arXiv:hep-ph/0306269 v1 27 Jun 2003

Complete twist-decomposition for non-local QCD vector operators in x-space

Jörg Eilers^∗ and Bodo Geyer^† Center for Theoretical Studies and Institute of Theoretical Physics, Leipzig University, Augustusplatz 10, D-04109 Leipzig, Germany

Markus Lazar^‡ Max-Planck-Institut for Mathematics in Science, Leipzig, Inselstr. 22-26, D-04103 Leipzig, Germany (Dated: June 27, 2003)

A general procedure is introduced allowing for the complete, infinite twist decomposition of non-local vector operators in QCD off the light-cone. The method is applied to the operators ψ̄(x)γμψ(−x) and ψ̄(x)σμν x^ν ψ(−x) as well as to their matrix elements thereby determining all power (resp. target mass) corrections being relevant for the related distribution amplitudes.

PACS: 24.85.+p, 13.88.+e, 11.30.Cp Keywords: Twist decomposition, Nonlocal off-cone operators, Tensor harmonic polynomials, Target mass corrections

I. INTRODUCTION

The dependence of the non-perturbative distribution amplitudes on the momentum transfer Q^2 is very important in phenomenological considerations in QCD. In the past it became clear that the non-local light-cone expansion together with the renormalization group equation is a suitable tool to determine this dependence. Experimental applications are, for example, the parton distributions in deep inelastic scattering (DIS), the non-forward double distribution amplitudes in deeply virtual Compton scattering (DVCS) and the (vector) meson wave functions. Furthermore, it became obvious that all the phenomenological quantities appearing in the above experimental settings are related to the Compton amplitude for non-forward scattering of a virtual photon off a hadron given by

T_{μν} (P_i, Q; S_i) = i ∫ d^4x e^{iqx} ⟨ P_2, S_2 | | RT [J_μ(x/2)J_ν(−x/2) S] | |P_1, S_1⟩ , (1)

where P_1(P_2) and S_1(S_2) are the momenta and spins of the incoming (outgoing) hadrons, Q^2 = −q^2, q = q_2 − q_1 = P_1 − P_2 denotes the momentum transfer and S is the (renormalized) S−matrix.

To find an adequate representation of the Compton amplitude in terms of non-local operators on the light-cone one applies the non-local operator product expansion [1, 2, 3] to the renormalized time-ordered product occurring in the matrix element (1). This leads immediately to compact expressions for the coefficient functions and the corresponding bilocal light-cone operators. If the quark propagator near the light-cone is approximated by its most singular parts one finds the well-known expression [23] T [J_μ (κ x) J_ν (−κ x)] ≈ [ 1 2π^2 (x^2 − iϵ)^2 + m^2 8π^2 (x^2 − iϵ) ] ( g_{μν} O (κ x, −κ x) − 2 x_{(μ}O_{ν)} (κ x, −κ x) (2) −i ϵ_{μν}^{αβ} x_αO^5_β (κ x, −κ x) )

− i m 4π^2 (x^2 − iϵ) ( g_{μν} N (κ x, −κ x) + M_{[μν]} (κ x, −κ x) ) . Thereby, the ‘centered’ non-local chiral-even (axial) vector operators O^{(5)}_μ (κ x, −κx ) and the corresponding scalar operators O^{(5)} (κ x, −κ x) := x^μO^{(5)}_μ (κ x, −κx ) are given by the following (anti)symmetrized operators (here, and in

∗Electronic address: eilers@itp.uni-leipzig.de †Electronic address: geyer@itp.uni-leipzig.de ‡Electronic address: lazar@itp.uni-leipzig.de

the following, corresponding phase factors are suppressed) O_μ (κ x, −κ x) = : ψ̄ (κ x) γ_μ ψ (−κ x): − : ψ̄ (−κ x) γ_μ ψ (κ x): , (3) O^5_μ (κ x, −κ x) = : ψ̄ (κ x) γ^5γ_μ ψ (−κ x) : + : ψ̄ (−κ x) γ^5γ_μ ψ (κ x): , (4) O (κ x, −κ x) = : ψ̄ (κ x) x/ ψ (−κ x): − : ψ̄ (−κ x) x/ ψ (κ x): , (5) O^5 (κ x, −κ x) = : ψ̄ (κ x) γ^5 x/ ψ (−κ x) : + : ψ̄ (−κ x) γ^5 x/ ψ (κ x): , (6)

whereas the ‘centered’ chiral-odd skew tensor operator M_{[μν]} (κ x, −κ x) and the scalar operator N (κ x, −κ x) are given by the following (anti)symmetrized operators M_{[μν]} (κ x, −κ x) = : ψ̄ (κ x) σ_{μν} ψ (−κ x) : − : ψ̄ (−κ x) σ_{μν} ψ (κ x) : , (7) N (κ x, −κ x) = : ψ̄ (κ x) ψ (−κ x) : + : ψ̄ (−κ x) ψ (κ x): . (8) For scalar operators, like O^{(5)} (κ x, −κ x) and N (κ x, −κ x), as well as operators which can be derived from them, e.g. by applying derivatives w.r.t. x, the complete twist decomposition has been studied previously (see, Ref. [4]). Now, we extend these considerations to vector operators, like O^{(5)}_μ (κ x, −κ x) and M_μ (κ x, −κ x), the latter being obtained from the skew tensor operator M_{[μν]} (κ x, −κ x) by ‘external’ contraction with x^ν , M_μ (κ x, −κ x) := x^ν M_{[μν]} (κ x, −κ x) . (9) Obviously, the operators O^{(5)}_μ (κ x, −κ x) contribute to the leading light-cone singularity being independent of the quark-mass m and also to the lower light-cone singularities being proportional to m^2. The operator M_{[μν]} (κ x, −κ x) only contributes to quark-mass terms and is therefore not present if only leading contributions are considered. In addition, its complete twist decomposition is much more involved and will be studied separately.

All the non-perturbative distribution amplitudes which appear in the above mentioned physical processes are Fourier transforms of matrix elements whose unique input are the light-cone operators (3) – (9). Accordingly, all interesting evolution equations of the distribution amplitudes result from the renormalization group equation of these operators. This is the reason why we consider the operators themselves and not their phenomenologically relevant matrix elements.

With growing accuracy of experimental data for the various parton distribution amplitudes more and more terms of the expansion of the Compton amplitude (1) w.r.t. the variable M^2/Q^2 will become accessible, where M is the nucleon (or, eventually, the meson) mass. These terms are of quite different origin. The first source are radiative corrections and a second source are target mass corrections resulting from higher twist contributions.

According to Gross and Treiman [5] the various contributions of definite (geometric) twist τ (= canonical dimension d minus spin j) are obtained by a decomposition of the local components O_{Γα1...αn} of the bilocal operators O_Γ (κ x, −κ x) into irreducible tensor representations of the Lorentz group. As is well-known, these representations are given by traceless tensors which, in addition, are characterized by their symmetry type under index permutations. In the case of the Lorentz group SO(3, 1) there exist four generic symmetry types which we call I, II, III and IV, and which are characterized by corresponding (normalized) Young operators Y^i_{[m]}, i = 1, ..., 4, with patterns [m] of m boxes, [m] = (m), (m − 1, 1), (m − 2, 1, 1) and (m − 2, 2), respectively (for a more detailed group theoretical characterization see, e.g., Refs. [6, 7]). In case of scalar operators only the first pattern corresponding to totally symmetric tensors is relevant because Γ = I and all tensor indices are to be contracted by the symmetric tensor x^{α1} · · · x^{αm} . In case of vector operators only the first two patterns are relevant with the ‘free’ index Γ ≡ μ being symmetrized (pattern of type I) or antisymmetrized (pattern of type II) with the remaining indices α_i, i = 1, . . ., m − 1. In the case of antisymmetric and symmetric tensor operators of rank 2 also patterns III and IV, respectively, have to be taken into account.

Using this purely group theoretical procedure the (finite) twist decomposition of non-local light-cone operators in configuration space has been performed in Refs. [6, 7]. However, if one wants to calculate target mass corrections stemming from higher twist operators one is forced to consider the (infinite) twist decomposition off the light-cone. This infinite decomposition includes all trace terms which, after Fourier transformation to momentum space, lead to contributions suppressed by powers of M^2/Q^2.

The target mass corrections resulting from leading and, eventually, next-to-leading twist contributions have first been discussed by Nachtmann [8] in unpolarized deep inelastic scattering. Later on, this method has been applied to polarized deep inelastic scattering in Refs. [9, 10, 11, 12, 13]. Another method for the determination of target mass effects was first given by Georgi and Politzer [14] for unpolarized deep inelastic scattering and then extended to polarized scattering and to general electro-weak couplings by Refs. [15, 16].

However, all the above mentioned articles treated only the leading twist contributions since, up to now, a complete off-cone decomposition for non-local operators carrying free tensor indices in x-space has been possible only when their nth moments are totally symmetric allowing for the application of the group theoretical results of Bargmann and Todorov [17]. Especially, this holds for all scalar operators, see Ref. [4] for the infinite twist decomposition of such objects. But once free indices are involved the non-trivial Young patterns occur. Here, we solve that problem when one free tensor index appears.

The paper is organized as follows. Section 2 is devoted to the deduction of the complete off-cone twist decomposition of generic vector operators thereby determining all power corrections in x–space contained in these operators. In section 3 we apply these results to the operators O_μ (κ x, −κ x) and M_μ (κ x, −κ x). In section 4 the forward and non-forward matrix elements of these operators are taken thereby representing our results in a manner which can be used for further phenomenological considerations.

II. COMPLETE TWIST-DECOMPOSITION FOR GENERIC VECTOR OPERATORS IN x-SPACE

In this Chapter we solve the problem of the twist decomposition for a generic vector operator. Thereby, we make use of the polynomial technique which already has been applied in order to complete the twist-decomposition on the lightcone [6, 7]. By this method the totally symmetric part of any (local) operator is (sometimes only partly) truncated by the coordinates x^{αi} (see, Eqs. (14) and (15) below). In the following, we first list the necessary ingredients, then we briefly illustrate the method in case of scalar operators, and then we generalize to generic vector operators.

