arXiv:hep-ph/0301063 v1 10 Jan 2003

The Tachyon Inflationary Models with Exact Mode Functions

Xin-zhou Li^∗ and Xiang-hua Zhai Shanghai United Center for Astrophysics,Shanghai Normal University, Shanghai 200234 , China (Dated: January 10, 2003)

We show two analytical solutions of the tachyon inflation for which the spectrum of curvature (density) perturbations can be calculated exactly to linear order, ignoring both gravity and the self-interactions of the tachyon field . The main feature of these solutions is that the spectral indices are independent with scale.

PACS numbers: 04.20.Jb, 98.80.Cq

I. INTRODUCTION

The inflationary scenario[1]provides a mechanism to produce the primordial fluctuations of spacetime and matter, which lead to the CMBR(cosmic microwave background radiation)anisotropies and to the large scale structure[2]. In standard inflationary models[3], the physics lies in the inflation potential. The underlying dynamics is simply that of a single scalar field rolling in the potential. The scenario is generically referred to as chaotic inflation in reference to its choice of initial conditions. This picture is widely favored because of its simplicity and has received by far the most attention to date. Some potentials that give the correct inflationary properties have been proposed[4]in the past two decades. Recently, pioneered by Sen[5], the study of non-BPS objects such as non-BPS branes, brane-antibrane configuration or space-like branes[6] has been attracting physical interests in string theory. Sen showed that classical decay of unstable D-brane in string theories produces pressureless gas with non-zero energy density[7]. Gibbons took into account coupling to gravitational field by adding an Einstein-Hilbert term to the effective action of the tachyon on a brane, and initiated a study of ”tachyon cosmology”[8]. The basic idea is that the usual open string vacuum is unstable but there exists a stable vacuum with zero energy density. There is evidence that this state is associated with the condensation of electric flux tubes of closed string[7]. These flux tubes described successfully using an effective Born-Infeld action[9]. The string theory motivated tachyon inflation[10] and quintessence[11]have been discussed. These investigation are based on the slow-roll approximation so that they are rather incomplete. It is obvious that tachyon inflation might occur in a much broader context and we should discriminate between generic predictions of inflation and predictions of a specific scenario.

For any model of inflation, the scalar power spectrum can be expressed as a series[12]. One often rely on either on approximations or on numerical mode-by mode integration for predicting the coefficients of the series. How-

∗Electronic address: kychz@shtu.edu.cn

ever, the accuracy of any approximation scheme should be controlled which means that the errors should quantified. This can only be done by comparing the approximate power spectrum to an exact one[13]. Therefore, it is very interesting to find the exact solutions of mode equation for the tachyon inflation.

II. THE EQUATIONS OF MOTION

We consider spatially flat FRW line element given by:

ds^2 = dt^2 − a^2 (t) ( dx^2 + dy^2 + dz^2 ) = a^2 (τ ) [ dτ^2 − ( dx^2 + dy^2 + dz^2 )] (1) where τ is the conformal time, with dt = adτ . As shown by Sen[7], a rolling tachyon condensate in either bosonic or supersymmetric string theory can be described by a fluid which in the homogeneous limit has energy density and pressure as follows

ρ = V (T ) √ 1 − Ṫ^2 p = −V (T ) √ 1 − Ṫ^2 (2)

where T and V (T ) are the tachyon field and potential, and an overdot denote a derivative with respect to the coordinate time t. To take the gravitational field into account the effective lagrangian density in the Born-Infeld-type form is described by:

L = √ −g ( R 2κ − V (T ) √ 1 + g^{μν} ∂_μT ∂_νT )

(3) where κ = 8πG = M^{−2}_p . For a spatially homogeneous tachyon field T , we have the equation of motion

T̈ +3HṪ ( 1 − Ṫ^2 ) + V^′ V ( 1 − Ṫ^2 ) = 0 (4) which is equivalent to the entropy conservation equation. Here, the Hubble parameter H is defined as H ≡ ȧ/a, and V^′ = dV /dT . If the stress-energy of the universe is dominated by the tachyon field T , the Einstein field equations for the evolution of the background metric, G_{μν} = κT_{μν} , can be written as

