arXiv:hep-ph/0307243 v2 24 Jul 2003

July 24, 2003

TAUP 2735-03 hep-ph/0307243

The Constituent Quark Model Revisited - Quark Masses, New Predictions for Hadron Masses and KN Pentaquark

Marek Karliner^{a∗} and Harry J. Lipkin^{a,b†}

a School of Physics and Astronomy Raymond and Beverly Sackler Faculty of Exact Sciences Tel Aviv University, Tel Aviv, Israel

b Department of Particle Physics Weizmann Institute of Science, Rehovot 76100, Israel

Abstract

Prompted by the recent surprising results in QCD spectroscopy, we extend to heavy flavors the hadron mass relations showing that the constituent quark mass differences and ratios have the same values when obtained from mesons and baryons. We obtain several new successful relations involving heavy quarks and provide some related predictions. We discuss in detail the apparent sharp decrease in m_s and m_c, when a light partner quark in a meson is replaced by a heavy one and construct a potential model which qualitatively reproduces this pattern through wave function effects. We apply these ideas to the recently discovered Θ^+ exotic KN resonance and propose its interpretation as a novel kind of a pentaquark with an unusual color structure, J^P = 1/2^+, I = 0 and an antidecuplet of SU(3)_f . A rough mass estimate of this pentaquark is close to experiment.

∗e-mail: marek@proton.tau.ac.il

†e-mail: ftlipkin@clever.weizmann.ac.il

I. INTRODUCTION

Recently there have been several new surprising experimental results in QCD spectroscopy: enhancements near p̄p thresholds [1,2], an exotic 5-quark KN resonance [3–5], and two new extremely narrow mesons containing c and s̄ quarks [6–8].

These results triggered a vigorous theoretical activity and put a renewed urge in the need to refine our quantitative understanding of how baryon and meson properties are obtained from quarks.

Early evidence that mesons and baryons are made of the same quarks was provided by the remarkable successes of the constituent quark model, in which static properties and low lying excitations of both mesons and baryons are described as simple composites of asymptotically free quasiparticles with given effective masses. For example, the effective quark mass difference m_s − m_u is found to have the same value ±3% and the mass ratio m_s/m_u the same value ±2.5%, when calculated from baryon masses and from meson masses [9–11].

As long as QCD calculations have not yet succeeded to explain these striking experimental facts from first principles, it is of interest to extend our phenomenological understanding of these phenomena.

Relations between masses of baryons and mesons containing light quarks Andrei Sakharov, a pioneer in quark-hadron physics asked in 1966 “Why are the Λ and Σ masses different? They are made of the same quarks”. Sakharov and Zeldovich [9] assumed a quark model for hadrons with a flavor dependent linear mass term and hyperfine interaction, M = ∑ i m_i + ∑ i>j ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{IE} (1.1) where m_i is the effective mass of quark i, ⃗σ_i is a quark spin operator and v^{hyp}_{ij} is a hyperfine interaction with different strengths but the same flavor dependence.

Using (1.1) Sakharov and Zeldovich noted that both the mass difference m_s −m_u between strange and nonstrange quarks and the flavor dependence of their hyperfine splittings (later related [12] to the mass ratio m_s/m_u) have the same values when calculated from baryon masses and meson masses [9], along with the comment that the masses are of course effective masses [13]:

⟨m_s−m_u⟩_{Bar} = M_{sud}−M_{uud} = M_Λ−M_N = 177 MeV ⟨m_s−m_u⟩_{M es} = 3(M_{Vsd̄} −M_{Vud̄} )+(M_{Psd̄} −M_{Pud̄} ) 4 = 3(M_K∗ −M_ρ)+M_K −M_π 4 = 179 MeV (1.2)

( m_s m_u ) Bar = M_Δ − M_N M_Σ∗ − M_Σ

= 1.53 ≈ ( m_s m_u ) M es = M_ρ − M_π M_K∗ − M_K = 1.61 (1.3)

where the “Bar” and “Mes” subscripts denote values obtained from baryons and mesons, and V and P denote vector and pseudoscalar mesons, respectively.

Sakharov and Zeldovich isolated the contributions of the two terms in (1.1) by choosing mass differences that cancel contributions of either the additive first term or the second hyperfine term. They canceled the hyperfine term in baryons by noting that the hyperfine interactions in the N and Λ are determined entirely by the u − d interactions and drop out of the Λ nucleon mass difference. In mesons they assumed the spatial wave functions for the vector and pseudoscalar mesons to be the same and chose the linear combination which canceled the expectation value of the hyperfine term. Their relations do not require any relations between the space wave functions of the mesons, octet baryons and decuplet baryons. We shall see later experimental hints of small differences between the octet and and decuplet space wave functions.

In this paper we generalize the Sakharov-Zeldovich approach to other flavors. Thus, given the masses of two vectors |V_i⟩ = |q_ix̄⟩^{J=1} and |V_j⟩ = |q_jx̄⟩^{J=1}, as well as the masses of the corresponding pseudoscalars, |P_i⟩ = |q_ix̄⟩^{J=0} and |P_j ⟩ = |q_jx̄⟩^{J=0}, we have, in analogy with the second equation in (1.2), ⟨m_{qi} − m_{qj} ⟩_{xM es} = 3(M_{Vi} − M_{Vj} ) + (M_{Pi} − M_{Pj} ) 4 (1.4)

This method fails for the ss̄ system because of η-η^′ mixing and the absence of a pseudoscalar s̄s meson.

