arXiv:hep-ph/0303186 v1 21 Mar 2003

Cavendish-HEP-03/02

A unified approach to NNLO soft and virtual corrections in electroweak, Higgs, QCD, and SUSY processes

Nikolaos Kidonakis

Cavendish Laboratory University of Cambridge Madingley Road Cambridge CB3 0HE, UK

Abstract

I present a unified approach to calculating the next-to-next-to-leading order (NNLO) soft and virtual QCD corrections to cross sections for electroweak, Higgs, QCD, and SUSY processes. I derive master formulas that can be used for any of these processes in hadron-hadron and lepton-hadron collisions. The formulas are based on a unified threshold resummation formalism and can be applied to both total and differential cross sections for processes with either simple or complex color flows and for various factorization schemes and kinematics. As a test of the formalism, I rederive known NNLO results for Drell-Yan and Higgs production, deep inelastic scattering, and W^+γ production, and I obtain expressions for several two-loop anomalous dimensions and other quantities needed in next-to-next-to-leading-logarithm (NNLL) resummations. I also present new results for the production of supersymmetric charged Higgs bosons; massive electroweak vector bosons; photons; heavy quarks in lepton-hadron and hadron-hadron collisions and in flavor-changing neutral current processes; jets; and squarks and gluinos. The NNLO soft and virtual corrections are often dominant, especially near threshold. Thus, a unified approach to these corrections is important in the search for new physics at present and future colliders.

1 Introduction

Progress in theoretical particle physics, from electroweak theory and Quantum Chromodynamics in the Standard Model to supersymmetry and beyond, often involves the comparison of predictions of theory with data from high-energy hadron-hadron and lepton-hadron collisions. Recent theoretical advances include an array of resummations and a few next-to-next-to-leading order (NNLO) calculations [1, 2]. These advances are necessary in many cases where next-to-leading order (NLO) calculations are not accurate enough, since higher-order corrections reduce the scale dependence and increase theoretical accuracy.

Next-to-next-to-leading order calculations are technically very challenging and have been completed only for a few processes, including Drell-Yan [3, 4] and Higgs production [5, 6, 7] and deep inelastic scattering [8, 9]. The corrections are usually split into hard, soft, and virtual parts, corresponding to contributions from energetic, soft, and virtual gluons, respectively. The soft and virtual corrections are an important component of the total result both theoretically and numerically. In fact, in some schemes and kinematical regions, e.g. threshold, they are the dominant part. Highlighting their importance is the fact that for Drell-Yan [10] and Higgs [11, 12] production the NNLO soft and virtual corrections were presented before the full NNLO result was calculated.

We will see that there is a universality in the form of these corrections, which becomes more evident from the techniques of threshold resummations, which arise from factorization properties of the cross sections. Threshold corrections can be resummed to all orders, and finite-order expansions of resummed cross sections have provided us with many cross sections at NNLO and next-to-next-to-leading logarithm (NNLL) accuracy [13]. Thus it is a worthwhile aim to see if a unified approach can be given for the calculation of NNLO total and differential cross sections for any process in the Standard Model and beyond in hadron-hadron and hadronlepton colliders and in various factorization schemes and kinematics. This will not only increase and deepen theoretical understanding but will also help avoid effort duplication in calculations of NNLO corrections for new processes. It is important to note that new particles, such as in supersymmetry, will likely be discovered near threshold where the soft and virtual corrections are important. The new unified approach to NNLO soft and virtual corrections is the topic of this paper.

The calculation of cross sections in hadron-hadron or lepton-hadron collisions can be written schematically as σ = ∑ f ∫ [∏ i dx_i ϕ_{f /hi} (x_i, μ^2_F ) ] σ̂(s, t_i, μ_F , μ_R) , (1.1)

where σ is the physical cross section, ϕ_{f /hi} is the distribution function for parton f carrying momentum fraction x_i of hadron h_i, at a factorization scale μ_F , while μ_R is the renormalization scale. The parton-level hard scattering cross section is denoted by σ̂, and s and t_i are standard kinematical invariants. In a lepton-hadron collision we obviously have one parton distribution (i = 1) while in a hadron-hadron collision i = 1, 2. We note here that σ and σ̂ are not restricted to be total cross sections; they can represent any relevant differential cross section of interest.

In general, σ̂ includes plus distributions D_l(x_{th}) and delta functions δ(x_{th}) with respect to a kinematical variable x_{th} that measures distance from threshold, with l ≤ 2n − 1 at nth order in α_s beyond the leading order. These are the soft and virtual corrections. In single-particle inclusive (1PI) kinematics, x_{th} is usually called s_4 (or s_2), s_4 = s + t + u − ∑ m^2, and vanishes at threshold. Then

D_l(s_4) ≡ [ ln^l(s_4/M^2) s_4 ] + = ln^l(s_4/M^2) s_4 θ(s_4 − Δ) + 1 l + 1 ln^{l+1} ( Δ M^2 ) δ(s_4) , (1.2)

where Δ is a small parameter introduced in order to separate the hard x_{th} > Δ and soft x_{th} < Δ gluon regions, and M^2 is a hard scale relevant to the process at hand, for example the mass m of a heavy quark, the transverse momentum p_T of a jet, etc. In pair-invariant-mass (PIM) kinematics, with Q^2 the invariant mass squared of the produced pair, x_{th} is usually called 1 − x or 1 − z, with z = Q^2/s → 1 at threshold. Then D_l(z) ≡ [ ln^l(1 − z) 1 − z ] + = ln^l(1 − z) 1 − z θ(1 − z − Δ) + 1 l + 1 ln^{l+1}(Δ) δ(1 − z) . (1.3)

The highest powers of these distributions at each order in α_s are the leading logarithms (LL), the second highest are the next-to-leading logarithms (NLL), the third highest are the nextto-next-to-leading logarithms (NNLL), etc. These logarithms can be resummed to all orders in perturbation theory. By now there are several processes for which NLL resummations and NNLO-NNLL results (i.e. the NNLL terms at NNLO) have been presented [13].

In this paper I will present master formulas for the NLO and NNLO soft and virtual corrections for any process in hadron-hadron and lepton-hadron collisions. In the next section, I present a threshold resummation formula, that builds on and unifies previous work [13, 14, 15, 16, 17, 18]. I then present master formulas for the NLO and NNLO soft and virtual corrections in processes with simple color flow, that arise from the expansion of the resummation formula and matching to NLO. The formulas cover both the MS and DIS schemes, and 1PI and PIM kinematics. In Section 3, I present results for electroweak/Higgs processes as well as QCD and SUSY processes with simple color flows. I rederive known NNLO results for the Drell-Yan process and Higgs production, as well as for deep inelastic scattering and W^+γ production, thus obtaing expressions for two-loop anomalous dimensions and other quantities that are universal in quark-antiquark and gluon-gluon scattering and are needed for NNLL resummations. I also present new results for the NNLO corrections for supersymmetric charged Higgs production, W, Z plus jet production, direct photon production, DIS heavy quark production, as well as single-top quark production mediated by flavor-changing neutral currents. In Section 4, I extend the master formulas to processes with complex color flows and I present results for heavy quark hadroproduction, jet production, and squark and gluino production. I close with a discussion of extensions to higher orders and conclusions in Section 5.

2 NNLO master formula for soft and virtual corrections

2.1 Soft corrections from threshold resummation

In hadron-hadron collisions we study processes where partons f_i collide and produce a specific final state. The partonic processes are of the form

f_1(p_1) + f_2(p_2) → F + X , (2.1) where F represents a system in the final state, and X any additional allowed final-state particles. So F can represent a pair of heavy quarks, or a single heavy quark, or jet, or photon, a Higgs boson, squarks, etc.

In lepton-hadron collisions the processes are of the form

f_1(p_1) + l(p_2) → F + X . (2.2)

In either case s = (p_1 + p_2)^2 and t_i are the usual Mandelstam invariants formed by the fourmomenta of the particles in the scattering.

Resummed cross sections have by now been studied for a variety of processes [13]. The resummation of threshold logarithms is carried out in moment space. We define moments of the partonic cross section by σ̂(N) = ∫ dz z^{N −1}σ̂(z) or by σ̂(N) = ∫ (ds_4/s) e^{−N s4/s}σ̂(s_4), with N the moment variable. The resummed partonic cross section in moment space is then given by σ̂^{res}(N) = exp [ ∑ i E^{(fi)}(N_i) ] exp ∑ j E^{′(fj )}(N_j )

× exp [ ∑ i 2 ∫^√_s μ_F dμ^′ μ^′ ( α_s(μ^{′2}) π γ^{(1)}_i + γ^′_{i/i} ( α_s(μ^{′2}) ) )] exp [ 2 d_{αs} ∫^√_s μ_R dμ^′ μ^′ β ( α_s(μ^{′2}) ) ]

× Tr { H ( α_s(μ^2_R) ) P̄ exp [∫ √_{s/Ñj} √ s dμ^′ μ^′ Γ^{′†}_S ( α_s(μ^{′2}) ) ] S̃ ( α_s(s/Ñ^2_j ) )

× P exp [∫ √_{s/Ñj} √ s dμ^′ μ^′ Γ^′_S ( α_s(μ^{′2}) ) ]} . (2.3)

The sums over i run over incoming partons: in hadron-hadron colisions we have two partons in the initial state, so i = 1, 2; in lepton-hadron collisions we only have one parton (and one lepton). The sum over j is relevant only if we have massless partons in the final state at lowest order. Clearly the second exponent is then absent for proceses such as Drell-Yan, Higgs, and top quark pair production.

