arXiv:hep-ph/0302044 v1 6 Feb 2003

HU-EP-03/03

TWO-PHOTON DECAY RATES OF HEAVY QUARKONIA IN THE RELATIVISTIC QUARK MODEL

D. EBERT Institut für Physik, Humboldt–Universität zu Berlin, Invalidenstr.110, D-10115 Berlin, Germany debert@physik.hu-berlin.de

R. N. FAUSTOV^∗ and V. O. GALKIN^† Institut für Physik, Humboldt–Universität zu Berlin, Invalidenstr.110, D-10115 Berlin, Germany and Russian Academy of Sciences, Scientific Council for Cybernetics, Vavilov Str. 40, Moscow 117333, Russia ∗faustov@theory.sinp.msu.ru,^†galkin@physik.hu-berlin.de

Two-photon decay rates of pseudoscalar, scalar and tensor states of charmonium and bottomonium are calculated in the framework of the relativistic quark model. Both relativistic effects and one-loop radiative corrections are taken into account. The obtained results are compared with other theoretical predictions and available experimental data.

Keywords: Electromagnetic annihilation; heavy quarkonium; relativistic quark model.

PACS Nos.: 13.20.Gd, 13.40.Hq, 12.39.Ki

The investigation of the two-photon decay rates of heavy quarkonia is important for understanding the heavy quark dynamics in mesons. These decays are sensitive probes of the quarkonium wave function. In the nonrelativistic limit their rates are proportional to the square of the wave function or its derivative at the origin. However, relativistic effects turn out to be substantial, especially for charmonium, and significantly modify this dependence. In this note we consider the two-photon decays in the framework of the relativistic quark model.

Fig. 1. Two-photon annihilation diagrams of the quarkonium.

The diagrams of the QQ̄ bound state with mass M (Q = c, b) annihilation into two photons with momenta k_1, k_2 and polarization vectors ε_1, ε_2 are graphically 1

presented in Fig. 1. The corresponding amplitude in the rest frame of the decaying meson is then given by M_{γγ} = 4πα √ 3e^2_Q ∫ d^3p (2π)^3 ∑ s,t v̄^s_Q(−p) [ ̸ε_2 ̸p− ̸k_1 + m_Q (p − k_1)^2 − m^2_Q ̸ε_1

+(1 ↔ 2) ] u^t_Q(p)Ψ^{s,t}_M (p), (1)

where α = e^2/(4π) is the fine structure constant; e_Q, m_Q and p are the charge (in units of the electron charge e), mass and relative momentum of quarks; √ 3 is the colour factor and the Dirac spinors of quark and antiquark are defined by

u^t_Q(p) = √ ϵ_Q(p) + m_Q 2ϵ_Q(p) 1 σp ϵ_Q(p) + m_Q χ^t,

v^s_Q(−p) = √ ϵ_Q(p) + m_Q 2ϵ_Q(p) − σp ϵ_Q(p) + m_Q 1 (−iσ_2)χ^s, (2)

with p^0 = ϵ_Q(p) = √ p^2 + m^2_Q. The photon momenta in the chosen frame obey the relations: k_1 = −k_2 and k^0_1 = k^0_2 = |k_1| = |k_2| = M/2. The meson wave function for the state with the orbital momentum L, spin S and total momentum J has the form Ψ^{s,t}_M (p) = ∑ m,λ ⟨LSmλ|JM_J ⟩ ⟨_1 2 1 2 st|Sλ ⟩ Y_{L m}(θ, φ)ϕ_M (p), (3) where ϕ_M (p) ≡ ϕ_M (|p|) is the radial wave function.

For the calculation of the heavy quarkonium wave functions we use the relativistic quark model based on the quasipotential approach in quantum field theory. In this model,1^,2^,3 a meson is described by the wave function of the bound quarkantiquark state, which satisfies the quasipotential equation of the Schrödinger type in the center-of-mass frame: ( b^2(M ) 2μ_R − p^2 2μ_R ) Ψ_M (p) = ∫ d^3q (2π)^3

V (p, q; M )Ψ_M (q), (4)

where the relativistic reduced mass is

μ_R =

M^4 − (m^2_1 − m^2)^2 4M^3

, (5)

and b^2(M ) denotes the on-mass-shell relative momentum squared

b^2(M ) =

[M^2 − (m_1 + m_2)^2][M^2 − (m_1 − m_2)^2] 4M^2

. (6)

Here m_{1,2} and M are quark masses and a meson mass, respectively. For the QQ̄ bound system (quarkonium) m_1 = m_2 = m_Q and Eqs. (5), (6) take the form

μ_R = M 4 , b^2(M ) =

M^2 4 − m^2_Q. (7)