For baryons we consider only the nucleon and the isoscalar baryons with one heavy quark, Λ, Λ_c and Λ_b, where the hyperfine interaction is determined entirely by the light quark u and d interactions and drops out of all mass differences considered.

Thus given the masses of two baryons |B_i⟩ = |q_iud⟩ and |B_j ⟩ = |q_j ud⟩, we have ⟨m_{qi} − m_{qj} ⟩_{dBar} = M_{qiud} − M_{qj ud} = M_{Bi} − M_{Bj} (1.5) For any other two baryon states |B_i⟩ = |q_ixy⟩ and |B_j ⟩ = |q_j xy⟩ with flavors x and y not related by isospin, the spin of the xy pair in any mass eigenstate is an unknown mixture of 0 and 1 and the hyperfine interaction cannot be cancelled.

These mass relations are obtained assuming that the spatial wave functions for the vector and pseudoscalar mesons are the same so that the values for the hyperfine splittings are easily obtained from the mass values. However the Sakharov-Zeldovich relations do not require any relations between the space wave functions of the mesons, octet baryons and decuplet baryons. As we shall see later, there are experimental hints of small differences between the octet and and decuplet space wave functions.

Further extension of this approach led to two more relations for m_s −m_u, when calculated from baryon masses and meson masses [10,11], and to three magnetic moment predictions with no free parameters [12,14], ⟨m_s − m_u⟩_{M es} = 3M_ρ + M_π 8 · ( M_ρ − M_π M_K∗ − M_K − 1 ) = 180 MeV

⟨m_s − m_u⟩_{Bar} = M_N + M_Δ 6 · ( M_Δ − M_N M_Σ∗ − M_Σ − 1 ) = 192 MeV

(1.6)

μ_Λ = − μ_p 3 · m_u m_s = − μ_p 3 · M_Σ∗ − M_Σ M_Δ − M_N

= −0.61 n.m. (EXP = −0.61 n.m.) (1.7) μ_p μ_n = − 3 2 (EXP = −1.46) (1.8) μ_p + μ_n = 2M_p · Q_I M_I = 2M_N M_N + M_Δ

= 0.865 n.m. (EXP = 0.88 n.m.) (1.9)

where Q_I = 1 2 · ( 2 3 − 1 3 ) = 1 6 and M_I = 1 6 · (M_N + M_Δ) denote the charge and mass, respectively, of an effective “isoscalar nonstrange quark”. Note the implicit assumption that in M_I the contribution of the hyperfine interaction is cancelled between the nucleon and the Δ. The same approach has been applied to m_b − m_c [15] with excellent results (see Table I below). Our quantitative understanding of QCD is not yet sufficient to understand why the simple constituent quark model is so remarkably successful.

II. NEW RELATIONS BETWEEN MESON AND BARYON MASSES FROM HADRONS CONTAINING HEAVY QUARKS.

A. Application of the Sakharov-Zeldovich model to hadrons containing heavy quarks.

The availability of data giving masses of hadrons containing heavy quarks enables us to push this model further to see where it works and where it breaks down.

The following Table lists the effective quark mass differences obtained from baryons and mesons. We consider here the mass differences between two hadrons containing a quark of flavor i and a quark of flavor j, bound to a common “spectator” (anti)quark or diquark of flavor x. We use the notation ⟨m_i − m_j ⟩_x. For light spectator quarks x = d denotes both d and u quarks.

TABLE I - Quark mass differences from baryons and mesons

mesons baryons J = 1 J = 0 Δm_{Bar} Δm_{M es} observable

B_i B_j V_i V_j P_i P_j MeV MeV sud uud sd̄ ud̄ sd̄ ud̄ ⟨m_s − m_u⟩_d Λ N K^∗ ρ K π 177 179 cs̄ cū cs̄ cū ⟨m_s − m_u⟩_c D^∗_s D^∗_s D_s D_s 103 bs̄ bū bs̄ bū ⟨m_s − m_u⟩_b B^∗_s B^∗_s B_s B_s 91 cud uud cd̄ ud̄ cd̄ ud̄ ⟨m_c − m_u⟩_d Λ_c N D^∗ ρ D π 1346 1360 cc̄ uc̄ cc̄ uc̄ ⟨m_c − m_u⟩_c ψ D^∗ η_c D 1095 cud sud cd̄ sd̄ cd̄ sd̄ ⟨m_c − m_s⟩_d Λ_c Λ D^∗ K^∗ D K

1169 1180 cc̄ sc̄ cc̄ sc̄ ⟨m_c − m_s⟩_c ψ D^∗_s η_c D_s 991 bud uud bd̄ ud̄ bd̄ ud̄ ⟨m_b − m_u⟩_d Λ_b N B^∗ ρ B π 4685 4700 bs̄ us̄ bs̄ us̄ ⟨m_b − m_u⟩_s B^∗_s K^∗ B_s K