H^2 = κ 3 V (T ) √ 1 − Ṫ^2 (5)

ä a = H^2+Ḣ = κ 3 V (T ) √ 1 − Ṫ^2 ( 1 − 3 2 Ṫ^2 )

(6) From Eqs.(5) and (6) we deduce that dT dt = − 2 3 H^′(T ) H^2(T ) (7) and leading to

V^2(T ) = 9 κ^2

H^4 − 4 κ^2

H^{′2} (8)

a a_0

= exp [ − 3 2 ∫_T T_0

H^3 H^′ dT ] (9)

t = − 3 2 ∫_T T_0

H^2 H^′ dT (10)

where a_0 is the initial value of scale factor during inflation.

Bardeen et.al. [14] have shown that the general form of the metric for the background and scalar perturbation id given by

a^{−2}(τ )ds^2 = (1 + 2A)dτ^2 − 2∂_iBdx^idτ − [(1 − 2R)δ_{ij} + 2∂_i∂_j E] dx^idy^j (11)

The intrinsic curvature perturbation R of the comoving hypersurfaces can be written as

R = −R − H Ṫ δT (12)

during evolution of the universe, where δT represents the fluctuation of the tachyon field and Ṫ and H are determined by the background field equations Eqs.(7)-(8). On the analogy of discussion for the inflation driven ordinary scalar field with the standard kinetic term[15], we use the gauge-invariant potential

u = a [ δT + Ṫ H R ] ≡ −zR (13) where we have introduced the new variable

z ≡ aṪ H (14)

The evolution of the scalar perturbations is calculated by the Einstein action. The first-order perturbation equations of motion are given by a second-order action. Therefore, the gravitational and matter sectors are separated and each expanded to second-order in the perturbations. The action for the matter perturbations can be determined by expanding the Lagrangian as a Taylor series about the background equations and integrating by parts. Note that the inflationary requirement ä > 0 as long as Ṫ^2 <^2_3 . In the chaotic scenario, the inflation will slowly roll down its potential, i.e., Ṫ^2 ≪^2_3 and H^2 ≈^κ_3 V (T ). Hence, the tachyon equation of motion (4) is approximated to the one with the Lagrangian of the normal nearly quadratic form. Furthermore, we can state a small parameter √ ϵ = √_2 3 (_{H′} H^2 ) which suppressed the non-linear contributions. The action of linear scalar perturbation of tachyon field is given by

S = 1 2 ∫ dτ d^3x [ (∂_τ u)^2 − δ^{ij}∂_iu∂_j u + z_{ττ} z u^2 ] (15) Eq.(15) is formally equivalent to the action for a scalar field with the standard kinetic term and a timedependent effective mass m^2 = z_{ττ} /z in flat space-time. Note that the Eq.(15) is formally the same as the case of ordinary scalar field, but it is new because the definition of variable z in Eq.(14) is different from the one in Ref.[15]. In fact z is dependent on the equation of tachyon motion(4).Quantizing u(τ, x), we have

û(τ, x) = ∫ d^3k (2π)^{3/2} [ u_k(τ )â_ke^{ik·x} + u^∗_k(τ )â^†_ke^{−ik·x} ] [ â_k, â^†_l ] = δ^3(k − l), â_k|0⟩ = 0, etc. (16)

From Eq.(15), the mode functions u_k satisfy following equation

d^2u_k dτ^2 + ( k^2 − 1 z d^2z dτ^2 ) u_k = 0 (17)

Using Eqs.(4),(7) and (8), it is easy to find that 1 2a^2H^2 1 z d^2z dτ^2 = 1 + 4ϵ(T ) − 3η(T ) + 9ϵ^2(T )

− 14ϵ(T )η(T ) + 2η^2(T ) + 1 2 ξ^2(T )(18)

where

ϵ(T ) = 2 3 [ H^′(T ) H^2(T )

]_2 (19) η(T ) = 1 3 H^{′′}(T ) H^3(T )

(20) and

ξ(T ) = 2 3 ( H^′H^{′′′}(T ) H^6(T )

) 1_2 (21)

Using Eqs.(7)-(10), we can give the exact expression in which the mode functionu_k is related to the field T . One has the boundary conditions

u_k → 1 2k e^{−ikτ} , aH ≪ k (22)

u_k ∝ z, aH ≫ k (23) which guarantees that the perturbation behaves like a free field well inside the horizon and is fixed at superhorizon scales. Eqs.(14)-(17) make a difference between tachyon and ordinary scalar, because the curvature perturbations couple to the stress-energy of tachyon field.

