arXiv:hep-ph/0306096 v1 11 Jun 2003

SPONTANEOUS CP VIOLATION IN THE U(3) NJL MODEL

S.I. Kruglov

International Educational Centre, 2727 Steeles Ave. W, # 104, Toronto, Ontario, Canada M3J 3G9

Abstract

With the help of the functional integration method, the formation of scalar, pseudoscalar condensates, and dynamical symmetry breaking in the U(3) four-fermion model has been investigated. We show the possibility of spontaneous CP symmetry violation in the model under consideration. The bosonization procedures of the model are performed; the propagators of quarks, scalar and pseudoscalar fields are calculated in one loop approximation. The masses of the scalar and pseudoscalar mesons are evaluated.

PACS numbers: 11.30.Qc; 12.39.Fe; 12.39.Ki; 24.85.+p

1 Introduction

It is possible nowadays to derive the effective quark-meson Lagrangians from the fundamental quantum chromodynamics (QCD) Lagrangian. The reformulation of QCD in terms of hadrons has not been completed yet. Therefore, in the domain of low energy, some phenomenological models are introduced. Local effective chiral Lagrangians (ECL) [1], [2], [3] can describe low energy physics of hadrons with good accuracy. The instanton vacuum theory [4] explains the appearance of the chiral condensate which leads to the dynamical symmetry breaking (DSB) and to the effective four-quark interaction (for two flavours) [5] (see also [6], [7]). So, a contact four-fermion interaction modelling quark interactions, takes into account both quarks and mesons [8]. In such models, the gluon interactions are neglected and there is no confinement of quarks. Therefore Nambu-Jona-Lasinio (NJL) models are QCD motivated effective models with some shortcomings. In particular, NJL models make it possible to decay the scalar mesons into qq̄.

Our goal is to study the possibility of spontaneous CP symmetry violation in the NJL model. The electric dipole moments of particles violate CP-invariance and, in the framework of QCD, can be explained with the help of the θ-term. The effect of CP breaking in strong interactions is small, but the investigation of such phenomenon is important. It should be noted that the θ-term is important for the solution of the U_A(1) problem. The axial symmetry, U_A(1), is broken by the QCD anomaly. This may be explained by the interactions of light quarks and instantons which violate the U_A(1) symmetry. There is a region of quark masses [9], where CP symmetry is spontaneously broken. The CP violation leads to the exotic phenomena, the possibility of η decaying into two pions.

The present work is the generalization of [10] on the case of the U(3) group^1.

2 Model and perturbation expansion

We start with a NJL model possessing the internal symmetry group U(3) ⊗ U(3) in the chiral limit:

L(x) = −ψ(x)(γ_μ∂_μ + ^m_0)ψ(x) (1) + G 2 {[ ψ(x)λ^aψ(x) ]_2 + [ iψ(x)γ_5λ^aψ(x) ]_2} , where λ^a (a = 0, 1, ..., 8) are the Gell-Mann matrices, λ_0 = √ 2/3I_8 (I_8 is the unit 8 × 8-matrix), ∂_μ = (∂/∂x_i, −i∂/∂x_0) (x_0 is the time), γ_μ are the Dirac matrices, γ_5 = γ_1γ_2γ_3γ_4. The ^m_0 is the matrix of bare masses of the quark triplet ψ(x):

ψ(x) = diag [u(x), d(x), s(x)] , ^m_0 = diag (m_u, m_d, m_s) .

The summation over colour quark degrees of freedom n = 1, 2, ..., N_C is implied here. The chiral symmetry is broken by quark masses and dynamically by the appearance of condensates. Therefore, for simplicity, we consider only the formation of the nonet of scalar mesons and the nonet of pseudoscalar mesons π, K, η, η^′. The octets of vector and pseudovector mesons are ignored here. The U_A(1) symmetry is not broken here as the

1Mass formulas were obtained in [10] on the basis of the specific relation (constraint) between quadratic and logarithmic diverging integrals. In present paper I use the standard cutoff regularization.

Lagrangian (1) at ^m_0 = 0 is invariant under γ_5-chiral transformations. To violate this symmetry “by hands”, one can add to the Lagrangian (1) the six-quark interaction due to instantons [6]. On the other hand the U_A(1) anomaly appears because of the non-invariance of the fermion measure in the functional integral [11]. It should be noted that the QCD anomaly, U_A(1), results the existence of a ninth Goldstone boson η^′ with the greater mass compared to η.

