arXiv:hep-ph/0301021 v1 5 Jan 2003

Anomalous dimensions of Wilson operators

in N=4 SYM Theory.

A. V. Kotikov

Bogoliubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research 141980 Dubna, Russia

L. N. Lipatov and V. N. Velizhanin^†

Theoretical Physics Department Petersburg Nuclear Physics Institute Orlova Roscha, Gatchina 188300, St. Petersburg, Russia

Abstract

We present the results of two-loop calculations of the anomalous dimension matrix for the Wilson twist-2 operators in the N=4 Supersymmetric Yang-Mills theory for polarized and unpolarized cases. This matrix can be transformed to a triangle form by the same similarity transformation as in the leading order. The eigenvalues of the anomalous dimension matrix are expressed in terms of an universal function with its argument shifted by integer numbers. In the conclusion we discuss relations between the weak and strong coupling regimes in the framework of the AdS/CFT correspondence.

†velizh@thd.pnpi.spb.ru

Parton distributions in QCD satisfy the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [1] and Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [2, 3] equations. Next-to-leading corrections to the BFKL equation were calculated only recently [4]. It is natural to generalize these equations to the supersymmetric case (see Refs. [5, 6, 7] and references therein). Indeed, the supersymmetric field theories have a number of amazing properties, such as a cancellation of quadratic divergencies and non-renormalization theorems for interaction terms in the lagrangian. Moreover, the supersymmetry is an excellent technical playground for QCD. For example, the empirically established Dokshitzer relation [3] among elements of the leading order anomalous dimension matrix in the N=1 supersymmetric limit provides a non-trivial check of results of higher order calculations. Another interesting example is the relation between the BFKL and DGLAP equations in the N=4 Supersymmetric Yang-Mills (SYM) theory [5, 6]. In this model one can obtain the anomalous dimensions of the multiplicatively renormalizable twist-2 operators from the eigenvalues of the BFKL kernel [7]. These operators are certain linear combinations of the Wilson operators appearing in the theoretical description of the deep-inelastic ep scattering [5, 6] (note, that in the N=4 SYM the beta function is zero and the Bjorken scaling for structure functions is strongly violated). Using some assumptions the authors of Ref. [6] derived also an expression for the universal anomalous dimension for the N=4 model in the two-loop approximation. Moreover, the eigenvalues of the anomalous dimension matrices in the polarized and unpolarized cases were obtained from this universal anomalous dimension by an appropriate integer shift of its argument. In this paper we present the results of direct two-loop calculations of these matrices in the N=4 SYM theory.

Now the anomalous dimensions of twist-2 operators in QCD are known up to two loops both for the unpolarized [8, 9] and polarized [10, 11] cases. In the N=4 SYM theory [12] there are one gluon g, four Majorana fermions q, three scalars and three pseudoscalars which can be unified in three complex scalars φ. All particles belong to the adjoint representation of the gauge group SU(N_c). The transition from QCD to the N=4 SYM theory can be performed if one puts in the final expressions C_A = C_F = N_c, T_f = 2N_c (the last substitution follows from the fact, that each gluino q_i from four Majorana particles gives a half of the Dirac spinor contribution). Furthermore, one should take into account the diagrams with virtual scalars in the polarized structure functions and the graphs with external scalars in the non-polarized distributions. In the last case the anomalous dimension matrix extends to 3 × 3. Below we calculate the anomalous dimensions of the following gauge-invariant twist-2 operators: O^g_{μ1,...,μj} = ŜG_{ρμ1} D_{μ2} D_{μ3} ...D_{μj−1} G_{ρμj} , (1) Õ^g_{μ1,...,μj} = ŜG_{ρμ1} D_{μ2} D_{μ3} ...D_{μj−1}G̃_{ρμj} , (2) O^q_{μ1,...,μj} = ŜΨ̄γ_{μ1} D_{μ2} ...D_{μj} Ψ , (3) Õ^q_{μ1,...,μj} = ŜΨ̄γ_5γ_{μ1} D_{μ2} ...D_{μj} Ψ , (4) O^φ_{μ1,...,μj} = ŜΦ̄D_{μ1} D_{μ2} ...D_{μj} Φ , (5) where D_μ are covariant derivatives; the spinor Ψ and field tensor G_{ρμ} describe gluinos and gluons, respectively, and Φ is the complex scalar field appearing in the N=4 supersymmetric model. The symbol Ŝ implies a symmetrization of the tensor in the Lorenz indices μ_1, ..., μ_j and a subtraction of its traces. The anomalous dimension matrices can be written as follows for the unpolarized