On each scale R is constant well outside the horizon. Its spectrum is defined by

R = ∫ d^3k (2π)^{3/2}

R_k(τ )e^{ik·x}, (24)

⟨R_kR^∗_l ⟩ = 2π k^3

P_Rδ^3(k − l), (25)

where P_R(k) is the power spectrum. From eq.(25), we have

P_R^{12} (k) = √ k^3 2π^2 | | | u_k z | | | (26)

Furthermore, we find a simple relation as follows

dz dτ = −a^2 ( 2 3 ϵ ) 1_2

(1 − 2η + 3ϵ) (27)

The exact inflationary solutions for the mode equations of curvature perturbations might be found from two cases. Type I: we start from the quantity z is a constant, which is equivalent to requiring 1 − 2η + 3ϵ = 0. Type II: we also might start from the quantities ϵ(T ), η(T )and ξ(T ) are constants.

III. THE SOLUTION OF TYPE I

In this case, we should demand that H satisfies the differential equation

H^4 − 2 3 HH^{′′} + 2H^{′2} = 0 (28)

which has the solution

H(T ) = 1 √ AT + B −^3_2 T^2

(29)

where A and B are arbitrary integration constants. However, we can chose A = 0 without loss of generality, as it can be recovered by making a translation of the field, T → T +^A_3 . From Eqs.(8)-(10), we have the corresponding tachyon cosmology,

V (T ) = 3 κ B −^{52} T^2 ( B −^3_2 T^2

)_3 (30)

a(T ) = a_0T_0 T (31)

t(T ) = ( B − 3 2 T^2_0

) 1_2 − ( B − 3 2 T^2

) 1_2 (32)

+ √ B 2 ln [√ B − ( B −^3_2 T^2_0

) 1_2 ] [√ B + ( B −^3_2 T^2

) 1_2 ] [√ B − ( B −^3_2 T^2

) 1_2 ] [√ B + ( B −^3_2 T^2_0

) 1_2 ]

The conformal time is

τ (T ) = 1 2a_0 ( B − 3 2 T^2_0

) 1_2 − T 2a_0T_0 ( B − 3 2 T^2

) 1_2 (33) + √ 2 3 B a_0T_0 arcsin √ 3 2B T_0 − √ 2 3 B a_0T_0 arcsin √ 3 2B T It is easy to find that τ tends to a constant value at late time, or as T goes to zero.

For this solution, the cosmological properties are easily derived. As the tachyon field T goes to zero or infinite, the potential V (T ) tends to non-zero value^3_{κB} or zero. The motion is not inflationary at all time. From Eq.(6), we find that the period of accelerated expansion corresponds to Ṫ^2 <^2_3 and decelerate otherwise. Thus infla-

tion occurs only when |T | < √_B 3 . If this model was to produce all the 50 e-foldings of inflation needed to solve the initial conditions problems in the standard model of cosmology, tachyon field must evolve to be close to zero.

Next, we discuss the spectrum of curvature perturbations produced by this model, which is similar to one of the inflation model driven by ordinary scalar field[16]. The solution of mode equation (17) is simple,

u_k(τ ) = 1 √ 2k e^{−ikτ} (34) for the growing mode, after we have imposed the boundary conditions. Since the conformal time τ tends to a constant, mode function u_k is essentially fixed at superhorizon scales. The spectral index n_R is

n_R − 1 ≡ d ln P_R d ln k = 2 (35)

Note that this result is exact and independent of tachyon field T . By now,the inflationary universe is generally recognized to be the most likely scenario that explains the origin of the Big Bang. So far, its predictions of the flatness of the universe and the almost scale-invariant power spectrum of the curvature perturbation that seeds structure formations are in good agreement with the cosmic microwave background(CMB) observations. The key data of CMB are the curvature perturbation magnitude measured by COBE[17] and its power spectrum index n_R[18]

δ_H ≃ 1.9 × 10^{−5} (36) and

|n_R − 1| < 0.1 (37)

Therefore, the spectrum of this model is ”blue” as it possesses more power at large values of k, or small scales, which is ruled out by the observable universe. However, this model can be used to probe the accuracy of the first and second order approximations for the mode equation.