4613 bud sud bd̄ sd̄ bd̄ sd̄ ⟨m_b − m_s⟩_d Λ_b Λ B^∗ K^∗ B K

4508 4521 bud sud bd̄ cd̄ bd̄ cd̄ ⟨m_b − m_c⟩_d Λ_b Λ_c B^∗ D^∗ B D

3339 3341 bs̄ cs̄ bs̄ cs̄ ⟨m_b − m_c⟩_s B^∗_s D^∗_s B_s D_s

3328

The mass difference between two quarks of different flavors denoted by i and j are seen

to have the same value to a good approximation when they are bound to a nonstrange

antiquark to make a meson and bound to a nonstrange diquark to make a baryon, ⟨m_i − m_j ⟩_{dBar} ≈ ⟨m_i − m_j⟩_{dM es}. (2.1)

We now calculate the mass ratio m_c/m_s from the hyperfine splittings in mesons and baryons

in the same way that the mass ratio m_s/m_u has been calculated [9,12]. We find the same

value from mesons and baryons ±2% : ( m_c m_s ) Bar = M_Σ∗ − M_Σ M_Σ∗_c − M_{Σc}

= 2.84 = ( m_c m_s ) M es = M_K∗ − M_K M_D∗ − M_D = 2.81 (2.2)

( m_c m_u ) Bar = M_Δ − M_p M_Σ∗_c − M_{Σc}

= 4.36 = ( m_c m_u ) M es = M_ρ − M_π M_D∗ − M_D = 4.46 (2.3)

The presence of a fourth flavor gives us the possibility of obtaining a new type of mass

relation between mesons and baryons. The Σ − Λ mass difference is believed to be due to

the difference between the u − d and u − s hyperfine interactions. Similarly, the Σ_c − Λ_c

mass difference is believed to be due to the difference between the u − d and u − c hyperfine

interactions. We therefore obtain the relation 1 m^2_u − 1 m_um_c 1 m^2_u − 1 m_um_s Bar = M_{Σc} − M_{Λc} M_Σ − M_Λ

= 2.16 ≈ 1 m^2_u − 1 m_um_c 1 m^2_u − 1 m_um_s M es = (M_ρ−M_π )−(M_D∗ −M_D ) (M_ρ−M_π )−(M_K∗ −M_K ) = 2.10

(2.4)

The meson and baryon relations agree to ±3%.

We also obtain a similar relation for Λ_b and the yet unmeasured Σ_b: M_{Σb} − M_{Λb} M_Σ − M_Λ

=? =

(M_ρ − M_π ) − (M_B∗ − M_B) (M_ρ − M_π ) − (M_K∗ − M_K )

= 2.51 (2.5)

This then predicts that M_{Σb} = 5818 MeV and M_{Σb} − M_{Λb} = 194 MeV.

These results have been obtained without any explicit model for the hyperfine interaction

beyond the flavor dependence of the Σ − Λ mass difference.

B. Summary of successful mass relations from hadrons containing no more than one strange or heavy quark.

The effective quark mass appears in two terms in the mass formula (1.1) – as an additive term and in the denominator of the hyperfine interaction. In all the relations for masses and magnetic moments obtained in the light (uds) flavor sector, agreement with experiment has been obtained by assuming that the values of the effective quark masses in these two terms has been the same and that the values are the same for mesons and baryons. Both the mass difference and the mass ratio between two quarks of different flavors denoted by i and j are seen to have the same values to a good approximation when they are bound to a nonstrange antiquark to make a meson and bound to a nonstrange diquark to make a baryon. However differences arise when we examine mass differences between quarks bound in mesons to a strange or heavier antiquark. It is already remarkable that this simple description is so successful, since these are effective masses which include the kinetic and potential energies of the hadron. It is not obvious how these energies are divided among the effective masses of the individual quarks having different flavors in a two-body or three-body system.

We test this picture further by attempting to fit both the mass differences and mass ratios with a single set of quark masses. We choose

m_u = 360 MeV; m_s = 540 MeV; m_c = 1710 MeV; m_b = 5050 MeV . (2.6)

These have been chosen to give an eyeball fit to the baryon mass differences and to fit the isoscalar nonstrange baryon magnetic moment

μ_p + μ_n = 0.88 n.m. = M_N 3m_u = 0.87 n.m. (2.7)

The results are shown in Table II below.

Theoretical and Experimental Hadron Mass Differences and Ratios

TABLE II-A - Hadron Mass Differences

Mass Difference Theoretical Experimental Experimental From eq. (5.3) From Mesons (X=d) From Baryons (X=ud) m_s−m_u = M(sX)−M(uX) 180 179 177 m_c−m_u = M(cX)−M(uX) 1350 1360 1346 m_b−m_u = M(bX)−M(uX) 4690 4701 4685 m_c−m_s = M(cX)−M(sX) 1170 1180 1169 m_b−m_s = M(bX)−M(sX) 4510 4521 4508 m_b−m_c = M(bX)−M(cX) 3340 3341 3339

TABLE II-B - Quark Mass Ratios

Mass Ratio Theoretical Experimental Experimental From eq. (5.3) From Mesons (X = d) From Baryons (X = ud) m_s/m_u 1.5 1.61 1.53 m_c/m_u 4.75 4.46 4.36 m_b/m_u 14.0 13.7 ? m_c/m_s 3.17 2.82 2.82 m_b/m_s 9.35 8.65 ? m_b/m_c 2.95 3.07 ?

