10, 11, 12], contributions to the muon anomalous magnetic moment [5, 13], and violations of discrete symmetries [14, 15, 17].

2. NCQED CORRECTIONS TO THE ORTHO AND PARA POSITRONIUM LIFETIMES

In ordinary QED, difference in the lifetimes of 1P_s and^3P_s is usually explained using charge conjugation symmetry;^1P_s is C even and able to decay into two photons while^3P_s is C odd and obliged to decay into at least three photons. Furthermore, C invariance forbids the decay^1P_s → 3γ. The noncommutative extension of QED, NCQED, introduces photon self interactions into the theory, and the C invariance arguments no longer obtain. As in case of pion decay [16], treated using NCQED in Ref. [17], the non-Abelian photon interactions lead to a three photon decay mode for^1P_s . The existence of photon self interactions does not lead to a two photon decay mode of^3P_s in the weak binding approximation. There are, however, NCQED corrections to the three photon decay of^3P_s .

Since positronium is weakly bound, it is possible to calculate the NCQED correction to the lifetimes by computing the annihilation amplitudes for a free electron and positron at rest and supplying a factor of the square of the bound state wave function at the origin, |ψ(0)|^2, to account for the leading binding effect. There is no need to devise an effective interaction as in the case of the pion decay into three photons [17]. The NCQED amplitudes contributing to the three photon corrections were calculated using the Feynman rules of Ref. [5]. These rules contain contributions involving θ_{μν} of the form k^μ_1 θ_{μν} k^ν_2 , where k_1 and k_2 are the momenta of two of the photons. To ensure that the unitarity conditions θ_{μν} θ^{μν} > 0 and ε_{μνλρ}θ^{μν} θ^{λρ} = 0 are satisfied, we take θ_{0k} = −θ_{k0} = 0 and write θ_{ij} as θ_{ij} = 1 Λ^2 ε_{ijk}θ_k, (9) where θ_k is a unit vector and Λ is the noncommutativity scale. We then have k^μ_1 θ_{μν} k^ν_2 = θ·(⃗k_1 × ⃗k_2)/Λ^2.

The amplitudes to be calculated are illustrated in Fig. 2. In the threshold approximation tree diagrams involving four photons vanish. These amplitudes were

FIG. 2: The left diagram is illustrative of the class of abelian contributions to the positronium three photon decays and the right diagram is one of the class of nonabelian contributions.

calculated with the aid of the symbolic manipulation program FORM [18] and it is convenient to use the metric in which the mass shell condition is p^2 = −m^2. As a partial check of our calculation, we verified that amplitudes satisfy the appropriate Ward identities under gauge replacements ε^{(i)} → k_i, where ε^{(i)} is the polarization vector corresponding to the photon with momentum k_i. The sum over photon polarizations in the squared amplitude was performed in two ways. In the first, we used the usual relation ∑ pol ε^∗_με_ν = δ_{μν} (10)

and subtracted the ghost contribution, while in the second we used [17] ∑ pol ε^{(i)∗}_μ ε^{(i)}_ν = δ_{μν} + k_{iμ}k_{jν} + k_{iν}k_{jμ} k_i · k_j j ≠ i . (11)

The results agree and provide another check on the calculation. We present our results for the squared amplitude as four separate contributions: |M_A|^2, the contribution from the abelian diagrams; M_AM^∗_N +M^∗_AM_N , the interference term between the abelian and nonabelian diagrams, |M_N |^2, the contribution from the nonabelian diagrams; and |M_G|^2, the ghost contribution. To simplify the resulting expressions, we introduce the definitions

z_1 = p·k_1, z_2 = p·k_2, z_3 = p·k_3 , (12) y_1 = k_2 ·k_3, y_2 = k_3·k_1, y_3 = k_1 ·k_2 , (13) F = z_1z_2 + z_2z_3 + z_3z_1 . (14)

These variables are not all independent. They are constrained by the threshold energy-momentum conservation relation 2p = k_1 + k_2 + k_3, where, at threshold, p̄_μ = p_μ = (0, 0, 0, im). In terms of these variables, the four contributions to the squared matrix element summed over photon spins using Eq. (10) are

|M_A|^2 = 4e^6 sin^2 φ z_1z_2z_3 [ 8F p^2 − p^2 ( z^3_1 + z^3_2 + z^3 ) z_1z_2z_3 + p^2 ( 13z_1z_2z_3 − 2p^2F ) z_1z_2z_3 ] , (15)