Using the functional integration method [12], the generating functional for Green’s functions Z[η, η] = N_0 ∫ DψDψ exp { i ∫ d^4x [ L(x) + ψ(x)η(x) + η(x)ψ(x) ]} , (2)

where η, η are external sources, with the help of the replacement

N_0 = N ∫ Dϕ_aD ~ϕ_a exp { −i M^2 2 ∫ d^4x [( ~ϕ_a(x) − i g_0 M^2 ψ(x)γ_5λ^aψ(x) )_2

+ ( ϕ_a(x) − g_0 M^2 ψ(x)λ^aψ(x) )_2]} , can be cast into Z[η, η] = N ∫ DψDψDϕ_aD ~ϕ_a exp { i ∫ d^4x [ −ψ^n(x) [ γ_μ∂_μ + ^m_0 − g_0 ( ϕ_a(x) (3) +iγ_5 ~ϕ_a(x) ) λ^a ] ψ(x) − M^2 2 ( ~ϕ^2_a(x) + ϕ^2_a(x) ) + ψ(x)η(x) + η(x)ψ(x) ]} , where G = g^2_0 /M^2; g_0 is the dimensionless bare coupling constant and M is dimensional constant. Eq. (3) may be integrated over the ψ, ψ, and as a result Z[η, η] = N ∫ Dϕ_aD ~ϕ_a exp { iS[Φ] + i ∫ d^4x d^4y η(x)S_f (x, y)η(y) } , (4)

where the effective action for bosonic collective fields Φ_a(x) = ϕ_a(x) + iγ_5 ~ϕ_a(x) is given by

S[Φ] = −

M^2 2 ∫ d^4x [ ϕ^2_a(x) + ~ϕ^2_a(x) ] − iTr ln [−γ_μ∂_μ − ^m_0 + g_0Φ_a(x)λ^a] . (5)

We have used here the relation detQ = exp Tr lnQ (the Q is an operator). The operator Tr in Eq. (5) includes tracing in matrix and space-time variables. The Green function of quarks, S_f (x, y), obeys the equations

[γ_μ∂_μ + ^m_0 − g_0Φ_a(x)λ^a] S_f (x, y) = δ(x − y). (6)

The fields ϕ_a(x) and ~ϕ_a(x) form nonets of scalar and pseudoscalar (π^±, π^0, K^±, K^0, K^0, η, η^′) mesons.

The symmetric vacuum in the NJL models is not stable [8]. The physical vacuum is reconstructed which results in the appearance of condensates and dynamical breaking of the U(3) ⊗ U(3) symmetry. We imply here that the condensates are formed as follows: ⟨ψψ⟩ ≠ 0, ⟨ψλ^3ψ⟩ ≠ 0, ⟨ψλ^8ψ⟩ ≠ 0, (7) ⟨ψγ_5ψ⟩ ≠ 0, ⟨ψγ_5λ^3ψ⟩ ≠ 0, ⟨ψγ_5λ^8ψ⟩ ≠ 0. The vacuum expectation values containing the γ_5 matrix are parity and time reversal odd values, and as a result, they violate CP symmetry. To take into consideration and to determine condensates, the fields have to be “shifted” by the constants. Therefore, we make the substitution in Eqs. (5), (6)

ϕ_0(x) = ϕ^′_0(x) + σ_0, ϕ_3(x) = ϕ^′_3(x) + σ_3, ϕ_8(x) = ϕ^′_8(x) + σ_8, ϕ_i(x) = ϕ^′_i(x), (8) ~ϕ_0(x) = ~ϕ^′_0(x) + ~σ_0, ~ϕ_3(x) = ~ϕ^′_3(x) + ~σ_3, ~ϕ_8(x) = ~ϕ^′_8(x) + ~σ_8, ~ϕ_i(x) = ~ϕ^′_i(x),

where i = 1, 2, 4, 5, 6, 7; σ_0, σ_3, σ_8, ~σ_0, ~σ_3, ~σ_8 are coordinate -independent and Lorentz-invariant constants. The fields ϕ^′_a(x), ~ϕ^′_a(x) in Eqs. (8) represent quantum excitations over vacuum and are assumed to be small. The vacuum expectation values (condensates), ~σ_0, ~σ_3 and ~σ_8, break CP symmetry. Below, the condensates σ_j and ~σ_j for j = 0, 3, 8 will be obtained from the minimum of the effective potential defining the energy density of the vacuum. To formulate the perturbation theory [12], we use the saddle-point method. Taking into consideration Eqs. (8), one may rewrite Eq. (5) as follows:

S[Φ^′] = −

M^2 2 ∫ d^4x [( ϕ^′_j (x) + σ_j

)_2 + ( ~ϕ^′_j (x) + ~σ_j )_2

+ ϕ^{′2}_i + ~ϕ^{′2}_i ]

(9) −iTr ln [ −γ_μ∂_μ − ^m + i^~mγ_5 + g_0Φ^′_a(x)λ^a ] , where Φ^′_a(x) = ϕ^′_a(x) + iγ_5 ~ϕ^′_a(x), i = 1, 2, 4, 5, 6, 7; j = 0, 3, 8, ^m = diag (m_{01}, m_{02}, m_{03}) , ^~m = diag (~m_1, ~m_2, ~m_3) ,

m_{01} = m_u − g_0 √ 2 3 σ_0 + σ_3 + σ_8 √ 3 , m_{02} = m_d − g_0 √ 2 3 σ_0 − σ_3 + σ_8 √ 3 , (10)

m_{03} = m_s − g_0 √ 2 3 σ_0 −

2σ_8 √ 3 , ~m_1 = g_0 √ 2 3 ~σ_0 + ~σ_3 + ~σ_8 √ 3 ,

~m_2 = g_0 √ 2 3 ~σ_0 − ~σ_3 + ~σ_8 √ 3 , ~m_3 = g_0 √ 2 3 ~σ_0 − 2~σ_8 √ 3 . Let us consider the equality Tr ln [ −γ_μ∂_μ − ^m + i^~mγ_5 + g_0Φ^′_a(x)λ^a ] = Tr ln ( −γ_μ∂_μ − ^m + i^~mγ_5 ) + Tr ln [1 − g_0S_{0f} (x, y)Φ^′_a(x)λ^a] , where the Green function S_{0f} (x, y) obeys the equation [ γ_μ∂_μ + ^m − i^~mγ_5 ] S_{0f} (x, y) = δ(x − y). (11)