The results shown in Table II for the mass differences simply express the close agreement between meson and baryon entries in Table I. The results for the mass ratios test the equality of the effective masses obtained from the additive term and from the hyperfine term in the mass formula. The overall agreement between the experimental and theoretical quark mass ratios in Table II-B is still quite good, better than 10%. However, the the experimental meson and baryon quark mass ratios obtained from the hyperfine term are much closer to each other than to theoretical predictions using quark masses extracted from the additive term. At present we do not have a good understanding of the origin and sign of these small deviations.

III. SU(6) BREAKING AND EFFECTS OF CONFINING POTENTIAL

We now attempt to go beyond the simplest good relations, yet unexplained as yet by QCD, and look into further relations, as well as investigate the behavior of hadrons in which more than one quark is strange or heavier.

A. Improving the Sakharov-Zeldovich model by breaking SU(6)

When the simple quark model is used to relate quark spin couplings in baryons, the Σ − Λ mass difference can be directly related to masses of other baryons.

M_Σ − M_Λ = 77 MeV ≈ 2 3 · [(M_Δ − M_p) − (M_Σ∗ − M_Σ)] = 67 MeV (3.1)

The difference between the u-d and u-s hyperfine interactions is proportional to (M_Δ − M_p) − (M_Σ∗ − M_Σ) and the factor (2/3) is obtained from the quark spin couplings.

The prediction in eq. (3.1), which assumes specific quark spin couplings, is not in as good agreement with experiment as the other successful predictions including (2.4) for Σ−Λ splittings. One possible explanation is the breakdown of the SU(6) symmetry which assumes the same space part in the baryon octet and decuplet wave functions, typically both S-wave. This assumption has not been needed elsewhere in this paper, except for the magnetic moment relation (1.9) which is discussed below. It is used here to relate the explicit values of (M_Δ − M_p) and (M_Σ∗ − M_Σ) to the values of the individual hyperfine interactions in the baryon octet. The strengths of both hyperfine interactions are then given by the expectation value of the relevant operators in the same space part of the wave function.

We investigate the possible breaking of SU(6) by introducing a symmetry breaking parameter ξ relating the octet (8) and decuplet (10) expectation values of the hyperfine interactions in eq. (1.1) ∑ i>j ⟨ ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} ⟩ 10 = −(1 − 2ξ) ∑ i>j ⟨ ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} ⟩ 8 (3.2) where in the parameter ξ measures the deviation of the baryon wave functions from SU(6) symmetry, so that ξ = 0 corresponds to the SU(6) symmetric limit. M_Δ − M_N = −2(1 − ξ) ∑ i>j ⟨ ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} ⟩ 8 (3.3) This provides the correction factor for the Σ − Λ relation (3.1)

We now fix ξ to fit the experiment and then look for other places where ξ can affect predictions, in particular the isoscalar nucleon magnetic moment. Given

M_Σ − M_Λ = 77 MeV = 2 3 · (1 − ξ)

[(M_Δ − M_p) − (M_Σ∗ − M_Σ)] = 67 (1 − ξ)

MeV (3.4) This will agree with experiment if 1 − ξ = 67/77 or ξ = 0.13 . (3.5) To examine further case where this correction arises we note that

M_Δ + M_N = 6M_I + 2ξ · ∑ i>j ⟨ ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} ⟩ 8 = 6M_I − ξ 1 − ξ · (M_Δ − M_N ) (3.6)

M_I =

(M_Δ + M_N 6 ) · ( 1 + ξ 1 − ξ · M_Δ − M_N M_Δ + M_N ) (3.7) where M_I denotes the mass of the effective “isoscalar nonstrange quark”. used in eq. (1.9).

Note that in M_I the contribution of the hyperfine interaction is cancelled between the nucleon and the Δ when SU(6) wave functions are used. If we choose ξ = 0.13, so that the SU(6) breaking fits the Σ − Λ difference, then ξ 1 − ξ · M_Δ − M_N M_Δ + M_N

= 0.02 and 2M_p · Q_I M_I = 2M_p M_N + M_Δ · ( 1 + ξ 1 − ξ · M_Δ − M_N M_Δ + M_N )_{−1} = 0.88 n.m. (EXP = 0.88 n.m.) (3.8)

to be compared with 0.865 n.m. in the symmetry limit, cf. (1.9). It is interesting that even though ξ = 0.13 the correction in (3.8) is small ∼ 1.7%. That it is just in the right direction to even improve the prediction may well be fortuitous.

We now examine the possible origin of the SU(6) breaking in baryon wave functions described by the phenomenological parameter ξ.

The space parts of the N and the Δ wave functions cannot be strictly the same. Their mass difference of about 300 MeV is of the order of the constituent quark mass. So some relativistic effects are expected.