γ_{unpol} = γ_{gg} γ_{gq} γ_{gφ} γ_{qg} γ_{qq} γ_{qφ} γ_{φg} γ_{φq} γ_{φφ} (6)

and polarized cases

γ_{pol} = γ̃_{gg} γ̃_{gq} γ̃_{qg} γ̃_{qq} . (7)

Note, that in the super-multiplet of twist-2 operators there are also operators with fermion quantum numbers and operators anti-symmetric in two Lorentz indices [13].

Our approach is similar to that of Refs. [9, 10]. In particular we calculated unrenormalized matrix elements of the partonic operators sandwiched between the scalars, fermion and gluon states^§ and the anomalous dimensions were extracted from the expansion of the matrix elements through the renormalization group coefficients, with the condition, that the renormalized matrix elements satisfy the Callan-Symanzik equations. In our calculations we used the modified minimal subtraction scheme (MS). Because this scheme violates the supersymmetry, the results were transformed to the dimensional reduction scheme (DR) [18], explicitly preserving supersymmetry at least in the two-loop level. For this purpose we used the same procedure as in Ref. [19]. Namely, the difference of twoloop results in MS and DR-schemes was related to the difference of the finite contributions of the corresponding one-loop results.

In the polarized case one needs an appropriate choice for the γ_5-prescription. Our procedure is analogous to that of Ref. [10], which based on ”reading point” method [20]. To begin with, in each trace of the γ-matrix product, we pushed γ_5 to the right hand side using the property of the trace cyclicity. After that we simplified in a straightforward way the product of γ-matrices leaving the γ_5-matrix untouched and used the relation Tr γ_μγ_ν γ_ργ_σγ_5 = −4iϵ_{μνρσ} . Then the integration over the loop momenta in the space-time dimension D = 4−2ε was performed and the contraction between two Levi-Civita tensors (second one appearing from the projector) in four dimensions was done. In the end we introduced an additional renormalization constant to restore the anticommutativity of γ_5 with other γ-matrices in an accordance with Ref. [21].

The final two-loop result for the elements of the anomalous dimension matrix in N=4 SYM theory in the DR-scheme has the following form (multiplied by α^2_s N^2_c /(4π)^2) in the

§ For the calculations we used the program DIANA [14], which calls QGRAF [15] for the generation of Feynman diagrams, and the package MINCER [16] for FORM [17] for the evaluation of two-loop diagrams.

unpolarized case (for even j)

γ^{(1)}_{gg} (j) =

−500 9(j − 1) − 16 j^3 + 72 j^2 + 140 3 j + 24 (j + 1)^2 − 236 3(j + 1) − 16 (j + 2)^3 + 176 3 (j + 2)^2 + 788 9(j + 2)

− 16 K(j − 1) + 16 K(j) − 16 K(j + 1) + 16 K(j + 2) + Q̂(j) ,

γ^{(1)}_{gq} (j) =

−500 9(j − 1) − 16 j^3 + 72 j^2 + 140 3 j − 22 3(j + 1) + 32 3 (j + 2)^2 + 152 9(j + 2) − 16 K(j − 1) + 16 K(j) − 8 K(j + 1) ,

γ^{(1)}_{gφ} (j) =

−500 9(j − 1) − 16 j^3 + 72 j^2 + 140 3 j − 8 (j + 1)^2 + 16 j + 1 − 16 3 (j + 2)^2 − 64 9(j + 2) − 16 K(j − 1) + 16 K(j) ,

