arXiv:hep-ph/0305225 v1 20 May 2003

WM-03-104

Phenomenology of Lorentz-Conserving Noncommutative QED

Justin M. Conroy,^∗ Herry J. Kwee,^† and Vahagn Nazaryan^‡ Nuclear and Particle Theory Group, Department of Physics College of William and Mary, Williamsburg, VA 23187-8795 (Dated: May 20, 2003)

Abstract

Recently a version of Lorentz-conserving noncommutative field theory (NCFT) has been suggested. The underlying Lie algebra of the theory is the same as that of Doplicher, Fredenhagen, and Roberts. In Lorentz-conserving NCFT the matrix parameter θ^{μν} which characterizes the canonical NCFT’s is promoted to an operator θ̂^{μν} that transforms as a Lorentz tensor. In this paper, we calculate phenomenological consequences of the QED version of this theory by looking at various collider processes. In particular we calculate modifications to Møller scattering, Bhabha scattering, e^+e^− → μ^+μ^− and e^+e^− → γγ. We obtain bounds on the noncommutativity scale from the existing experiments at LEP and make predictions for what may be seen in future collider experiments.

∗Electronic address: jconroy@camelot.physics.wm.edu †Electronic address: herry@camelot.physics.wm.edu ‡Electronic address: vrnaza@wm.edu

I. INTRODUCTION

It is interesting to consider the possibility that the structure of space-time is nontrivial. In one of the most popular scenarios position four-vectors are promoted to operators that do not commute at short distance scales [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. There has been a lot of work on field theories with an underlying noncommutative space-time structure. Jurčo et al. [6] have presented a formalism on how to construct non-Abelian gauge theories in noncommutative spaces from a consistency relation. Using a similar approach Carlson, Carone and Zobin (CCZ) [22] have formulated noncommutative Lorentz-conserving QED based on a contracted Snyder [25] algebra, thus offering a general prescription as how to formulate noncommutative Lorentzconserving gauge theories. In this algebra the selfadjoint spacetime coordinate operators satisfy the following commutation relation, [x̂^μ, x̂^ν ] = iθ̂^{μν} . (1.1) Here θ̂^{μν} = −θ̂^{νμ} transforms as a Lorentz tensor and is in the same algebra with x̂^μ. This algebra is Lorentz covariant.

The Lie algebra considered by CCZ is the same as the Lie algebra of Doplicher, Fredenhagen, and Roberts (DFR) [24]. Interestingly enough DFR came to the formulation of their algebra by considering modifications of spacetime structure in theories that are designed to quantize gravity. The DFR algebra places limitations on the precision of localization in spacetime. As noted in [24], quantum spacetime can be regarded as a novel underlying geometry for a quantum field theory of gravity.

Interest in noncommutative spacetime originated with the work of Connes and collaborators [26] and has gained more attention due to developments in string theory [27], where noncommutative spacetime has been shown to arise in a low energy limit. In string theories θ^{μν} is just an antisymmetric c-number. Theories involving noncommutative spacetime structure based on algebras with c-number θ^{μν} suffer from Lorentz-violating effects. Such effects are severely constrained [9, 10, 11, 12, 13, 14, 15, 16, 17] by a variety of low energy experiments [28]. Lorentz-violating effects appear in field theories as a consequence of θ^{0i} and ϵ^{ijk} θ^{ij} defining preferred direction in a given Lorentz frame. In contrast to this the noncommutative QED (NCQED) formulated by CCZ based on Eq. (1.1) is free from

Lorentz-violating effects.

Carlson, Carone and Zobin have connected the DFR Lie algebra Eq. (1.1), and the antisymmetric tensor θ̂^{μν} to experimental observables, by showing how to formulate a quantum field theory on this noncommutative spacetime. Similar issues have been discussed by Morita et al. [23]. These theories make it possible to study phenomenological consequences of Lorentz-conserving noncommutative spacetime. As a beginning, CCZ have studied lightby-light elastic scattering and obtained contributions that can be significant with respect to the standard model background.

In this paper we calculate other phenomenological consequences of Lorentz-conserving NCQED formulated by CCZ. We consider various collider processes such as Bhabha and Møller scattering, e^+e^− → μ^+μ^− and e^+e^− → γγ. The experiments at planned colliders will provide means of testing the properties and the structure of space-time at smaller distance scales. We note that any property prescribed to space-time, if confirmed experimentally, must affect all interactions.

In the following section we discuss the underlying formalism of noncommutative Lorentzconserving gauge theories, with emphasis on NCQED. In Section III we study the Lorentzconserving NCQED by considering various collider processes. In Section IV we obtain bounds on the noncommutativity scale from Bhabha scattering, e^+e^− → μ^+μ^− and e^+e^− → γγ experiments. We summarize our discussion in Section V with some concluding remarks.

II. ALGEBRA AND QED FORMULATION

The simplest construction of a Lorentz-conserving noncommutative theory involves promoting the position four-vector to an operator which satisfies the DFR Lie algebra

[x̂^μ, x̂^ν ] = iθ̂^{μν} , [θ̂^{μν} , x̂^λ] = 0, [θ̂^{μν} , θ̂^{αβ}] = 0, (2.1)

where θ^{μν} is antisymmetric and transforms as a Lorentz tensor.