The kernel V (p, q; M ) in Eq. (4) is the quasipotential operator of the quarkantiquark interaction. It is constructed with the help of the off-mass-shell scattering amplitude, projected onto the positive energy states. The quasipotential for the heavy quarkonia, including retardation and one-loop radiative corrections, and expanded in p^2/m^2_Q, can be found in Refs. 1, 2. As the initial approximation in the configuration space we obtain the Cornell potential: V (r) = − 4 3 ᾱ_V r + Ar + B, (8)

where ᾱ_V is the effective coupling constant: ᾱ_V = 0.450 for charmonium and ᾱ_V = 0.285 for bottomonium, respectively. In our model the quark masses m_b = 4.88 GeV, m_c = 1.55 GeV, m_s = 0.50 GeV, m_{u,d} = 0.33 GeV, the slope of the linear potential A = 0.18 GeV^2 and the constant term B = −0.16 GeV have fixed values which agree with the usually accepted ones. In the recent paper2 we calculated the mass spectra of heavy quarkonia with complete account of the relativistic corrections of order p^2/m^2_Q, including retardation effects, and one-loop radiative corrections. The obtained results agree with experimental data within few MeV. Now we apply the found relativistic wave functions to the calculation of the two-photon decay rates of heavy quarkonia.

The two-photon decay amplitudes (1) of the heavy quarkonium pseudoscalar (^1S_0), scalar (^3P_0) and tensor (^3P_2) states have the following structure

M_{γγ} (^1S_0 → γγ) = gϵ_{μνρσ} k^μ_1 k^ν_2 ε^ρ_1ε^σ_2 , M_{γγ} (^3P_0 → γγ) = g_0[(ε_1 · ε_2)](k_1 · k_2) − (ε_1 · k_2)(ε_2 · k_1)], M_{γγ} (^3P_2 → γγ) = g_1[(k_1 · k_2)ε^μ_1 ε^ν_2 − (ε_1 · k_2)k^μ_1 ε^ν_2 −(ε_2 · k_1)k^μ_2 ε^ν_1 + (ε_1 · ε_2)k^μ_1 k^ν_2 ]ξ^{μν} +g_2[(ε_1 · ε_2)(k_1 · k_2) − (ε_1 · k_2)(ε_2 · k_1)]k^μ_1 k^ν_2 ξ^{μν} /(k_1 · k_2), (9)

where g_i are corresponding decay constants and ξ^{μν} is the polarization tensor of the tensor meson. Performing angular integrations, using the angular dependence of the wave functions given by Eq. (3), and summing over photon polarizations^a we get the following relativistic expressions for the decay rates4:

Γ^R(^1S_0 → γγ) =

3α^2e^4_Q M^2 | | | | | ∫ d^3p (2π)^3 m^2_Q pϵ_Q(p) ln ϵ_Q(p) + p ϵ_Q(p) − p ϕ_S(p) | | | | | 2 , (10)

Γ^R(^3P_0 → γγ) =

12α^2e^4_Q M^2 | | | | | ∫ d^3p (2π)^3 m^2_Q M p [ p ϵ_Q(p) ln ϵ_Q(p) + p ϵ_Q(p) − p + ( 1 − M 2ϵ_Q(p) ) ( 2 − ϵ_Q(p) p ln ϵ_Q(p) + p ϵ_Q(p) − p )] ϕ_P (p) | | | | | 2 , (11)

aFor decays of tensor^3P_2 states it is also necessary to average over states with different projection M_J of the total momentum J.

Γ^R(^3P_2 → γγ) =

36α^2e^4_Q 5M^2 {| | | | ∫ d^3p (2π)^3 m_Qϵ_Q(p) M p [( 2 + p ϵ_Q(p) ln ϵ_Q(p) + p ϵ_Q(p) − p − ϵ_Q(p) p ln ϵ_Q(p) + p ϵ_Q(p) − p ) ( 1 + m_Q 2ϵ_Q(p)[ϵ_Q(p) + m_Q] )

− 2p^2 3ϵ_Q(p)[ϵ_Q(p) + m_Q] ] ϕ_P (p) | | | | | 2

+ 1 6 | | | | ∫ d^3p (2π)^3 m^2_Q M p [ p ϵ_Q(p) ln ϵ_Q(p) + p ϵ_Q(p) − p + 3 ( 2 − ϵ_Q(p) p ln ϵ_Q(p) + p ϵ_Q(p) − p )

− ϵ_Q(p) m_Q ( 2 − M m_Q ) ( 2 − ϵ_Q(p) p ln ϵ_Q(p) + p ϵ_Q(p) − p )

+ p^2 m_Q[ϵ_Q(p) + m_Q] ( 2 − M m_Q ) ( 1 2 ( ϵ_Q(p) p ln ϵ_Q(p) + p ϵ_Q(p) − p − 2 )

× ( 1 − 3ϵ^2_Q(p) p^2 ) + 1 )] ϕ_P (p) | | | | | 2} . (12)

Similar relativistic expressions have also been found in Refs. 5, 6, 7.