Then expanding the logarithm in small fluctuations Φ^′_a(x), the effective action (5) takes the form

S[Φ^′] = −

M^2 2 ∫ d^4x [( ϕ^′_j (x) + σ_j

)_2 + ( ~ϕ^′_j (x) + ~σ_j )_2

+ ϕ^{′2}_i + ~ϕ^{′2}_i ] (12) −iTr ln ( −γ_μ∂_μ − ^m + i^~mγ_5 ) + ∞∑ n=1 i n Tr (g_0S_{0f} Φ^′_aλ^a)^n ,

where

Tr (g_0S_{0f} Φ^′_aλ^a)^n = tr [ g^n_0 ∫ d^4x_1...d^4x_n S_{0f} (x_n − x_1)Φ^′_{a1} λ^{a1} (13) ×S_{0f} (x_1 − x_2)Φ^′_{a2} λ^{a2} ...S_{0f} (x_{n−1} − x_n)Φ^′_{an} λ^{an} ] , where the tr[...] means the tracing in matrices. The terms with n = 2, 3 in Eq. (12) define decaying and the scattering of mesons. The fields ϕ^′_a and ~ϕ^′_a in the effective action (12), after renormalization, describe the physical scalar and pseudoscalar mesons.

3 Propagators of quarks and mesons

To calculate the masses of quarks and mesons it is necessary to find the propagators of quarks and mesons. The condensates σ_j and ~σ_j for j = 0, 3, 8 can be obtained from the requirement that terms linear in fields ϕ^′_a(x), ~ϕ^′_a(x), which correspond to the “tadpole” diagrams, are absent in the effective action (12). This leads to the gap equations

δS[Φ^′] δϕ^′_j (x) |_ϕ′_{j =0} = −M^2σ_j + ig_0Tr [ S_{0f} (x, x)λ^j ] = 0, (14) δS[Φ^′] δ ~ϕ^′_j (x) |~_{ϕ′=0} = −M^2 ~σ_j (x) − g_0Tr [ S_{0f} (x, x)γ_5λ^j ] = 0.

To find a solution of Eq. (11), we write down it in the momentum space: [ i ^p + ^m − i^~mγ_5 ] S_{0f} (p) = 1, (15)

where ^p = p_μγ_μ, p_μ = (p, ip_0). It is easy to verify that the solution to Eq. (15) for the Green function is given by

S_{0f} (p) = diag

(−i ^p + m_{01} + i~m_1γ_5 p^2 + m^2_1 , −i ^p + m_{02} + i~m_2γ_5 p^2 + m^2 , −i ^p + m_{03} + i~m_3γ_5 p^2 + m^2_3 ) , (16) where

m^2_1 = m^2_{01} + ~m^2_1, m^2 = m^2_{02} + ~m^2, m^2_3 = m^2_{03} + ~m^2_3. (17) The poles of the Green function (16) define the dynamical (constituent) masses of u, d and s quarks: m_1, m_2, m_3. The scalar (σ_j ) and pseudoscalar (~σ_j ) condensates contribute to the constituent masses of all quarks. The terms containing ~m_j in Eq. (16) violate CP symmetry. Substituting Eq. (16) into Eqs. (14), one obtains a system of gap equations:

M^2σ_0 = g_0 √ 2 3 (I_1m_{01} + I_2m_{02} + I_3m_{03}) , M^2σ_3 = g_0 (I_1m_{01} − I_2m_{02}) ,

M^2σ_8 = g_0 √ 3 (I_1m_{01} + I_2m_{02} − 2I_3m_{03}) ,

M^2 ~σ_0 = −g_0 √ 2 3 (~m_1I_1 + ~m_2I_2 + ~m_3I_3) , (18)

M^2 ~σ_3 = −g_0 (~m_1I_1 − ~m_2I_2) , M^2 ~σ_8 = − g_0 √ 3 (~m_1I_1 + ~m_2I_2 − 2~m_3I_3) ,

where quadratic diverging integrals are given by

I_j = iN_C 4π^4 ∫ d^4p p^2 + m^2_j = N_C 4π^2 [ m^2_j ln ( Λ^2 m^2_j + 1 ) − Λ^2 ] , (19)

where d^4p = id^3pdp_0, the Λ is a cutoff and there is no summation in index j (j = 1, 2, 3) in Eq. (19). The self-consistent equations (18) connect such parameters of a model as the dimensional constant G, condensates σ_j (or dynamical masses of quarks) and a cutoff. The system of six gap equations (18), defining the vacuum expectations σ_j , ~σ_j , with the help of Eqs. (10) can be rewritten as