On the other hand, CCZ took as the starting point Snyder’s algebra,

[x̂^μ, x̂^ν ] = ia^2M̂^{μν} , [M̂^{μν} , x̂^λ] = i(x̂^μg^{νλ} − x̂^ν g^{μλ}), [M̂^{μν} , M̂^{αβ}] = i(M̂^{μβ} g^{να} + M̂^{να}g^{μβ} − M̂^{μα}g^{νβ} − M̂^{νβ} g^{μα}). (2.2)

Snyder’s algebra (which is the same as the algebra of SO(4,1)) describes a Lorentz-invariant noncommutative discrete spacetime characterized by a fundamental length scale a. By constructing an explicit representation for x̂ and M̂ in terms of differential operators, the Lorentz invariance of Eq. (2.2) was demonstrated [25]. CCZ then extracted the DFR Lie algebra by performing a particular contraction on Eq. (2.2). Specifically, by rescaling M^{μν} = θ̂μν /b and holding the ratio a2/b = 1 fixed, the limit b → 0, a → 0 yields the DFR Lie algebra. Thus, the Lorentz covariance of Snyder’s Lie algebra implies the Lorentz covariance of Eq. (2.1) [22]. The commutator of θ̂^{μν} and M̂^{μν} is [M̂^{μν} , θ̂^{αβ}] = i(θ̂^{μβ}g^{να} + θ̂^{να}g^{μβ} − θ̂^{μα}g^{νβ} − θ̂^{νβ} g^{μα}), (2.3) as one would expect if θ̂^{μν} is a Lorentz tensor. Note that the contraction also implies that the eigenvalues of the position operator of the DFR algebra are continuous.

To develop a field theory on a noncommutative spacetime, one defines a one-to-one mapping which associates functions of the noncommuting coordinates with functions of the typical c-number coordinates. In the canonical noncommutative theory this is achieved via a Fourier transform

f̂(x̂) = 1 2π^n ∫ d^nk e^{−ikx̂} ∫ d^nx e^{ikx}f(x). (2.4) In the Lorentz-conserving case the presence of the operator θ̂^{μν} requires that the mapping involve a new c-number coordinate θ^{μν} (no hat). Functions of the noncommuting coordinates are then related to functions of c-number coordinates by f̂(x̂, θ̂) = ∫ d^4α (2π)^4 d^6B (2π)^6 e^{−i(αμx̂μ+ Bμν θ̂} μν 2 )f̃(α, B), (2.5)

where f̃ (α, B) = ∫ d^4xd^6θe^{i(αμxμ+ Bμν θ} μν 2 )f(x, θ). (2.6)

Lorentz invariance requires that B transform as a two index Lorentz tensor.

To ensure that operator multiplication be preserved, f̂ĝ = ^f ⋆ g, one finds that the rule for ordinary multiplication must be modified: (f ⋆ g)(x, θ) = f(x, θ) exp[ i 2 ← ∂ μ θ^{μν} → ∂_ν ]g(x, θ). (2.7)

The θ dependence of the functions distinguishes this result from the ⋆-product of the canonical noncommutative theory. Eqs. (2.5) and (2.6) allow one to work solely with functions of classical coordinates x and θ, provided that all multiplication be promoted to a ⋆-product.

The introduction of a Lorentz invariant weighting function W (θ) allows for the following generalization of the operator trace:

Trf̂ = ∫ d^4x d^6θ W (θ)f(x, θ). (2.8)

In [22] CCZ took the normalization to be ∫ d^6θ W (θ) = 1. (2.9)

It is straightforward to demonstrate the cyclic property of Eq. (2.8), i.e. Trf̂ĝ = Trĝf̂. One requires that for large |θ^{μν} |, W (θ) dies off sufficiently fast in order that all integrals be well defined [22]. Lorentz-invariance requires that W be an even function of θ, which yields ∫ d^6θ W (θ) θ^{μν} = 0. (2.10)

As will be seen, this restriction has interesting consequences on possible collider signatures of the theory.

Field theory interactions are extracted by performing the d^6θ integral, resulting in the action S = T rL̂ = ∫ d^4x d^6θ W (θ) L(ϕ, ∂ϕ)_⋆ , (2.11) where the notation in L(ϕ, ∂ϕ)_⋆ indicates ⋆-product multiplication.

As was mentioned, in the Lorentz-conserving noncommutative theory the initial “fields” are generally functions of x and θ, and must be related to ordinary quantum fields which are only functions of x . CCZ showed how this can be done for NCQED using a nonlinear field redefinition and an expansion in θ. Since the phenomenology of NCQED is the topic of this paper, all developments will be directed toward a U(1) gauge theory. For completeness the formalism presented in [22] is reviewed.