In the nonrelativistic limit p/m_Q → 0 and M → 2m_Q these expressions reduce to the known relations8

Γ^{NR}(^1S_0 → γγ) =

3α^2e^4_Q |R_{nS}(0)|^2 m^2_Q

, (13)

Γ^{NR}(^3P_0 → γγ) =

27α^2e^4_Q |R^′_{nP} (0)|^2 m^4_Q

, (14)

Γ^{NR}(^3P_2 → γγ) =

36α^2e^4_Q |R^′_{nP} (0)|^2 5m^4_Q

. (15)

The first order QCD radiative corrections to the two-photon decay rates can be accounted for by multiplying the relativistic decay rates Γ^R (10)–(12) by the corresponding factors8

Γ(^1S_0 → γγ) = Γ^R(^1S_0 → γγ) [ 1 + α_s π ( π^2 3 − 20 3 )] , (16)

Γ(^3P_0 → γγ) = Γ^R(^3P_0 → γγ) [ 1 + α_s π ( π^2 3 − 28 9 )] , (17)

Γ(^3P_2 → γγ) = Γ^R(^3P_2 → γγ) [ 1 − 16 3 α_s π ] . (18)

For the numerical analysis we use the two-loop expression for the QCD coupling constant α_s with Λ^{(4)}_{MS} = 175 MeV obtained8 from the experimental ratio of Γ(Υ → ggγ)/Γ(Υ → ggg). This yields α_s(m_b) = 0.18 for bottomonium and α_s(m_c) = 0.26 for charmonium, respectively.

Table 1. Two-photon decay rates of heavy quarkonium pseudoscalar (^1S_0 ), scalar (^3P_0 ) and tensor (^3P_2) states (in keV). Comparison of different theoretical predictions and experimental data.

Particle Theory Experiment

our Ref.9 Ref.7 Ref.10 Ref.11 Ref.12 PDG13 E83514 Belle15

η_c(1^1S_0 ) 5.5 3.5 10.94 7.8 5.5 4.8 7.5(8) 4.4(1.7)(1.5) η^′_c(2^1S_0 ) 1.8 1.38 3.5 2.1 3.7 χ_{c0} (1^3P_0 ) 2.9 1.39 6.38 2.5 5.32 3.1(8) 2.90(59)(66)(30) χ^′_{c0} (2^3P_0 ) 1.9 1.11 χ_{c2} (1^3P_2 ) 0.50 0.44 0.57 0.28 0.44 0.45(8) 0.31(5)(4) 0.61(10) χ^′_{c2} (2^3P_2 ) 0.52 0.48

η_b(1^1S_0 ) 0.35 0.22 0.46 0.46 0.45 0.17 η^′_b(2^1S_0 ) 0.15 0.11 0.20 0.21 0.13 η^{′′}_b (3^1S_0 ) 0.10 0.084 χ_{b0}(1^3P_0 ) 0.038 0.024 0.080 0.043 χ^′_{b0}(2^3P_0 ) 0.029 0.026 χ_{b2}(1^3P_2 ) 0.008 0.0056 0.008 0.0074 χ^′_{b2}(2^3P_2 ) 0.006 0.0068

In Table 1 we compare our predictions for two-photon decay rates of heavy quarkonia calculated with the account of both relativistic and radiative corrections with previous theoretical calculations and experimental averages from PDG13 and very recent measurements by E83514 and Belle15 Collaborations. The application of the quark-hadron duality to sum rules16 for two-photon decays yielded the following predictions Γ(η_c → γγ) ∼= 7.4 keV, Γ(χ_{c0} → γγ) ≤ 6.1 keV, Γ(χ_{c2} → γγ) ≤ 3.9 keV.

It follows from Eqs. (14), (15) that the ratio of two-photon decay rates of scalar and tensor states in the nonrelativistic approximation is independent of meson wave functions

R^{NR}_{QQ̄} ≡

Γ^{NR}(^3P_0 → γγ) Γ^{NR}(^3P_2 → γγ) = 15 4 = 3.75.

Inclusion of radiative corrections (17), (18) considerably increases this ratio

R^{NR}_{QQ̄} = 15 4

[ 1 + α_s π ( π^2 3 − 28 9 )] [ 1 − 16 3 α_s π ] .

Indeed for the chosen values of α_s we find R^{NR}_{cc̄} ∼= 6.8 and R^{NR}_{bb̄} ∼= 5.5. On the other hand, relativistic effects tend to decrease this ratio. The results of our calculations of the ratio R_Q¯_Q ≡ Γ(^3P_0 → γγ)/Γ(^3P_2 → γγ) using Eqs. (11), (12), (17), (18) are given in Table 2 in comparison with other theoretical predictions and experimental data.