γ^{(1)}_{qg} (j) = 320 9(j − 1) + 32 j^3 − 96 j^2 + 8 3 j − 96 (j + 1)^2 + 944 3(j + 1) + 64 (j + 2)^3 − 704 3 (j + 2)^2 − 3152 9(j + 2)

− 32 K(j) + 64 K(j + 1) − 64 K(j + 2) ,

γ^{(1)}_{qq} (j) = 320 9(j − 1) + 32 j^3 − 96 j^2 + 8 3 j + 88 3(j + 1) − 128 3 (j + 2)^2 − 608 9(j + 2) − 32 K(j) + 32 K(j + 1) + Q̂(j) ,

γ^{(1)}_{qφ} (j) = 320 9(j − 1) + 32 j^3 − 96 j^2 + 8 3 j + 32 (j + 1)^2 − 64 j + 1 + 64 3 (j + 2)^2 + 256 9(j + 2) − 32 K(j) , γ^{(1)}_{φg} (j) = 64 3(j − 1) + 24 j^2 − 48 j + 72 (j + 1)^2 − 236 j + 1 − 48 (j + 2)^3 + 176 (j + 2)^2 + 788 3(j + 2) − 48 K(j + 1) + 48 K(j + 2) ,

γ^{(1)}_{φq} (j) = 64 3(j − 1) + 24 j^2 − 48 j − 22 j + 1 + 32 (j + 2)^2 + 152 3(j + 2)

− 24 K(j + 1) ,

γ^{(1)}_{φφ} (j) = 64 3(j − 1) + 24 j^2 − 48 j − 24 (j + 1)^2 + 48 j + 1 − 16 (j + 2)^2 − 64 3(j + 2) + Q̂(j) and in the polarized case (for odd j)

γ̃^{(1)}_{gg} (j) = 32 j^2 − 280 3 j − 32 (j + 1)^3 + 64 (j + 1)^2 + 280 3(j + 1)

− 32 K(j) + 32 K(j + 1) + Q̂(j) ,

γ̃^{(1)}_{gq} (j) = 16 j^2 − 140 3 j − 8 (j + 1)^3 + 32 (j + 1)^2 + 142 3(j + 1)

− 16 K(j) + 8 K(j + 1) ,

γ̃^{(1)}_{qg} (j) = −64 j^2 + 568 3 j + 64 (j + 1)^3 − 128 (j + 1)^2 − 560 3(j + 1)

+ 32 K(j) − 64 K(j + 1) ,

γ̃^{(1)}_{qq} (j) = −32 j^2 + 284 3 j + 16 (j + 1)^3 − 64 (j + 1)^2 − 284 3(j + 1)

+ 16 K(j) − 16 K(j + 1) + Q̂(j) , where Q̂(j) = −^4_3 S_1(j) + 16 S_1(j) S_2(j) + 8 S_3(j) − 8 S̃_3(j) + 16 S̃_{1,2}(j) , (8) K(j) = 1 j ( S_1(j) j + S_2(j) + S̃_2(j) ) , (9)

S_k(j) = j∑ i=1 1 i^k , (10)

S̃_k (j) =^j∑ i=1 (−1)^i i^k , (11) S̃_{k,l}(j) =^j∑ i=1 1 i^k S̃_l(i) . (12)

The analytical continuation of functions γ^{(1)}_{ab} (j) (a, b = g, q, φ) and γ̃^{(1)}_{ab} (j) (a, b = g, q) to the complex values of j can be done analogously to Refs. [22, 6]. The procedure of the analytic continuation together with a detailed description of our method of calculations will be presented elsewhere.