Noting that even the nonrelativistic deuteron wave function contains a ∼ 5% D-wave admixture [16], we look for a similar^3D_1 -^3S_1 quark pair mixing in the decuplet where a 3D_1 pair can couple with the third quark to a total J = 3/2. It is forbidden by SU(3) in the baryon octet, where the L = 2 of the d-wave must combine with a total spin 3/2 of the three quarks to make J = 1/2, but three quarks coupled to S = 3/2 must be in a decuplet of SU(3). (P -wave does not contribute, since it changes parity)

Another way to see it is to note that 3 quarks coupled to spin 3/2 can combine with either L = 0 or L = 2 to give a baryon with total J = 3/2, but 3 quarks coupled to spin 1/2 cannot couple with L = 2 to give total J = 1/2, so there can be no D-wave admixture in the baryon octet. The quadrupole admixtures are currently being investigated experimentally [17].

SU(3) breaking can mix the octet Σ and Ξ with their decuplet partners Σ^∗ and Ξ^∗, to produce a quark spin 3/2 and introduce quadrupole admixture. But the Λ and the nucleon cannot mix with any of the decuplet baryons, because of isospin conservation.

This may help to explain the robustness of the predictions based on the assumption that the nonstrange pair in the Λ is coupled to spin zero, the Λ total angular momentum and magnetic moment is due to the strange quark and the hyperfine interactions are equal in the nucleon and Λ.

B. Effects of the confining potential type on ⟨m_s − m_u⟩

The mass difference between strange and nonstrange quarks m_s − m_u seems to have very different values when calculated naively from masses of mesons containing light “spectator” quarks vs. those containing heavy b and c “spectator” quarks. In contrast to the value of 179 MeV obtained for ⟨m_s − m_u⟩_{dM es}, we obtain

⟨m_s − m_u⟩_{cM es} = 3(M_D∗_s − M_D∗ ) + M_{Ds} − M_D 4 = 103 MeV (3.9)

⟨m_s − m_u⟩_{bM es} = 3(M_B∗_s − M_B∗) + M_{Bs} − M_B 4 = 91 MeV (3.10)

To investigate this difference in more detail we first note that the effective mass also includes the potential and kinetic energies of the quarks. These depend upon the hadron wave function and can change from one hadron to another. Thus the difference between the effective masses of quarks of flavor i and j can depend upon their environment; i.e. ⟨m_i − m_j ⟩_{xM es} − ⟨m_i − m_j ⟩_{yM es} ≠ 0. (3.11) where x and y are two different “spectator” quarks, such that m_x ≠ m_y.

To estimate this effect we are guided by the success of the simple potential models used to describe the charmonium and bottomonium spectra. We rewrite the Sakharov-Zeldovich mass formula (1.1) for the case of a meson containing a quark of flavor i and an antiquark of flavor j, to include a nonrelativistic potential model for the relative quark-antiquark motion of the qq̄ pair described by an effective Hamiltonian H_{ij} (m_r),

M(ij) = m_i + m_j + ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} = m^c_i + m^c_j + H_{ij} (m_r) + ⃗σ_i · ⃗σ_j m_i · m_j · v^{hyp}_{ij} (3.12) where m_r is the reduced mass of the quark-antiquark system obtained from the “constituent quark masses” m^c_i and m^c_j , which are loosely defined as what remains of the effective quark masses after the kinetic and potential energies of the relative motion are removed. We assume that, unlike the “total” masses m_i and m_j , the constituent masses do not depend upon their environment and therefore drop out of the second order differences (3.11) that are of interest: ⟨m_i − m_j ⟩_{xM es} − ⟨m_i − m_j ⟩_{yM es} = [M(ix) − M(jx)] − [M(iy) − M(jy)] = [E(ix) − E(jx)] − [E(iy) − E(jy)] (3.13)

where E(ix) denotes ⟨H_{ix}(m_r)⟩ and we average over the hyperfine splitting, so the potential energy does not depend on the mass. The effective Hamiltonian H_{ij} (m_r) depends upon the flavors i and j only via the reduced mass m_r. To determine this dependence, we use the Feynman-Hellmann theorem to obtain, d dm_r · ⟨H_{ij} (m_r)⟩ = ⟨ dH_{ij} (m_r) dm_r ⟩ = − ⟨T ⟩_m m_r (3.14)

where T = p^2 2m_r denotes kinetic energy of the quark-antiquark system^∗ and ⟨T ⟩_m denotes its expectation value with a wave function for a reduced mass m_r = m.

Integrating the equation gives for any two quark flavors i and j bound to a common antiquark or diquark denoted by x, E(ix) − E(jx) = − ∫_{m(ix)} m(jx) dm_r ⟨ dH(m_r ) dm_r ⟩ = ∫_{m(ix)} m(jx) dm_r ⟨T ⟩_m m_r (3.15)

This expression (3.15) reduces to a particularly simple form for the Quigg-Rosner logarithmic potential [18] which fits the charmonium and bottomonium spectra and is particularly easy to use in calculations.