In Lorentz-conserving NCQED, one has a matter field ψ and gauge field A . For a U(1) gauge transformation characterized by a parameter Λ(x, θ), the fields transform as ψ(x, θ) → U ⋆ ψ(x, θ), (2.12) and A_μ(x, θ) → U ⋆ A_μ(x, θ) ⋆ U^{−1} + i e U ⋆ ∂_μU^{−1}, (2.13) where

U = (e^{iΛ})_⋆ = 1 + iΛ(x, θ) + 1 2! iΛ(x, θ) ⋆ iΛ(x, θ) + .... (2.14) A U(1) gauge invariant Lagrangian is L = ∫ d^6θW (θ)[− 1 4 F_{μν} ⋆ F^{μν} + ψ̄ ⋆ (i D̸ − m) ⋆ ψ], (2.15) where D_μ = ∂_μ − ieA_μ, (2.16) and the field strength is

F_{μν} = ∂_μA_ν − ∂_ν A_μ − ie[A_μ^⋆, A_ν ]. (2.17)

In demonstrating the gauge invariance of Eq. (2.15) and the cyclic property of Eq. (2.8), the following identity is useful ∫ d^4xf ⋆ g = ∫ d^4xfg. (2.18) Eqs. (2.15), (2.16), and (2.17) are similar in form to those obtained in the canonical NC- QED case, the difference again being the θ dependence of the fields ψ(x, θ) and A(x, θ) in Eq. (2.15). One must have a way of relating ψ and A to ordinary quantum fields which are only functions of x. This is accomplished by utilizing the behavior of the weighting function Eq. (2.8), which allows an expansion of the fields and gauge parameter in powers of θ. A similar technique involving field expansions was first used in constructing a noncommutative

SU(N) gauge theory in [6]. The coefficients of the power series are thus only functions of x and correspond to ordinary quantum fields. From requirements of gauge invariance and noncommutativity, these coefficients can be determined order by order in θ.

The matter field, gauge field, and gauge parameter of NCQED are expanded as:

Λ_α(x, θ) = α(x) + θ^{μν} Λ^{(1)}_{μν} (x; α) + θ^{μν} θ^{ησ} Λ^{(2)}_{μνησ} (x; α) + · · · , (2.19)

A_ρ(x, θ) = A_ρ(x) + θ^{μν} A^{(1)}_{μνρ}(x) + θ^{μν} θ^{ησ}A^{(2)}_{μνησρ}(x) + · · · , (2.20)

ψ(x, θ) = ψ(x) + θ^{μν} ψ^{(1)}_{μν} + θ^{μν} θ^{ησ}ψ^{(2)}_{μνησ} (x) + · · · . (2.21) The lowest order term in each expansion corresponds to the ordinary QED term. Thus, ordinary QED can be extracted by taking the commutative limit, θ^{μν} → 0.

Consider an infinitesimal transformation of a matter field ψ(x) in an ordinary U(1) gauge theory: δ_αψ(x) = iα(x)ψ(x). (2.22) For a Lorentz-conserving noncommutative theory, this is generalized to δ_αψ(x, θ) = iΛ_α(x, θ) ⋆ ψ(x, θ). (2.23) In an Abelian gauge theory two successive gauge transformations must then satisfy the relation (δ_αδ_β − δ_β δ_α)ψ(x, θ) = 0. (2.24) For Eq.(2.24) to hold, Λ must satisfy

iδ_αΛ_β − iδ_βΛ_α + [Λ_α^⋆, Λ_β] = 0. (2.25)

The parameter Λ can then be determined at each order in θ. Specifically, it can be shown that Λ^{(1)}_{μν} (x; α) = e 2 ∂_μα(x)A_ν (x) (2.26) and Λ^{(2)}_{μνησ} (x; α) = − e^2 2 ∂_μα(x)A_η(x)∂_σA_ν (x) (2.27) satisfy the condition of Eq. (2.25). The gauge and matter fields are treated in a similar manner.

The restriction of a gauge field transforming infinitesimally as

δ_αA_σ = ∂_σΛ_α + i[Λ_α^⋆, A_σ], (2.28)

is satisfied by the following expressions for A^{(1)} and A^{(2)}:

A^{(1)}_{μνρ}(x) = − e 2 A_μ(∂_ν A_ρ + F^0_{νρ}), (2.29)

A^{(2)}_{μνησρ}(x) = e^2 2 (A_μA_η∂_σ F^0_{νρ} − ∂_ν A_ρ∂_ηA_μA_σ + A_μF^0_{νη}F^0_{σρ}), (2.30) where F^0_{μν} = ∂_μA_ν − ∂_ν A_μ (2.31) is the ordinary QED field strength tensor.

Likewise, one can show that for a matter field transforming infinitesimally as Eq. (2.23), the appropriate forms of ψ^{(1)} and ψ^{(2)} are

ψ^{(1)}_{μν} (x) = − e 2 A_μ∂_ν ψ (2.32) and ψ^{(2)}_{μνησ} (x) = e 8 (−i∂_μA_η∂_ν ∂_σψ + eA_μA_η∂_ν ∂_σψ + 2eA_μ∂_ν A_η∂_σψ +eA_μF^0_{νη}∂_σψ − e 2 ∂_μA_η∂_ν A_σψ + ie^2A_μA_σ∂_ηA_ν ψ). (2.33)

Interactions are extracted by substituting Eqs. (2.26), (2.27), (2.29), (2.30), (2.32), (2.33) into the Lagrangian Eq. (2.15). We expand the Lagrangian through θ^2 and evaluate the d^6θ integral using the weighted average ∫ d^6θW (θ)θ^{μν} θ^{ηρ} = ⟨θ^2⟩ 12 (g^{μη}g^{νρ} − g^{μρ}g^{ην} ), (2.34) where the expectation value is defined as ⟨θ^2⟩ ≡ ∫ d^6θW (θ)θ_{μν} θ^{μν} . (2.35)

It is natural to define Λ_{N C} = (12/⟨θ^2 ⟩)^{1/4} which characterizes the energy scale where noncommutative effects become relevant. The restriction on W from Eq. (2.10) demands that only terms containing even powers of θ will result in interaction vertices. Thus, for example, the three-photon vertex of canonical NCQED is not present. The next section focuses on the phenomenology of a U(1) theory whose spacetime coordinate operators obey the DFR Lie algebra. Possible collider signatures are considered and bounds on the energy scale Λ_{N C} are obtained.