(m_u − m_{01}) = 2m_{01}GI_1, (m_d − m_{02}) = 2m_{02}GI_2, (m_s − m_{03}) = 2m_{03}GI_3, (20) − ~m_1 = 2~m_1GI_1, − ~m_2 = 2~m_2GI_2, − ~m_3 = 2~m_3GI_3. (21)

There are different solutions of gap equations (20), (21). We are interested here in the possibilities of CP violation (~m_j ≠ 0). Therefore consider the case when Eqs. (21) have non-trivial solutions. It follows from Eqs. (21) that if three vacuum expectations ~m_j (j = 1, 2, 3) do not equal zero, ~m_j ≠ 0, then I_1 = I_2 = I_3, and therefore m_1 = m_2 = m_3. This is not interesting case because the strange quark s is much heavier than the u and d quarks. Another solution is ~m_3 = 0, ~m_1 ≠ 0, ~m_2 ≠ 0. Then from Eqs. (21), we arrive at the case m_1 = m_2, ~m_1 = ~m_2, i.e. isotopic symmetry is not broken, and the gap equation becomes 2g^2_0 I_1 = −M^2 (I_1 = I_2). Comparing this equation with Eqs. (20), one makes a conclusion that m_u = m_d = 0, i.e. the chiral limit for the light quarks is realized. We expect that pions (π^±, π^0) will be massless Goldstone particles in this case. Requiring m_s ≠ 0, one arrives from Eqs. (20) to two gap equations

(m_s − m_{03}) = 2m_{03}GI_3, − 1 = 2GI_1. (22)

At the same time, if there is no CP violation, ~m_1 = ~m_2 = ~m_3 = 0, we can analyze the case m_u ≠ 0, m_d ≠ 0, m_s ≠ 0, and gap equations (20) are valid (see [6], [8] for other studies). We pay attention here in the case ~m_1 = ~m_2 ≠ 0, ~m_3 = 0, m_u = m_d = 0, which requires (see Eqs. (10))

σ_3 = ~σ_3 = 0, ~σ_0 = √ 2~σ_8. (23)

The independent parameters here are the current quark mass m_s, the cutoff Λ, and the dimensional constant G.

From Eq. (12), one may obtain the part of effective action which does not depend on coordinates: S[σ, ~σ] = − M^2 2 ∫ d^4x [ (σ_j )^2 + (~σ_j )^2 ] − iTr ln ( −γ_μ∂_μ − ^m + i^~mγ_5 ) . (24)

We can use the relation S[σ, ~σ] = − ∫ d^4x V_{ef f} [13] for the constant fields.

As a result, one may get from Eq. (24), with the help of Eq. (10), the effective potential V_{ef f} = M^2 4g^2_0 [ (m_{01} − m_u)^2 + (m_{02} − m_d)^2 + (m_{03} − m_s)^2 ] (25) + iN_C 8π^4 ∫ d^4p ln ( p^2 + m^2_1 ) ( p^2 + m^2 ) ( p^2 + m^2_3 ) . We will keep all parameters to be nonzero for the possibility to study as the case with CP violation as well as the case without CP breaking. Eqs. (18) or (20), (21) may be obtained from the condition of effective potential (25) to realize the minimum: ∂V_{ef f} ∂m_{0j} = ∂V_{ef f} ∂~m_j = 0 (j = 1, 2, 3). (26)

To obtain the mass spectrum of mesons, one needs to evaluate the terms in Eq. (12), quadratic in fields ϕ^′_a, ~ϕ^′_a. From Eq. (12) we find

S^{(2)}[Φ^′] = −

M^2 2 ∫ d^4x [ ϕ^{′2}_a + ~ϕ^{′2}_a ] + i 2 Tr (g_0S_{0f} Φ^′_aλ^a)^2 (27) ≡ − 1 2 ∫ d^4x d^4y ϕ^′_A(x)Δ^{−1}_{AB} (x, y)ϕ^′_B(y).

In the momentum space the inverse meson symmetric propagator is given by Δ^{−1}_{AB}(p) = −ig^2_0 tr [∫ d^4k (2π^4) S_{0f} (k)T_AS_{0f} (k − p)T_B ] + δ_{AB}M^2_A, (28)

where T_A = (λ^a, iγ_5λ^a), ϕ^′_A = (ϕ^′_a, ~ϕ^′_a), and we use the notation A = (a, ~a).