Equation (2.3) is actually valid for both 1PI and PIM kinematics with appropriate definitions for N_i and N_j . In 1PI kinematics N_i = N(−t_i/M^2) for incoming partons i, and N_j = N(s/M^2) for outgoing massless partons j; here M^2 is any chosen hard scale relevant to the process at hand. The kinematical invariants t_i are assigned through S_4/S = s_4/s − ∑ i(1 − x_i)t_i/s [17, 19] with S_4, S, the hadronic analogs of s_4, s; note that the t_i may include a −m^2 in case of massive particles. In PIM kinematics N_i = N_j = N. Often the resummed cross sections are given with the choice M^2 = s in which case N_j = N even in 1PI kinematics; here we keep our expressions more general. Also note that Ñ = Ne^{γE} , with γ_E the Euler constant.

The first exponent in Eq. (2.3) resums the N-dependence of incoming partons [20, 21] and is given in the MS scheme by [18]

E^{(fi)}(N_i) = −

∫_1 0 dz z^{Ni −1} − 1 1 − z {∫_{μ2F} (1−z)^2s dμ^{′2} μ^{′2} A^{(fi)} ( α_s(μ^{′2}) ) + ν_{fi} [ α_s((1 − z)^2s) ] } , (2.4) with A^{(fi)}(α_s) = C_{fi} [α_s/π + (α_s/π)^2K/2] + · · ·. Here C_{fi} = C_F = (N^2_c − 1)/(2N_c) for an incoming quark or antiquark, and C_{fi} = C_A = N_c for an incoming gluon, with N_c the number of colors, while K = C_A (67/18 − π^2/6) − 5n_f /9, where n_f is the number of quark flavors. Also ν_{fi} = (α_s/π)C_{fi} + (α_s/π)^2ν^{(2)}_{fi} + · · ·.

The second exponent resums the N-dependence of any outgoing massless partons and is given by [17, 19]

E^{′(fj )}(N_j ) =

∫_1 0 dz z^{Nj −1} − 1 1 − z {∫_{1−z} (1−z)^2 dλ λ A^{(fj )} (α_s (λs)) − B^′_j [α_s((1 − z)s)] − ν_j [ α_s((1 − z)^2s) ] } , (2.5) where B^′_j = (α_s/π)B^{′(1)}_j + (α_s/π)^2B^{′(2)}_j + · · · with B^{′(1)}_q = 3C_F /4 and B^{′(1)}_g = β_0/4. We will determine B^{′(2)}_q in Section 3.

The γ^{(1)}_i in the third exponent are one-loop parton anomalous dimensions: γ^{(1)}_q = 3C_F /4 and γ^{(1)}_g = β_0/4 for quarks and gluons, respectively; it is important to note that in this specific form that the resummed cross section has been written, with μ^2_F as the upper limit of the integral over dμ^{′2} in E^{(fi)}(N_i), only the one-loop γ_i appears in the third exponent. We also have defined γ^′_{i/i} as the moment-space anomalous dimension of the MS density ϕ_{i/i}, minus it’s one-loop and its N-dependent two-loop components. This is again due to the specific form that we use for the resummed cross section. Thus, γ^{′(2)}_{i/i} is the N-independent part of the two-loop anomalous dimension γ_{i/i} [22, 23] and is given for quarks and gluons by

γ^{′(2)}_{q/q} = C^2_F ( 3 32 − 3 4 ζ_2 + 3 2 ζ_3 ) + C_F C_A ( − 3 4 ζ_3 + 11 12 ζ_2 + 17 96 ) + n_f C_F ( − ζ_2 6 − 1 48 ) , (2.6) and γ^{′(2)}_{g/g} = C^2_A ( 2 3 + 3 4 ζ_3 ) − n_f ( C_F 8 + C_A 6 ) , (2.7)

respectively, with ζ_2 = π^2/6 and ζ_3 = 1.2020569 · · ·.

The β function in the fourth exponent is given by β(α_s) ≡ μ d ln g/dμ = −β_0α_s/(4π) − β_1α^2_s /(4π)^2 + · · ·, with β_0 = (11C_A − 2n_f )/3 and β_1 = 34C^2_A /3 − 2n_f (C_F + 5C_A/3). The constant d_{αs} = 0, 1, 2 if the Born cross section is of order α^0_s , α^1_s , α^2_s , respectively.

The trace appearing in the resummed expression is taken in the space of color exchanges. The symbols P and P̄ denote path ordering in the same sense as the variable μ^′ and against it, respectively. The evolution of the soft function from scale √ s/Ñ_j to √ s follows from its renormalization group properties and is given in terms of the soft anomalous dimension matrix Γ_S [15, 16, 13]. In Eq. (2.3) we actually use Γ^′_S , which is given by Γ_S after dropping all gauge-dependent terms. We can do that because the gauge dependence has been shown to cancel out. At one loop, the gauge terms are of the form C_{fi} ln(2ν^n_i ), where ν^n_i = (v_i · n)^2/|n|^2 with v_i a velocity vector and n the axial gauge vector [13, 15, 16]. In processes with simple color flow, Γ_S is a trivial 1 × 1 matrix. For the determination of Γ_S in processes with complex color flow, an appropriate choice of color basis has to be made. For gluon-gluon scattering, the most complex color flow encountered, Γ_S is an 8 × 8 matrix [16]. The process-dependent soft anomalous dimension matrices, evaluated through the calculation of eikonal vertex corrections [15], have by now been presented at one loop for practically all partonic processes [13]. They can be explicitly calculated for any process using the techniques and results in Refs. [15, 13]. Work is currently being done on two-loop calculations of these anomalous dimensions [24], but we note that we can extract the universal component of these anomalous dimensions for quarkantiquark and gluon-gluon initiated processes from the Drell-Yan and Higgs NNLO results as detailed in Section 3. In the color bases that we normally use, the soft matrices, S, are diagonal. At lowest order, the trace of the product of the hard and soft matrices reproduces the Born cross section for each partonic process. We also note that the Γ_S matrices are in general not diagonal in the color bases that we use for complex color flows. If we perform a diagonalization so that the Γ_S matrices do become diagonal, then the path-ordered exponentials of matrices in the resummed expression reduce to simple exponentials; however, this diagonalization procedure is complicated in practice [13]. A finite-order expansion bypasses the need for this diagonalization procedure. For the discussion below we expand Γ^′_S as Γ^′_S = (α_s/π)Γ^{′(1)}_S + (α_s/π)^2Γ^{′(2)}_S + · · ·. We will determine the universal component of ReΓ^{′(2)}_S − ν^{(2)}, where “Re” stands for “real part of,” for quark-antiquark and gluon-gluon processes in Section 3.

Finally, we note that there are different ways of writing threshold resummation formulas that have been presented in the past for various processes, all consistent or equivalent at NLL accuracy; the expression presented here unifies those expressions for arbitrary processes and is superior in its simplicity and generality.

In the DIS scheme, the resummed cross section may be written as

σ̂^{res}_{DIS}(N) = σ̂^{res}_{MS}(N) exp { − ∑ i ∫_1 0 dz z^{Ni−1} − 1 1 − z [∫_{1−z} 1 dλ λ A^{(fi)} ( α_s(λμ^2_F ) ) − B_{fi} [ α_s((1 − z)μ^2_F ) ] ]} , (2.8)

where σ̂^{res}_{MS} is the MS cross section in Eq. (2.3), and B_{fi} = (α_s/π)B^{(1)}_{fi} + (α_s/π)^2B^{(2)}_{fi} + · · ·. For quarks, to which the scheme is usually applied, B^{(1)}_q = 3C_F /4. We will determine B^{(2)}_q in Section 3.

We first expand the resummed formulas in Eqs. (2.3) and (2.8) for processes with simple color flow, i.e. when H, S and Γ_S are 1 × 1 matrices, to next-to-leading order and present NLO master formulas in the MS and DIS schemes, which reproduce the NLO results for a variety of processes. We then present NNLO master formulas for soft and virtual corrections in processes with simple color flow in both the MS and DIS schemes.

2.2 NLO master formula for soft and virtual corrections - simple color flow

2.2.1 MS scheme

At next-to-leading order, the expansion of Eq. (2.3) gives the NLO soft and virtual corrections in the MS scheme:

σ̂^{(1)} = σ^B α_s(μ^2_R) π {c_3 D_1(x_{th}) + c_2 D_0(x_{th}) + c_1 δ(x_{th})} , (2.9)

where σ^B is the Born term, c_3 = ∑ i 2C_{fi} − ∑ j C_{fj} , (2.10) and c_2 = 2 ReΓ^{′(1)}_S − ∑ i [ C_{fi} + 2C_{fi} δ_K ln ( −t_i M^2 ) + C_{fi} ln ( μ^2_F s )] − ∑ j [ B^{′(1)}_j + C_{fj} + C_{fj} δ_K ln ( M^2 s )] , (2.11) where ReΓ^{′(1)}_S is the real part of the one-loop Γ_S after dropping all gauge-dependent terms, and δ_K is 0 for PIM kinematics and 1 otherwise. We remind the reader that the sums over i run over incoming partons and the sums over j run over any massless partons in the final state at lowest order. For future use we will write c_2 = c^μ_2 + T_2, where c^μ_2 represents the scale term − ∑ i C_{fi} ln(μ^2_F /s) and T_2 is the remainder. Also, c_1 = c^μ_1 + T_1, with

c^μ_1 = ∑ i [ C_{fi} δ_K ln ( −t_i M^2 ) − γ^{(1)}_i ] ln ( μ^2_F s ) + d_{αs} β_0 4 ln ( μ^2_R s ) . (2.12)

T_1 denotes the terms in c_1 that do not involve the factorization and renormalization scales, and it can be read off from a full calculation of the NLO virtual corrections for any specified process; a formal expression for these terms is given in Section 4.1 in the more general case of complex color flow.

We note that our formula passes a number of tests. As we will see, its predictions agree with exact NLO soft plus virtual results for all processes where those results are already available. Also the renormalization and factorization scale dependence in the physical cross section (after convoluting the partonic cross section with the parton distributions) cancels explicitly, i.e. dσ/dμ_F = 0 and dσ/dμ_R = 0 at NLO.