The eigenvalues of the anomalous dimension matrices are given below γ^{(1)}_I (j) = γ^{(1)}_+ (j) = Q̂(j − 2) , (13)

γ^{(1)}_{II} (j) = γ^{(1)}_0 (j) = Q̂(j) , (14)

γ^{(1)}_{III} (j) = γ^{(1)}_− (j) = Q̂(j + 2) , (15)

γ^{(1)}_{IV} (j) = γ̃^{(1)}_+ (j) = Q̂(j − 1) , (16)

γ^{(1)}_V (j) = γ̃^{(1)}_− (j) = Q̂(j + 1) . (17) In fact they coincide with the expressions predicted in Ref. [6]. Indeed, using the two-loop result γ_+(j) = γ̃_+(j − 1) = γ_0(j − 2) = γ̃_−(j − 3) = γ_−(j − 4)

= γ(j) = − α_s N_c π S_1(j − 2) + (α_sN_c 4π )_2

Q̂(j − 2) (18)

for the universal anomalous dimension γ(j) we can redefine α_s → α_s(1 − α_sN_c/(12π)) to remove in Q̂(j) the term proportional to S_1(j) (note, however, that it is an additional redefinition of α_s in comparison with the transition from MS to DR-scheme). After this substitution the above universal function Q̂(j) in two loops coincides with 16Q(j) from Ref. [6].

For the polarized case the Dokshitzer relation is similar to original one (below γ^{(1)}_{ab} (j) = γ_{ab} and γ̃^{(1)}_{ab} (j) = γ̃_{ab}) γ̃_{gg} + 1 2 γ̃_{qg} = γ̃_{qq} + 2γ̃_{gq} (19) and we can find that

γ̃_{gg} + 1 2 γ̃_{qg} = Q̂(j − 1) , (20)

γ̃_{gg} − 2γ̃_{gq} = Q̂(j + 1) . (21)

There are three relations for the unpolarized case

γ_{gg} + γ_{qg} + γ_{sg} = γ_{gq} + γ_{qq} + γ_{sq} = γ_{gs} + γ_{qs} + γ_{ss} , (22) γ_{gg} − 4γ_{gq} + 3γ_{gs} = − γ_{qg} 4 + γ_{qq} − 3γ_{qs} 4 = γ_{sg} 3 − 4γ_{sq} 3 + γ_{ss} , (23)

12γ_{gq} − 12γ_{gs} + 3γ_{qg} − 3γ_{qs} + 4γ_{sg} − 4γ_{sq} = 0 (24)

and one can verify that

γ_{gg} + γ_{qg} + γ_{sg} = Q̂(j − 2) , (25)

γ_{gg} − 4γ_{gq} + 3γ_{gs} = Q̂(j) , (26) γ_{gg} − γ_{gq} − γ_{sg} 3 + γ_{sq} 3 = Q̂(j + 2) . (27)

A complete diagonalization of the above anomalous dimension matrices corresponds to the use of a slightly modified basis of the multiplicatively renormalized twist-2 operators in comparison with the leading order [5, 6] due to the breakdown of the superconformal invariance (cf. [23]). But Eqs. (19)-(27) are correct in all orders with the replacement of Q̂(j − 2) by the exact universal dimension γ(j).

Following the analysis in Ref. [6] the α^3_s correction to the universal anomalous dimensions γ(j) will be constructed as soon as the corresponding QCD anomalous dimensions will be calculated (see the recent papers [24] and references therein).

Recently there was a great progress in the investigation of the N=4 SYM theory in a framework of the AdS/CFT correspondence [25] where the strong-coupling limit α_sN_c → ∞ is described by a classical supergravity in the anti-de Sitter space AdS_5 × S^5. In particular, a very interesting prediction [26] (see also [27]) was obtained for the large-j behavior of the anomalous dimension for twist-2 operators

γ(j) = a(z) ln j , z = α_sN_c π (28)

in the strong coupling regime (see Ref. [28] for asymptotic corrections):

lim_{z→∞} a = −z^{1/2} +

3 ln 2 8π + O ( z^{−1/2} ) . (29)

Here we took into account, that in our normalization γ(j) contains the extra factor −1/2 in comparison with that in Ref. [26].