To begin with let us first perform a formal Fourier transformation of the non-local operators O_μ (κ x, −κ x) and M_{[μν]} (κ x, −κ x) followed by an expansion into local operators (here, and in the following, without changing the notation we suppress anti-symmetrization w.r.t. κ being part of the definition of the operators (3) and (7)), O_μ (κ x, −κ x) = ∫ d^4u O_μ (u) e^{iκ (ux)} = ∞∑ n=0 (iκ)^n n! O_{μ|n} (x) , (10)

M_{[μν]} (κ x, −κ x) = ∫ d^4u M_{[μν]} (u) e^{iκ (ux)} = ∞∑ n=0 (iκ)^n n! M_{[μν]|n} (x) . (11)

(For notational simplicity we understand the factor 1/(2π)^4 to be included into the measure of the Fourier transformation.) Obviously, the operators (10) and (11) are homogeneous in κ, u and x whereas those which are obtained after ‘external’ multiplication with x^μ are not. Therefore, the explicit expressions for the moments of the vector operators (3) and (9) read O_{μ|n} (x) = ∫ d^4u O_μ (u) (ux)^n = ∫ d^4u (¯ ψ γ_μψ ) (u) (ux)^n , (12)

M_{μ|n+1} (x) = ∫ d^4u M_{[μν]} (u) x^ν (ux)^n = 1 n + 1 ∫ d^4u (¯ ψ σ_{μν} ψ ) (u) ∂^ν_u (ux)^{n+1} . (13)

If we perform a local expansion of the operators without a preceding Fourier transformation, the moments O_{μ|n} (x) and M_{μ|n+1} (x) receive the following (equivalent) representation O_{μ|n} (x) = (−i)^n x^{α1} . . . x^{αn} O_{μα1...αn} , (14) M_{μ|n+1} (x) = (−i)^n x^ν x^{α1} . . . x^{αn} M_{[μν]α1...αn} , (15) with

O_{μα1...αn} = ψ̄ (0) γ_μ^↔D_{α1} . . .^↔D_{αn} ψ (0) , (16) M_{μνα1...αn} = ψ̄ (0) σ_{μν}^↔D_{α1} . . .^↔D_{αn} ψ (0) . (17) ↔ D_α is the covariant derivative, ↔ D_α =^→∂_α −^←∂_α + 2i g A_α (x) , (18)

with g being the strong coupling constant and A_α (x) the gluon field in the fundamental representation.

Let us begin with the construction of the infinite twist decomposition for generic scalar operators O (κ x, −κ x) with local components O_n (x) = (−i)^n x^{α1} . . . x^{αn} O_{α1...αn} . Using the group theoretic results of Bargmann and Todorov

[17] this decomposition reads

O_n (x) =

[^n_2 ]∑ j=0 c (j, n) ( x^2 )_j H_{n−2j} ( x^2, □ ) □^j O_n (x) , (19)

with the projection operator H_n ( x^2, □ ) onto traceless homogeneous polynomials of degree n,

H_n ( x^2, □ ) = [^n_2 ]∑ k=0 d (k, n) ( x^2 )_k □^k ≡ [^n_2 ]∑ k=0 (−1)^k (n − k)!

4^k k! n! ( x^2 )_k □^k ; (20)

thereby, the corresponding coefficients are given by c (j, n) = (n + 1 − 2j)!

4^j j! (n + 1 − j)!

, (21) d (k, n) = (−1)^k (n − k)!

4^k k! n!

. (22)

The (dimensionless) projector H_n ( x^2, □ ) is obtained as the unique solution of the requirement of tracelessness of a (scalar) homogeneous polynomial of degree n according to □ H_n ( x^2, □ ) O_n (x) = 0 . (23)

Formula (19) provides us with a separation of the traceless operators of definite twist, H_{n−2j} ( x^2, □ ) □^j O_n (x), from the trace terms, ( x^2 )_j , which are obtained by contracting the indices of the various products of the metrics by x^α’s. Since scalar operators always obey symmetry type I, all traceless scalar operators are automatically of definite twist and, therefore, no further symmetrization is necessary. This key observation can be generalized also to operators with free tensor indices (which however require subsequent application of Young symmetrizers, see below).

With the notations (20) – (22), after exchanging the summations and changing summation indices from (j, k) to (j, r = k + j), the result (19) can be rewritten in the form

O_n (x) =

[^n_2 ]∑ r=0 ( x^2 )_r □^r r∑ j=0 c (j, n) d (r − j, n − 2j) O_n (x) . (24) Since the undecomposed operator O_n (x) occurs on both sides of the equation the differential operator on the right hand side must be equal to the identity I. This is only possible if the coefficients c and d fulfill the equations r∑ j=0 c (j, n) d (r − j, n − 2j) = δ_{0r} for r = 0, . . ., [n 2 ] , (25)

which can be checked by explicit calculation. In this sense, c and d are inverse to each other. However, if c is regarded as an unknown coefficient, equation (25) can be used to determine c since d is already defined by the projection operator (20).

Now, we generalize these observations to the case of the vector operators under consideration, O_μ and M_μ, which generically will be denoted by O_μ. First, in order to get an ansatz which provides us with an analogous separation of the trace terms from the traceless operators we have to specify which kind of trace terms could appear. Obviously, all possible traces of the operators O_{μα1...αn} and M_{[μν]α1 ...αn} are multiplied by products of metrics g_{βiβj} with {β_i} = {μ, ν, α_1, . . ., α_n}. After contraction with the symmetric tensor x^{α1} . . . x^{αn} these metrics obtain the form of products of x^2, x_μ, x_ν and g_{μν} depending on the number of x^α’s being contracted with the different g_{βiβj} . Since we are dealing with vector operators or operators being antisymmetric in μ and ν only two types of trace terms appear, namely, x^2-traces and x_α-traces.

Traces of type x^2 must be multiplied by a traceless vector operator (carrying the free index α) and traces of type x_α must be multiplied by a traceless scalar operator. Therefore, a preliminary ansatz reads

O_{α|n} (x) = [^{n+1}_2 ]∑ j=0 [ ( x^2 )_j H^ρ_{α|n−2j} (x, ∂) + x_α ( x^2 )_{j−1} H^ρ_{n+1−2j} (x, ∂) ] O_{ρ|n} (x) , (26) where H^ρ_{α|n−2j} (x, ∂) is a projection operator on traceless vector operators of order n − 2j and H^ρ_{n+1−2j} (x, ∂) is a projection operator on scalar traceless operators of order n + 1 − 2j. The most general ansatz for these projectors is H^ρ_{α|n−2j} (x, ∂) = c_1 (j, n) · H^ρ_{α|n−2j} (x, ∂) □^j (27) + c_2 (j, n) · ∂_α H_{n+1−2j} ( x^2, □ ) □^{j−1} ∂^ρ + c_3 (j, n) · ∂_α H_{n+1−2j} ( x^2, □ ) □^j x^ρ , H^ρ_{n+1−2j} (x, ∂) = c_4 (j, n) · H_{n+1−2j} ( x^2, □ ) □^{j−1} ∂^ρ (28) + c_5 (j, n) · H_{n+1−2j} ( x^2, □ ) □^j x^ρ , where H^ρ_{α|n} (x, ∂) is the (primary) projector onto traceless homogeneous polynomials of degree n bearing a free Lorentz index and obeying the defining equations □ H^ρ_{α|n} O_{ρ|n} (x) = 0 , ∂^α H^ρ_{α|n} O_{ρ|n} (x) = 0 , (29) which has been determined already in Refs. [6, 7], H^ρ_{α|n} (x, ∂) = [ δ^ρ_α − 1 (n + 1)^2 ( n x_α − 1 2 x^2 ∂_α ) ∂^ρ ] H_n ( x^2, □ ) (30)

= δ^ρ_α H_n ( x^2, □ ) − 1 n (n + 1)^2 x_α H_{n−1} ( x^2, □ ) d^ρ .

Here, the set of traceless vector operators is enlarged by differentiated scalar traceless operators, which is allowed since a differentiation does not destroy the condition of tracelessness. Namely, by construction, H^ρ_{α|n−2j} O_{ρ|n} (x) and H^ρ_{n+1−2j} O_{ρ|n} (x) fulfill the equations (in the following, the arguments of the projectors H and H will be omitted)

□ H^ρ_{α|n−2j} O_{ρ|n} (x) = 0 , ∂^α H^ρ_{α|n−2j} O_{ρ|n} (x) = 0 , □ H^ρ_{n+1−2j} O_{ρ|n} (x) = 0 . (31)

Above, for later convenience we introduced the operators

x_α = x_α(x∂ + 1) −^1_2 x^2 ∂_α , (32)

d_α = (x∂ + 1)∂_α −^1_2 x_α □ , (33)

with the properties

x_α H_n ( x^2, □ ) = H_{n+1} ( x^2, □ ) x_α (x∂ + 1), (34)

(x∂ + 1) ∂_α H_n ( x^2, □ ) = H_{n−1} ( x^2, □ ) d_α . (35)

Using these relations it is easily seen that also the following equation holds,

x^β H^ρ_{β|n} = H_{n+1} x^ρ , (36)

reflecting the fact that a traceless vector operator remains traceless once it is contracted with x. Let us also introduce the generators of angular-momentum, X_{[μν]} = −x_{[μ} ∂_{ν]}, and of dilations, X = x∂ + 1, which commute with H_n, [ X, H_n ] = 0, [ X_{[μν]}, H_n ] = 0 . (37)

d_σ is a generalization of the interior derivative on the light-cone which has been introduced by Bargman and Todorov [17]. It is nilpotent on the light-cone but off the light-cone the square is proportional to x^2:

d^σd_σ =^1_4 x^2 □^2 . (38)

Let us remark, that the operators X, x_μ, d_μ and X_{[μν]} obey the conformal algebra also off the light-cone.

The set of unknown objects is now reduced to the coefficients c_1 to c_5 which can be determined by the same argument as has been used in the scalar case to fix the coefficient c. We therefore expect five equations similar to (25), which have to be solved iteratively in r. As a preparatory step we insert the explicit expressions for H^ρ_{α|n} and

H_n into the equations (27) and (28) and perform the necessary differentiations followed by a change of summation

indices from (j, k) to (j, r). The result for the five coefficients c_1(j, n) to c_5(j, n) is:

[^n_2 ]∑ j=0 ( x^2 )_j c_1 (j, n) H^ρ_{α|n−2j} □^j O_{ρ|n} (x) (39)

= [^n_2 ]∑ r=0 r∑ j=0 c_1 (j, n) · d (r − j, n − 2j) ( x^2 )_{r−1} (n + 1 − 2j)^2 × [ ( r − j + (n + 1 − 2j)^2 ) x^2 δ^ρ_α □ − 2 (r − j) (n + 1 − r − j) x_α x^ρ □

− (n − r − j) x^2 x_α ∂^ρ □ + (r − j) x^2 x^ρ ∂_α □ + 1 2 ( x^2

)_2 ∂_α ∂^ρ □ ] □^{r−1} O_{ρ|n} (x) , [^{n+1}_2 ]∑ j=0 ( x^2 )_j c_2 (j, n) ∂_α H_{n+1−2j} ∂^ρ □^{j−1} O_{ρ|n} (x) (40)

= [^{n+1}_2 ]∑ r=0 r∑ j=0 c_2 (j, n) · d (r − j, n + 1 − 2j) ( x^2 )_{r−1} [ 2 (r − j) · x_α ∂^ρ + x^2 ∂_α ∂^ρ ] □^{r−1} O_{ρ|n} (x) , [^{n+1}_2 ]∑ j=0 ( x^2 )_j c_3 (j, n) ∂_α H_{n+1−2j} □^j x^ρ O_{ρ|n} (x) (41)