2.2.2 DIS scheme

In the DIS scheme, the NLO soft and virtual corrections are

σ̂^{(1)}_{DIS} = σ^B α_s(μ^2_R) π {c^′_3 D_1(x_{th}) + c^′_2 D_0(x_{th}) + c^′_1 δ(x_{th})} , (2.13)

with c^′_3 = c_3 − ∑ i C_{fi} , c^′_2 = c_2 + ∑ i [ C_{fi} δ_K ln ( −t_i M^2 ) + B^{(1)}_{fi} ] , (2.14) and c^′_1 = c_1 − ∑ i [ C_{fi} δ_K 1 2 ln^2 ( −t_i M^2 ) + B^{(1)}_{fi} δ_K ln ( −t_i M^2 ) − D_{fi} ] , (2.15)

with c_3, c_2, c_1 the MS results given in the previous subsection. For future use we will write c^′_2 = c^′_2^μ + T^′_2, and c^′_1 = c^′_1^μ + T^′_1 as we did for the MS corrections. Note that the changes in going from the MS scheme to the DIS scheme are all in the scale-independent parts of the c_i’s, i.e. c^μ_2 and c^μ_1 remain unchanged while T_2 and T_1 (and c_3) are modified when changing schemes. The DIS scheme is normally applied to quarks. For quarks the term D_{fi} in c^′_1 is D_q = C_F ζ_2 + (9/4)C_F . We note that our formula passes the same tests as we outlined in the previous subsection for the MS scheme.

2.3 NNLO master formula for soft and virtual corrections - simple color flow

2.3.1 MS scheme

At next-to-next-to-leading order, the expansion of Eq. (2.3), with matching to the full NLO soft-plus-virtual result, gives the NNLO soft and virtual corrections in the MS scheme

σ̂^{(2)} = σ^B α^2_s (μ^2_R)

π^2 σ̂′^{(2)} (2.16)

with

σ̂′^{(2)} = 1 2 c^2_3 D_3(x_{th}) + 3 2 c_3 c_2 − β_0 4 c_3 + ∑ j C_{fj} β_0 8 D_2(x_{th}) + { c_3 c_1 + c^2 − ζ_2 c^2_3 − β_0 2 T_2 + β_0 4 c_3 ln ( μ^2_R s ) + ∑ i C_{fi} K + ∑ j C_{fj} [ − K 2 + β_0 4 δ_K ln ( M^2 s )] − ∑ j β_0 4 B^{′(1)}_j D_1(x_{th}) + { c_2 c_1 − ζ_2 c_2 c_3 + ζ_3 c^2_3 − β_0 2 T_1 + β_0 4 c_2 ln ( μ^2_R s ) + 2 ReΓ^{′(2)}_S − ∑ i ν^{(2)}_{fi} + ∑ i C_{fi} [ β_0 8 ln^2 ( μ^2_F s ) − K 2 ln ( μ^2_F s ) − K δ_K ln ( −t_i M^2 )] − ∑ j ( B^{′(2)}_j + ν^{(2)}_j )

+ ∑ j C_{fj} δ_K [ β_0 8 ln^2 ( M^2 s ) − K 2 ln ( M^2 s )] − ∑ j β_0 4 B^{′(1)}_j δ_K ln ( M^2 s ) D_0(x_{th}) + { 1 2 c^2_1 − ζ_2 2 c^2 + 1 4 ζ^2_2 c^2_3 + ζ_3 c_3 c_2 − 3 4 ζ_4 c^2_3 + β_0 4 c_1 ln ( μ^2_R s ) + 2 ReΓ^{′(2)}_S δ_K ln ( M^2 s )

− β_0 2 δ_K T_1 ln ( M^2 s ) + β_0 4 δ_K T_2 ln^2 ( M^2 s ) + d_{αs} 16 [ − β^2_0 2 ln^2 ( μ^2_R s ) + β_1 ln ( μ^2_R s )]

+ ∑ i β_0 8 [ γ^{(1)}_i − C_{fi} δ_K ln ( −t_i M^2 )] ln^2 ( μ^2_F s ) + ∑ i C_{fi} K 2 δ_K ln ( −t_i M^2 ) ln ( μ^2_F s )

− ∑ i γ^{′(2)}_{i/i} ln ( μ^2_F s ) + ∑ i C_{fi} δ_K [ β_0 6 ln^3 ( −t_i M^2 ) + ( β_0 4 + K 2 ) ln^2 ( −t_i M^2 )]

+ ∑ i C_{fi} β_0 2 δ_K ln ( M^2 s ) [ ln^2 ( −t_i M^2 ) − ln ( −t_i M^2 ) ln ( M^2 s ) − 1 2 ln ( M^2 s ) + ln ( −t_i M^2 )]

+ ∑ i ν^{(2)}_{fi} δ_K ln ( −t_i M^2 ) − ∑ j ( B^{′(2)}_j + ν^{(2)}_j ) δ_K ln ( M^2 s )

+ ∑ j [ β_0 8 C_{fj} ln ( M^2 s ) − K 4 C_{fj} − β_0 8 B^{′(1)}_j ] δ_K ln^2 ( M^2 s ) + R δ(x_{th}) , (2.17) where the last term R, for which a formal expression is given in Section 4.1 in the more general case of complex color flow, can only be known from a full two-loop calculation. We will derive in Section 3 the universal components of R for processes with quark-antiquark and gluon-gluon collisions by comparing our predictions to the full NNLO corrections for Drell-Yan and Higgs production.

The quantities d_{αs} , β_0, β_1, K, ζ_2, and ζ_3 have all been defined in Section 2.1, and ζ_4 = π^4/90. We note that ReΓ^{′(2)}_S is the real part of the two-loop Γ_S after dropping all gauge-dependent terms. The universal part of 2ReΓ^{′(2)}_S − ∑ i ν^{(2)}_{fi} in quark-antiquark and gluon-gluon collisions will be derived in Section 3 from Drell-Yan and Higgs production. B^{′(2)}_q will also be derived in Section 3. There is also current work on full two-loop evaluations for general processes [24]. Also note, again, that the sum over i involves summing over the two incoming partons in hadron-hadron collisions, or one parton in lepton-hadron collisions, and that there is no sum over j if there are no massless partons in the final state at lowest order. Also note that δ_K in the formula again indicates which terms vanish in PIM kinematics. Finally, we note that the choice M^2 = s further reduces the number of terms in the master formula in 1PI kinematics; however, we keep our expression as general as possible.

As we will see below, the NNLO master formula passes many rigorous tests. It reproduces the exact NNLO soft plus virtual results for Drell-Yan and Higgs production, and deep inelastic scattering, as well as the NNLO-NNLL results that have been derived already for many different processes from threshold resummation studies. Also I have checked explicitly that at NNLO the renormalization and factorization scale dependence in the physical cross section (after convoluting the partonic cross section with the parton distributions) cancels out for both hadron-hadron and lepton-hadron collisions.

2.3.2 DIS scheme

In the DIS scheme the NNLO soft and virtual corrections are

σ̂^{(2)}_{DIS} = σ^B α^2_s (μ^2_R)

π^2 σ̂′^{(2)}_{DIS} (2.18)

with

σ̂′^{(2)}_{DIS} = σ̂′^{(2)}|_{c′i} − ∑ i β_0 8 C_{fi} D_2(x_{th}) + [ β_0 4 (T^′_2 − T_2) − ∑ i C_{fi} K 2 + ∑ i C_{fi} β_0 4 ln ( μ^2_F s )] D_1(x_{th}) + { β_0 4 (T^′_1 − T_1) + ∑ i C_{fi} δ_K K 2 ln ( −t_i M^2 ) − β_0 4 ln ( μ^2_F s ) (T^′_2 − T_2) + ∑ i B^{(2)}_{fi} } D_0(x_{th}) + { − ∑ i β_0 24 C_{fi} δ_K ln^3 ( −t_i M^2 ) − ∑ i C_{fi} δ_K K 4 ln^2 ( −t_i M^2 ) − ∑ i B^{(1)}_{fi} δ_K β_0 8 ln^2 ( −t_i M^2 )

− β_0 4 ln ( μ^2_F s ) (T^′_1 − T_1) + β_0 2 δ_K (T^′_1 − T_1) ln ( M^2 s ) + ∑ i β_0 12 C_{fi} δ_K ln^3 ( M^2 s )

− β_0 4 δ_K (T^′_2 − T_2) ln^2 ( M^2 s ) − ∑ i B^{(2)}_{fi} δ_K ln ( −t_i M^2 )} δ(x_{th}) . (2.19) 9

We note that the T^′_i ’s are the DIS quantities while the unprimed T_i’s are the MS counterparts. Also σ̂^{′(2)}|_c′_i denotes the cross section in Eq. (2.17) after replacing all the c_i, T_i, and R, by their DIS counterparts c^′_i, T^′_i , R^′. Our formula reproduces the exact known NNLO corrections for Drell-Yan and W^+γ production and deep inelastic scattering in the DIS scheme, as we will see in the next section. We will derive the expression for B^{(2)}_q in the next section by matching to the known NNLO corrections for the Drell-Yan process. We also note that again we have checked the scale independence of the physical cross section at NNLO.

3 Electroweak/Higgs, QCD, and SUSY processes with simple color flows

We now apply our NLO and NNLO master formulas to a variety of processes with simple color flow which are of electroweak, QCD, or SUSY origin at lowest order.