IV. THE SOLUTION OF TYPE II

In this case, we should demand that H satisfies the differential equations

ϵ(T ) = const., η(T ) = const. and ξ(T ) = const. (38) which have the solution

H(T ) =

(_2 3 n ) 1_2 T − T_0 (39) and

ϵ(T ) = 1 n , η(T ) = 1 n . and ξ(T ) = √ 6 n (40) From Eqs.(8)-(10), we have the corresponding tachyon cosmology,

V (T ) = 2 κ ( n^2 − n 3 ) 1_2

(T − T_0)^{−2} (41)

a(T ) = a_0(T − T_0)^n (42)

t(T ) = ( 3 2 n ) 1_2 (T − T_0) (43)

The conformal time is

τ (T ) = a^{−1}_0 (1−n) ( 3 2 n ) 1_2

(T −T_0)^{1−n}

(44) It is easy to find that the condition for inflation is n > 1, which corresponds to Ṫ^2 <^2_3 . This model actually inflate forever. The model equation (17) is solved in terms of Bessel functions, μ_k(τ ) = (kτ )^{12} [C_1J_μ(kτ ) + C_2J_{−μ}(kτ )] where C_1 and C_2 are constants fixed from Eq.(22). The spectrum may be calculated exactly to read

P_R(k) = κ π^2A^2

2^{2μ−1}Γ^2(μ)k^{−2μ} (45) where A is a constant

A = a^{32 −μ}_0 (n − 1)^{μ− 12} ( 3 2 n )^μ_{2 −} 1_4

(46) The corresponding spectral index is

n_R = 1 − 4 n − 1 (47)

In particular, we have n_R ≈ 1 for n ≫ 1. In this limit, the solution and slow roll inflation with ϵ = η =^1_n agree at the leading order in ϵ. Only for n > 201, i.e. for 1 > n_R > 0.98, the error of slow roll approximation is less than 1 percent.

We briefly conclude the main result of this paper. We find two family of exact solutions for the mode equation (17) on curvature perturbations of tachyon inflation. This calculation is done to linear order, ignoring both gravity and self-interactions of the tachyon field.

Since the observed anisotropies are small, this approximation is considerably more accurate than the slow-roll approximation, and we need not attempt to go beyond it, though it is possible to extend calculations beyond linear perturbation theory[19]. These models can be probe the accuracy of the first and second order expressions for the curvature perturbation spectra. In fact, almost all analytical predictions for perturbation spectra from inflation rely on the slow roll approximation. Furthermore, the parameter η becomes large near the top of the tachyon potential in type I model, indicating a breakdown of the slow roll assumption. In the cases that n are not large enough, the slow roll conditions are badly violated by type II model. Therefore, the first order expression does not give good agreement with the exact for all solutions. But we have confidence that we use slow roll approximation in more realistic situations, since the second order expression for the spectral index of curvature perturbation can match the exact result to within 10 percent over most of the inflationary epoch. Finally, we point out that the slow-roll approximation is the assumption that the field evolution is dominated by drag from the expansion is small parameters ϵ=0. We have found the solutions of mode equation are again Hankel function of the first kind H^{(1)}_μ (−kτ ) with μ =^3_2 +4ϵ−2η.

acknowledgments This work was partially supported by National Nature Science Foundation of China under grant 19875016, Foundation of Shanghai Development for Science and Technology under grant 01JC14035, Foundation of Shanghai Educational Ministry under grant 01QN86 and Foundation of Shanghai Science and Technology Ministry under grant 02QA14033.