V_{QR} = V_o · log ( r r_o ) ; ⟨T ⟩_{QR} = 1 2 V_o (3.16)

where the parameter V_o was determined by fitting the charmonium spectrum. We then have

∗The nonrelativistic expression for constituent quarks is a good approximation when discussing the ground state, but relativistic corrections become important for excited states.

E(ix)−E(jx)= ∫_{m(jx)} m(ix) dm_r V_o 2m_r = V_0 2 · log [ m_r(jx) m_r(ix) ] = V_0 2 · log [ m_j · (m_i + m_x) m_i · (m_j + m_x) ] (3.17)

The values of E(ix)−E(jx) obtained from eq. (3.17) are listed in Table III below.

TABLE III

Effective quark mass differences, depending on the spectator q_i q_j q_x E(ix)−E(jx) (MeV) d s u 66 d s c 117 d s b 136 s c c 267 u c c 384 u c d 183 s c d 116 c b d 44 c b s 63 s b c 413 s c b 350 d c b 486 s b d 161

The quark mass values (5.3) were used and

V_0 2 = 364 was taken from the Quigg-Rosner

fit to charmonium [18]. Clearly, not all the numbers in Table III are independent, for example 384 = 117 + 267, 350 = 413 − 63, 486 = 136 + 350, etc. We list them nevertheless, in

order to provide some feeling as to the their size. As we will see shortly, the differences of

entries in the third column of Table III will provide the theoretical predictions in the fourth column in Table IV below.

Taking second order differences, we obtain

[E(ix) − E(jx)] − [E(iy) − E(jy)] = ⟨m_i − m_j ⟩_{xM es} − ⟨m_i − m_j ⟩_{yM es} = V_0 2 · log [ (m_i + m_x) · (m_j + m_y) (m_j + m_x) · (m_i + m_y)

] (3.18)

We are now ready to see to what extent the inclusion of the confining potential can reproduce the observed reduction of effective quark mass differences with increase of the spectator mass. To that effect, we we examine the data and the theoretical values for the differences (3.18). The results are given in Table IV below.

TABLE IV Comparison of experiment and theory for quark double mass differences Experiment Theoretical ⟨m_i − m_j ⟩_x prediction observable x ⟨m^i − m^j⟩^x y ⟨m^i − m^j ⟩^y −⟨m_i − m_j ⟩_y eq. (3.18) MeV MeV MeV MeV ⟨m_s − m_u⟩ d 179 c 103 76 51 ⟨m_c − m_u⟩ d 1360 c 1095 265 202 ⟨m_c − m_s⟩ d 1180 c 991 189 151 ⟨m_s − m_u⟩ c 103 b 91 12 18

The results in Table IV confirm the suggestion that the effective mass of a bound quark depends upon its environment in a manner that is approximated by a potential model. The results using the Quigg-Rosner potential are qualitatively correct. The first three rows of Table IV show that the data are all in the direction of giving a larger difference than the predictions for cases where mass differences with a charm spectator are compared with mass differences with a light spectator. This is not true in the last row, where c-quark spectator is replaced by b-quark spectator, and where the differences 12 MeV and 18 MeV are small.

In the next Section we will see how the quantitative agreement with the data can be improved through the use of a more realistic potential, but for the time being we apply the simple logarithmic potential to the case of B_c.

Application to the B_c

The same approach applied to the B_c mesons gives ⟨m_c − m_s⟩_{bM es} = 3(M_B∗_c − M_B∗_s ) + M_{Bc} − M_{Bs} 4 = 3(M_B∗_c ) + M_{Bc} 4 − 3(M_B∗_s ) + M_{Bs} 4 (3.19)

The mass of the B_c is known with large error as 6400 ± 400 MeV and the mass of the B^∗_c is not known at all. We therefore rearrange this relation to obtain a prediction, 3(M_B∗_c ) + M_{Bc} 4 = 3(M_B∗_s ) + M_{Bs} 4 + ⟨m_c − m_s⟩_{bM es} = 5314 MeV + ⟨m_c − m_s⟩_{bM es} (3.20)

To obtain ⟨m_c − m_s⟩_{bM es}, we note that ⟨m_c − m_s⟩_{dM es} = 3(M_D∗ − M_K∗ ) + M_D − M_K 4 = 1178 MeV. (3.21)

⟨m_c − m_s⟩_{cM es} = 3(M_ψ − M_D∗_s ) + M_{ηc} − M_{Ds} 4 = 992 MeV. (3.22)

We correct these values using our results from the logarithmic potential to obtain, ⟨m_c − m_s⟩_{bM es} = ⟨m_c − m_s⟩_{dM es} + E(sd) − E(cd) − E(bs) + E(bc) = 944 MeV. (3.23) This gives M_{Bc} ≤ 3(M_B∗_c ) + M_{Bc} 4 = 5314 + 944 MeV = 6258 MeV. (3.24)

where the inequality follows from the known sign of the unmeasured hyperfine splitting. Alternatively we can use ⟨m_c − m_s⟩_{bM es} = ⟨m_c − m_s⟩_{cM es} + E(sc) − E(cc) − E(bs) + E(bc) = 909 MeV. (3.25) This gives M_{Bc} ≤ 3(M_B∗_c ) + M_{Bc} 4 = 5314 + 909 MeV = 6223 MeV. (3.26)

Both predicted inequalities agree with experiment within the large experimental errors.