Evaluating the traces in Eqs. (28), we obtain the nonzero elements of the inverse propagators of the scalar (Φ^′_a(x)) mesons:

Δ^{−1}_{00} (p) = M^2 + g^2_0 2 3 (I_1 + I_2 + I_3) + 1 3 ( p^2 + 4m^2_{01} ) I_{11}(p) + 1 3 ( p^2 + 4m^2_{02} ) I_{22}(p) + 1 3 ( p^2 + 4m^2_{03} ) I_{33}(p),

Δ^{−1}_{11} (p) = Δ^{−1}_{22} (p) = M^2+g^2_0 (I_1 + I_2)+ [ p^2 + (m_{02} + m_{01})^2 + (~m_1 − ~m_2)^2 ] I_{12}(p),

Δ^{−1}_{33} (p) = M^2 + g^2_0 (I_1 + I_2) + 1 2 ( p^2 + 4m^2_{01} ) I_{11}(p) + 1 2 ( p^2 + 4m^2_{02} ) I_{22}(p),

Δ^{−1}_{44} (p) = Δ^{−1}_{55} (p) = M^2+g^2_0 (I_1 + I_3)+ [ p^2 + (m_{03} + m_{01})^2 + (~m_1 − ~m_3)^2 ] I_{13}(p),

Δ^{−1}_{66} (p) = Δ^{−1}_{77} (p) = M^2+g^2_0 (I_2 + I_3)+ [ p^2 + (m_{03} + m_{02})^2 + (~m_2 − ~m_3)^2 ] I_{23}(p), (29) Δ^{−1}_{88} (p) = M^2 + g^2_0 3 (I_1 + I_2 + 4I_3) + 1 6 ( p^2 + 4m^2_{01} ) I_{11}(p) + 1 6 ( p^2 + 4m^2_{02} ) I_{22}(p) + 2 3 ( p^2 + 4m^2_{03} ) I_{33}(p),

Δ^{−1}_{03} (p) = g^2_0 √ 2 3 (I_1 − I_2) + 1 √ 6 ( p^2 + 4m^2_{01} ) I_{11}(p) − 1 √ 6 ( p^2 + 4m^2_{02} ) I_{22}(p),

Δ^{−1}_{08} (p) = g^2_0 √ 2 3 (I_1 + I_2 − 2I_3) + √ 2 6 ( p^2 + 4m^2_{01} ) I_{11}(p) + √ 2 6 ( p^2 + 4m^2_{02} ) I_{22}(p) − √ 2 3 ( p^2 + 4m^2_{03} ) I_{33}(p), √ 2Δ^{−1}_{38} (p) = Δ^{−1}_{03} (p).

One can get from Eq. (28) the inverse propagators of pseudoscalar ( ~Φ^′_a(x)) mesons:

Δ^{−1}_{~0~0} (p) = M^2 + g^2_0 2 3 (I_1 + I_2 + I_3) + 1 3 ( p^2 + 4~m^2_1 ) I_{11}(p) + 1 3 ( p^2 + 4~m^2 ) I_{22}(p) + 1 3 ( p^2 + 4~m^2_3 ) I_{33}(p),

Δ^{−1}_{~1~1} (p) = Δ^{−1}_{~2~2} (p) = M^2 + g^2_0 (I_1 + I_2) + [ p^2 + (m_{02} − m_{01})^2 + (~m_1 + ~m_2)^2 ] I_{11}(p),

Δ^{−1}_{~3~3} (p) = M^2 + g^2_0 (I_1 + I_2) + 1 2 ( p^2 + 4~m^2_1 ) I_{11}(p) + 1 2 ( p^2 + 4~m^2 ) I_{22}(p),

Δ^{−1}_{~4~4} (p) = Δ^{−1}_{~5~5} (p) = M^2 + g^2_0 (I_1 + I_3) (30) + [ p^2 + (m_{03} − m_{01})^2 + (~m_1 + ~m_3)^2 ] I_{13}(p), Δ^{−1}_{~6~6} (p) = Δ^{−1}_{~7~7} (p) = M^2 + g^2_0 (I_2 + I_3) + [ p^2 + (m_{03} − m_{02})^2 + (~m_2 + ~m_3)^2 ] I_{23}(p),

Δ^{−1}_{~8~8} (p) = M^2 + g^2_0 3 (I_1 + I_2 + 4I_3) + 1 6 ( p^2 + 4~m^2_1 ) I_{11}(p) + 1 6 ( p^2 + 4~m^2 ) I_{22}(p) + 2 3 ( p^2 + 4~m^2_3 ) I_{33}(p),

Δ^{−1}_{~0~3} (p) = g^2_0 √ 2 3 (I_1 − I_2) + 1 √ 6 ( p^2 + 4~m^2_1 ) I_{11}(p) − 1 √ 6 ( p^2 + 4~m^2 ) I_{22}(p),

Δ^{−1}_{~0~8} (p) = g^2_0 √ 2 3 (I_1 + I_2 − 2I_3) + √ 2 6 ( p^2 + 4~m^2_1 ) I_{11}(p) + √ 2 6 ( p^2 + 4~m^2 ) I_{22}(p) − √ 2 3 ( p^2 + 4~m^2_3 ) I_{33}(p), Δ^{−1}_{~0~3} (p) = √ 2Δ^{−1}_{~3~8} (p).