= [^{n+1}_2 ]∑ r=0 r∑ j=0 c_3 (j, n) · d (r − j, n + 1 − 2j) ( x^2 )_{r−1}

× [ x^2 δ^ρ_α □ + 2 (r − j) · x_α x^ρ □ + 4 r (r − j) · x_α ∂^ρ + x^2 x^ρ ∂_α □ + 2 r · x^2 ∂_α ∂^ρ ] □^{r−1} O_{ρ|n} (x) , [^{n+1}_2 ]∑ j=0 ( x^2 )_{j−1} c_4 (j, n) x_α H_{n+1−2j} ∂^ρ □^{j−1} O_{ρ|n} (x) (42)

= [^{n+1}_2 ]∑ r=0 r∑ j=0 c_4 (j, n) · d (r − j, n + 1 − 2j) ( x^2 )_{r−1} [ x_α ∂^ρ ] □^{r−1} O_{ρ|n} (x) , [^{n+1}_2 ]∑ j=0 ( x^2 )_{j−1} c_5 (j, n) x_α H_{n+1−2j} □^j x^ρ O_{ρ|n} (x) (43)

= [^{n+1}_2 ]∑ r=0 r∑ j=0 c_5 (j, n) · d (r − j, n + 1 − 2j) ( x^2 )_{r−1} [ x_α x^ρ □ + 2 r · x_α ∂^ρ ] □^{r−1} O_{ρ|n} (x) . Looking onto these equations we observe five independent tensor structures of dimension zero,

(x^2)^{r−1} { x^2 δ^ρ_α □ , x_α x^ρ □ , x_α ∂^ρ , x^2 x^ρ ∂_α □ , x^2 ∂_α ∂^ρ } □^{r−1} , (44)

which should be taken as basis of reference operators. Now we collect all terms belonging to the structures (44) by

imposing the constraint

[^{n+1}_2 ]∑ j=0 (( x^2 )_j H^ρ_{α|n−2j} + x_α ( x^2 )_{j−1} H^ρ_{n+1−2j} )_!

= δ^ρ_α , (45)

which again reflects the fact that the trace decomposition (26) must be a formal representation of δ^ρ_α. As expected we find a set of five equations which, in the order of the reference operators, read: r∑ j=0 { c_1 (j, n) d (r − j, n − 2j) (n + 1 − 2j)^2 + r − j (n + 1 − 2j)^2

+ c_3 (j, n) d (r − j, n + 1 − 2j) } = δ_{0r} , (46) r∑ j=0 { c_1 (j, n) d (r − j, n − 2j) 2 (r − j) (n + 1 − r − j) (n + 1 − 2j)^2 − d (r − j, n + 1 − 2j) [ 2 (r − j) c_3 (j, n) + c_5 (j, n) ]} = 0 ,

(47) r−1∑ j=0 c_1 (j, n) d (r − 1 − j, n − 2j) n − r − 1 − j (n + 1 − 2j)^2

(48)

− r∑ j=0 d (r − j, n + 1 − 2j) [ 2 (r − j) c_2 (j, n) + 4 r (r − j) c_3 (j, n) + c_4 (j, n) + 2 rc_5 (j, n) ] = 0 , r∑ j=0 { c_1 (j, n) d (r − j, n − 2j) r − j (n + 1 − 2j)^2

+ c_3 (j, n) d (r − j, n + 1 − 2j) } = 0 , (49) r−1∑ j=0 c_1 (j, n) d (r − 1 − j, n − 2j) 1 2 (n + 1 − 2j)^2 + r∑ j=0 d (r − j, n + 1 − 2j) [ c_2 (j, n) + 2 rc_3 (j, n) ] = 0 . (50)

The shift r → r − 1 in the first term of equations (48) and (50) is due to the fact that the third and the fifth of the structures (44) are shifted by r → r + 1 in equation (39). For r = 0 these two sums are empty. This shift must be compensated otherwise c_1 would not contribute to the correct power of r.

The set of equations (46) – (50) can be regarded as a generalization of equation (25). It can be solved iteratively starting with r = j = 0. We find c_1 (0, n) = 1 and c_i (0, n) = 0, i = 2, ..., 5. Then, we insert this solution into the set of linear equations for r = 1. The resulting system is easily solved and the solution determines c_1 (2, n) to c_5 (2, n), and so on. This iterative procedure leads to the following general solution for c_1 to c_5:

c_1 (j, n) =

(n + 1 − 2j)! 4^j j! (n + 1 − j)!

= c (j, n) , (51)

c_2 (j, n) = −

2j (n + 1 − 2j)!

4^j j! (n + 3 − 2j) (n + 1 − j)! = − 2j n + 3 − 2j · c (j, n) , (52) c_3 (j, n) = j (n + 1 − 2j)!

4^j j! (n + 3 − 2j) (n + 2 − j)! = 1 2 (n + 2 − j) 2j n + 3 − 2j · c (j, n) , (53) c_4 (j, n) =

4j (n + 2 − 2j)!

4^j j! (n + 3 − 2j) (n + 1 − j)!

= 2 (n + 2 − 2j) 2j n + 3 − 2j · c (j, n) , (54) c_5 (j, n) = −

2j (n + 2 − 2j)!

4^j j! (n + 3 − 2j) (n + 2 − j)! = − (n + 2 − 2j) (n + 2 − j) 2j n + 3 − 2j · c (j, n) . (55) For a direct proof of the above solution we should have a closer look at (46) and (49). A subtraction of both equations yields a relation for c_1 (j, n) which coincides with Eq. (25). c_1 (j, n) is therefore identical to c (j, n) given by Eq. (21). The proof of the remaining solutions (52) to (55) for c_2 (j, n) to c_5 (j, n) is obtained by induction. Let us show this for c_3. Namely, inserting c_1 into Eq. (49) it is easily seen that this equation is valid for r = 0 and for r = 1. Now, assume that (53) is valid for c_3(r, n), then Eq. (49) is chosen for r + 1 and resolved w.r.t. c_3(r + 1, n),

c_3 (r + 1, n) = − r∑ j=0 c (j, n) d (r + 1 − j, n − 2j) n + 1 − 2j ( r + 1 − j n + 1 − 2j + j (n − r − j) (n + 2 − j) (n + 3 − 2j) ) .

Performing this sum we find the desired solution for c_3 (r + 1, n),

c_3 (r + 1, n) =

(r + 1) ( n + 1 − 2 (r + 1) ) ! 4^{r+1} ( n + 3 − 2 (r + 1) ) (r + 1)! ( n + 2 − (r + 1) ) ! . One can now continue to prove by induction also the remaining three results for c_2, c_4 and c_5. We omit the explicit calculations since they yield no additional information.

Now, inserting the solution for c_1 to c_5 into the projectors (27) and (28) of the decomposition (26) we get the complete trace decomposition as follows

O_{α|n} (x) = [^{n+1}_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! ( x^2 )_{j−1} [ x^2 H^ρ_{α|n−2j} □ (56)

+ 4j (n + 3 − 2j)(n + 2 − j) x_α H_{n+1−2j} d^ρ ] □^{j−1}O_{ρ|n}(x) . This is the generalization of the scalar trace decomposition (19) to vector operators carrying a free index α.

In the scalar case the trace decomposition already is equal to the infinite twist decomposition because traceless scalar operators always have well-defined twist. However, once free indices are involved we need to apply suitable projection operators onto the desired symmetry type. As has been mentioned before there exist two different symmetry types I and II when only one free index occurs. The corresponding Young projection operators have to be adjusted to the polynomial method. They have been determined in Refs. [4, 6] and are given by Y^{1 α}_{μ|n} = 1 n + 1

∂_μ x^α , (57) Y^{2 α}_{μ|n} = 2 n + 1 x^σ δ^α_{[μ} ∂_{σ]} . (58)

As is easily proven, Y^{1 α}_{μ|n} and Y^{2 α}_{μ|n} fulfill the correct projection properties, 2∑ k=1 Y^{k α}_{μ|n} O_{α|n} (x) = δ^α_μ O_{α|n} (x) , (59) Y^{k μ}_{ν|n} Y^{l α}_{μ|n} O_{α|n} (x) = δ^k_l Y^{l α}_{ν|n} O_{α|n} (x) . (60) Now, we must have a closer look at the trace decomposition (56) in order to see where the representation (59) of δ^α_μ must be inserted:

(a) In the second term of the expansion, behind the terms (x^2)^{j−1}x_α, only traceless scalar operators occur belonging to symmetry type I. Therefore, they have already well-defined twist which is not destroyed by applying ∂_α. (b) In the first term, however, the operator H^ρ_{α|n−2j} □^j O_{ρ|n} (x), despite being traceless, has no well-defined twist because it has no definite symmetry behavior and, therefore, here we must insert the decomposition (59). (c) Furthermore, the expansion (56) must have a definite overall-symmetry. So we have to multiply the whole expression with the decomposition of δ^α_μ .

Following these arguments we find

O_{μ|n} (x) = 2∑ k=1 Y^{k α}_{μ|n} [^n_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! ( x^2 )_{j−1} [ x^2 2∑ l=1 Y^{l β}_{α|n−2j} H^ρ_{β|n−2j} □ (61)

+ 4j (n + 3 − 2j)(n + 2 − j) x_α H_{n+1−2j} d^ρ ] □^{j−1}O_{ρ|n}(x) .

Let us remark that the symmetry projectors Y^{k α}_{μ|n} and Y^{l β}_{α|n} in (61), although being of the same form (57) and (58), respectively, depending on their symmetry type k and l have a different interpretation. If a symmetry projector acts on a traceless operator it generates an operator of well-defined twist whereas the global projectors Y^{k α}_{μ|n} fix the symmetry of the undecomposed operator. According to this, the symmetry properties of the operators of well-defined twist are nested within the decomposition of the different global Young patterns being determined by appropriate symmetry projectors.

To find the infinite twist-decomposition in x-space we must now apply all symmetry projectors Y^{k α}_{μ|n}. This is done by calculating the following expressions, Y^{k α}_{μ|n} ( x^2 )_{j−1} x_α H_{n+1−2j} for k = 1, 2 , Y^{k α}_{μ|n} ( x^2 )_j Y^{l β}_{α|n−2j} H^ρ_{β|n−2j} for k, l = 1, 2 , (62) in terms of operators of well-defined twist. We begin with k = 1 which corresponds to symmetry type I. The calculation is almost trivial and we find Y^{1 α}_{μ|n} ( x^2 )_{j−1} x_α H_{n+1−2j} = n + 3 − 2j 2 (n + 1) ∂_μ ( x^2 )_j H_{n+1−2j} , (63) Y^{1 α}_{μ|n} ( x^2 )_j Y^{1 β}_{α|n−2j} H^ρ_{β|n−2j} = 1 n + 1 ∂_μ ( x^2 )_j H_{n+1−2j} x^ρ , (64) Y^{1 α}_{μ|n} ( x^2 )_j Y^{2 β}_{α|n−2j} H^ρ_{β|n−2j} = 0 , (65) where we have used the relation (36). Inserting these results into the expansion (61) we find the infinite twistdecomposition for vector operators of symmetry type I as it already has been given in Ref. [4], Chapter III.C,

Y^{1 ρ}_{μ|n} O_{ρ|n} (x) = 1 n + 1

[^{n+1}_2 ]∑ j=0 (n + 2 − 2j)!