III. COLLIDER SIGNATURES

The Lagrangian for QED with Lorentz-invariant noncommutative spacetime Eq. (2.15) can be written as an expansion in θ order by order using the nonlinear field redefinition described above. The zeroth order in θ will give the ordinary QED Lagrangian. The first order is zero due to the evenness of the weighting function W (θ). The first nontrivial contributions come from the second order, they include:

1. the 4-photon vertex, which has been discussed extensively in [22],

2. the correction to 2-fermion-1-photon vertex (ordinary QED vertex),

3. the 2-fermion-2-photon vertex.

The lowest order correction to the ordinary QED vertex comes from the following terms in Lagrangian density:

ψ̄^{(2)}(i ̸∂ − m)ψ^{(0)} + ψ̄^{(0)}(i ̸∂ − m)ψ^{(2)} + e 2 {(ψ̄^{(0)}⋆ A̸^{(0)})ψ^{(0)} + ψ̄^{(0)}(A̸^{(0)} ⋆ ψ^{(0)})}, (3.1)

where we retain only the second order term in contributions to the ⋆-product shown in the last two terms. The first two terms will go to zero if both fermion fields are on shell. And the 2-fermion-2-photon vertex comes from:

ψ̄^{(2)}(i ̸∂ − m)ψ^{(0)} + ψ̄^{(0)}(i ̸∂ − m)ψ^{(2)} + ψ̄^{(1)}(i ̸∂ − m)ψ^{(1)} + e{ψ̄^{(2)} A̸^{(0)}ψ^{(0)} + ψ̄^{(0)} A̸^{(0)}ψ^{(2)}} + e{(ψ̄^{(0)}⋆ A̸^{(0)})ψ^{(1)} + ψ̄^{(1)}(A̸^{(0)} ⋆ ψ^{(0)}) + (ψ̄^{(0)}⋆ A̸^{(1)})ψ^{(0)}}, (3.2) where this time we retain only the first order in the ⋆-product shown.

FIG. 1: 2-fermions-1-photon vertex.

A. Dilepton Production, e^+e^− → l^+l^−

First we consider processes in which all fermions are on shell, i.e. dilepton production e^+e^− → l^+l^−. For processes up to tree level Feynman diagram, only e 2 {(ψ̄^{(0)}⋆ A̸^{(0)})ψ^{(0)} + ψ̄^{(0)}(A̸^{(0)} ⋆ ψ^{(0)})}

will contribute to the vertex correction since all the fermions are on shell. This Lagrangian term reduces to: e 2 ⟨θ^2⟩ 96 {ψ̄(∂_μ∂_ν A̸)(∂^μ∂^ν ψ) + (∂^μ∂^νψ̄)(∂_μ∂_ν A̸)ψ}. (3.3)

From this we obtain the following Feynman rule for the 2-fermion-1-photon vertex with all fermions on shell and with momenta labeled as in Fig. 1: ie{1 + ⟨θ^2⟩ 384 (p_3)^4}γ^μ, (3.4)

where we have not made the assumption that the fermions are massless (although we do set m = 0 in the cross section formula).

We will consider the following processes which are affected by this vertex correction: Bhabha scattering, e^+e^− → μ^+μ^− and Møller scattering. The matrix element with vertex

FIG. 2: Bhabha Scattering.

correction for Bhabha scattering (Fig. 2) is:

iM = ū(p_3)(ieγ^ν )(1 + ⟨θ^2⟩ 384 q^4)v(p_4) −ig_{μν} q^2 + iϵ

×v̄(p_2)(ieγ^μ)(1 + ⟨θ^2⟩ 384 q^4)u(p_1)

−v̄(p_2)(ieγ^ν )(1 + ⟨θ^2⟩ 384 q^{′4})v(p_4) −ig_{μν} q^{′2} + iϵ ×ū(p_3)(ieγ^μ)(1 + ⟨θ^2⟩ 384 q^{′4})u(p_1). (3.5)

Squaring the matrix element and summing(averaging) over the final(initial) fermion spin states will give:

|M|^2 = 2e^4{F^2_s ( t^2 + u^2

s^2

) + 2F_sF_t u^2 st + F^2_t ( u^2 + s^2 t^2

)}, (3.6)

where we define F_s = {1 +^{⟨θ2 ⟩}_{96}^{s2}_4 }^2 with s,t and u are the Mandelstam variables. To first order in ⟨θ^2⟩/12 this will give us the center of mass (CM) differential cross section: dσ d cos θ = ( dσ d cos θ ) QED + πα^2 s ⟨θ^2⟩ 96 {s^2 + t^2 + 2u^2 + u^2( t s + s t )}, (3.7)

where θ is the CM scattering angle.