IV. USE OF DIFFERENT POTENTIALS

In Section III we have shown that the logarithmic potential correctly reproduces the important qualitative empirical observation that the effective quark mass difference decreases when a lighter spectator quark is replaced by a heavier spectator quark.

Beyond this qualitative success, we note however that in the first three rows of Table IV, corresponding to d → c, theory systematically undershoots the data, while in the fourth row, corresponding to c → b, theory overshoots the data slightly, but in the latter case both experimental and theoretical differences are small.

That this discrepancy will be improved by using a more realistic potential can be seen by noting from (3.15) that the theoretical prediction is proportional to an integral over the expectation value ⟨T ⟩ of the kinetic energy. Since the commonly accepted combination of Coulomb plus linear potential increases much more sharply than the logarithmic potential at small and large distances, the wave functions are confined to a smaller region in space and the kinetic energy is therefore higher.

To see this quantitatively we consider the family of potentials which are singular at the origin and confining at large distances. V = V_o 2n [( r r_o )_n − ( r r_o )_{−n}] (4.1)

The value n = 1 gives the combination of Coulomb plus linear potential; the value n=0 gives the logarithmic potential. The virial theorem then gives ⟨T ⟩ = ⟨ r 2 · dV dr ⟩ = V_o 4 [( r r_o )_n + ( r r_o )_{−n}] (4.2) For n > 0 the kinetic energy ⟨T ⟩ is seen to be no longer a constant but dependent upon powers of the radial co-ordinate r. For a logarithmic potential r scales [18] with the reduced mass m_r like m^{−1/2}_r . Thus ⟨T ⟩ will be larger in lighter quark systems than in the cc̄ system for which the value of the parameter V_o was defined to fit charmonium data. The values of the integral (3.15) will therefore be larger than the predictions from the logarithmic potential model.

V. THE DYNAMICS OF A DIQUARK-TRIQUARK PENTAQUARK

The recent observation observation of the strange Θ^+ pentaquark [3–5] with a mass of 1540 MeV and a very small width ∼20 MeV has generated a great deal of interest. Although the original prediction of an exotic KN resonance was obtained within the framework of the Skyrme model [22,23], there is an obvious and urgent need to understand what Θ^+ is in the quark language [24].

The first guess is to use the Sakharov-Zeldovich approach, together with Jaffe’s colormagnetic interaction [19] model for the hyperfine interaction. Previous attempts show, however, that a single-cluster description of the (uudds̄) system fails because the colormagnetic repulsion between flavor-symmetric states prevents binding.

An additional nontrivial challenge for the quark interpretation [25] is that whereas the Skyrme model predicts that Θ^+ has positive parity, the “standard” pentaquark involves 5 quarks in an S-wave and therefore has negative parity. As of now, there is no clearcut experimental information on the Θ^+ parity, but if it is positive, clearly one must have one unit of orbital angular momentum and this makes the calculation difficult.

We consider here a possible model for a strange pentaquark that bypasses these difficulties by dividing the system into two color non-singlet clusters which separate the pairs of identical flavor. The two clusters, a ud diquark and a uds̄ triquark, are separated by a distance larger than the range of the color-magnetic force and are kept together by the color electric force. Therefore the color hyperfine interaction operates only within each cluster, but is not felt between the clusters.

The ud diquark is in the ¯3 of the color SU(3) and in the ¯3 of the flavor SU(3) and has I = 0, S = 0, like the ud diquark in the Λ. It is in the symmetric 21 of the color-spin SU(6) and is antisymmetric in both spin and color.

The 21 representation of SU(6) contains a color antitriplet with spin 0 and a color sextet with spin 1.

The ud in the uds̄ triquark is in 6 of SU(3)_c, in ¯3 of SU(3)_f and has I = 0, S = 1. It is also in the symmetric 21 of the color-spin SU(6), but is symmetric in both spin and color.

The triquark consists of the diquark and antiquark coupled to an SU(3)_c triplet and has I = 0, S = 1/2. It is in the fundamental 6 representation of the color-spin SU(6). It is in a ¯6 of SU(3)_f .

We now define the classification of the diquarks with spin S, denoted by | | |(2q)^S ⟩ and the triquark, denoted by | | |(2qs̄)^{12} ⟩ , in a conventional notation |D_6, D_3, S, N⟩ [20,21] where D_6 and D_3 denote the dimensions of the color-spin SU(6) and color SU(3) representations in which the multiquark states are classified, S and N denote the total spin and the number of quarks in the system, | | | (2q)^1 ⟩ = |21, 6, 1, 2⟩ | | (2q)^0 ⟩ = |21, ¯3, 0, 2⟩ (5.1) | |(2qs̄)^{12} ⟩ = | | 6, 3,^1_2 , 3 ⟩

A standard treatment using the SU(6) color-spin algebra [20,21] gives the result that the hyperfine interaction is stronger by^1_6 (M_Δ − M_N ) for the diquark-triquark system than for the kaon nucleon system,

[V (2qs̄^{12} ) + V (2q^0)] − [V (K) + V (N)] = − 1 6 (M_Δ − M_N ) ≈ 50MeV (5.2)

The physics here is simple. The spin-zero diquark is the same as the diquark in a Λ and has the same hyperfine energy as a nucleon. A triquark with one quark coupled with the s̄ antiquark to spin zero has the same hyperfine energy as a kaon but no interaction with the other quark. The triquark coupling used here allows the s̄ antiquark to interact with both the u and d quarks and gain hyperfine energy with respect to the case of the kaon. For an isolated triquark such a configuration is of course forbidden, since it a color nonsinglet, but here it is OK, since the the triquark color charge is neutralized by the diquark.