4^j j! (n + 2 − j)! ∂_μ ( x^2 )_j H_{n+1−2j} □^j x^ρ O_{ρ|n} (x) . (66)

This result also shows, that the trace decomposition (56) fulfills the consistency condition x^α O_{α|n} (x) = O_{n+1} (x) which must hold since an infinite twist-decomposition of symmetry type I always reduces to the infinite twist decomposition of a scalar operator for any number of free indices. All indices are then freed from their contraction with the coordinates by partial differentiations, see Ref. [4], page 121, for the details.

The calculation for k = 2 is a little bit more involved but leads straightforwardly to the following result: Y^{2 α}_{μ|n} ( x^2 )_{j−1} x_α H_{n+1−2j} = −

2 (n + 2 − j)

n + 1 ( x^2 )_{j−1} x^σ X_{[μσ]} H_{n+1−2j} , (67) Y^{2 α}_{μ|n} ( x^2 )_j Y^{1 β}_{α|n−2j} H^ρ_{β|n−2j} = 4 j (n + 1) (n + 1 − 2j) ( x^2 )_{j−1} x^σ X_{[μσ]} H_{n+1−2j} x^ρ , (68) Y^{2 α}_{μ|n} ( x^2 )_j Y^{2 β}_{α|n−2j} H^ρ_{β|n−2j} = 2 n + 1 − 2j ( x^2 )_j x^σ ( δ^ρ_{[μ} ∂_{σ]} + 1 n + 1 − 2j

X_{[μσ]} ∂^ρ ) H_{n−2j} . (69)

Again, we have used the relation (36). Inserting these results into the expansion (61) we find the following decomposition:

Y^{2 ρ}_{μ|n} O_{ρ|n} (x) = [^{n+1}_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! [ ( x^2 )_j x^σ 2 n + 1 − 2j ( δ^ρ_{[μ} ∂_{σ]} + 1 n + 1 − 2j

X_{[μσ]} ∂^ρ ) H_{n−2j} □^j O_{ρ|n}

+ 8j (n + 2 − 2j) (n + 3 − 2j)(n + 1 − 2j) ( x^2 )_{j−1} x^σ X_{[μσ]} H_{n+1−2j} ( 1 n + 1 □^j x^ρ − □^{j−1} ∂^ρ ) O_{ρ|n} ] .(70)

At this point we introduce the complete set of local operators of well-defined twist which appear in the resulting infinite twist-decomposition:

First we define two scalar operators which appear behind x_μ-traces,

O^{tw(τ0+2j) A} n+1−2j (x) := Hn+1−2j □ j x^ρ O_{ρ|n} (x) , (71)

O^{tw(τ0 +2j) B} n+1−2j (x) := Hn+1−2j □ j−1 ∂^ρ O_{ρ|n} (x) , j ≥ 1. (72) Secondly, we define two vector operators which are deduced from the previous two scalar operators by a differentiation ∂_μ and multiplication with the pre-factor 1/ (n + 1 − 2j), which is included for later convenience,

O^{tw(τ0+2j) A} μ|n−2j (x) := 1 n + 1 − 2j

∂_μ O^{tw(τ0 +2j) A}

n+1−2j (x) (73) = 1 (n + 1 − 2j)^2

H_{n−2j} d_μ □^j x^ρ O_{ρ|n} (x) , (74)

O^{tw(τ0 +2j) B} μ|n−2j (x) := 1 n + 1 − 2j

∂_μ O^{tw(τ0 +2j)B}

n+1−2j (x) (75) = 1 (n + 1 − 2j)^2

H_{n−2j} d_μ □^{j−1} ∂^ρ O_{ρ|n} (x) , j ≥ 1 . (76)

Finally, we define an antisymmetric tensor operator and a related vector operator,

O^{tw(τ0 +1+2j) C} [μσ]|n−1−2j (x) := 2 n + 1 − 2j ( δ^ρ_{[μ} ∂_{σ]} + 1 n + 1 − 2j

X_{[μσ]} ∂^ρ ) H_{n−2j} □^j O_{ρ|n} (x) (77) = 2 (n − 2j) (n + 1 − 2j) H_{n−1−2j} ( δ^ρ_{[μ} d_{σ]} + 1 n + 1 − 2j

X_{[μσ]} d^ρ ) □^j O_{ρ|n} (x) , (78)

O^{tw(τ0 +1+2j) C} μ|n−2j (x) := x σ O^{tw(τ0 +1+2j) C} [μσ]|n−1−2j (x) . (79) Obviously, these scalar, vector and tensor operators vanish for j >

[_{n+1} 2 ] , [_n 2 ] and [_{n−1} 2 ] , respectively, by construction.

Here, τ_0 denotes the minimal twist of the operator O_μ (κ x, −κ x), given by its canonical dimension d minus its spin j, thereby also observing external contractions with x^μ and/or ∂^μ:

(i) For the vector operator O_μ (κ x, −κ x) we find τ_0 = 2. Then, the first four operators (71) – (75) are of even twist beginning with twist-2 and the last two operators of type C are of odd twist beginning with twist-3 . (ii) For the operator M_μ (κ x, −κ x) we find τ_0 = 1. In that case operators of type (71) and (73) do not exist due to the ‘internal’ antisymmetry of M_μ not allowing symmetry type I which is related to operators of type A. It is important to remark that τ_0 only enumerates the twist content of various operators but has no major impact on the twist decomposition itself.

The first two scalar operators, O^{tw(τ0+2j) A}_{n+1−2j} (x) and O^{tw(τ0+2j) B}_{n+1−2j} (x), lie in the tensor space T (_{n+1−2j} 2 ,^{n+1−2j}_2 ) while the two related vector operators, O^{tw(τ0+2j) A}_{μ|n−2j} (x) and O^{tw(τ0+2j) B}_{μ|n−2j} (x), lie in the space T (_{n−2j} 2 ,^{n−2j}_2 ) . The

forth operator, O^{tw(τ0 +1+2j) C}

[μσ]|n−1−2j (x), lies in the space T (_{n−2j} 2 ,^{n−2−2j}_2 ) ⊕ T (_{n−2−2j} 2 ,^{n−2j}_2 ) and the related vector operator in T (_{n+1−2j} 2 ,^{n−1−2j}_2 ) ⊕ T (_{n−1−2j} 2 ,^{n+1−2j}_2 ) . The four operators of type A and B correspond to symmetry type I while the tensor or vector operators (77) and (79) correspond to symmetry type II.

The definition of the operators (71) – (79) is motivated by the polynomial technique. Namely, as already has been explained the terms proportional to x^2 and x_α are trace terms being multiplied by traceless operators. It is therefore convincing to include the derivative ∂_μ together with 1/ (n + 1 − 2j) in (73) and (75) into the definition of the vector operators O^{tw(τ0 +2j) A} μ|n−2j (x) and O tw(τ_0+2j) B μ|n−2j (x). With the same argument we include x

σ into the definition

of O^{tw(τ0 +1+2j) C}

μ|n−2j (x). The vector operators obey the relations

x^μ O^{tw(τ0+2j) A/B} μ|n−2j (x) = O tw(τ_0 +2j) A/B n+1−2j (x) , (80)

x^μ O^{tw(τ0 +1+2j) C} μ|n−2j (x) = 0 . (81) The first of these relations is obtained due to the factor 1/ (n + 1 − 2j), the second one due to the ‘internal’ antisymmetry of the vector operator (79).

We have written the operators O^{tw(τ0 +2j) A} μ|n−2j (x), O tw(τ_0 +2j) B μ|n−2j (x) and O tw(τ_0 +1+2j) C [μσ]|n−1−2j (x) also in the form (74), (76)

and (78) because in the on-cone limit, x^2 → 0, the projector H_n reduces to the identity.

With these definitions the expansion (66) related to symmetry type I, i.e., totally symmetric local operators, reads

Y^{1 ρ}_{μ|n} O_{ρ|n} (x) = 1 n + 1

[^{n+1}_2 ]∑ j=0 (n + 2 − 2j)!

4^j j! (n + 2 − j)! ∂_μ ( x^2 )_j O^{tw(τ0 +2j) A}

n+1−2j (x) (82)

= 1 n + 1

[^{n+1}_2 ]∑ j=0 (n + 2 − 2j)!

4^j j! (n + 2 − j)! ( x^2 )_{j−1} [ x^2 (n + 1 − 2j) O^{tw(τ0 +2j) A} μ|n−2j (x) + 2j xμ O tw(τ_0+2j) A n+1−2j (x) ] ,

and the expansion (70), globally related to symmetry type II, reads

Y^{2 ρ}_{μ|n} O_{ρ|n} (x) = [^{n+1}_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! ( x^2 )_{j−1} x^σ

× [ x^2 O^{tw(τ0+1+2j) C} [μσ]|n−1−2j − 8j (n + 2 − 2j) n + 3 − 2j x_{[μ} ( 1 n + 1

O^{tw(τ0+2j) A} σ]|n−2j − O tw(τ_0 +2j) B σ]|n−2j )]

= [^{n+1}_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! ( x^2 )_{j−1} (83)

× [ x^2 O^{tw(τ0+1+2j) C} μ|n−2j + 4j (n + 2 − 2j)

n + 3 − 2j { x^2 ( 1 n + 1

O^{tw(τ0+2j) A} μ|n−2j − O tw(τ_0 +2j) B μ|n−2j )

− x_μ ( 1 n + 1

O^{tw(τ0+2j) A} n+1−2j − O tw(τ_0 +2j) B n+1−2j ) }] . Now, putting together both contributions, Eqs. (82) and (83), we finally obtain the infinite twist-decomposition of the complete local operator as follows:

O_{μ|n} (x) = [^{n+1}_2 ]∑ j=0 (n + 1 − 2j)!

4^j j! (n + 1 − j)! ( x^2 )_{j−1} [ x^2 O^{tw(τ0+1+2j) C} μ|n−2j (x) (84)

+ n + 2 − 2j n + 3 − 2j { 1 n + 2 − j ( (n + 3) x^2 O^{tw(τ0+2j) A} μ|n−2j (x) − 2j xμ O tw(τ_0 +2j) A n+1−2j (x) )

− 4j ( x^2 O^{tw(τ0+2j) B} μ|n−2j (x) − xμ O tw(τ_0 +2j) B n+1−2j (x) ) }] . At this stage we observe that one can add up both twist contributions appearing behind the x_μ trace terms to a single operator. Namely, we find an expression containing the generalized interior derivative d^ρ:

−^1_2 O^{tw(τ0 +2j) A}

n+1−2j (x) + (n + 2 − j) O tw(τ_0 +2j) B n+1−2j (x) = Hn+1−2j d ρ □^{j−1} O_{ρ|n} (x) . (85) However, since the vector operators of type A and B cannot be combined in similarly this may just be a coincidence. Furthermore, vector operators of type B do not appear in the on-cone limit while vector operators of type A are present in this case. One can therefore not expect to find a useful combination of these operators in terms of d^ρ. Of course, this justifies the distinction of operators into type A and type B. The open question therefore is whether relation (85) is genuine for general trace terms surviving the on-cone limit or not. To judge this question we would need the full off-cone twist decomposition of a general 2nd rank tensor operator which is not available by now.