Non-diagonal scalar-pseudoscalar elements of inverse propagators are given by Δ^{−1}_{~00} (p) = − 4 3 [m_{01}~m_1I_{11}(p) + m_{02}~m_2I_{22}(p) + m_{03}~m_3I_{33}(p)] ,

Δ^{−1}_{8~0} (p) = Δ^{−1}_{0~8} (p) = 2 √ 2 3 [2m_{03}~m_3I_{33}(p) − m_{01}~m_1I_{11}(p) − m_{02}~m_2I_{22}(p)] , (31) Δ^{−1}_{3~0} (p) = Δ^{−1}_{0~3} (p) = √ 2Δ^{−1}_{8~3} (p) = √ 2Δ^{−1}_{3~8} (p) = 2 √ 2 3 [m_{02}~m_2I_{22}(p) − m_{01}~m_1I_{11}(p)] ,

where the quadratic diverging integrals read I_{ij} (p) = − ig^2_0N_C 4π^4 ∫ d^4k (k^2 + m^2_i ) [ (k − p)^2 + m^2_j ] (32) = g^2_0N_C 4π^2 ln ( Λ^2 m^2_i ) − 1 − ∫_1 0 dx ln m^2_j + x ( m^2_i − m^2_j ) + p^2x(1 − x) m^2_i , and there is no summation in indexes i, j. Inverse propagators (29)-(31) define spectrum of mass for the general case including CP violation.

4 Effective action and mass spectrum of mesons

Poles of the propagators (28) give the masses of mesons which can be estimated by numerical calculations. Here we make some evaluations of meson masses. From Eqs. (29)-(31), one can find the effective action of the mesonic “free” fields S_{f ree}[Φ] = − 1 2 ∫ d^4x [ (∂_μΦ_A(x))^2 + m^2_{AB}ϕ_A(x)ϕ_B(x) ] , (33)

where A = (a, ã), ϕ_ã ≡ ~ϕ_a. The eigenvalues of the symmetric mass matrix m^2_{AB} define the mass spectrum. To obtain the mass matrix, we renormalize fields ~ϕ_a(x) = Z^{−1/2} ~ϕ^′_a(x), ϕ_a(x) = Z^{−1/2}ϕ^′_a(x), and the constant g^2 = Zg^2_0 , so that the variables gϕ_a, g ~ϕ_a are the renormalization-invariant values. It follows from Eq. (32) that the renormalization constant can be defined as follows Z^{−1} = g^2_0 N_C 4π^2 [ ln ( Λ^2 m^2_1 ) − 1 ] . (34)

It is seen from Eq. (34) that the expansion in g^2/4π^2, corresponds to the 1/N_C expansion. We imply here a cutoff Λ is chosen in such a way that g^2/4π^2 < 1. Using the gap equations (20), (21), in the leading order, we find from Eqs. (29) the elements of the mass matrix for scalar mesons:

m^2_{00} = g^2 2 3 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} + m_sI_3 m_s − m_{03} ) + 4 3 ( m^2_{01} + m^2_{02} + m^2_{03} ) , m^2_{11} = m^2_2 = g^2 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} ) + (m_{02} + m_{01})^2 + (~m_1 − ~m_2)^2 ,

m^2_{33} = g^2 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} ) + 2 ( m^2_{01} + m^2_{02} ) , m^2_{44} = m^2_{55} = g^2 ( m_uI_1 m_u − m_{01} + m_sI_3 m_s − m_{03} ) + (m_{03} + m_{01})^2 + (~m_1 − ~m_3)^2 ,

m^2_{66} = m^2_{77} = g^2 ( m_dI_2 m_d − m_{02} + m_sI_3 m_s − m_{03} ) + (m_{03} + m_{02})^2 + (~m_2 − ~m_3)^2 , (35) m^2_{88} = g^2 3 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} + 4m_sI_3 m_s − m_{03} ) + 2 3 ( m^2_{01} + m^2_{02} + 4m^2_{03} ) , m^2_{08} = g^2 √ 2 3 (I_1 + I_2 − 2I_3) + 2 √ 2 3 ( m^2_{01} + m^2_{02} − 2m^2_{03} ) , m^2_{03} = √ 2m^2_{38} = g^2 √ 2 3 (I_1 − I_2) + 2 √ 2 3 ( m^2_{01} − m^2_{02} ) . One can obtain from Eqs. (30) the elements of the mass matrix for pseudoscalar mesons:

m^2_{~0~0} = g^2 2 3 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} + m_sI_3 m_s − m_{03} ) + 4 3 ( ~m^2_1 + ~m^2 + ~m^2_3 ) ,

m^2_{~0~8} = g^2 √ 2 3 (I_1 + I_2 − 2I_3) + 2 √ 2 3 ( ~m^2_1 + ~m^2 − 2~m^2_3 ) , m^2_{~0~3} = √ 2m^2_{~3~8} = g^2 √ 2 3 (I_1 − I_2) + 2 √ 2 3 ( ~m^2_1 − ~m^2 ) , m^2_{~1~1} = m^2_{~2~2} = g^2 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} ) + (m_{02} − m_{01})^2 + (~m_1 + ~m_2)^2 ,

m^2_{~4~4} = m^2_{~5~5} = g^2 ( m_uI_1 m_u − m_{01} + m_sI_3 m_s − m_{03} ) + (m_{03} − m_{01})^2 + (~m_1 + ~m_3)^2 , (36) m^2_{~6~6} = m^2_{~7~7} = g^2 ( m_dI_2 m_d − m_{02} + m_sI_3 m_s − m_{03} ) + (m_{03} − m_{02})^2 + (~m_2 + ~m_3)^2 ,

m^2_{~3~3} = g^2 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} ) + 2 ( ~m^2_1 + ~m^2 ) , m^2_{~8~8} = g^2 3 ( m_uI_1 m_u − m_{01} + m_dI_2 m_d − m_{02} + 4m_sI_3 m_s − m_{03} ) + 2 3 ( ~m^2_1 + ~m^2 + 4~m^2_3