[1] A. Guth, Phys. Rev.D23,347(1981); A. Linde, Phys.

Lett.B108, 389(1982); A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett.48, 1220(1982); A. Linde, Phys. Lett.B129, 177(1983).

[2] A. A. Starobinsky, JETP. Lett.30, 682(1979); V.

Mukhanov and G. Chibisov, JETP Lett.33, 532(1981); S. Hawking, Phys. Lett.B115, 295(1982); A. A. Starobinsky, Phys. Lett.B117, 175(1982); J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys. Rev.D28, 679(1983); A. Guth, and S. Y. Pi, Phys. Rev. Lett. 49, 1110(1982).

[3] A. R. Liddle, and D. H. Lyth, Cosmological Inflation and Large-Scale Structure,(Cambridge University Press,2000).

[4] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T.

Barreiro and M. Abney, Rev. Mod. Phys. 69, 373(1997). [9] A. Sen, JHEP,9806, 007(1998); A. Sen, JHEP,9808, 010(1998); A. Sen, JHEP,9808 , 012(1998).

[6] M. Gutperle, and A. Strominger, JHEP,0204, 018(2002). [9] A. Sen, JHEP,0204, 048(2002); A. Sen, arXiv:hep-th/0204143; A. Sen, arXiv:hep-th/0207105.

[8] G. W. Gibbons, Phys. Lett. B537, 1(2002). [9] A. Sen, J. Math. Phys. 42, 2844(2001); G. W. Gibbons, K. Hori and P. Yi, Nucl. Phys. B596, 136(2001).

[10] M. Fairebairn, and M. H. Tytgat, arXiv:

hep-th/0204070; S. Mukohyama, Phys. Rev. D66 024001(2002); A. Feinstein, arXiv: hep-th/0204140; T. Padmanabhan, Phys. Rev. D66, 021301(2002); D. Choudhury, D. Ghoshal, D. P. Jatkar and S. Parda, arXiv: hep-th/020420; L. Kofman and A. Linde, JHEP, 0207, 004(2002); G. Shiu and I. Wasserman, arXiv:hep-th/0205003; M. Sami, arXiv: hep-th/0205146; T. Mehen and B. Wecht, arXiv: hep-th/026212; X. Z. Li, J. G. Hao,and D.J.Liu arXiv:hep-th/0207146; B. Chen, M. Li and F. L. Lin, JHEP, 0211, 050(2002).

[11] X. Z. Li, J. G. Hao, and D. J. Liu, arXiv:hep-th/0204252, Chin. Phys. Lett. 19 1584(2002); J. G. Hao and X. Z. Li, arXiv: hep-th/0209041, Phys. Rev. D66 087301(2002); H. B. Benaoum , arXiv: hep-th/0205140; T. Chiba ,astro-ph/0206298;A. Ishida and S. Uehara, arXiv: hep-th/0206102; J. M. Chine, H. Firouzjah and P. Martineau, arXiv: hep-th/0207156; T. Padmanabhan, arXiv: hep-th/0212290.

[12] A. Kosowsky and M. S. Turner, Phys. Rev. D52 1739(1995); E. J. Copeland , I. J. Grivell and A. R. Liddle, Mor. Not. R. Astron. Soc. 298, 1233(1998).

[13] J. Martin and D. J. Schwarz, Phys. Rev.

D62,103520(2000); J. Martin and D. J. Schwarz, Phys. Lett. 500, 1(2001).

[14] J. M. Bardeen, Phys. Rev. D22, 1882(1980);H. Kodama and M. Sasaki, Prog. Theor. Phys. Supp.78, 1(1984) [15] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenbarger, Phys. Rep. 215, 7(1992).

[16] R. Easther, Class. Quant. Grav. 13,1175(1996). [17] G. F. Smoot, et al, Astrophys. J. 396, L1(1992); L. Bennett, et al, Astrophys. J. 464, L1(1996).

[18] A. T. Lee, et al, Astrophys. J. 561, L1(2001); C. B.

Netlerfield, et al., Astrophys. J. 571, 604(2001). [19] R. Durrer and M. Sakellerialou, Phys. Rev. D50, 6115(1994).