The result (84) is valid for a generic local vector operator O_{μ|n} (x) and we are now going to apply it to the local operators O_{μ|n} (x) and M_{μ|n} (x) which, then, will be summed up to the non-local operators. Since the ‘internal’ structure of these operators is different (compare the moments (12) and (13)) we will now treat these operators separately.

III. COMPLETE TWIST-DECOMPOSITION OF THE NONLOCAL OPERATORS

This chapter is devoted to the infinite twist decomposition of the nonlocal operators O_μ (κ x, −κ x) and M_μ (κ x, −κ x), Eqs. (3) and (9), by summing up their corresponding local decomposition. Also here we suppress anti-symmetrization w.r.t. κ which can be done at the end. Obviously, for the operator O_μ (κ x, −κ x) the above expansion (84) is already the complete twist-decomposition of O_{μ|n} (x) and will not be repeated for that reason. However, for the operator M_μ (κ x, −κ x) the expansion (84) reduces to operators of type B and C only, i.e., operators of type A which are related to symmetry type I have to be omitted.

When the explicit expressions for the moments O_{μ|n} (x) and M_{μ|n+1} (x) given by (12) and (13), respectively, are put into the local operators (71) – (77) these operators of well-defined twist may be expressed in terms of Gegenbauer polynomials. For this reason let us introduce some useful definitions and relations. First, a set of polynomials h^ν_n (u|x), being symmetric and homogeneous in the variables u and x, is defined as follows:

h^ν_n (u|x) : =

(_1 2 √ u^2x^2 )_n C^ν_n ( ux √ u^2x^2 ) for n ≥ 0 (86)

h^ν_n (u|x) : = 0 for n < 0 , where C^ν_n (z) are the Gegenbauer polynomials (see Ref. [18], Appendix II.11) given by

C^ν_n (z) = 1 (ν − 1)!

[^n_2 ]∑ k=0 (−1)^k (n − k + ν − 1)! k! (n − 2k)! (2 z)^{n−2k} for ν > 0 , (87)

C^0_n (z) =

[^n_2 ]∑ k=0 (−1)^k (n − k − 1)! k! (n − 2k)! (2 z)^{n−2k} for n > 0 , C^0_0 (z) = 1 . (88)

For ν > 0, the polynomials h^ν_n (u|x) obey the following relations,

H_n (ux)^n = h^1_n (u|x) , (89) ∂^x_α h^ν_n (u|x) = ν ( u_α h^{ν+1}_{n−1} (u|x) −^1_2 u^2 x_α h^{ν+1}_{n−2} (u|x) ) , (90) ∂^u_α h^ν_n (u|x) = ν ( x_α h^{ν+1}_{n−1} (u|x) −^1_2 x^2 u_α h^{ν+1}_{n−2} (u|x) ) , (91)

□ h^ν_n (u|x) = ν (ν − 1) u^2 h^{ν+1}_{n−2} (u|x) , (92) □_u h^ν_n (u|x) = ν (ν − 1) x^2 h^{ν+1}_{n−2} (u|x) , (93) (n + ν) h^ν_n (u|x) = ν ( h^{ν+1}_n (u|x) −^1_4 u^2x^2 h^{ν+1}_{n−2} (u|x) ) , (94)

which can be traced back to the definition and corresponding relations of the Gegenbauer polynomials. They will be used to derive the representations (95) – (99) below. Relation (89) is the origin for all Gegenbauer polynomials appearing in these expressions.

A. Infinite twist-decomposition of the operator Oμ (κ x, −κ x)

Now, as announced, let us rewrite the operators of definite twist related to O_μ (κ x, −κ x) according to (71) – (77) in terms of the polynomials (86): For the two scalar operators we obtain:

O^{tw(2+2j) A} n+1−2j (x) = n! 2 (n + 1 − 2j)! ∫ d^4u O_ρ (u) ( u^2 )_{j−1}

× [ 4 j u^ρ h^1_{n+1−2j} (u|x) + u^2 ( 2 x^ρ h^2_{n−2j} (u|x) − x^2 u^ρ h^2_{n−1−2j} (u|x) )] , (95)

O^{tw(2+2j) B} n+1−2j (x) = n! (n + 1 − 2j)! ∫ d^4u O_ρ (u) ( u^2 )_{j−1} u^ρ h^1_{n+1−2j} (u|x) . (96)

The two vector operators (73) and (75) are obtained from the previous expressions as follows:

O^{tw(2+2j) A} μ|n−2j (x) = n! 2 (n + 1 − 2j) (n + 1 − 2j)! ∫ d^4u O_ρ (u) ( u^2 )_{j−1}

× ∂_μ [ 4 j u^ρ h^1_{n+1−2j} (u|x) + u^2 ( 2 x^ρ h^2_{n−2j} (u|x) − x^2 u^ρ h^2_{n−1−2j} (u|x) )] , (97)

O^{tw(2+2j) B} μ|n−2j (x) = n! (n + 1 − 2j) (n + 1 − 2j)! ∫ d^4u O_ρ (u) ( u^2 )_{j−1} u^ρ ∂_μ h^1_{n+1−2j} (u|x) . (98)

The vector operator of type C is given by

O^{tw(3+2j) C} μ|n−2j (x) = 2 n! x^σ (n + 1 − 2j) (n + 1 − 2j)! ( δ^ρ_{[μ}∂_{σ]} (n + 1 − 2j) + X_{[μσ]} ∂^ρ )∫ d^4u O_ρ (u) ( u^2 )_j h^1_{n−2j} (u|x) . (99)

In order to have a cross-check on our result (84) we perform the on-cone limit x → x̃, x̃^2 = 0, for O_{μ|n} (x) and find

O_{μ|n} (x̃) = O^{tw2 A}_{μ|n} (x̃) + O^{tw3 C}_{μ|n} (x̃) − x̃_μ 2 (n + 1)^2 ( O^{tw4 A} n−1 (x̃) − 2(n + 1)O^{tw4 B}_{n−1} (x̃) ) (100) with

O^{tw2 A} μ|n (x̃) = 1 n + 1 ( ∂_μ − 1 2 (n + 1) x_μ □ ) x^ρ O_{ρ|n} (x) | | |_{x=x̃} , (101)

O^{tw3 C} μ|n (x̃) = 1 n + 1 ( n δ^ρ_μ − x^ρ ∂_μ − x_μ n + 1 ( (n − 1) ∂^ρ − x^ρ □ )) O_{ρ|n} (x) | | |_{x=x̃} , (102)

O^{tw4 A} n−1 (x̃) = □ x^ρ O_{ρ|n} (x̃) , (103) O^{tw4 B} n−1 (x̃) = ∂^ρ O_{ρ|n} (x̃) . (104)

Thus, only the twist-2, the twist-3 and two twist-4 parts survive. The twist-4 parts are combined according to − 1 2 O^{tw4 A} n−1 (x̃) + (n + 1) O^{tw4 B}_{n−1} (x̃) = ( (n + 1) ∂^ρ − 1 2 □ x^ρ ) O_{ρ|n} (x) | | |_{x=x̃} = d^ρ O_{ρ|n} (x) | | |_{x=x̃} , (105)

which can be directly deduced from (85). Comparing these results with those of Ref. [19] we find that the twist-2, the twist-3 and the twist-4 parts obtain the form (2.22), (2.23) and (2.24), respectively. If we perform the summation to a non-local operator we can compare with Ref. [6]. The twist-2, twist-3 and twist-4 parts are then given by (3.26), (3.42) and (3.45), respectively. The expansion (84) therefore provides us with the correct on-cone limit.

In order to get the infinite twist decomposition of the non-local operator O_μ (κ x, −κ x) we perform the summation over n also off-cone. To this purpose let us introduce an integral representation for the coefficient c (j, n) by using the integral representation of Euler’s beta function,

(n + 1 − 2j)! (n + 1 − j)! = 1 (j − 1)!

Γ (n + 2 − 2j) Γ (j)

Γ (n + 2 − j) = 1 (j − 1)!

∫_1 0 dt (1 − t)^{j−1} t^{n+1−2j}, (106)

which is valid for j ≥ 1. In addition, we introduce also integral representations for the different fractions in the second term of the expansion (84), 1 (n + 2 − j) (n + 3 − 2j) = ∫_1 0 dλ ( 1 − λ^{j−1} ) j − 1 λ^{n+2−2j} , (107) 1 n + 3 − 2j = ∫_1 0 dλ λ^{n+2−2j} . (108)

These representations hold for j ≥ 0, since the first representation is correct also in the limit j = 1 with the result − ∫_1 0 dλ ln λ λ^n .

In the same manner as in Ref. [4], the polynomials h^ν_n (u|x) which are defined in terms of Gegenbauer polynomials may be summed up to the functions H^ν (u|x) being defined in terms of Bessel functions, H^ν (u|x) := √ π (√ (ux)^2 − u^2x^2 )_{1/2−ν} J_{ν−1/2} ( 1 2 √ (ux)^2 − u^2x^2 ) e^{i (ux)/2} . (109)

Namely, with that definition taking into account Eq. II.5.13.1.3 of Ref. [18] (or formula (2.29) from Ref. [4] ) we can deduce the formula ∞∑ n=0 i^n (n + l)! κ^{n−m} h^ν_{n−m} (u|x) = i^m (ν − 1)! [_{2 ν−1} ∏ k=1+l+m (k + x∂) ] H^ν (u|κ x) (110) for m ∈ {0, . . . , 2 ν − 1} and l ∈ {−m, . . . , 2 ν − m − 1} ; for k = 2ν the product in (110) is empty. The ranges for l and m have been chosen such that integral representations for factors like 1/ (n + i) are avoided. In principle these factors could be included in a more general formula which, however, will not be needed.

Now we define non-local operators of well-defined twist by

O^{tw(2+2j) A/B} (κ x, −κ x) := ∞∑ n=0 i^n n! κ^{n+1−2j} O^{tw(2+2j) A/B}

n+1−2j (x) , (111)

O^{tw(2+2j) A/B/C} μ (κ x, −κ x) := ∞∑ n=0 i^n n! κ^{n−2j} O^{tw(2+2j) A/B/C} μ|n−2j (x) , (112)

which are introduced as functions of κx because they will be used in the twist decomposition of a non-local vector operator which obeys that property! This will be very important for the corresponding summations.