)_2 . Using Eqs. (31), we find non-diagonal scalar-pseudoscalar elements of the mass matrix

m^2_{~00} = − 4 3 (m_{01}~m_1 + m_{02}~m_2 + m_{03}~m_3) ,

m^2_{8~0} = m^2_{0~8} = 2 √ 2 3 (2m_{03}~m_3 − m_{01}~m_1 − m_{02}~m_2) , (37)

m^2_{3~0} = m^2_{0~3} = √ 2m^2_{8~3} = √ 2m^2_{3~8} = 2 √ 2 3 (m_{02}~m_2 − m_{01}~m_1) .

It is seen from Eqs. (35)-(37) the Goldstone nature of pseudoscalar mesons: if bare masses of quarks are zero, σ_0 = σ_3 = σ_8 = 0, ~m_j = 0, all pseudoscalar mesons are massless. We recall that if ~m_j ≠ 0 (j = 1, 2), gap equations require the chiral limit: m_u = m_d = 0. If there is no CP violation (~m_j = 0), one can consider the case m_u ≠ 0, m_d ≠ 0 to have nonzero pion masses. It follows from Eq. (37) that there is mixing of scalar ϕ_a(x) and pseudoscalar ~ϕ_a(x) fields due to the CP-violating condensates ~m_j . The fields ~ϕ_0 and ~ϕ_8 are also mixed corresponding to η − η^′ mixing. Pions, connected with the fields ~ϕ_i(x) (i = 1, 2, 3), acquire nonzero masses due to the presence of the CP-violating condensates even for zero current masses m_u = m_d = 0. At the same time in the case ~m_1 = ~m_2, ~m_3 = 0 there is less contribution of CP violating condensates to the masses of scalar mesons.

To obtain the diagonal matrix m_{AB} , one can make the transformation of the rotation group for fields ϕ_a(x), ~ϕ_a(x) (a = 0, 3, 8). For the simple mixing of fields ~ϕ_0(x), ~ϕ_8(x), one obtains

~ϕ^′_0(x) = ~ϕ_0(x) cos θ_P − ~ϕ_8(x) sin θ_P ,

(38) ~ϕ^′_8(x) = ~ϕ_0(x) sin θ_P + ~ϕ_8(x) cos θ_P ,

where tan 2θ_P = 2m^2_{~0~8}/(m^2_{~8~8} − m^2_{~0~0}). The masses of bosonic fields ~ϕ^′_0(x), ~ϕ^′_8(x) became:

m^{′2}_{~0~0} = m^2_{~0~0} cos^2 θ_P + m^2_{~8~8} sin^2 θ_P − m^2_{~0~8} sin 2θ_P , (39) m^{′2}_{~8~8} = m^2_{~0~0} sin^2 θ_P + m^2_{~8~8} cos^2 θ_P + m^2_{~0~8} sin 2θ_P .

We consider the case m_1 = m_2 when the isotopic symmetry is conserved. It follows then from Eqs. (10) that this requires the vacuum expectation value σ_3 = 0. The relation m_1 − m_u = −g( √ 2σ_0 + σ_8)/ √ 3 (after the renormalization of the constant g_0) is treated as the quark level version of the Goldberger-Treiman identity [15] with the pion decay constant ( √ 2σ_0 + σ_8)/ √ 3 = f_π = 93 MeV. We imply here a very small possible contribution of CP violating condensates to the real masses of mesons. Putting here the value of the constant [16] g = 3.628, one finds that the parameter of expansion is g^2/4π^2 = 1/N_C = 1/3. Using the freedom in the choice of the bare quark mass, we set m_u = m_d = 5.3 MeV. From the Goldberger- Treiman relation one obtains the constituent masses of the light quarks m_1 = m_2 = 342.7 MeV (~m_j = 0). It follows from Eq. (34): the covariant cutoff Λ is given by Λ = em_1 = 931.5 MeV. To find the constituent mass of the s-quark, we find from the gap equations (20) the self-consistent relation m_1(m_s − m_3)I_1 = m_3(m_u − m_1)I_3. Setting the free parameter of the s-quark current mass m_s = 166 MeV, for a given cutoff, one obtains the dynamical strange quark mass: m_3 = 570 MeV. With the help of these masses and the cutoff Λ, we calculate from Eqs. (36) the masses of π, K mesons and quark condensates m_π = 139 MeV, m_K = 494 MeV, (40) ⟨uu⟩ = ⟨dd⟩ = m_1I_1 = (−252 MeV)^3 , ⟨ss⟩ = m_3I_3 = (−268 MeV)^3 .