On the other hand, all anomalous dimensions γ_i(j) and γ̃_i(j) (i = +, 0, −) coincide at large j and our results for γ(j) allow one to find two first terms of the small-z expansion of the coefficient a(z) lim_{z→0} ã = −z + π^2 − 1 12 z^2 + ... . (30)

To go from this expansion to the strong coupling regime we perform a resummation of the perturbative result using a method similar to the Pade approximation and taking into account, that for large N_c the perturbation series has a finite radius of convergency. Namely, we present ã as a solution of the simple algebraic equation z = −~a + π^2 − 1 12 ~a^2 . (31)

From this equation the following large-z behaviour of ã is obtained:

ã ≈ −1.1632 z^{1/2} + 0.67647 + O ( z^{−1/2} ) (32)

in a rather good agreement with Eq. (29) based on the AdS/CFT correspondence. Note, that if we write for ã the more general equation

z^n = 2n∑ r=n C_r ~a^r , (33)

the coefficients C_r for n ≥ 3 can be chosen in such way to include all known information about a. For n = 2 we can impose on ~a apart from a correct small-z expansion also the condition a = −z^{1/2} for large-z and as a result the asymptotic correction O (1) will be in a better agreement with Eq. (29).

Further, for j → 2 due to the energy-momentum conservation

γ(j) = (j − 2) γ^′(2) + ... , (34)

where the coefficient γ^′(2) can be calculated from our results in two first orders of the perturbation theory: γ^′(2) = − π^2 6 z + 1.2158 z^2 + ... . (35)

Using the same method of resummation as we used above for ~a, we obtain for large z

γ^′(2) = −0.9071 z^{1/2} + 0.6768 + ... . (36)

Let us take into account, that in this limit γ = 1/2 + iν + (j − 1)/2 → 1 + (j − 2)/2 for the principal series of unitary representations of the Möbius group appearing in the BFKL equation [4]. Therefore we obtain for large z

j = 2 − 1.1024 z^{−1/2} − 0.2148 z^{−1} . (37) in an agreement with the result, that the Pomeron in the strong coupling regime coincides with the graviton [29, 30]. The correction ∼ z^{−1/2} to the graviton spin j = 2 coincides in form with that obtained in Ref. [29] from the AdS/CFT correspondence and the coefficient in front of z^{−1/2} was not calculated yet. Note, that for the soft Pomeron the correction is ∼ z^{−1} [30].

One can attempt to calculate the intercept of the BFKL Pomeron also using its perturbative expansion in Ref. [7]

j − 1 = 2.7726z − 5.0238z^2 . (38)

After the Pade resummation we obtain in the strong coupling regime j ≃ 2.5301 − 0.8444z^{−1} in an reasonable agreement with the AdS/CFT estimate (see [30]). Note, however, that in the upper orders of the perturbation theory the BFKL equation should be modified by including the contributions from multi-gluon components of the Pomeron wave function.

In the conclusion we want to stress again, that the AdS/CFT correspondence unified with a resummation procedure gives a possibility to relate weak and strong coupling results.

Acknowledgments.

We thank Yu. Makeenko for the helpful discussions. This work was supported by the Alexander von Humboldt Foundation fellowship (A.V.K.), the RFBR grants 00-15-96610, 02-02-17513 and INTAS grant 00-366.

References

[1] L. N. Lipatov, Sov. J. Nucl. Phys. 23, 338 (1976); V. S. Fadin, E. A. Kuraev and L. N. Lipatov, Phys. Lett. B 60, 50 (1975); E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. Phys. JETP 44, 443 (1976); E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. Phys. JETP 45, 199 (1977); I. I. Balitsky and L. N. Lipatov, Sov. J. Nucl. Phys. 28, 822 (1978); I. I. Balitsky and L. N. Lipatov, JETP Lett. 30, 355 (1979).

[2] V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15, 438 (1972); V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15, 675 (1972); L. N. Lipatov, Sov. J. Nucl. Phys. 20, 94 (1975); G. Altarelli and G. Parisi, Nucl. Phys. B126, 298 (1977).

[3] Yu. L. Dokshitzer, Sov. Phys. JETP 46, 641 (1977).