The same results for e^+e^− → μ^+μ^− can be obtained easily by just throwing away the t channel in the Bhabha scattering calculation, assuming the muons are massless. The spin average square matrix element is:

|M|^2 = 2e^4F^2_s ( t^2 + u^2

s^2

). (3.8)

And to first order in ⟨θ^2⟩/12 this will give us: dσ d cos θ = ( dσ d cos θ ) QED (1 + ⟨θ^2⟩ 96 s^2). (3.9)

B. Møller Scattering

For Møller scattering, the spin average square matrix element is obtained by using crossing symmetry from Bhabha scattering:

|M|^2 = 2e^4{F^2_t ( u^2 + s^2 t^2

) + 2F_tF_u s^2 tu + F^2_u ( s^2 + t^2 u^2

)}. (3.10)

To first order in ⟨θ^2⟩/12 this gives us the CM differential cross section: dσ d cos θ = ( dσ d cos θ ) QED + πα^2 s ⟨θ^2⟩ 96 {t^2 + u^2 + 2s^2 + s^2( u t + t u )}. (3.11)

C. Diphoton Production, e^+e^− → γγ

In order to calculate the cross section for e^+e^− → γγ, we first need to calculate the full correction to ordinary QED vertex, not just the case when all fermions are on shell. This requirement comes from the fact that in diphoton production we have fermion propagators in the Feynman diagrams. By using the non-linear field redefinition for ψ^{(2)}, the Lagrangian for the full correction can be written as:

ie ⟨θ^2⟩ 96 [ (∂_μA^μ){(∂^2ψ̄)(i ̸∂ − m)ψ + {(i∂_α + m)ψ̄}γ^α(∂^2ψ)} −(∂_μA_ν ){(∂^μ∂^νψ̄)(i ̸∂ − m)ψ + {(i∂_α + m)ψ̄}γ^α(∂^μ∂^ν ψ)} − i 2 {ψ̄(∂_μ∂_ν A̸)(∂^μ∂^ν ψ) + (∂^μ∂^νψ̄)(∂_μ∂_ν A̸)ψ} ] . (3.12)

FIG. 3: Two fermions - two photon vertex.

Then the Feynman rule for the 2-fermion-1-photon vertex with all fermions and photons possibly off-shell is (Fig. 1): ie{γ^μ + ⟨θ^2⟩ 96 [ ( ̸p_1 − m)p^2p^μ_3 − ( ̸p_2 − m)p^2_1p^μ_3 +( ̸p_2 − m)(p_1.p_3)p^μ_1 − ( ̸p_1 − m)(p_2.p_3)p^μ_2 + 1 2 {(p_1.p_3)^2 + (p_2.p_3)^2}γ^μ ] }. (3.13)

Next we need to calculate the contribution from the new vertex, i.e., 2-fermion-2-photon vertex. The Lagrangian for this vertex is: ie^2 ⟨θ^2⟩ 96 [ A_μ(∂_αA_ν ){(∂^μψ̄)γ^α(∂^ν ψ) − (∂^νψ̄)γ^α(∂^μψ} − (∂_μA_ν ){(∂^μ∂^νψ̄) A̸ψ − ψ̄ A̸(∂^μ∂^ν ψ)} + 2A_μF_{να}{(∂^μψ̄)γ^α(∂^ν ψ) − (∂^νψ̄)γ^α(∂^μψ} ] , (3.14)

and we put all the fermions and photons on shell to simplify the calculation. This simplification is possible since in the calculation for diphoton production up to second order in θ for the 2-fermion-2-photon vertex all fermions and photons are on shell. Labeling momenta as in Fig. 3, we obtain the Feynman rule for the 2-fermion-2-photon vertex with all fermions and photons on shell: ie^2 ⟨θ^2⟩ 96 [(p_1.p_3){p^ρ_2γ^η − p^η_1 γ^ρ} +(p_1.p_4){p^η_2 γ^ρ − p^ρ_1γ^η} +( ̸p_3− ̸p_4){p^ρ_1p^η_2 − p^η_1 p^ρ_2}] . (3.15)

Putting all these rules together, the cross section up to first order in ⟨θ^2⟩/12 for diphoton production can be calculated (Fig. 4). The matrix element for diphoton production can be

FIG. 4: Feynman diagrams for e^+e^− → γγ

written as the sum of the three diagrams: iM = iM_1 + iM_2 + iM_3, with each matrix element defined below:

iM_1 = −ie^2ϵ^∗_μ(p_3)ϵ^∗_ν (p_4)v̄(p_2) [ γ^ν ̸qγ^μ t + ⟨θ^2⟩ 96 × t 2 {γ^ν ̸qγ^μ + p^ν_2 γ^μ − p^μ_1 γ^ν } ] u(p_1), (3.16)

iM_2 = −ie^2ϵ^∗_μ(p_3)ϵ^∗_ν (p_4)v̄(p_2) [ γ^μ ̸q_1γ^ν u + ⟨θ^2⟩ 96 × u 2 {γ^μ ̸q_1γ^ν + p^μ_2 γ^ν − p^ν_1 γ^μ} ] u(p_1), (3.17)

iM_3 = ie^2ϵ^∗_μ(p_3)ϵ^∗_ν (p_4) ⟨θ^2⟩ 192 v̄(p_2)

× [t{p^μ_1 γ^ν − p^ν_2 γ^μ} + u{p^ν_1 γ^μ − p^μ_2 γ^ν }

+ 2( ̸p_3− ̸p_4)(p^ν_1 p^μ_2 − p^μ_1 p^ν_2 )] u(p_1). (3.18)