Performing the above sums, using equation (110), and the integral representation 1/ (n + 1 − 2j) =

∫_1 0 dλ λ^{n−2j} we find by straightforward calculations,

O^{tw(2+2j) A} (κ x, −κ x) = 1 2 ∫ d^4u O_ρ (u) ( −u^2 )_{j−1} [ 4 j iu^ρ (1 + x∂) H^1 (u|κ x)

− u^2 ( 2 κ x^ρ (2 + x∂) − iu^ρ κ^2 x^2 ) (3 + x∂) H^2 (u|κ x) ] , (113)

O^{tw(2+2j) B} (κ x, −κ x) = ∫ d^4u O_ρ (u) ( −u^2 )_{j−1} iu^ρ (1 + x∂) H^1 (u|κ x) , j ≥ 1 , (114)

O^{tw(2+2j) A} μ (κ x, −κ x) = 1 2 κ ∫ d^4u O_ρ (u) ( −u^2 )_{j−1} ∂_μ ∫_1 0 dλ λ [ 4j iu^ρ (1 + x∂) H^1 (u|λκ x)

− u^2 ( 2 λκ x^ρ (2 + x∂) − iu^ρ (λκ)^2 x^2 ) (3 + x∂) H^2 (u|λκ x) ] , (115)

O^{tw(2+2j) B} μ (κ x, −κ x) = 1 κ ∫ d^4u O_ρ (u) ( −u^2 )_{j−1} iu^ρ ∂_μ (1 + x∂)

∫_1 0 dλ λ H^1 (u|λκ x) , j ≥ 1 , (116)

O^{tw(3+2j) C} μ (κ x, −κ x) = 2 ∫ d^4u O_ρ (u) ( −u^2 )_j x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ ) ∫ 1 0 dλ H^1 (u|λκ x) . (117)

In the case j = 0 we can again compare with Ref. [4]: The twist-2 operator O^{tw2 A} (κ x, −κ x) is then equal to (3.15) and the twist-3 operator x^σO^{tw3 C}_{[μσ]} (κ x, −κ x) is equal to (4.27). Operators of type B, (114) and (116), have not been considered in [4] because the full decomposition of operators related to symmetry type II was not available there.

Now we are in a position to sum up to a non-local operator using equations (106) and (107) which are valid for j ≥ 1. The final result for the infinite twist-decomposition of the non-local operator O_μ (κ x, −κ x) obtains the following form: O_μ (κ x, −κ x) = O^{tw2 A}_μ (κ x, −κ x) + O^{tw3 C}_μ (κ x, −κ x) (118) + ∞∑ j=1 ( κ^2x^2 )_{j−1} 4^j j! (j − 1)!

∫_1 0 dt t (1 − t)^{j−1}

× [ (x∂) ∫_1 0 dλ { 1 − λ^{j−1} j − 1 ( (1 + 2j + x∂) (λtκ)^2 x^2 O^{tw(2+2j) A} μ (λtκ x, −λtκ x) − 2j (λtκ) x_μ O^{tw(2+2j) A} (λtκ x, −λtκ x) )

− 4j ( (λtκ)^2 x^2 O^{tw(2+2j) B} μ (λtκ x, −λtκ x) − (λtκ) x_μ O^{tw(2+2j) B} (λtκ x, −λtκ x) )}

+ (tκ)^2 x^2 O^{tw(3+2j) C} μ (tκ x, −tκ x) ] . Thereby, lim_{j→1} ( (1 − λ^{j−1})/(j − 1) ) = − ln λ has to be observed.

The above formula shows explicitly the origin of the different twist contributions. The twist-2 and twist-3 contributions are given by single terms which are traceless but twist-4 and also all higher contributions of even twist consist of two terms where the traceless operators O^{tw4 A/B}_μ (λκ x, −λκ x) and O^{tw4 A/B} (λκ x, −λκ x) appear behind trace terms of type x^2 and x_μ. Therefore, the sum of these two twist-4 contributions can never be traceless. Contracting the expression (118) with x^μ we obtain after a straightforward computation the well-known infinite twist decomposition of O (κ x, −κ x), due to Eqs. (80) and (81): O (κ x, −κ x) = O^{tw2 A} (κ x, −κ x) + ∞∑ j=1 ( κ^2x^2 )_{j−1} 4^j j! (j − 1)!

(x∂) (1 + x∂)

∫_1 0 dt t (1 − t)^{j−1} (119)

× ∫_1 0 dλ 1 − λ^{j−1} j − 1 (λtκ)^2 x^2 O^{tw(2+2j) A} (λtκ x, −λtκ x) , which already has been determined in Ref. [4], Eqs. (3.14,15).

It is obvious that the contributions of even twist, beginning with twist-4, look rather complicated. In principle, it is possible to express the double integral

∫_1 0 dt

∫_1 0 dλ in Eqs. (118) and (119) by a single integral representation but then it yields combinations of some generalized hypergeometric functions F_{[p,q]} ( [a_1, . . ., a_p], [b_1, . . . , b_q], z ) . We did not make use of them.

B. Infinite twist-decomposition of Mμ (κ x, −κ x)

In this subsection we apply the result (84) to the operator M_μ (κ x, −κ x). Since operators of type A, (71) and (73), are not present in this case the infinite twist-decomposition for the moments M_{μ|n+1} (x) obtains a simpler form:

M_{μ|n+1} (x) =

[^{n+2}_2 ]∑ j=0 (n + 2 − 2j)!

4^j j! (n + 2 − j)! ( x^2 )_{j−1} x^σ (120)

× [ x^2 M^{tw(2+2j) C} [μσ]|n−2j (x) + 8 j (n + 3 − 2j)

n + 4 − 2j x_{[μ} M^{tw(1+2j) B} σ]|n+1−2j (x) ]

= [^{n+2}_2 ]∑ j=0 (n + 2 − 2j)!

4^j j! (n + 2 − j)! ( x^2 )_{j−1}

× [ x^2 M^{tw(2+2j) C} μ|n+1−2j (x) − 4 j (n + 3 − 2j)

n + 4 − 2j ( x^2 M^{tw(1+2j) B} μ|n+1−2j (x) − xμ M tw(1+2j) B n+2−2j (x) ) ] , globally being of symmetry type II. Of course, the operators M^{tw(1+2j) B}_{μ|n+1−2j} (x) and M^{tw(1+2j) B}_{n+2−2j} (x) are related to symmetry type I. Furthermore, notice that one has to perform a global shift n → n + 1 in order to get the correct order of the operator.

In principle this result follows from the complete off-cone decomposition of the skew tensor operator M_{[μν]|n} (x) (see the definition (9)) which contains contributions of symmetry type II and III. Type III contributions cancel completely once they are contracted with x^ν while the type II contributions yield additional trace terms which are contained in (120) after the contraction. The decomposition (120) is therefore not equivalent to the type II part of the antisymmetric tensor case.

If we insert the explicit form of the moments M_{μ|n+1} (x) given by (13) into (72), (75) and (77) and use (89) – (91) we find the following three operators of well-defined twist, again expressed in terms of Gegenbauer polynomials,

M^{tw(1+2j) B} n+2−2j (x) = n! (n + 2 − 2j)! ∫ d^4u M_{[ρβ]} (u) ( u^2 )_{j−1} u^{[ρ}x^{β]} h^2_{n+1−2j} (u|x) , j ≥ 1 , (121)

M^{tw(1+2j) B} μ|n+1−2j (x) = n! (n + 2 − 2j) (n + 2 − 2j)! ∫ d^4u M_{[ρβ]} (u) ( u^2 )_{j−1} ∂_μ u^{[ρ}x^{β]} h^2_{n+1−2j} (u|x) , j ≥ 1 , (122)

M^{tw(2+2j) C} μ|n+1−2j (x) = n! (n + 2 − 2j) (n + 2 − 2j)! x^σ ( δ^ρ_{[μ}∂_{σ]} (n + 2 − 2j) + X_{[μσ]} ∂^ρ ) ∫ d^4u M_{[ρβ]} (u) ( u^2 )_{j−1} (123) × [ 4j u^β h^1_{n+1−2j} (u|x) + u^2 ( 2 x^β h^2_{n−2j} (u|x) − u^β x^2 h^2_{n−1−2j} (u|x) ) ] . In the on-cone limit, x^2 → 0, using x̃^σ x̃_{[μ}M^{tw3 B}_{σ]|n−1} (x̃) = n/2 x̃_μM^{tw3 B}_n (x̃), we find two contributions, one of twist-2 and another one of twist-3,

M_{μ|n+1} (x̃) = M^{tw2 C}_{μ|n+1} (x̃) + x̃_μ n + 2

M^{tw3 B} n (x̃) (124)

with

M^{tw2 C} μ|n+1 (x̃) = 2 (n + 1) (n + 2) x̃^σ ( δ^ρ_{[μ} d_{σ]} + 1 n + 2

X_{[μσ]} d^ρ ) M_{ρ|n+1} (x̃) (125) = ( δ^ρ_μ − 1 n + 2 x̃_μ ∂^ρ ) M_{ρ|n+1} (x̃) M^{tw3 B} n (x̃) = ∂^ρ M_{ρ|n+1} (x̃) . (126)

Here we have used the relation x̃^ρ M_{ρ|n+1} (x̃) = 0. After the summation we again compare with Ref. [6]. The twist-2 part obtains the form (3.74) and the twist-3 part is equal to (3.76). In Ref. [19] the twist-2 part is given by (2.28) and the twist-3 part by (2.29). Again, we confirm the correct on-cone limit.

To perform the summation to a non-local infinite twist decomposition we first define non-local operators of welldefined twist by

M^{tw(1+2j) B} (κ x, −κ x) := ∞∑ n=0 i^n n! κ^{n+2−2j} M^{tw(1+2j) B}

n+2−2j (x) , (127)

M^{tw(1+2j) B} μ (κ x, −κ x) := ∞∑ n=0 i^n n! κ^{n+1−2j} M^{tw(1+2j) B} μ|n+1−2j (x) , (128) M^{tw(2+2j) C} μ (κ x, −κ x) := ∞∑ n=0 i^n n! κ^{n+1−2j} M^{tw(2+2j) C} μ|n+1−2j (x) . (129) Again, we have chosen them homogeneous in κ and x because they are related to the (infinite) twist decomposition of the skew tensor operator M_{[μν]} (κ x, −κ x). After a straightforward calculation, using the summation properties of h^ν_n (u|x), Eq. (110), and the integral representation for 1/ (n + 2 − 2j), we find

M^{tw(1+2j) B} (κ x, −κ x) = ∫ d^4u M_{[ρβ]} (u) ( −u^2 )_{j−1} iu^{[ρ} κx^{β]} (2 + x∂) (3 + x∂) H^2 (u|κ x) , j ≥ 1 , (130)

M^{tw(1+2j) B} μ (κ x, −κ x) = ∫ d^4u M_{[ρβ]} (u) ( −u^2 )_{j−1} ∂_μ iu^{[ρ} x^{β]} (2 + x∂) (3 + x∂)

∫_1 0 dλ H^2 (u|λκ x) , j ≥ 1 , (131)

M^{tw(2+2j) C} μ (κ x, −κ x) = ∫ d^4u M_{[ρβ]} (u) ( −u^2 )_{j−1} x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ ) (132) × ∫_1 0 dλ [ 4j iu^β H^1 (u|λκ x) − u^2 ( 2 λκ x^β (3 + x∂) − iu^β (λκ)^2 x^2 ) H^2 (u|λκ x) ] . Now we get the off-cone representation for the complete twist-decomposition of M_μ (κ x, −κ x) as follows:

κ M_μ (κ x, −κ x) = M^{tw2 C}_μ (κ x, −κ x) (133) + ∞∑ j=1 ( κ^2x^2 )_{j−1} 4^j j! (j − 1)!