3.1 The Drell-Yan process

Our first application is the Drell-Yan process, i.e. lepton pair production in hadron-hadron collisions, for which the NNLO corrections have been calculated in Refs. [3, 4, 10]. Also a comparison of the expansion of the resummed cross section in [20] with the NNLO corrections in [10] was presented in Ref. [25]. The partonic process we discuss is qq̄ → V + X, where V is a vector boson (γ, Z, W ) which later decays to a lepton pair V → l_1l_2 with invariant mass √ Q^2, and X denotes any additional partons in the final state. At threshold s = Q^2, where s is the center-of-mass energy squared of the incoming quark-antiquark pair. The NNLO corrections for the cross section dσ/dQ^2 in the MS scheme are given in Ref. [3]. The soft and virtual corrections are given the label Δ^{(n),S+V}_{qq̄} and are given explicitly at NLO by Eq. (B.3) in Ref. [3], and at NNLO by Eq. (B.8) plus the renormalization scale term in Eq. (B.7) of Ref. [3]. Here the plus distributions are D_l(x) with x = Q^2/s.

We are able to reproduce these results using our master NLO and NNLO formulas. Evidently at lowest order there are no final-state massless partons and the cross section is given in PIM kinematics. We note that for this process ReΓ^{′(1)}_S = C_F and we choose the hard scale M^2 = Q^2.

At NLO our master formula, Eq. (2.9), gives σ̂^{(1)}_{qq̄→V} = σ^B_{qq̄→V} α_s(μ^2_R) π {c_3D_1(x) + c_2D_0(x) + c_1δ(1 − x)} (3.1)

with c_3 = 4C_F ,

c_2 = −2C_F ln ( μ^2_F Q^2 ) , c^μ_1 = − 3 2 C_F ln ( μ^2_F Q^2 ) , (3.2)

which reproduces Eq. (B.3) in Ref. [3], and we identify the non-scale δ(1 − x) terms as T_1 = 2C_F ζ_2 − 4C_F .

At NNLO our master formula, Eq. (2.17), reproduces the D_3(x), D_2(x), D_1(x), D_0(x), and δ(1 − x) terms. Note that our results use explicitly the beta function β_0, thus simplifying the expression in Eq. (B.8) of [3]. We also note that we use the full NNLO soft-plus-virtual result in [3] to derive the two-loop soft anomalous dimension, that appears in the D_0(x) term in our master formula, for the Drell-Yan process :

ReΓ^{′(2)}_{S,qq̄} − ν^{(2)}_q = C_F C_A (7 4 ζ_3 + 11 3 ζ_2 − 299 54 ) + n_f C_F ( − 2 3 ζ_2 + 25 27 ) . (3.3)

Note that this term is universal for all processes with quark-antiquark annihilation. We also determine for the Drell-Yan process in the MS scheme the term R that appears in the δ(1 − x) terms in our master formula and which is also universal in all qq̄ processes:

R_{qq̄} = C^2_F ( − 59 10 ζ^2_2 + 29 8 ζ_2 − 15 4 ζ_3 + 12ζ_4 − 1 64 ) + C_F C_A ( − 3 20 ζ^2_2 + 37 9 ζ_2 + 7 4 ζ_3 −

1535 192 )

+ n_f C_F ( ζ_3 2 − 7 9 ζ_2 + 127 96 ) . (3.4)

The NNLO soft and virtual corrections for Drell-Yan production have also been calculated in the DIS scheme in Ref. [4]. Using our NLO formula in the DIS scheme, Eq. (2.13), we find c^′_3 = 2C_F , c^′_2 = 3C_F /2 − 2C_F ln(μ^2_F /Q^2), c^{′μ}_1 = −(3/2)C_F ln(μ^2_F /Q^2), and T^′_1 = 4C_F ζ_2 + C_F /2, which agress with Eq. (A.3) in [4].

Using our NNLO master formula in the DIS scheme, Eq. (2.18), we are also able to rederive the NNLO result in Eq. (A.8) (plus the renormalization scale terms in Eq. (A.7)) of Ref. [4], and thus we identify the B^{(2)}_q term in the DIS scheme master formula:

B^{(2)}_q = C^2_F ( 3 32 − 3 4 ζ_2 + 3 2 ζ_3 ) + C_F C_A ( − 5 2 ζ_3 +

4937 864 ) − 409 432 n_f C_F . (3.5)

Finally, we also determine for the Drell-Yan process in the DIS scheme the term R^′ that appears in the δ(1 − x) term in our master formula:

R^′_{qq̄} = C^2_F ( − 43 20 ζ^2_2 − 17 16 ζ_2 + 9 2 ζ_3 + 3ζ_4 − 1 8 ) + C_F C_A ( − 77 40 ζ^2_2 +

1049 72 ζ_2 − 49 12 ζ_3 + 215 144 )

+ n_f C_F ( ζ_3 3 − 85 36 ζ_2 − 19 72 ) . (3.6)

This is also universal in all qq̄ processes in the DIS scheme, as we will verify below for W^+γ production.

3.2 Standard Model Higgs production

Our next application is Higgs production in the Standard Model in hadron-hadron collisions, for which the full NNLO corrections, using an effective Lagrangian for the Higgs-gluon interaction, have been calculated in Refs. [5, 6, 7]. The partonic process we discuss is gg → H + X, where H is the Higgs boson. At threshold s = M^2_H , where s is the center-of-mass energy squared of the incoming gluon pair and M_H is the Higgs mass. Evidently at lowest order there are no final-state massless partons and the cross section is given in PIM kinematics. Here the plus distributions are D_l(x) with x = M^2_H /s, ReΓ^{′(1)}_S = C_A, and we choose the hard scale M^2 = M^2_H . The soft and virtual corrections for the total cross section σ_{gg→H} are given explicitly at NNLO in Refs. [5, 6, 7, 11, 12]. We reproduce and generalize those results by keeping the factorization and renormalization scales distinct, using the beta function β_0 explicitly, and keeping the color factors C_A explicit in our results.

At NLO, our MS scheme master formula gives σ̂^{(1)}_{gg→H} = σ^B_{gg→H} α_s(μ^2_R) π {c_3D_1(x) + c_2D_0(x) + c_1δ(1 − x)} (3.7)

with c_3 = 4C_A, c_2 = −2C_A ln ( μ^2_F M^2_H ) , c^μ_1 = β_0 2 ln ( μ^2_R μ^2_F ) , (3.8)

which reproduces the results in [5, 6, 7, 11, 12]. We also identify T_1 = 11/2 + 2C_A ζ_2. At NNLO, our master formula reproduces the D_3(x), D_2(x), D_1(x), D_0(x), and δ(1 − x) terms. We note that we use the full NNLO soft-plus-virtual result in these references to derive the two-loop soft anomalous dimension, that appears in the D_0(x) term in our master formula, for Higgs production:

ReΓ^{′(2)}_{S,gg} − ν^{(2)}_g = C^2_A (7 4 ζ_3 + 11 3 ζ_2 − 41 216 ) + n_f C_A ( − 2 3 ζ_2 − 5 108 ) . (3.9)

This anomalous dimension is universal for all processes with gluon-gluon fusion.

We also determine for Higgs production in the MS scheme the term R that appears in the δ(1 − x) terms in our master formula and which is also universal in all gg processes: R_{gg} = 9221 144 + 67 2 ζ_2 −

1089 20 ζ^2_2 − 165 4 ζ_3 + 108 ζ_4 + n_f ( − 1189 144 − 5 3 ζ_2 + 5 6 ζ_3 ) . (3.10)

3.3 Deep inelastic scattering

Our methods can also be applied to the coefficient functions in deep inelastic scattering, γ^∗q → q, where the distributions are D_l(z). We note that here we have a massless parton (quark) in the final state. In the MS scheme, our NLO formula gives: c_3 = C_F , c_2 = −3C_F /4 − C_F ln(μ^2_F /Q^2), and c_1 = −(3C_F /4) ln(μ^2_F /Q^2) − C_F ζ_2 − 9C_F /4. The NNLO corrections are then given by our NNLO master formula. Our NLO and NNLO corrections agree with the results for the coefficient functions in Refs. [8, 9] (see Appendix B in [8] and Appendix A in [9]) and we identify the two-loop B^′_q that appears in the D_0(x) terms in our master formula:

B^{′(2)}_q = C^2_F ( 3 32 − 3 4 ζ_2 + 3 2 ζ_3 ) + C_F C_A ( ζ_3 + 55 12 ζ_2 + 319 864 ) + n_f C_F ( − 5 6 ζ_2 − 59 432 ) . (3.11)

I have checked that in the DIS scheme the NLO and NNLO corrections that do not involve the scale vanish, as expected (after all this is the definition of the DIS scheme, that the corrections to deep inelastic scattering in that scheme vanish). This involves checking that 2Γ^{′(2)}_{S,qq} − 2ν^{(2)}_q − B^{′(2)}_q + (β_0/4)D_q + B^{(2)}_q = 0 which is a further test of the correctness of the expressions for the various two-loop quantities that we have derived.

3.4 W^+γ production

We now discuss the cross section s^2d^2σ̂/(dtdu) for W^+γ production in pp̄ collisions for which the NNLO soft-plus-virtual corrections in the DIS scheme have been presented in Ref. [26]. The lowest-order partonic process is qq̄ → W^+γ and ReΓ^{′(1)}_S = C_F . We define s_4 = s + t + u − m^2_W , with s = (p_q + p_{q̄})^2, t = (p_q − p_γ )^2, u = (p_{q̄} − p_γ )^2, and t_1 = t − m^2_W , u_1 = u − m^2_W . The plus distributions are D_l(s_4), and we choose M^2 = s.