It is easy to show that if either one of the polarization vectors is replaced with its momentum, the matrix element will be zero as we expect from gauge invariance. Next it is straightforward to show that the spin average square matrix element is:

|M|^2 = 2e^4 [ t u + u t − ⟨θ^2⟩ 96 (t^2 + u^2) ] . (3.19)

To first order in ⟨θ^2⟩/12 this gives the following CM differential cross section: dσ d cos θ = ( dσ d cos θ ) QED [ 1 − ⟨θ^2⟩ 192 s^2 2 sin^2 θ ] . (3.20)

TABLE I: Bhabha Scattering: Data from L3 experiment at LEP and SM Prediction.[29]. √ s(GeV) σ_{exp} ± Δ_{stat} ± Δ_{sys}(pb) σ_{SM} (pb) 130.10 51.10±2.90±0.20 56.50 136.10 49.30±2.90±0.20 50.90 161.30 34.00±1.90±1.00 35.10 172.30 30.80±1.90±0.90 30.30 182.70 27.60±0.70±0.20 26.70 188.70 25.10±0.40±0.10 24.90

IV. BOUNDS ON Λ_{N C} FROM COLLIDERS

Møller scattering experiments do not provide data at high enough energy to set a bound comparable to the one obtained from Bhabha scattering. For Bhabha scattering the bound can be extracted from a series of LEP experiments [29]. The total cross section integrated between θ_0 and 180^∘ − θ_0 predicted by our calculation can be written as:

σ = σ_{SM} + πα^2s 8Λ^4_{N C} { 25 4 a + 7 12 a^3 + 2 ln 1 − a 1 + a

}, (4.1)

with a = cos θ_0. This matches the cut introduced by the L3 experiment where θ_0 = 44^∘ is the angle relevant to the L3 detector. Here we use σ_{SM} instead of σ_{QED} to take into account the weak interaction and radiative corrections. We have neglected the noncommutative correction to higher order QED and weak interactions. We use the numerical values of the data above (TABLE I) [29], and for the theoretical prediction we add the correction due to noncommutativity obtained in the previous section to the listed SM cross section. The χ^2 function is defined as follows:

χ^2 = ∑ i ( σ^i_{exp} − σ^i_{theor} Δ^i_{exp} )^2 (4.2)

with Δ^2_{exp} = Δ^2_{stat} + Δ^2_{sys} and i sums over the energy range. Performing the χ^2 analysis over the energy range shown in TABLE I, we obtain the bound Λ_{N C} ≥ 137 GeV (95%C.L.).

A similar analysis can be performed on e^+e^− → μ^+μ^− using the data from the same

TABLE II: e^+e^− → μ^+μ^−: Data from L3 experiment and SM Prediction.[29]. √ s(GeV) σ_{exp} ± Δ_{stat} ± Δ_{sys}(pb) σ_{SM} (pb) 130.10 21.00±2.30±1.00 20.90 136.10 17.50±2.20±0.90 17.80 161.30 12.50±1.40±0.50 10.90 172.30 9.20±1.30±0.40 9.20 182.70 7.34±0.59±0.27 7.90 188.70 7.28±0.29±0.19 7.29

experiment at LEP [29]. The total cross section integrated between θ_0 and 180^∘ − θ_0 is:

σ = σ_{SM} + πα^2s 8Λ^4_{N C} a^3 3 , (4.3)

with a defined above and θ_0 = 44^∘. Fitting our theoretical prediction to LEP data (TA- BLE II) [29] using χ^2 fit will set the bound for Λ_{N C} ≥ 86 GeV (95%C.L.).

For diphoton production, the bound can be extracted from a series of experiments at LEP[30]. The total cross section integrated between θ_0 and 180^∘ − θ_0 predicted by our calculation can be written as: σ = σ_{SM} − πα^2s 16Λ^4_{N C} {a + a^3 3 }, (4.4)

with a = cos θ_0. This time the bound is obtained from an analysis done by the experimenters themselves for the purpose of bounding a generic contribution for ‘new physics.’ The bound set from diphoton production experiments at LEP, as obtained by the DELPHI collaboration and translated to our definition of noncommutativity scale is Λ_{N C} ≥ 160 GeV [30]. A similar analysis by the L3 collaboration yields a similar bound [30].

A next linear collider (NLC) with a luminosity 3.4 × 10^{34} cm^{−2} s^{−1} and center of mass energy 1.5 TeV will set a better bound for Λ_{N C} . We calculated the number of events predicted by ordinary QED at 1.5 TeV and took the statistical uncertainty from the square root of the number of events. By requiring the ‘new physics’ effect to be significant only if it can produce an effect at least 2 standard deviations away from this predicted value, a prediction for the bound that could be set for the noncommutative scale can be obtained. Our calculation for Bhabha scattering predicts a reach for Λ_{N C} ≈ 2.0 TeV, for e^+e^− → μ^+μ^− Λ_{N C} ≈ 1.7 TeV, for Møller scattering Λ_{N C} ≈ 2.7 TeV and for diphoton production Λ_{N C} ≈ 2.0 TeV. From this we can conclude that the bound obtained from these experiments will be about ≈ 2 TeV and is comparable to the energy scales where the experiments are performed.