Table 2. Ratio R_Q¯_Q of two-photon decay rates of scalar (^3P_0) and tensor (^3P_2 ) states. Comparison of different theoretical predictions and experimental data.

our Ref.9 Ref.7 Ref.10 Ref.11 Ref.17 CLEO18

R_{cc̄}(1P ) 5.8 3.2 11.2 8.9 12.1 5.4(1.3) 7.4(2.4)(5)(9) R_{cc̄}(2P ) 3.7 2.3 R_b¯_b(1P ) 4.8 4.3 10 5.8 R_b¯_b(2P ) 4.6 3.8

Our analysis shows that both relativistic effects and radiative corrections play an important role in the investigation of two-photon annihilation rates of heavy quarkonia. Their inclusion considerably modifies theoretical predictions and brings them in accord with experimental data. For computations we use the relativistic quarkonium wave functions which were previously obtained in calculating the mass spectra of charmonium and bottomonium. The consistent account of the relativistic corrections to the decay amplitudes and the use of the relativistic quarkonium wave functions calculated in the framework of the relativistic quark model, which correctly predicts meson mass spectra and various decay rates, as well as inclusion of radiative corrections distinguish our approach from previous calculations. The increase of the experimental precision in measuring the charmonium two-photon decay rates and the observation of corresponding bottomonium decays will help to discriminate between different theoretical models.

Acknowledgments

The authors express their gratitude to S. Eidelman, M. Müller-Preussker and V. Savrin for support and discussions. R.N.F. and V.O.G. are also grateful to the organizers of the Workshop on Quarkonium, CERN, 8-10 November 2002, and especially to N. Brambilla and A. Vairo, for the invitation to this very productive meeting, which inspired this work, and for the members of Quarkonium Working Group for useful discussions. Two of us (R.N.F. and V.O.G.) were supported in part by the Deutsche Forschungsgemeinschaft under contract Eb 139/2-2.

References 1. D. Ebert, R. N. Faustov and V. O. Galkin, Phys. Rev. D 62, 034014 (2000). 2. D. Ebert, R. N. Faustov and V. O. Galkin, Phys. Rev. D 67, 014027 (2003). 3. D. Ebert, V. O. Galkin and R. N. Faustov, Phys. Rev. D 57, 5663 (1998); 59, 019902(E) (1999); Phys. Lett. B 537, 241 (2002); R. N. Faustov and V. O. Galkin, Z. Phys. C 66, 119 (1995).

4. R. N. Faustov and V. O. Galkin, Proceedings of the International Seminar “Quarks’88”, Tbilisi, 17-21 May 1988 (World Scientific, Singapore, 1989), p. 624.

5. L. Bergström, H. Snellman and G. Tengstrand, Phys. Lett. B 82, 419 (1979); L.

Bergström, G. Hulth and H. Snellman, Z. Phys. C 16, 263 (1983). 6. Z. P. Li, F. E. Close and T. Barnes, Phys. Rev. D 43, 2161 (1991). 7. S. N. Gupta, J. M. Johnson and W. W. Repko, Phys. Rev. D 54, 2075 (1996).

8. W. Kwong, P. B. Mackenzie, R. Rosenfeld, and J. L. Rosner, Phys. Rev. D 37, 3210 (1988).

9. C. Münz, Nucl. Phys. A 609, 364 (1996).

10. G. A. Schuler, F. A. Berends and R. van Gulik, Nucl. Phys. B 523, 423 (1998). 11. H.-W. Huang et al., Phys. Rev. D 54, 2123 (1996); 56, 368 (1997). 12. E. S. Ackleh and T. Barnes, Phys. Rev. D 45, 232 (1992). 13. Particle Data Group, K. Hagiwara et al., Phys. Rev. D 66, 010001 (2002). 14. E835 Collaboration, S. Bagnasco et al., Phys. Lett. B 533, 237 (2002); M.

Graham, talk at the Workshop on Quarkonium, CERN, 8-10 November 2002, http://alephwww.physik.uni-siegen.de/∼quarkonium/WStalks/graham.pdf 15. Belle Collaboration, K. Abe et al., Phys. Lett. B 540, 33 (2002); S. Eidelman, talk at the Workshop on Quarkonium, CERN, 8-10 November 2002, http://alephwww.physik.uni-siegen.de/∼quarkonium/WStalks/eidelman.pdf 16. S. B. Gerasimov, hep-ph/0212281.

17. M. L. Mangano and A. Petrelli, Phys. Lett. B 352, 445 (1995). 18. CLEO Collaboration, B. I. Eisenstein et al., Phys. Rev. Lett. 87, 061801 (2001).