|M_N |^2 = 4e^6 sin^2 φ p^2 × [ 8y_1y_2y_3 + 2z_2 ( 3y^2 − y_1y_3 ) y_1y_3z_1z_3 + y_2 ( y^2_1 + y^2_3 + 2y^2 ) y_1y_3z_1z_3 + 8y_1y_2y_3 + 2z_3 ( 3y^2_3 − y_1y_2 ) y_1y_2z_1z_2 + y_3 ( y^2_1 + y^2 + 2y^2_3 ) y_1y_2z_1z_2 + 8y_1y_2y_3 + 2z_1 ( 3y^2_1 − y_2y_3 ) y_2y_3z_2z_3 + y_1 ( y^2 + y^2_3 + 2y^2_1 ) y_2y_3z_2z_3 − 3y_2y_3 + 4 ( y^2 + y^2_3 ) 2y_1z^2_1 − 3y_1y_3 + 4 ( y^2_1 + y^2_3 ) 2y_2z^2

3y_1y_2 + 4 ( y^2_1 + y^2 ) 2y_3z^2_3 ] , (16)

M_AM^∗_N + M^∗_AM_N = 4e^6 sin^2 φ

p^2 × [ 5y_3 (y_1 − y_2) + 2z_3 (2y_1 + y_2)

2z_1z_3y_3 + y^2 z_1z^2_3 + 5y_1 (y_2 − y_3) + 2z_1 (2y_2 + y_3)

2z_1z_2y_1 + y^2_3 z^2_1 z_2 + 5y_2 (y_3 − y_1) + 2z_2 (2y_3 + y_1)

2z_2z_3y_2 + y^2_1 z^2 z_3 + 5y_1 (y_3 − y_2) + 2z_1 (2y_3 + y_2)

2z_1z_3y_1 + y^2 z^2_1 z_3 + 5y_2 (y_1 − y_3) + 2z_2 (2y_1 + y_3)

2z_1z_2y_2 + y^2_3 z_1z^2 + 5y_3 (y_2 − y_1) + 2z_3 (2y_2 + y_1)

2z_2z_3y_3 + y^2_1 z_2z^2_3 − 2y_1y_2y_3 − y_2y_3z_1 + 4z^3_1

z_1z_2z_3y_1 − 2y_1y_2y_3 − y_1y_3z_2 + 4z^3_2

z_1z_2z_3y_2 − 2y_1y_2y_3 − y_1y_2z_3 + 4z^3

z_1z_2z_3y_3 ] , (17)

|M_G|^2 = −6e^6 sin^2 φ

p^2 ( y_2y_3 y_1z^2_1 + y_1y_3 y_2z^2 + y_1y_2 y_3z^2_3 ) . (18)

These forms of the various contributions are not unique due to the relations

y_1 + y_2 + y_3 = −2m^2 , (19) z_1 + z_2 + z_3 = −2m^2 , (20) z_1 =^1_2 (y_2 + y_3) , (21) z_2 =^1_2 (y_3 + y_1) , (22) z_3 =^1_2 (y_1 + y_2) . (23) (24)

We have attempted to present the results in a way which reveals the symmetry in the labels 1, 2, 3. The factor sin φ is

sin φ = sin ( ⃗θ·(⃗k_1 × ⃗k_2) 2Λ^2 ) ≃ cos δ ω_1ω_2 sin(θ_{12}) 2Λ^2 , (25) where δ is the angle between ⃗θ and the normal to the plane of the vectors ⃗k_1, ⃗k_2, ⃗k_3 and θ_{12} is the angle between ⃗k_1 and ⃗k_2. The integration over phase space in the positronium rest frame [17] with the inclusion a minus sign for the ghost contribution and factor of

1/3! for identical particles gives

I_A = α^3 a^2 m^2 ( 19π^2 3 − 562 9 ) , (26)

I_N = α^3 a^2 m^2 ( 16π^2 3 − 623 12 ) , (27)

I_{AN} = α^3 a^2 m^2 ( 2π^2 3 − 58 9 ) , (28)

I_G = α^3 a^2 m^2 ( 1 120 ) , (29)

where

a^2 = ( m^2 Λ^2

)_2

cos^2 δ . (30)

Including the factor |ψ(0)|^2, the decay width of 1P_s into three photons arising from NCQED is [17]

dΓ1_{Ps→3γ} d cos δ = mα^6 24π ( m^2 Λ^2

)_2

cos^2δ ( 37π^2 −

5434 15 ) . (31) For the^3P_s case, the calculation is straightforward because the only contribution comes from the abelian diagrams of Fig. 2 and one finds the standard QED amplitude [19]^3M multiplied by an overall cos φ factor. The squared amplitude is

|^3M|^2 = 16 3 e^6 cos^2 φ [ ( z_1 − p^2

)_2

z^2z^2_3 + ( z_2 − p^2

)_2

z^2_1 z^2_3 + ( z_3 − p^2

)_2

z^2_1z^2 ] . (32)