V. CONCLUSION

We have considered the phenomenology of a Lorentz-conserving version of noncommutative QED. In this theory, spacetime coordinates are promoted to operators satisfying the DFR Lie algebra. As opposed to the Lorentz-violating canonical noncommutative theory, field theory variables have an additional dependence on the operator θ which characterizes the noncommutativity. This is handled by expanding the fields in powers of θ, and using gauge invariance and noncommutativity restrictions to determine the fields order by order in θ. Lorentz-invariance restricts interaction vertices to contain only even powers of θ, which has distinct consequences on the phenomenology of the theory. We considered various e^+e^− and e^−e^− collider processes. The cross section was calculated to second order in θ for Bhabha, Møller, and e^+e^− → μ^+μ^−scattering, as well as e^+e^− → γγ. Results were then compared to LEP 2 data, and bounds on the energy scale of noncommutativity, Λ_{N C} , were obtained. The tightest bound came from diphoton production which yielded Λ_{N C} > 160 GeV at the 95% confidence level. We also determined that an NLC running at 1.5 TeV with a luminosity of 3.4 × 10^{34} cm^{−2} s^{−1} will be able to probe Λ_{N C} up to ∼ 2 TeV.

Acknowledgments

The authors would like to thank C.D. Carone and C.E. Carlson for inspiring us to work on this project and also for very helpful discussion during the project. We thank the National Science Foundation (NSF) for support under Grant No. PHY-9900657. In addition, J.M.C.

and H.J.K. thank the NSF for support under Grant Nos. PHY-0140012 and PHY-0243768.

[1] J. Madore, S. Schraml, P. Schupp and J. Wess, “Gauge theory on noncommutative spaces,” Eur. Phys. J. C 16, 161 (2000).

[2] M. Hayakawa, “Perturbative analysis on infrared aspects of noncommutative QED on R^4,” Phys. Lett. B 478, 394 (2000).

[3] A. Armoni, “Comments on perturbative dynamics of non-commutative Yang-Mills theory,” Nucl. Phys. B 593, 229 (2001).

[4] Y. Liao, “One loop renormalization of spontaneously broken U(2) gauge theory on noncommutative spacetime,” JHEP 0111, 067 (2001) [arXiv:hep-th/0110112].

[5] M. Chaichian, P. Presnajder, M. M. Sheikh-Jabbari and A. Tureanu, “Noncommutative standard model: Model building,” arXiv:hep-th/0107055; “Noncommutative gauge field theories: A no-go theorem,” Phys. Lett. B 526, 132 (2002) [arXiv:hep-th/0107037].

[6] B. Jurčo, L. Möller, S. Schraml, P. Schupp and J. Wess, “Construction of non-Abelian gauge theories on noncommutative spaces,” Eur. Phys. J. C 21, 383 (2001).

[7] X. Calmet, B. Jurčo, P. Schupp, J. Wess and M. Wohlgenannt, “The standard model on non-commutative space-time,” Eur. Phys. J. C 23, 363 (2002) [arXiv:hep-ph/0111115]; X. Calmet and M. Wohlgenannt, “Effective field theories on non-commutative space-time,” arXiv:hep-ph/0305027.

[8] X. G. He, “Strong, electroweak interactions and their unification with noncommutative spacetime,” arXiv:hep-ph/0202223.

[9] I. Mocioiu, M. Pospelov and R. Roiban, “Low-energy limits on the antisymmetric tensor field background on the brane and on the non-commutative scale,” Phys. Lett. B 489, 390 (2000).

[10] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, “Hydrogen atom spectrum and the Lamb shift in noncommutative QED,” Phys. Rev. Lett. 86, 2716 (2001).

[11] I. Hinchliffe and N. Kersting, “CP violation from noncommutative geometry,” Phys. Rev. D 64, 116007 (2001).

[12] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, “Noncommutative field theory and Lorentz violation,” Phys. Rev. Lett. 87, 141601 (2001).

[13] C. E. Carlson, C. D. Carone and R. F. Lebed, “Bounding noncommutative QCD,” Phys. Lett.

B 518, 201 (2001).

[14] A. Anisimov, T. Banks, M. Dine and M. Graesser, “Comments on non-commutative phenomenology,” Phys. Rev. D 65, 085032 (2002) [arXiv:hep-ph/0106356].

[15] C. E. Carlson, C. D. Carone and R. F. Lebed, “Supersymmetric noncommutative QED and Lorentz violation,” Phys. Lett. B 549, 337 (2002) [arXiv:hep-ph/0209077].

[16] V. Nazaryan, “Evaluating matrix elements relevant to some Lorentz violating operators,” Phys. Rev. D 67, 017704 (2003) [arXiv:hep-ph/0210300].

[17] I. Hinchliffe and N. Kersting, “Review of the phenomenology of noncommutative geometry,” arXiv:hep-ph/0205040.

[18] J. L. Hewett, F. J. Petriello and T. G. Rizzo, “Signals for non-commutative interactions at linear colliders,” Phys. Rev. D 64, 075012 (2001).

[19] S. Godfrey and M. A. Doncheski, “Signals for non-commutative QED in e gamma and gamma gamma collisions,” Phys. Rev. D 65, 015005 (2002) [arXiv:hep-ph/0108268];

[20] C. E. Carlson and C. D. Carone, “Discerning noncommutative extra dimensions,” Phys. Rev.

D 65, 075007 (2002) [arXiv:hep-ph/0112143].