∫_1 0 dt t (1 − t)^{j−1} [ (tκ)^2 x^2 M^{tw(2+2j) C} μ (tκ x, −tκ x)

− 4j (x∂) ∫_1 0 dλ ( (λtκ)^2 x^2 M^{tw(1+2j) B} μ (λtκ x, −λtκ x) − (λtκ) x_μ M^{tw(1+2j) B} (λtκ x, −λtκ x) )] . This result will be much simpler than the decomposition (118) because we only need the integral representations (106) and (108) which are both valid starting from j = 1.

IV. POWER CORRECTIONS OF (NON)FORWARD MATRIX ELEMENTS IN x–SPACE

In this sections we are going to consider the implication of our results to deep inelastic scattering and deeply virtual Compton scattering. To this purpose we have to take the (non)diagonal matrix elements of the infinite offcone decompositions (118) and (133) for the non-local operators O_μ (κ x, −κ x) and M_μ (κ x, −κ x), respectively, with the incoming and outgoing hadron states |P_1, S_1⟩ and ⟨P_2, S_2| . Before doing this, again separately for the various operators of well-defined twist ⟨ P_2, S_2 | | Otw(τ)_Γ (ζ x, −ζ x) | | P_1, S_1⟩, let us shortly review the parametrization of such

matrix elements as it has been introduced in Ref. [4]. Here, Γ denotes the Dirac structure of the operator and ζ denotes any of the different products of λ, t and κ appearing in the arguments of the non-local operators.

According to that approach the matrix elements of operators of well-defined twist are parametrized by Lorentz invariant double distributions f^{(τ)}_a ( Z, μ^2 ) , not suffering from any power corrections, and suitable kinematical factors K^a_Γ (P_1, P_2; S_1, S_2) referring to the Γ-structure of the considered operator on the hadronic level: ⟨ P_2, S_2 | | O^{tw(τ)}_Γ (ζ x, −ζ x) | | P1, S1 ⟩ ≡ ⟨ P_2, S_2 | | P^{(τ)Γ′}_Γ O^{tw(τ)}_Γ′ (ζ x, −ζ x) | | P1, S1 ⟩

= P^{(τ)Γ′}_Γ (x, ∂) K^a_Γ′ (P, S) ∫ DZe^{iκ(xP)Z}f^{(τ)}_a ( Z, μ^2 ) . (134)

Here, P^{(τ)Γ′}_Γ (x, ∂) are the corresponding projections onto operators of well-defined twist τ ,

O^{tw(τ)}_Γ (ζ x, −ζ x) = P^{(τ)Γ′}_Γ (x, ∂) O_Γ′ (ζ x, −ζ x) , (135)

which follow from their local versions in Eqs. (71) – (79) in the form (113) – (117) and (130) – (132), respectively, eventually including integrations over λ. In the representation (134) these projection operators act only on the Γ–structure and the exponential e^{iκ(xP)Z}. In addition, we have used the notation P= {P_+, P_−} and Z= {z_+, z_−} with P_± = P_2±P_1 and z_± = 1/2 (z_2 ± z_1). The integration measure is given by DZ= dz_1 dz_2 θ (1 − z_1) θ (z_1 + 1) θ (1 − z_2) θ (z_2 + 1) and reflects the fact that the double distributions f^{(τ)}_a ( xP, μ^2 ) are entire analytic functions in xP-space. We assumed summation convention with respect to a. For deep inelastic scattering we have only one momentum P and one distribution variable z.

Applying this parametrization, after the formal Fourier transformations (10) and (11), the replacements ⟨ P, S | | O_Γ (u) | |P, S⟩^·= K^a_Γ (P, S) ∫ dz δ^{(4)} (u − 2 P z) f̂^{(τ)}_a ( z, μ^2 ) , (136) ⟨ P_2, S_2 | | O_Γ (u) | |P_1, S_1⟩^·= K^a_Γ (P, S) ∫ DZδ^{(4)} (u − PZ) f^{(τ)}_a ( Z, μ^2 ) , (137)

are deduced, which hold under the application of the twist projection P^{(τ)Γ′}_Γ . For a detailed discussion of (136) and (137), see, Ref. [4].

A. Power corrections of forward matrix elements

In the case of deep inelastic scattering we have P_1 = P_2 and S_1 = S_2. For the operator O_μ (κ x, −κ x) there remains only the Dirac structure K^1_μ = 2P_μ, see also Ref. [19]. Then, after inserting the replacement (136), for the two non-local scalar operators (113) and (114) we obtain the following forward matrix elements: ⟨ P | | | O^{tw(2+2j) A} (ζ x, −ζ x) | | | P ⟩ (138)

= 2 P_ρ ∫ dz F̂^{(2+2j)} A (z) ( − (2 P z)^2 )_{j−1} [ 4j iz P^ρ (1 + x∂) H^1 (2 P z|ζ x)

− (2 P z)^2 ( ζ x^ρ (2 + x∂) − iz P^ρ ζ^2 x^2 ) (3 + x∂) H^2 (2 P z|ζ x) ] , ⟨ P | | | O^{tw(2+2j) B} (ζ x, −ζ x) | | | P ⟩ (139)

= 4 P_ρ ∫ dz F̂^{(2+2j)} B (z) ( − (2 P z)^2 )_{j−1} iz P^ρ (1 + x∂) H^1 (2 P z|ζ x) .

The matrix elements of the two related vector operators (115) and (116) obtain a quite similar form: ⟨ P | | | O^{tw(2+2j) A} μ (ζ x, −ζ x) | | | P ⟩ (140) = 2 ζ P_ρ ∫ dz F̂^{(2+2j)} A (z) ( − (2 P z)^2 )_{j−1} ∂_μ ∫_1 0 dλ λ [ 4j iz P^ρ (1 + x∂) H^1 (2 P z|λζ x)

− (2 P z)^2 ( λζ x^ρ (2 + x∂) − iz P^ρ (λζ)^2 x^2 ) (3 + x∂) H^2 (2 P z|λζ x) ] , ⟨ P | | | O^{tw(2+2j) B} μ (ζ x, −ζ x) | | | P ⟩ (141) = 4 ζ P_ρ ∫ dz F̂^{(2+2j)} B (z) ( − (2 P z)^2 )_{j−1} iz P^ρ ∂_μ (1 + x∂)

∫_1 0 dλ λ H^1 (2 P z|λζ x) .

The last matrix element, giving all contributions of odd twist being contained in the operator O_μ (κ x, −κ x), reads ⟨ P | | | O^{tw(3+2j) C} μ (ζ x, −ζ x) | | | P ⟩ (142)

= 4 P_ρ ∫ dz F̂^{(3+2j)} C (z) ( − (2 P z)^2 )_j x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ ) ∫ 1 0 dλ H^1 (2 P z|λζ x) . All these matrix elements are written down for unpolarized scattering, where only the momentum P_μ can be used for the construction of kinematical factors.

The operator M^5_μ (κ x, −κ x) only contributes to polarized deep inelastic scattering. Here, we have to use the kinematical factor K^1_{[μν]} (P, S) = 2 (S_μP_ν − S_ν P_μ) /M . The three related matrix elements read ⟨ P S | | | M^{5 tw(1+2j) B} (ζ x, −ζ x) | | | P S ⟩ (143) = 4 M (S_ρP_β − S_β P_ρ) ∫ dz Ĥ^{(1+2j)} B (z) ( − (2 P z)^2 )_{j−1} iz P^{[ρ} ζx^{β]} (2 + x∂) (3 + x∂) H^2 (2 P z|ζ x) = − 4i ζ M (xS) ∫ dz z Ĥ^{(1+2j)} B (z) ( −4 z^2M^2 )_{j−1} (2 + x∂) (3 + x∂) H^2 (2 P z|ζ x) , ⟨ P S | | | M^{5 tw(1+2j) B} μ (ζ x, −ζ x) | | | P S ⟩ (144) = 4 M (S_ρP_β − S_β P_ρ) ∫ dz Ĥ^{(1+2j)} B (z) ( − (2 P z)^2 )_{j−1} ∂_μ iz P^{[ρ} x^{β]} (2 + x∂) (3 + x∂)

∫_1 0 dλ H^2 (2 P z|λζ x) = − 4i M ∫ dz z Ĥ^{(1+2j)} B (z) ( −4 z^2M^2 )_{j−1} ∂_μ (xS) (2 + x∂) (3 + x∂)

∫_1 0 dλ H^2 (2 P z|λζ x) , ⟨ P S | | | M^{5 tw(2+2j) C} μ (ζ x, −ζ x) | | | P S ⟩ (145) = 4 M (S_ρP_β − S_β P_ρ) ∫ dz Ĥ^{(2+2j)} C (z) ( − (2 P z)^2 )_{j−1} x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ )

× ∫_1 0 dλ [ 4j iz P^β H^1 (2 P z|λζ x) − (2 P z)^2 ( λζ x^β (3 + x∂) − iz P^β(λζ)^2 x^2 ) H^2 (2 P z|λζ x) ] . where we have used S P = 0 and P^2 = M^2.

If we want to take polarized matrix elements of the operator O^5_μ (κ x, −κ x) we have to use the replacement ⟨ P S | | O^5_ρ (u) | |P S⟩^·= 2 S_ρ ∫ dz δ^{(4)} (u − 2 P z) Ĝ^{(τ)}_a ( z, μ^2 ) (146)

under the different twist projectors. The resulting matrix elements will be of the form (138) to (142) with P_ρ replaced by S_ρ and F̂ replaced by Ĝ.

Forward matrix elements on the light-cone of non-local operators of well-defined twist have been constructed in Ref. [19] for a large number of operators. If we perform the on-cone limit of our results (138) – (145) we again find the correct on-cone limits.

B. Power corrections of non-forward matrix elements

To apply the parametrization (137) to the operators O_μ (κ x, −κ x) and O^5_μ (κ x, −κ x) we have to fix the kinematical

factors K^{(5) a}_Γ (P, S) which are given by the Dirac and Pauli structures,

K^{(5) 1}_μ (P, S) = ū (P_2, S_2) ( γ^5 ) γ_μ u (P_1, S_1) , (147)

K^{(5) 2}_μ (P, S) = 1 M ū (P_2, S_2) ( γ^5 ) σ_{μν} P^ν_− u (P_1, S_1) , (148)

(see also Ref. [20]) and then insert the replacement (137) into the different matrix elements.