Expanding the cosine and integrating over phase space we find that the NCQED correction to the three photon decay of^3P_s is dΓ^{(NC)}_{3Ps→3γ} d cos δ = mα^6 24π ( m^2 Λ^2

)_2 cos^2δ ( 52 3 π^2 −

1540 9 ) . (33)

3. DISCUSSION AND CONCLUSIONS

The energy distribution of the photons from the three photon decay of^1P_s , 1 Γ1_{Ps→3γ} dΓ1_{Ps→3γ} dx x = ω/m , (34) is compared with that of the photons from the three photon decay of^3P_s in Fig. 3. In principle, it is pos-

FIG. 3: The photon energy distributions (1/Γ)dΓ/dx, where x = ω/m are shown for the three photon decays of^3Ps (solid) and^1Ps (dashed).

sible to distinguish the three photon^1P_s decays from those of^3P_s , but, with any sensible scale for the noncommutativity [20, 21], the number of^1P_s decays is too small to account for a discrepancy between the calculated and observed^3P_s lifetime [22]. Having said this, it is worth noting that, due to the factor sin φ, Eq. (25), in the three photon coupling, the NCQED contributions to the three photon decays do not introduce any infrared divergences. In ordinary QED, the absence of an infrared divergence in the^3P_s → 3γ photon spectrum can be understood (at the one loop level, at least) in the following way. The usual method of removing a soft photon singularity by combining it with the one loop correction to the same process with one less photon is not available in^3P_s decay because 1P_s → 2γ, the process with one less photon, has the opposite C. This being the case^3P_s → 3γ must be infrared finite. The same argument accounts for the fact that the one loop QED corrections to^1P_s → 2γ are infrared finite. The introduction of NCQED nonabelian interactions could have disrupted this situation insofar as^1P_s → 3γ is concerned because there are additional one loop corrections to^1P_s → 2γ which are available to cancel potential infrared singularities and C invariance no longer prohibits this.

Acknowledgments

We would like to thank Yi Liao for helpful comments. One of us (WWR) wishes to thank INFN, Sezione di Cagliari and Dipartmento di Fisica, Universitá di Cagliari for support. This research was supported in part by the National Science Foundation under Grant PHY-0070443 and by M.I.U.R. (Ministero dell’Istruzione, dell’Università e della Ricerca) under Cofinanziamento PRIN 2001. .

[1] H. S. Snyder, Phys. Rev. D 71, 38 (1947). [2] A. Connes, M. R. Douglas and A. Schwarz, JHEP 02, 003 (1998).

[3] M. R. Douglas and C. Hull, JHEP 02, 008 (1998). [4] N. Seiberg and E. Witten, JHEP 09, 032 (1999). [5] I. F. Riad and M. M. Sheikh-Jabbari, JHEP 08, 045 (2000).

[6] For a recent review, see: I. Hinchliffe and N. Kersting,

hep-ph/0205040.

[7] J. L. Hewett, F. J. Petriello and T. G. Rizzo,

hep-ph/0201275.

[8] N. Mahajan, hep-ph/0110148. [9] P. Mathews, hep-ph/0011332 [10] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. 86, 2716 (2001) [11] C. D. Lane, hep-ph/0201038.

[12] I. Mocioiu, M. Pospelov and R. Roiban, Phys. Lett. B 489, 390 (2000); hep-ph/0110011.

[13] M. Hayakawa, hep-ph/9912167.

[14] M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84, 5265 (2000).

[15] I. Hinchliffe and N. Kersting, Phys. Rev. D 64, 116007 (2001).

[16] For a discussion of π^0 → 3γ see: D. A. Dicus, Phys.

Rev. D 12, 2133 (1975).

[17] H. Grosse and Y. Liao, Phys. Lett. B 520, 63 (2001). [18] J. A. M. Vermaseren, math-ph/0010025. [19] A. Ore and J. L. Powell, Phys. Rev. 75, 1696 (1949). [20] A. Anisimov, T. Banks, M. Dine and M. Graesser, Phys. Rev. D 65, 085032 (2002).

[21] C. E. Carlson, C. D. Carone and R. F. Lebed, Phys.

Lett. B 549, 337 (2002).

[22] G. S. Adkins, R. N. Fell and J.Sapirstein, Phys. Rev.

Lett. 84, 5086 (2000).