In the DIS scheme at NLO, our master formula gives

σ̂^{(1)}_{qq̄→W} +_γ = σ^B_{qq̄→W} +_γ α_s(μ^2_R) π {c^′_3D_1(s_4) + c^′_2D_0(s_4) + c^′_1δ(s_4)} (3.12)

with c^′_3 = 2C_F ,

c^′_2 = 3 2 C_F − C_F ln

( t_1u_1

s^2 ) − 2C_F ln ( μ^2_F s ) , (3.13) and c^{′μ}_1 = C_F [ − 3 2 + ln

(t_1u_1 s^2 )] ln ( μ^2_F s ) . (3.14)

Our NLO expansion agrees with Eq. (3.2) in [26] and we identify

T^′_1 = 1 2 C_F ln^2 (−t_1 s ) + 1 2 C_F ln^2 ( −u_1 s ) − 3 4 C_F ln

( t_1u_1 s^2 ) + 4C_F ζ_2 + C_F 2 . (3.15)

Using our NNLO master formula in the DIS scheme, we are also able to rederive the NNLO soft and virtual corrections for that process in Eqs. (B1) and (B2) of Ref. [26]. Since this is the only process previously calculated at NNLO not involving PIM kinematics, and hence the ln(−t_i/M^2) terms are explicit, this re-derivation provides an additional highly non-trivial test of our NNLO master formula.

Finally, we note that we can easily derive the NNLO corrections for this process in the MS scheme for which no results have been given in the literature. Now, c_3 = 4C_F , c_2 = −2C_F ln(t_1u_1/s^2) − 2C_F ln(μ^2_F /s), c^μ_1 = c^{′μ}_1 , and T_1 = C_F ln^2(−t_1/s) + C_F ln^2(−u_1/s) + 2C_F ζ_2 − 4C_F . The NNLO corrections in the MS scheme are then given by our master formula.

3.5 Charged Higgs production

We now present new results for processes for which no full NNLO calculations have ever been done.

We first consider the production of a charged Higgs boson in the Minimal Supersymmetric Standard Model, for which there have been recent NLO calculations [27, 28]. The lowest-order partonic process is b̄(p¯_b) + g(p_g) → H^+(p_H + ) + t̄(p¯_t). Again there are no final-state massless partons and in this case we work in 1PI kinematics. Here σ̂ can stand, for example, for E_H + dσ/d^3p_H + . The relevant hard scale we choose is M = m_H + and we define the Mandelstam invariants s = (p¯_b + p_g)^2, t = (p_H + − p¯_b)^2, and u = (p_H + − p_g )^2. The threshold variable is s_2 = s + t + u − m^2_H + − m^2_{t̄} − m^2_{b̄} and the plus distributions are D_l(s_2). Also, t_g = t_1 = t − m^2_t and t¯_b = u_1 = u − m^2_t . The one-loop soft anomalous dimension is ReΓ^{′(1)}_S = C_F [ln(−u_1/s) + (1/2) ln(s/m^2_t )] + (C_A/2)[ln(t_1/u_1) + 1].

The NLO soft-plus-virtual corrections in the MS scheme are

σ̂^{(1)}_{b̄g→H +t̄} = σ^B¯_{bg→H} +_{t̄} α_s(μ^2_R) π {c_3D_1(s_2) + c_2D_0(s_2) + c_1δ(s_2)} (3.16)

with c_3 = 2(C_F + C_A),

c_2 = C_F [ ln ( m^4_H sm^2_t ) − 1 − ln ( μ^2_F s )] + C_A [ ln ( m^4_H t_1u_1 ) − ln ( μ^2_F s )] , (3.17) and c^μ_1 = [ C_F ln ( −u_1 m^2_H ) + C_A ln ( −t_1 m^2_H ) − 3C_F 4 − β_0 4 ] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.18)

The NNLO soft and virtual corrections are then explicitly given by our master formula.

3.6 W, Z plus jet production

W, Z plus jet production in hadron colliders has been studied at NLO in Refs. [29, 30], and a resummed cross section and NNLO-NNLL corrections have been presented in Ref. [19]. Here we follow the notation of Ref. [19] and discuss the 1PI cross section E_Q dσ/d^3Q with Q the momentum of the electroweak boson. At lowest order there are two partonic processes, q(p_a) + g(p_b) → q(p_c) + V (Q) and q(p_a) + q̄(p_b) → g(p_c) + V (Q), where V stands for W or Z. We note that we have final-state massless partons in both processes. We define the kinematic invariants s = (p_a + p_b)^2, t = (p_a − Q)^2, and u = (p_b − Q)^2. We choose M^2 = Q^2, and the plus distributions are D_l(s_2) with s_2 = s + t + u − Q^2. We discuss the MS corrections for the two partonic processes in turn. 3.6.1 qq̄ → gV Here t_q = u, t_{q̄} = t, and ReΓ^{′(1)}_S = C_F +(C_A/2) ln(tu/s^2)+C_A/2 [19]. The NLO soft and virtual corrections are σ̂^{(1)}_{qq̄→gV} = σ^B_{qq̄→gV} α_s(μ^2_R) π {c_3D_1(s_2) + c_2D_0(s_2) + c_1δ(s_2)} (3.19)

with c_3 = 4C_F − C_A,

c_2 = − β_0 4 − 2C_F ln ( μ^2_F Q^2 ) − (2C_F − C_A) ln ( tu sQ^2 ) , (3.20) and c^μ_1 = C_F [ − 3 2 + ln ( tu Q^4 )] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.21)

These are in agreement with the NLO result in [30].

3.6.2 qg → qV Here t_q = u, t_g = t, and ReΓ^{′(1)}_S = C_F ln(−u/s) + C_F + (C_A/2) ln(t/u) + C_A/2 [19]. The NLO soft and virtual corrections are σ̂^{(1)}_{qg→qV} = σ^B_{qg→qV} α_s(μ^2_R) π {c_3D_1(s_2) + c_2D_0(s_2) + c_1δ(s_2)} (3.22)

with c_3 = C_F + 2C_A,

c_2 = − 3 4 C_F − (C_F + C_A) ln ( μ^2_F Q^2 ) − C_A ln ( tu sQ^2 ) , (3.23) and c^μ_1 = [ − β_0 4 − 3 4 C_F + C_F ln ( −u Q^2 ) + C_A ln ( −t Q^2 )] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.24)

They are in agreement with the NLO result in [30].

For both partonic subprocesses the NNLO corrections are derived from our master formula and are in agreement with the NNLO-NNLL results in Ref. [19] (apart from a term σ^B[α^2_s (μ^2_R)/π^2](β_0/4)c_3 ln(Q^2/s)D_1 that was missing in that reference).

3.7 Direct photon production

Direct photon production is often recognised as a process that can aid determinations of the gluon distribution. The NLO cross section for direct photon production has been given in Refs. [31, 32]. At lowest order, the parton-parton scattering subprocesses are q(p_a) + g(p_b) → γ(p_γ ) + q(p_J ) and q(p_a) + q̄(p_b) → γ(p_γ ) + g(p_J ), so there are final-state massless partons in both subprocesses. We define the Mandelstam invariants s = (p_a + p_b)^2, t = (p_a − p_γ )^2, and u = (p_b−p_γ )^2, which satisfy s_4 ≡ s+t+u = 0 at threshold. Here we choose M^2 = p^2_T = tu/s, and we work in 1PI kinematics in the MS scheme with the cross section E_γ d^3σ/d^3p_γ . The threshold logarithms D_l(s_4) have been resummed and NNLO-NNLL corrections have been presented in Ref. [33]. 3.7.1 qq̄ → γg We start with the process qq̄ → γg for which t_q = u, t_{q̄} = t, and ReΓ^{′(1)}_S = C_F +(C_A/2) ln(tu/s^2)+ C_A/2. The NLO soft plus virtual corrections are σ̂^{(1)}_{qq̄→γg} = σ^B_{qq̄→γg} α_s(μ^2_R) π {c_3D_1(s_4) + c_2D_0(s_4) + c_1δ(s_4)} (3.25)

with c_3 = 4C_F − C_A, c_2 = − β_0 4 − 2C_F ln ( μ^2_F p^2_T ) , (3.26) and c_1 = c^μ_1 + T_1 with

c^μ_1 = C_F [ − 3 2 − ln ( p^2_T s )] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.27)

The term T_1 is given in Eq. (3.11) of Ref. [33] (where it is called c^{′qq̄}_1 ). The NNLO soft plus virtual corrections are then explicitly given by our master formula. We note that the terms D_3(s_4), D_2(s_4), and D_1(s_4) were already derived from a resummation study in Section III of Ref. [33] and are in agreement with our formula. 3.7.2 qg → γq We continue with the process qg → γq for which t_q = u, t_g = t, and ReΓ^{′(1)}_S = C_F ln(−u/s) + C_F + (C_A/2) ln(t/u) + C_A/2. The NLO soft plus virtual corrections are σ̂^{(1)}_{qg→γq} = σ^B_{qg→γq} α_s(μ^2_R) π {c_3D_1(s_4) + c_2D_0(s_4) + c_1δ(s_4)} (3.28)

with c_3 = C_F + 2C_A, c_2 = − 3 4 C_F − (C_F + C_A) ln ( μ^2_F p^2_T ) , (3.29)

and c_1 = c^μ_1 + T_1 with

c^μ_1 = [ − β_0 4 − 3 4 C_F − C_F ln (−t s ) − C_A ln (−u s )] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.30)

The term T_1 is given in Eq. (3.8) of Ref. [33] (where it is called c^{′qg}_1 ). The NNLO soft plus virtual corrections are then explicitly given by our master formula. Again, we note that the terms D_3(s_4), D_2(s_4), and D_1(s_4) were already derived from a resummation study in Section III of Ref. [33] and are in agreement with our formula.