[21] E. O. Iltan, “The Z → l+ l- and W → nu/l l+ decays in the noncommutative standard model,” Phys. Rev. D 66, 034011 (2002) [arXiv:hep-ph/0204332]; “The inclusive b → s gamma decay in the noncommutative standard model,” New J. Phys. 4, 54 (2002) [arXiv:hep-ph/0204129].

[22] C. E. Carlson, C. D. Carone and N. Zobin, “Noncommutative gauge theory without Lorentz violation,” Phys. Rev. D 66, 075001 (2002) [arXiv:hep-th/0206035].

[23] K. Morita, “Lorentz-invariant non-commutative QED,” Prog. Theor. Phys. 108, 1099 (2003) [arXiv:hep-th/0209234]; H. Kase, K. Morita, Y. Okumura and E. Umezawa, “Lorentz-invariant non-commutative space-time based on DFR algebra,” Prog. Theor. Phys. 109, 663 (2003) [arXiv:hep-th/0212176].

[24] S. Doplicher, K. Fredenhagen and J. E. Roberts, “The Quantum Structure Of Space-Time At The Planck Scale And Quantum Fields,” Commun. Math. Phys. 172, 187 (1995); “Space-time quantization induced by classical gravity,” Phys. Lett. B 331, 39 (1994).

[25] H. S. Snyder, “Quantized Space-Time,” Phys. Rev. 71, 38 (1947).

[26] A. Connes and J. Lott, “Particle Models And Noncommutative Geometry (Expanded Version),” Nucl. Phys. Proc. Suppl. 18B, 29 (1991). A. Connes, “Noncommutative Geometry And Reality,” J. Math. Phys. 36 (1995) 6194; A. Connes, “Gravity coupled with matter and the foundation of non-commutative geometry,” Commun. Math. Phys. 182, 155 (1996) [arXiv:hep-th/9603053]; A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and matrix theory: Compactification on tori,” JHEP 9802, 003 (1998) [arXiv:hep-th/9711162];

[27] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999).

[28] M.E. Rose and H.A. Bethe, “Nuclear Spins and Magnetic Moments in the Hartree Model” Phys. Rev. 51, 205 (1937); J.D. Prestage, J. J. Bollinger, Wayne M. Itano, and D. J. Wineland, “Limits for Spatial Anisotropy by Use of Nuclear-Spin-Polarized^9Be^+ Ions”, Phys. Rev. Lett. 54, 2387 (1985); S. K. Lamoreaux, J. P. Jacobs, B. R. Heckel, F. J. Raab and E. N. Fortson, “New Limits On Spatial Anisotropy From Optically Pumped He-201 And Hg-199,” Phys. Rev. Lett. 57, 3125 (1986); “Optical pumping technique for measuring small nuclear quadrupole shifts in^1S_0 atoms and testing spatial isotropy”; Phys. Rev. A 39, 1082 (1989); T. E. Chupp, R. J. Hoare, R. A. Loveman, E. R. Oteiza, J. M. Richardson, M. E. Wagshul, and A. K. Thompson, “Results of a New Test of Local Lorentz Invariance: A Search for Mass Anisotropy in^{21}Ne”, Phys. Rev. Lett. 63, 1541 (1989); C.J. Berglund, L. R. Hunter, D. Krause, Jr., E. O. Prigge, M. S. Ronfeldt, and S. K. Lamoreaux, “New Limits on Local Lorentz Invariance from Hg and Cs Magnetometers,“ Phys. Rev. Lett. 75, 1879 (1995); R. L. Walsworth and D. F. Phillips, “New clock comparison tests of Lorentz symmetry,” arXiv:physics/0007062. D. Bear, R. E. Stoner, R. L. Walsworth, V. A. Kostelecky and C. D. Lane, “Limit on Lorentz and CPT violation of the neutron using a two-species noble-gas maser,” Phys. Rev. Lett. 85, 5038 (2000) [Erratum-ibid. 89, 209902 (2002)] [arXiv:physics/0007049].

[29] M. Acciarri et al. [L3 Collaboration], “Measurement of hadron and lepton-pair production at 130 GeV < √ s < 189 GeV at LEP,” Phys. Lett. B 479, 101 (2000) [arXiv:hep-ex/0002034].

[30] M. Acciarri et al. [L3 Collaboration], “Observation of multiple hard photon final states at √ s = 130 − 140 GeV at LEP,” Phys. Lett. B 384, 323 (1996); M. Acciarri et al. [L3 Collaboration], “Hard-photon production at √ s = 161 and 172 GeV at LEP,” Phys. Lett. B 413, 159 (1997);

M. Acciarri et al. [L3 Collaboration], “Hard-photon production and tests of QED at LEP,”

Phys. Lett. B 475, 198 (2000) [arXiv:hep-ex/0002036]; P. Achard et al. [L3 Collaboration], “Study of multiphoton final states and tests of QED in e+ e- collisions at √ s up to 209 GeV,” Phys. Lett. B 531, 28 (2002) [arXiv:hep-ex/0202025]; P. Abreu et al. [DELPHI Collaboration], “Determination of the e^+e^− → γγ(γ) cross-section at center-of-mass energies ranging from 189-GeV to 202-GeV,” Phys. Lett. B 491, 67 (2000) [arXiv:hep-ex/0103005]; O. J. P. Éboli, A. A. Natale and S. F. Novaes, “Bounds on effective interactions from reaction e^+e^− → γγ at LEP,” Phys. Lett. B 271, 274 (1991).