Masses of K mesons are degenerated here as well as masses of pions. The masses and condensates (40) are agreed with the phenomenology. The pseudoscalar η^′−η mixing angle, evaluated from Eqs. (38), is θ_P = −35^∘. Masses of η, η^′ and their mixing angle are not described correctly here because we did not take into consideration anomaly and the axial symmetry U_A(1) is not broken. It is easy to verify that the Gell-Mann–Oakes–Renner [17] relation f^2_π m^2_π = −2m_u⟨uu⟩ is approximately valid.

From Eqs. (35) we obtain the elements of the mass matrix corresponding to the nonet of scalar mesons

m_{00} = 938 MeV, m_{11} = m_{22} = m_{33} = 699 MeV, (41) m_{44} = m_{55} = m_{66} = m_{77} = 1013 MeV, m_{88} = 1128 MeV.

The mixing angle of the ϕ_0 and ϕ_8 fields is θ_S = −35^∘. Scalar and pseudoscalar fields are not mixed in the case (see Eqs. (37)) when the equality ~m_j = 0 is valid. We do not identify here the scalar mesons ϕ_a(x) with the nonet of known scalar mesons: σ(560), f_0(980), κ(900), a_0(980) due to their complicated nature: there are contributions of four-quark states and gluons in these mesons [18], [19], [20].

5 Conclusion

The model under consideration can describe CP violation in strong interactions. There is a contribution of CP violating condensates, ~m_j , to constituent masses of u, d and s quarks and to masses of scalar and pseudoscalar mesons. If the current masses of quarks equal zero, and the CP-violating condensate ~m_j = 0, all pseudoscalar mesons π, K, η, η^′ become massless Goldstone bosons. Masses of all K-mesons are degenerated in the case m_{01} = m_{02}. In this model, the appearance of CP-violating condensates leads to the chiral limit: m_u = m_d = 0 . In the particular case ~m_j = 0, when there is no CP violation, the model gives reasonable dynamical quark masses, masses of π, K mesons and quark condensates. At the same time η and η^′ mesons can not be described correctly in the framework of the model considered because the U_A(1) symmetry is not broken. To take into consideration the U_A(1)-anomaly, one may generalize the model by including the determinant six-quark interaction (due to instantons) violating U_A(1) symmetry [6].

6 Acknowledgments

I wish to thank Prof. R. L. Jaffe for useful discussions.

References

[1] S. Weinberg, The Quantum Field Theory of Fields, University Press, Vol.2, 1995.

[2] J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985).

[3] A. P. Buchvostov, S. I. Kruglov, E. A. Kuraev, “Chiral Lagrangian and Physics of Mesons of Low-Energies” in Material of the XXVIth LNPI Winter School, Elementary Particles and Atom Nucleus Physics, Leningrad, 1991, pp. 52-123.

[4] E. V. Shuryak, Nucl. Phys. B203, 93 (1982); B214, 237 (1983); D.

I. Dyakonov, V.Yu. Petrov, Nucl. Phys. B245, 259 (1984); B272, 457 (1986).

[5] G. ’t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D14, 3432 (1976).

[6] V. Bernard, R. L. Jaffe, U. G. Meissner, Nucl. Phys. B308, 753 (1988).

[7] S. I. Kruglov, Acta Phys. Pol. B21, 985 (1990).

[8] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); 124, 246 (1961); T. Eguchi, Phys. Rev. D14, 2765 (1976); S. I. Kruglov, Acta Phys. Pol. B15, 725 (1984); Sov. Phys. J. 32, 413 (1989) [Izv. VUZ. Fiz. No. 6, 5 (1989)]; M. K. Volkov, Ann. Phys. 157, 282 (1984); U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27, 195 (1991); S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992); T. Hatsuda and T. Kunihiro, Phys. Rep. 247, 221 (1994).

[9] M. Creutz, arXiv:hep-th/0303254.

[10] S. I. Kruglov, Europhysics Lett. 62, 327 (2003); arXiv:nucl-th/0302078;

arXiv:hep-ph/0211006.

[11] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979).

[12] V. P. Pervushin, H. Reinhardt, D. Ebert, Elem. Chast. At. Yad. 10, 1114 (1979).

[13] G. Jona-Lasinio, Nuovo Cim. 34, 1790 (1964); S. Coleman and E.

Weinberg, Phys. Rev. D7, 1888 (1973).

[14] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962). [15] M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 (1958). [16] R. Delbourgo and M. D. Scadron, Int. J. Mod. Phys. A13, 657 (1998). [17] M. Gell-Mann, R. Oakes and B. Renner, Phys. Rev. 175, 2195 (1968). [18] R. L. Jaffe, Phys. Rev. D15, 267, 281 (1977).

[19] D. Black, A. H. Fariborz, S. Moussa, S. Nasri and J. Schechter, Phys.

Rev. D64, 014031 (2001).

[20] N. N. Achasov, arXiv:hep-ph/0201299.