3.8 DIS heavy quark production

The NNLO corrections to heavy quark production in deep inelastic scattering may be needed, together with various resummations [34, 35], in explaining the discrepancy between NLO theory [36] and experiment for bottom quark production. Here the lowest-order partonic process is γ^∗g → QQ̄, so there are no final-state massless partons, and we are working in 1PI kinematics in the MS scheme with the cross section d^2σ/(dt_1du_1). The soft anomalous dimension is ReΓ^{′(1)}_S = (C_A/2 − C_F )(ReL_β + 1) + (C_A/2) ln(t_1u_1/(m^2s)), where s = (p_γ∗ + p_g )^2, t_1 = (p_g − p_Q)^2 − m^2, and u_1 = (p_γ∗ − p_Q)^2 − m^2, with m the heavy quark mass. The singular distributions are D_l(s_2) with s_2 = s + t_1 + u_1, and we use M = m.

The NLO corrections are σ̂^{(1)}_{γ∗g→QQ̄} = σ^B_γ∗_{g→Q}¯_Q α_s(μ^2_R) π {c_3D_1(s_2) + c_2D_0(s_2) + c_1δ(s_2)} (3.31) with c_3 = 2C_A,

c_2 = −2C_F (ReL_β + 1) + C_A [ ReL_β + ln ( t_1 u_1 ) − ln ( μ^2_F m^2 )] , (3.32) and c^μ_1 = [ − β_0 4 + C_A ln ( −u_1 m^2 )] ln ( μ^2_F s ) + β_0 4 ln ( μ^2_R s ) . (3.33)

The NNLO soft and virtual corrections are then given by our master formula. We note that the D_3(s_2) and D_2(s_2) terms were derived in Ref. [34] (with μ_F = μ_R) and are in agreement with our results.

3.9 FCNC single-top production

The last process with simple color flow that we consider is single-top production mediated by flavor-changing neutral currents (FCNC). The QCD corrections to the 1PI cross section dσ/(dt du) in the MS scheme for FCNC single-top-quark production in ep collisions at the HERA collider were studied at NLO in the eikonal approximation in Ref. [37]. Here the partonic process is eu → et, so there are no final-state massless partons, and ReΓ^{′(1)}_S = C_F ln[(m^2_t − t)/( √ sm_t)], with s = (p_e + p_u)^2, t = (p_t − p_u)^2, and u = (p_t − p_e)^2. The singular distributions are D_l(s_2) with s_2 = s + t + u − m^2_t − 2m^2_e , and we choose M = m_t.

The NLO corrections are σ̂^{(1)}_{eu→et} = σ^B_{eu→et} α_s(μ^2_R) π {c_3D_1(s_2) + c_2D_0(s_2) + c_1δ(s_2)} (3.34)

with c_3 = 2C_F ,

c_2 = C_F [ −1 − 2 ln ( −u + m^2_e m^2_t ) + 2 ln ( m^2_t − t m^2_t ) − ln ( μ^2_F m^2_t )] , (3.35) and c^μ_1 = [ − 3 4 + ln ( −u + m^2_e m^2_t )] C_F ln ( μ^2_F s ) . (3.36)

These agree with the results in [37]. The NNLO corrections are then given by our master formula.

4 NNLO master formula and applications - complex color flow 4.1 NLO and NNLO master formulas for complex color flow

When the lowest-order cross section involves already a complex color flow that is expressed in terms of non-trivial color matrices, then the master formulas given in Section 2 have to be extended. Now not all the NLO corrections are proportional to the Born term; only the leading logarithms and terms involving the scale are. Therefore at NLO our master formula for soft and virtual corrections in the MS scheme is extended for the case of complex color flow as

σ̂^{(1)} = σ^B α_s(μ^2_R) π {c_3 D_1(x_{th}) + c_2 D_0(x_{th}) + c_1 δ(x_{th})} + α^{dαs +1} s (μ^2_R) π [A^c D_0(x_{th}) + T^c_1 δ(x_{th})] , (4.1) where c_3 is defined as before in Eq. (2.10), and c_2 is defined by

c_2 = − ∑ i [ C_{fi} + 2C_{fi} δ_K ln ( −t_i M^2 ) + C_{fi} ln ( μ^2_F s )] − ∑ j [ B^{′(1)}_j + C_{fj} + C_{fj} δ_K ln ( M^2 s )] , (4.2) i.e. is the same as in the simple color flow case except without the term 2ReΓ^{′(1)}_S . The function A^c is process-dependent and depends on the color structure of the hard-scattering, for which specific examples are given in the next subsections. It is defined by

A^c = Tr ( H^{(0)}Γ^{′(1) †}_S S^{(0)} + H^{(0)}S^{(0)}Γ^{′(1)}_S ) . (4.3)

Note that we use the expansions for the hard and soft matrices: H = α^{dαs}_s H^{(0)}+(α^{dαs +1}_s /π)H^{(1)}+ (α^{dαs +2} s /π^2)H^{(2)} + · · · and S = S^{(0)} + (α_s/π)S^{(1)} + (α_s/π)^2S^{(2)} + · · ·. The Born term is then given by σ^B = Tr[H^{(0)}S^{(0)}].

With respect to the δ(x_{th}) terms, we split them into a term c_1 = c^μ_1 + T_1, with c^μ_1 defined in Eq. (2.12) as before, that is proportional to the Born cross section, and a term T^c_1 that is not. T^c_1 is also process-dependent, is formally defined by

T^c_1 = Tr ( H^{(1)}S^{(0)} + H^{(0)}S^{(1)} ) + A^c δ_K ln ( M^2 s ) + σ^B α_s(μ^2_R) π [ −T_1 + c_3 2 δ_K ln^2 ( M^2 s )

+ T_2 δ_K ln ( M^2 s )] , (4.4)

and can also be derived by matching to a full NLO calculation.

In the DIS scheme the corresponding terms c^′_3, c^′_2, and c^′_1 are given as in Section 2.2.2. At NNLO the master formula for soft and virtual corrections in the MS scheme is extended for the case of complex color flow as

σ̂^{(2)} = σ̂^{(2)}_{simple} + α^{dαs +2} s (μ^2_R) π^2 { 3 2 c_3 A^c D_2(x_{th}) + [( 2c_2 − β_0 2 ) A^c + c_3T^c_1 + F ] D_1(x_{th}) + [( c_1 − ζ_2c_3 + β_0 4 ln ( μ^2_R s )) A^c + ( c_2 − β_0 2 ) T^c_1 + F δ_K ln ( M^2 s ) + G ] D_0(x_{th}) + [ (ζ_3c_3 − ζ_2c_2)A^c + ( c_1 + β_0 4 ln ( μ^2_R s )) T^c_1 + 1 2 ( δ_K ln^2 ( M^2 s ) − ζ_2 ) F − β_0 2 δ_K T^c_1 ln ( M^2 s ) + β_0 4 δ_K A^c ln^2 ( M^2 s ) + G δ_K ln ( M^2 s ) + R^c ] δ(x_{th}) } . (4.5)

Here σ̂^{(2)}_{simple} denotes the expression in Eq. (2.16) after using the new c_2 of Eq. (4.2) everywhere in that expression and deleting all Γ^′_S , and R, from that expression. Also, we have used

F = Tr [ H^{(0)} ( Γ^{′(1) †}_S

)_2

S^{(0)} + H^{(0)}S^{(0)} ( Γ^{′(1)}_S

)_2

+ 2H^{(0)}Γ^{′(1) †}_S S^{(0)}Γ^{′(1)}_S ] , (4.6)

G = Tr [ H^{(1)}Γ^{′(1) †}_S S^{(0)} + H^{(1)}S^{(0)}Γ^{′(1)}_S + H^{(0)}Γ^{′(1) †}_S S^{(1)} + H^{(0)}S^{(1)}Γ^{′(1)}_S

+ H^{(0)}Γ^{′(2) †}_S S^{(0)} + H^{(0)}S^{(0)}Γ^{′(2)}_S ] , (4.7) and R^c = Tr ( H^{(2)}S^{(0)} + H^{(0)}S^{(2)} + H^{(1)}S^{(1)} ) − 1 2 T^2_1 − T_1T^c_1 . (4.8)

I have checked explicitly that the renormalization and factorization scale dependence cancels in the physical cross section at NNLO.

In the DIS scheme the NNLO corrections are given by Eq. (2.18), after replacing the term σ^B(α^2_s (μ^2_R)/π^2)σ̂^{′(2)}|_c′_i by the cross section in Eq. (4.5), having also replaced in Eq. (4.5) all the c_i, T_i, G, and R^c, by their DIS counterparts c^′_i, T^′_i , G^′, and R^{c′}.

We now apply the NLO and NNLO master formulas to a variety of processes with complex color flow.

4.2 Heavy quark hadroproduction

The production cross sections of top, bottom, and charm quarks in hadron colliders can be considerably enhanced near threshold. The NLL resummation of threshold corrections was derived in Ref. [15] and the NNLO-NNLL corrections for heavy quark total cross sections and differential distributions were calculated in Refs. [18, 38] in both 1PI and PIM kinematics. There are two partonic channels involved at lowest order, qq̄ → QQ̄ and gg → QQ̄. We choose the hard scale M = m, with m the heavy quark mass. The 1PI cross section is s^2 d^2σ̂/(dt_1 du_1), with t_1 = t − m^2, u_1 = u − m^2, and the singular distributions are D_l(s_4) with s_4 = s + t_1 + u_1. The PIM cross section is s d^2σ̂/(dM^2_{QQ̄}d cos θ), with M_Q¯_Q the heavy quark pair mass and θ the scattering angle in the partonic center-of-mass frame, and the singular distributions are D_l(z) with z = M^2_{QQ̄}/s. The one-loop soft anomalous dimension matrices Γ^{(1)}_S were calculated for both partonic processes in Ref. [15]. Explicit results for the matrices H^{(0)} and S^{(0)} can be found in Refs. [18, 38] for both partonic channels.

4.2.1 qq̄ → QQ̄ channel

We begin with the quark-antiquark annihilation channel. We note that Γ^′_S , H, and S are 2 × 2 matrices. However, the triviality of the hard matrix H^{(0)} (only one non-zero element) leads to almost simple-color-flow-like expressions.