[4] V. S. Fadin and L. N. Lipatov, Phys. Lett. B 429, 127 (1998); G. Camici and M. Ciafaloni, Phys. Lett. B 430, 349 (1998).

[5] L. N. Lipatov, in: Proc. of the Int. Workshop on very high multiplicity physics, Dubna, 2000, pp.159-176; Nucl. Phys. Proc. Suppl. 99A, 175 (2001).

[6] A. V. Kotikov and L. N. Lipatov, hep-ph/0112346; A. V. Kotikov and L. N. Lipatov, hep-ph/0208220.

[7] A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B582, 19 (2000). [8] E. G. Floratos, D. A. Ross and C. T. Sachrajda, Nucl. Phys. B129, 66 (1977);

[Erratum-ibid. B139, 545 (1978)]; E. G. Floratos, D. A. Ross and C. T. Sachrajda, Nucl. Phys. B152, 493 (1979); A. Gonzalez-Arroyo, C. Lopez and F. J. Yndurain, Nucl. Phys. B153, 161 (1979); A. Gonzalez-Arroyo and C. Lopez, Nucl. Phys. B166, 429 (1980); C. Lopez and F. J. Yndurain, Nucl. Phys. B183, 157 (1981); G. Curci, W. Furmanski and R. Petronzio, Nucl. Phys. B175, 27 (1980); W. Furmanski and R. Petronzio, Phys. Lett. B 97, 437 (1980); R. K. Ellis and W. Vogelsang, hep-ph/9602356.

[9] R. Hamberg and W. L. van Neerven, Nucl. Phys. B379, 143 (1992). [10] R. Mertig and W. L. van Neerven, Z. Phys. C 70, 637 (1996). [11] W. Vogelsang, Nucl. Phys. B475, 47 (1996).

[12] L. Brink, J. H. Schwarz and J. Scherk, Nucl. Phys. B121, 77 (1977). [13] A. P. Bukhvostov, E. A. Kuraev, L. N. Lipatov and G. V. Frolov, JETP Lett. 41, 92 (1985); A. P. Bukhvostov, G. V. Frolov, L. N. Lipatov and E. A. Kuraev, Nucl. Phys. B258, 601 (1985).

[14] M. Tentyukov and J. Fleischer, Comput. Phys. Commun. 132, 124 (2000). [15] P. Nogueira, J. Comput. Phys. 105, 279 (1993).

[16] S. G. Gorishnii, S. A. Larin, L. R. Surguladze and F. V. Tkachov, Comput. Phys.

Commun. 55, 381 (1989).

[17] J. A. Vermaseren, math-ph/0010025. [18] W. Siegel, Phys. Lett. B 84, 193 (1979).

[19] I. Antoniadis and E. G. Floratos, Nucl. Phys. B191, 217 (1981). [20] J. G. Körner, D. Kreimer and K. Schilcher, Z. Phys. C 54, 503 (1992). [21] S. A. Larin, Phys. Lett. B 303, 113 (1993).

[22] D. I. Kazakov and A. V. Kotikov, Nucl. Phys. B307, 721 (1988); [Erratum-ibid.

B345, 299 (1990)].

[23] A. V. Belitsky, D. Müller and A. Schäfer, Phys. Lett. B 450, 126 (1999); A. V. Belitsky and D. Müller, Phys. Rev. D 65, 054037 (2002) [24] J. A. Vermaseren, S. Moch and A. Vogt, hep-ph/0211296.

[25] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998); Int. J. Theor. Phys. 38, 1113 (1998); S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998); E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).

[26] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Nucl. Phys. B636, 99 (2002). [27] Yu. Makeenko, hep-th/0210256; M. Axenides, E. G. Floratos and A. Kehagies, hep-th/0210091.

[28] S. Frolov and A. A. Tseytlin, JHEP 0206, 007 (2002). [29] J. Polchinski, M. J. Strassler, hep-th/0209211.

[30] R. C. Brower, C. I. Tan, hep-th/0207144; R. A. Janik and R. Peschanski, Nucl. Phys.

B625, 279 (2002).