The non-forward matrix elements of the two non-local scalar operators (113) and (114) obtain the form ⟨ P_2, S_2 | | O^{tw(2+2j) A} (ζ x, −ζ x) | | P1, S1 ⟩ (149) = 1 2 K^a_ρ (P, S) ∫ DZF^{(2+2j)} Aa (Z) ( − (PZ)^2 )_{j−1} [ 4j iP^ρZ(1 + x∂) H^1 (PZ|ζ x)

− (PZ)^2 ( 2 ζ x^ρ (2 + x∂) − iP^ρZζ^2 x^2 ) (3 + x∂) H^2 (PZ|ζ x) ] , ⟨ P_2, S_2 | | | O^{tw(2+2j) B} (ζ x, −ζ x) | | | P1, S1 ⟩ (150) = K^a_ρ (P, S) ∫ DZF^{(2+2j)} Ba (Z) ( − (PZ)^2 )_{j−1} iP^ρZ(1 + x∂) H^1 (PZ|ζ x) . The matrix elements of the two related vector operators (115) and (116) again obtain the similar form ⟨ P_2, S_2 | | O_{tw(2+2j) A} μ (ζ x, −ζ x) | | P_1, S_1⟩ (151)

= 1 2 ζ K^a_ρ (P, S) ∫ DZF^{(2+2j)} Aa (Z) ( − (PZ)^2 )_{j−1} ∂_μ ∫_1 0 dλ λ [ 4j iP^ρZ(1 + x∂) H^1 (PZ|λζ x)

− (PZ)^2 ( 2 λζ x^ρ (2 + x∂) − iP^ρZ(λζ)^2 x^2 ) (3 + x∂) H^2 (PZ|λζ x) ] , ⟨ P_2, S_2 | | | O^{tw(2+2j) B} μ (ζ x, −ζ x) | | | P1, S1 ⟩ (152) = 1 ζ K^a_ρ (P, S) ∫ DZF^{(2+2j)} Ba (Z) ( − (PZ)^2 )_{j−1} iP^ρZ ∂_μ (1 + x∂)

∫_1 0 dλ λ H^1 (PZ|λζ x) . The last matrix element of the type C vector operator (117) gives all contribution of odd twist for unpolarized deeply virtual Compton scattering ⟨ P_2, S_2 | | O^{tw(3+2j) C} μ (ζ x, −ζ x) | | P1, S1 ⟩ (153)

= 2 K^a_ρ (P, S) ∫ DZF^{(3+2j)} Ca (Z) ( − (PZ)^2 )_j x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ ) ∫ 1 0 dλ H^1 (PZ|λζ x) . A parametrization for polarized scattering is found by the replacement of K^a_ρ (P, S) by K^{5 a}_ρ (P, S).

For a parametrization of the operator M_μ (κ x, −κ x) for polarized and unpolarized deeply virtual Compton scattering we use the kinematical factors

K^{(5) 1}_{[μν]} (P, S) = 1 M ū (P_2, S_2) ( γ^5 ) γ_{[μ}P^+_{ν]} u (P_1, S_1) , (154)

K^{(5) 2}_{[μν]} (P, S) = 1 M ū (P_2, S_2) ( γ^5 ) γ_{[μ}P^−_{ν]} u (P_1, S_1) , (155) and find the matrix elements ⟨ P_2, S_2 | | | M^{(5) tw(1+2j) B} (ζ x, −ζ x) | | | P1, S1 ⟩ (156)

= K^{(5) a}_{[ρβ]} (P, S) ∫ DZH^{(1+2j)} Ba (Z) ( − (PZ)^2 )_{j−1} iP^{[ρ}Zζx^{β]} (2 + x∂) (3 + x∂) H^2 (PZ|ζ x) , ⟨ P_2, S_2 | | M^{(5) tw(1+2j) B} μ (ζ x, −ζ x) | | P1, S1 ⟩ (157)

= K^{(5) a}_{[ρβ]} (P, S) ∫ DZH^{(1+2j)} Ba (Z) ( − (PZ)^2 )_{j−1} ∂_μ iP^{[ρ}Zx^{β]} (2 + x∂) (3 + x∂)

∫_1 0 dλ H^2 (PZ|λζ x) , ⟨ P_2, S_2 | | | M^{(5) tw(2+2j) C} μ (ζ x, −ζ x) | | | P1, S1 ⟩ (158)

= K^{(5) a}_{[ρβ]} (P, S) ∫ DZH^{(2+2j)} Ca (Z) ( − (PZ)^2 )_{j−1} x^σ ( δ^ρ_{[μ}∂_{σ]} (1 + x∂) + X_{[μσ]} ∂^ρ )

× ∫_1 0 dλ [ 4j iP^βZ H^1 (PZ|λζ x) − (PZ)^2 ( 2 λζ x^β (3 + x∂) − iP^βZ(λζ)^2 x^2 ) H^2 (PZ|λζ x) ] .

Notice that the kinematical factor K^{(5) 2}_{[μν]} (P, S) vanishes for forward scattering since P_− vanishes in this case. For unpolarized deep inelastic scattering K^1_{[μν]} (P ) also gives zero since ū (P, S) γ_{[μ}P^+_{ν]} u (P, S) = 4 P_{[μ}P_{ν]} = 0. For polarized deep inelastic scattering we find K^{5 1}_{[μν]} (P, S) = 2 (S_μP_ν − S_ν P_μ) /M .

V. CONCLUSION

In this paper we introduced a procedure which allows to determine the decomposition of arbitrary non-local vector operators into an infinite sum of non-local vector operators of arbitrary twist. The procedure generalizes the much simpler decomposition of non-local scalar operators introduced in Ref. [4]. As examples we considered the bilocal operators O^{(5)}_μ (κ x, −κ x) and M_μ (κ x, −κ x) = x^νM_{[μν]} (κ x, −κ x) together with their forward and non-forward matrix elements. The latter operator has been chosen because it shows some peculiarities which are related to its ‘internal’ antisymmetry and the ‘external’ contraction with x^ν. However, the procedure is much more general applying to any kind of non-local vector fields. Other examples could be purely gluonic bilocal operators or trilocal operators like x^νψ̄(κ_1x)F_{[μν]}(κ_2x)ψ(κ_3x) where F_{[μν]} is the gluon field strength. (In the case of tri- and multi-local operators one has to apply a prescription of local operators which was introduced in [7], Chapter 4.) Furthermore, let us remark that the trace decomposition as a prerequisite of that approach - which, in fact, is more complicated than the application of the symmetry projections - is also separately of interest.

The procedure introduced here can be extended straightforwardly to antisymmetric and symmetric tensor operators of rank 2. Thereby, a hard part is the determination of the construction of traceless local operators T_{μν|n}(x) = T_{μνα1...αn} x^{α1} · · · x^{αn} as well as the implementation of the various symmetry types I to IV through the differential operators corresponding to Y^i_{[m]}, i = 1, ..., 4.

This work is motivated by the aim to study the target mass contributions to the various QCD-distribution amplitudes which occur in the phenomenological considerations of hard hadronic scattering processes, like deep inelastic scattering and deep virtual Compton scattering, as well as in hadronic form factors. In the case of hadronic wave functions, e.g. for the pion or the ρ−meson, the obtained twist decompositions, after corresponding (anti-) symmetrization w.r.t. κ, could be used for their power (resp. mass) corrections. However, to give a comprehensive description the complete twist decomposition of M_{[μν]} (κ x, −κ x) had to be known. On the other hand, in order to determine the target mass corrections of deep virtual Compton scattering in terms of M^2/Q^2, as has been done in Ref. [21] up to twist-3, the Fourier transform of the (anti-) symmetrized operators of definite twist with the corresponding coefficient functions according to Eqs. (1) and (2) has to be performed. In the case of the scalar operators this has been done in [22], and in the case of vector operators this is under consideration.

Acknowledgments

The authors are grateful to D. Robaschik for useful discussions. In addition, J. Eilers gratefully acknowledges the Graduate College ”Quantum field theory” at Center for Theoretical Studies of Leipzig University for financial support.

[1] S.A. Anikin and O.I. Zavialov, Ann. Phys. (N.Y.) 116 (1978) 135.

[2] O.I. Zavialov, Renormalized Feynman Diagrams, Nauka, Moscow 1979 (in Russian); (extended) English edition: Renormalized Quantum Field Theory, Kluwer, Dortrecht 1990.

[3] D. Müller, D. Robaschik, B. Geyer, F.-M. Dittes, and J. Horejsi, Fortschr. Phys. 42 (1994) 101; reprinted as hep-ph/9812448 [4] B. Geyer, M. Lazar and D. Robaschik, Nucl. Phys. B 618 (2001) 99. [5] D.J. Gross and S.B. Treiman, Phys. Rev. D 4 (1971) 1059 [6] B. Geyer, M. Lazar and D. Robaschik, Nucl. Phys. B 559 (1999) 339. [7] B. Geyer and M. Lazar, Nucl. Phys. B 581 (2000) 341. [8] O. Nachtmann, Nucl. Phys. B 63 (1973) 273. [9] V. Baluni and E. Eichten, Phys. Rev. Lett. 37 (1976) 1181. [10] V. Baluni and E. Eichten, Phys. Rev. D 14 (1976) 3045. [11] S. Wandzura, Nucl. Phys. B 122 (1977) 412. [12] S. Matsuda and T. Uematsu, Nucl. Phys. B 168 (1980) 181. [13] H. Kawamura and T. Uematsu, Phys. Lett. B 343 (1995) 346. [14] H. Georgi and H.D. Politzer, Phys. Rev. D 14 (1976) 1829. [15] A. Piccione and G. Ridolfi, Nucl. Phys. B 513 (1998) 301. [16] J. Blümlein and A. Tkabladze, Nucl. Phys. B 553 (1999) 427. [17] V. Bargmann, I.T. Todorov, J. Math. Phys. 18 (1977) 1141.

[18] P. Prudnikov, Yu.A. Brychov, and O.I. Marichev, Integrals and Series, Vol. 2, Special Functions, Gordon & Breach, New York 1988.

[19] B. Geyer and M. Lazar, Phys. Rev. D 63 (2001) 094003. [20] J. Blümlein, B. Geyer, and D. Robaschik, Nucl. Phys. B560 (1999) 283. [21] A.V. Belitsky and D. Müller, Phys. Lett. B 507 (2001) 173. [22] J. Eilers and B. Geyer, Phys. Lett. B 546 (2002) 78 [23] As usual, (anti)symmetrization is taken with the corresponding factorial, e.g., T_{(μν)} =^1_2 (Tμν + Tμν ), T_{[μν]} =^1_2 (Tμν − Tμν ).