The NLO soft plus virtual corrections in 1PI kinematics in the MS scheme are given by Eq. (4.1) with c_3 = 4C_F ,

c_2 = −2C_F − 2C_F ln

(t_1u_1 m^4 ) − 2C_F ln ( μ^2_F s ) , (4.9) c^μ_1 = C_F [ ln ( t_1u_1

m^4 ) − 3 2 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) , (4.10)

and A^c = (σ^B/α^2_s ) 2 ReΓ^{′(1)}_{S,22}, and are in agreement with the NLO results in [39]. Here the real part of the one-loop 22 element of the soft anomalous dimension matrix is ReΓ^{′(1)}_{S,22} = C_F [4 ln(u_1/t_1)−ReL_β ]+(C_A/2)[−3 ln(u_1/t_1)−ln(m^2s/(t_1u_1))+ReL_β ] with L_β = (1−2m^2/s)/β· [ln((1 − β)/(1 + β)) + πi] and β = √ 1 − 4m^2/s. Explicit expressions for T_1, T^c_1 can be extracted from Ref. [39].

The corresponding NLO MS corrections in PIM kinematics are given by similar expressions after striking out the ln(t_1u_1/m^4) terms from the 1PI c_2 and c^μ_1 , as per our NLO master formula, and using the relevant PIM Born term and T_1, T^c_1 [38].

The NNLO soft and virtual corrections are then given by our master formula for complex color flows for either kinematics and are in agreement with the NNLO-NNLL results in [18, 38]. We note that the term F in Eq. (4.6) has a relatively simple form, F = (σ^B/α^2_s )[4(ReΓ^{′(1)}_{S,22})^2 + 4Γ^{′(1)}_{S,12}Γ^{′(1)}_{S,21}] with Γ^{′(1)}_{S,12} = (C_F /C_A) ln(u_1/t_1) and Γ^{′(1)}_{S,21} = 2 ln(u_1/t_1).

In the DIS scheme, we have in 1PI kinematics c^′_3 = 2C_F ,

c^′_2 = − C_F 2 − C_F ln

( t_1u_1

m^4 ) − 2C_F ln ( μ^2_F s ) , (4.11)

c^′_1 = c_1 − 1 2 C_F [ ln^2 ( −t_1 m^2 ) + ln^2 (−u_1 m^2 )] − 3 4 C_F ln

(t_1u_1

m^4 ) + 2C_F ζ_2 + 9 2 C_F . (4.12)

The corresponding corrections in PIM kinematics are again given by similar expressions after striking out the ln^2(−t_1/m^2), ln^2(−u_1/m^2), and ln(t_1u_1/m^4) terms from the 1PI c^′_2 and c^′_1, and using the relevant PIM Born term and T^c_1^′ [38]. The NNLO soft and virtual corrections in the DIS scheme are then given by our master formula for either kinematics.

4.2.2 gg → QQ̄ channel

We continue with the gg → QQ̄ channel whose color structure is considerably more complex. Here Γ^′_S , H, and S are 3 × 3 matrices. The NLO soft plus virtual corrections are given in 1PI kinematics in the MS scheme by Eq. (4.1) with c_3 = 4C_A,

c_2 = −2C_A − 2C_A ln

( t_1u_1

m^4 ) − 2C_A ln ( μ^2_F s ) , (4.13)

c^μ_1 = [ C_A ln

( t_1u_1 m^4 ) − β_0 2 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) , (4.14) and A^c = πK_{gg}B_{QED}(N^2_c − 1) { N_c t^2_1 + u^2_1

s^2 [( −C_F + C_A 2 ) (ReL_β + 1) + N_c 2 + N_c 2 ln ( t_1u_1 m^2s )]

+ 1 N_c (C_F − C_A)(ReL_β + 1) − ln

( t_1u_1

m^2s ) + N^2_c 2 t^2_1 − u^2_1

s^2 ln (u_1 t_1 )} , (4.15) and are in agreement with the NLO results in [40]. Explicit expressions for T_1, T^c_1 can be extracted from Ref. [40]. As for the qq̄ channel, the corresponding NLO corrections in PIM kinematics are obtained after striking out the ln(t_1u_1/m^4) terms from the 1PI c_2 and c^μ_1 (note that A^c is not affected by the kinematics choice) and using the relevant PIM Born term and T_1, T^c_1 [38].

The term F can be explicitly calculated using Eq. (4.6). The NNLO soft and virtual corrections for either kinematics are then given by our master formula for complex color flow and are in agreement with the NNLO-NNLL results in [18, 38].

4.3 Jet production

Threshold resummation for jet production has been studied in Refs. [16, 41]. There are many partonic subprocesses for which explicit results for the NNLO corrections at NLL accuracy were given in [41]. Here we are able to extend those results by employing our master formula. We note that the color structure for these processes is quite complex, and the one-loop soft anomalous dimension matrices [16, 13] along with the lowest-order hard and soft matrices can be found in Ref. [41]. Recently, the complete two-loop virtual corrections have been calculated [1, 2, 42, 43].

Here we discuss the single-jet inclusive cross section E_J d^3σ̂/d^3p_J in the MS scheme. The NLO soft and virtual corrections with M^2 = p^2_T = tu/s and s_4 = s + t + u can be written for each subprocess as

σ̂^{(1)} = σ^B α_s(μ^2_R) π {c_3D_1(s_4) + c_2D_0(s_4) + c_1δ(s_4)} + α^{dαs +1} s (μ^2_R) π [A^c D_0(s_4) + T^c_1 δ(s_4)] . (4.16)

The expressions are symmetric in t and u except for the qg → qg channel. Full NLO expressions have been given in [44]. We discuss next the individual partonic processes in jet production. 4.3.1 qq̄ → qq̄ and qq → qq There are several processes involving distinct or identical quarks and antiquarks: q_jq̄_j → q_jq̄_j , q_jq̄_j → q_kq̄_k, q_jq̄_k → q_jq̄_k, q_j q_j → q_j q_j , q_j q_k → q_j q_k, and the corresponding ones with antiquarks.

The NLO soft and virtual corrections are given by Eq. (4.16) with c_3 = 2C_F ,

c_2 = −2C_F ln ( μ^2_F s ) − 11 2 C_F , (4.17)

c^μ_1 = −C_F [ ln ( p^2_T s ) + 3 2 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) . (4.18)

The expressions for σ^B and A^c depend on the specific process. The expressions for σ^B can be found in Appendix A (for qq̄ → qq̄ processes) and Appendix B (for qq → qq processes) of Ref. [41]. The expressions for A^c can be easily derived from Eq. (4.3) or by comparing Eq. (4.16) with the expressions in Appendix A or Appendix B of [41] for the NLO corrections for the various subprocesses.

4.3.2 qq̄ → gg and gg → qq̄ The NLO soft and virtual corrections are given by Eq. (4.16) with c_3 = 4C_F − 2C_A,

c_2 = −2C_F ln ( μ^2_F p^2_T ) − β_0 2 − 2C_F − 2C_A − 2C_A ln ( p^2_T s ) , (4.19)

c^μ_1 = −C_F [ ln ( p^2_T s ) + 3 2 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) , (4.20)

for the process qq̄ → gg, and c_3 = 4C_A − 2C_F ,

c_2 = −2C_A ln ( μ^2_F p^2_T ) − 7 2 C_F − 2C_A − 2C_F ln ( p^2_T s ) , (4.21)

c^μ_1 = −C_A ln ( p^2_T s ) ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R μ^2_F ) , (4.22)

for the process gg → qq̄. The expressions for σ^B depend on the specific process and can be found in Appendix C of Ref. [41]. The expressions for A^c can be easily derived from Eq. (4.3) or by comparing Eq. (4.16) with the expressions in Appendix C of [41] for the NLO corrections for these subprocesses. 4.3.3 qg → qg The NLO soft and virtual corrections, using t_q = u and t_g = t, are given by Eq. (4.16) with c_3 = C_F + C_A,

c_2 = −(C_F + C_A) ln ( μ^2_F p^2_T ) − 11 4 C_F − 2C_A − β_0 4 − 2C_F ln ( −u s ) − 2C_A ln (−t s ) , (4.23) and c^μ_1 = − [ C_F ln ( −t s ) + C_A ln (−u s ) + 3 4 C_F + β_0 4 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) . (4.24)

The expression for σ^B can be found in Appendix D of Ref. [41]. The expression for A^c can be easily derived from Eq. (4.3) or by comparing Eq. (4.16) with the expression in Appendix D of [41] for the NLO corrections for this subprocess. 4.3.4 gg → gg The NLO soft and virtual corrections are given by Eq. (4.16) with c_3 = 2C_A,

c_2 = −2C_A ln ( μ^2_F s ) − β_0 2 − 4C_A , (4.25) and c^μ_1 = −C_A ln ( p^2_T s ) ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R μ^2_F ) . (4.26)

The expression for σ^B can be found in Appendix E of Ref. [41]. The expression for A^c can be easily derived from Eq. (4.3) or by comparing Eq. (4.16) with the expression in Appendix E of [41] for the NLO corrections for this subprocess.

The term F in Eq. (4.6) can be easily derived for each subprocess using the matrices H^{(0)}, S^{(0)}, and Γ^{(1)}_S as given in Ref. [41]. For all subprocesses the NNLO soft and virtual corrections are given by our master formula for complex color flows and are in agreement with the NNLO-NLL expressions in [41].

4.4 Squark and gluino production

Our last application is the production of squarks and gluinos in hadron colliders. The complete NLO corrections for squark and gluino production in the Minimal Supersymmetric Standard Model have been given in [45]. There are several partonic subprocesses involved.

We begin with squark production. For the channel qq̄ → q̃~q̄ the NLO terms c_3, c_2, and c^μ_1 in the MS scheme are the same as for the qq̄ → QQ̄ channel in heavy quark production in Section 4.2.1 in either 1PI or PIM kinematics, with M = m the mass of the squark. The same holds for the channel qq → q̃q̃, and analogous results hold in the DIS scheme. For the channel gg → q̃~q̄ in the MS scheme, c_3, c_2, and c^μ_1 are the same as for the gg → QQ̄ channel in heavy quark production in Section 4.2.2 in either kinematics.

We continue with gluino production. Here we choose M = m, with m the mass of the gluino. For the process qq̄ → g̃g̃, c_3, c_2, and c^μ_1 are the same as for the process qq̄ → q̃~q̄ in either 1PI or PIM kinematics and either factorization scheme; for the process gg → g̃g̃ in the MS scheme they are the same as for gg → q̃~q̄ in either kinematics.

We finally have the process of squark-gluino production, qg → q̃g̃. We choose M = m, with m the mass of the squark or the mass of the gluino. In 1PI kinematics in the MS scheme we have c_3 = 2(C_F + C_A),

c_2 = −C_F − C_A − 2C_F ln (−u_1 m^2 ) − 2C_A ln ( −t_1 m^2 ) − (C_F + C_A) ln ( μ^2_F s ) , (4.27) and c^μ_1 = [ C_F ln ( −u_1 m^2 ) + C_A ln ( −t_1 m^2 ) − 3 4 C_F − β_0 4 ] ln ( μ^2_F s ) + β_0 2 ln ( μ^2_R s ) . (4.28)

In PIM kinematics the expressions for c_2 and c^μ_1 are obtained after striking out the ln(−t_1/m^2) and ln(−u_1/m^2) terms from the 1PI c_2 and c^μ_1 .

For all these processes, A^c, T_1, T^c_1 can be read off the full NLO calculation. Also A^c and F can be calculated explicitly once the lowest-order H, S, and Γ_S matrices have been constructed. The NNLO soft and virtual corrections are then given by our master formula.

5 Conclusions and outlook to higher orders

In this paper, I presented a unified approach to calculating the NNLO soft and virtual QCD corrections for any process in hadron-hadron and lepton-hadron collisions in either the MS or

DIS schemes and in either 1PI or PIM kinematics. The master formulas given in the paper are based on a unified threshold resummation formalism and they allow explicit calculations for any process, with either simple or complex color flows, keeping in general the factorization and renormalization scales separate and the beta function and color factors explicit. I verified that the scale-dependence of the physical cross section cancels out at NNLO for any process. Detailed results, illustrating the use of the master formulas, were given for various electroweak, Higgs, QCD, and SUSY processes in various factorization schemes, kinematics, and colliders. As tests of the master formulas, I reproduced the previously known NNLO corrections for Drell-Yan and Higgs production, deep inelastic scattering, and W^+γ production, thus also determining a number of two-loop anomalous dimensions and other quantities which are needed in NNLL resummations. Furthermore, I presented new results for several other processes in the Standard Model and beyond.

The NNLO corrections increase theoretical accuracy and diminish the dependence on the factorization and renormalization scales, and thus are essential in further testing QCD and particularly in searching for the Higgs boson and supersymmetric particles as well as other processes, such as flavor-changing neutral currents, that signal new physics beyond the Standard Model.

The unified approach employed in this paper can be extended to higher orders. For a sketch of how this extension may be carried out through next-to-next-to-next-to-next-to-leading order in the specific context of heavy quark hadroproduction see Ref. [18]. A complete calculation of next-to-next-to-next-to-leading and even higher-order soft and virtual corrections is a formidable task and unlikely to be necessary at least in the forseeable future. The accuracy attainable at NNLO should be sufficient for the high-energy colliders of our era. The unified master formulas for the NNLO soft and virtual corrections for any process, which are an important component of the full NNLO calculation, should serve as a milestone in the push for ever-increasing theoretical accuracy and understanding of high-energy processes.

Acknowledgements

The author’s research has been supported by a Marie Curie Fellowship of the European Community programme “Improving Human Research Potential” under contract number HPMF- CT-2001-01221.

References

[1] Summary: Working Group on QCD and Strong Interactions, Snowmass 2001, eConf C010630:P5001 (2001), hep-ph/0201146 and references therein.

[2] The QCD/SM Working Group: Summary Report, Les Houches 2001, p. 275, hep-ph/0204316 and references therein.

[3] R. Hamberg, W.L. van Neerven, and T. Matsuura, Nucl. Phys. B359, 343 (1991).

[4] W.L. van Neerven and E.B. Zijlstra, Nucl. Phys. B382, 11 (1992).

[5] R.V. Harlander and W.B. Kilgore, Phys. Rev. Lett. 88, 201801 (2002). [6] C. Anastasiou and K. Melnikov, Nucl. Phys. B646, 220 (2002). [7] V. Ravindran, J. Smith, and W.L. van Neerven, hep-ph/0302135. [8] W.L. van Neerven and E.B. Zijlstra, Phys. Lett. B 272, 127 (1991). [9] E.B. Zijlstra and W.L. van Neerven, Nucl. Phys. B383, 525 (1992); B417, 61 (1994). [10] T. Matsuura, S.C. van der Marck, and W.L. van Neerven, Nucl. Phys. B319, 570 (1989);

T. Matsuura, Ph. D. Thesis, Leiden (1989).

[11] R.V. Harlander and W.B. Kilgore, Phys. Rev. D 64, 013015 (2001). [12] S. Catani, D. de Florian, and M. Grazzini, JHEP 0105, 025 (2001). [13] N. Kidonakis, Int. J. Mod. Phys. A 15, 1245 (2000).

[14] H. Contopanagos, E. Laenen, and G. Sterman, Nucl. Phys. B484, 303 (1997). [15] N. Kidonakis and G. Sterman, Phys. Lett. B 387, 867 (1996);

Nucl. Phys. B505, 321 (1997).

[16] N. Kidonakis, G. Oderda, and G. Sterman, Nucl. Phys. B525, 299 (1998);

Nucl. Phys. B531, 365 (1998).

[17] E. Laenen, G. Oderda, and G. Sterman, Phys. Lett. B 438, 173 (1998). [18] N. Kidonakis, Phys. Rev. D64, 014009 (2001). [19] N. Kidonakis and V. Del Duca, Phys. Lett. B 480, 87 (2000). [20] G. Sterman, Nucl. Phys. B281, 310 (1987). [21] S. Catani and L. Trentadue, Nucl. Phys. B327, 323 (1989).

[22] A. Gonzalez-Arroyo, C. Lopez, and F.J. Yndurain, Nucl. Phys. B 153, 161 (1979). [23] G. Curci, W. Furmanski, and R. Petronzio, Nucl. Phys. B175, 27 (1980);

W. Furmanski, and R. Petronzio, Phys. Lett. 97B, 437 (1980). [24] N. Kidonakis, hep-ph/0208056; in DPF2002, hep-ph/0207142. [25] L. Magnea, Nucl. Phys. B349, 703 (1991).

[26] S. Mendoza, J. Smith, and W.L. van Neerven, Phys. Rev. D 47, 3913 (1993). [27] S.-H. Zhu, hep-ph/0112109.

[28] T. Plehn, Phys. Rev. D 67, 014018 (2003).

[29] P.B. Arnold and M.H. Reno, Nucl. Phys. B319, 37 (1989); (E) B330, 284 (1990);

Phys. Rev. D 40, 912 (1989).

[30] R.J. Gonsalves, J. Pawlowski, and C.-F. Wai, Phys. Rev. D 40, 2245 (1989). [31] P. Aurenche, A. Douiri, R. Baier, M. Fontannaz, and D. Schiff, Phys. Lett. 140B, 87 (1984);

P. Aurenche, R. Baier, M. Fontannaz, and D. Schiff, Nucl. Phys. B297, 661 (1988). [32] L.E. Gordon and W. Vogelsang, Phys. Rev. D 48, 3136 (1993). [33] N. Kidonakis and J.F. Owens, Phys. Rev. D 61, 094004 (2000). [34] E. Laenen and S.-O. Moch, Phys. Rev. D 59, 034027 (1999).

[35] P.M. Nadolsky, N. Kidonakis, F.I. Olness, and C.-P. Yuan, Phys. Rev. D (in press), hep-ph/0210082; in DPF2002, hep-ph/0207332.

[36] E. Laenen, S. Riemersma, and J. Smith, Nucl. Phys. B392, 162 (1993). [37] A. Belyaev and N. Kidonakis, Phys. Rev. D 65, 037501 (2002), hep-ph/0102072. [38] N. Kidonakis, E. Laenen, S. Moch, and R. Vogt, Phys. Rev. D64, 114001 (2001);

Phys. Rev. D (in press), hep-ph/0212173.

[39] W. Beenakker, W.L. van Neerven, R. Meng, G.A. Schuler, and J. Smith, Nucl. Phys. 351, 507 (1991).

[40] W. Beenakker, H. Kuijf, W.L. van Neerven, and J. Smith, Phys. Rev. D 40, 54 (1989). [41] N. Kidonakis and J.F. Owens, Phys. Rev. D 63, 054019 (2001).

[42] C. Anastasiou, E.W.N. Glover, C. Oleari, and M.E. Tejeda-Yeomans, Nucl. Phys. B605, 486 (2001) and references therein.

[43] Z. Bern, A. De Freitas, and L. Dixon, JHEP 0203, 018 (2002) and references therein. [44] F. Aversa, P. Chiappetta, M. Greco, and J.P. Guillet, Nucl. Phys. B327, 105 (1989). [45] W. Beenakker, R. Hopker, M. Spira, and P.M. Zerwas, Phys. Rev. Lett. 74, 2905 (1995);

Nucl. Phys. B492, 51 (1997).