We see that the triquark-diquark system will be somewhat more bound than a kaon and a nucleon. The diquark and triquark will have a color electric interaction between them which is identical to the quark-antiquark interaction in a meson. If we neglect the finite sizes of the diquark and triquark we can compare this system with analogous mesons. We can use the effective quark masses that fit the low-lying mass spectrum

m_u = 360 MeV; m_s = 540 MeV; m_c = 1710 MeV . (5.3)

we find a very rough estimate

m_{diq} = 720 MeV; m_{triq} = 1260 MeV; m_r(di-tri) = 458 MeV; m_r(cs̄) = 410 MeV . (5.4)

where m_{diq} and m_{triq} denote the effective masses of the diquark and triquark, m_r(di-tri) denotes the reduced mass for the relative motion of the diquark-triquark system and m_r(cs̄) denotes the reduced mass of the cs̄ system used to describe the internal structure of the D_s spectrum.

A crucial observation is that the diquark-triquark system may not exist in a relative Swave. This is because in S-wave the hyperfine interaction acts not only within the clusters but also between them. The repulsive terms may then win and the would be S-wave gets rearranged into the usual KN system. The situation is different in a P -wave, because then the diquark and the triquark are separated by an angular momentum barrier and the color-magnetic interactions operate only within the two clusters. The price is the P -wave excitation energy.

We can obtain a rough estimate of this P -wave excitation energy, using the fact that the reduced mass of the D_s is close to the reduced mass of the diquark-triquark system and that all the relevant experimental information about the D_s system has recently become available.

It has been proposed that the new D_s(2317) [6–8] is a 0^+ excitation [26] of the ground state 0^− D_s(1969). If so, the 350 MeV excitation energy then consists of a P -wave contribution, on top of a contribution from color hyperfine splitting. We can estimate the net P -wave excitation energy δE^{P −wave} by subtracting the c-s hyperfine splitting obtained from the mass difference between D^∗_s and D_s, δE^{P −wave} ≈ 350 − (m_D∗_s − m_{Ds} ) = 207 MeV (5.5)

From eq. (5.2) we infer that without the P -wave excitation energy the diquark-triquark mass is m_N + m_K −^1_6 (M_Δ − M_N ) ≈ 1385 MeV, so that the total mass of the P -wave excitation of the diquark-triquark system is is expected to be

M_{di}-_{tri} ≈ 1385 + 207 = 1592 MeV , (5.6)

about 3% deviation from the observed mass of the Θ^+ particle. It should be kept in mind, however, that this is only a very rough qualitative estimate and this close agreement might well be fortuitous, as there are several additional model-dependent effects which should be taken into account: the reduced mass of D_s is ∼ 12% lower than m_r(di-tri), we don’t know the spatial wave functions and we have neglected the spatial extent of the diquark and triquark and possible molecular Van-der-Waals interactions spatially polarizing the two, breaking of flavor SU(3), etc.

In addition to the parity and the mass, we also note that our model naturally gives a state with isospin zero because both the diquark and triquark have I = 0. The isospin has not yet been determined experimentally, but no isospin partners of the Θ^+ have been found and the Skyrme also predicted I = 0. This should be contrasted with attempts to envision the Θ^+ as a KN molecule in a P -wave [27], which have a problem in getting rid of the I = 1 state.

Our model also naturally predicts that the Θ^+ is in an antidecuplet of SU(3) flavor. The diquark is a ¯3, the triquark a ¯6 and in SU(3) ¯3 ⊗ ¯6 = 10 ⊕ 8 and only 10 has the right strangeness. KN is 8 ⊗ 8 in SU(3)_f and contains 27 with an isovector with the right strangeness, in addition to an antidecuplet. The antidecuplet prediction is again in agreement with the Skyrme model.

Since M_{di}-_{tri} is above the KN threshold, the system will eventually decay to KN, but the orbital angular momentum barrier and the required color rearrangement will make such a decay relatively slow, possibly explaining the observed narrow width of the Θ^+.

SUMMARY AND CONCLUSIONS

In summary, we have demonstrated a large class of simple phenomenological hadronic mass relations. We use them to construct a prediction involving the only roughly known mass of B_c and the yet unmeasured mass of B^∗_c . Direct derivation of such relations from QCD is still an open challenge.

The simple generalized Sakharov-Zeldovich mass formula holds with a single set of effective quark mass values for all ground state mesons and baryons having no more than one strange or heavy quark. The breakdown of this simple description in mesons having two strange or heavy quarks implies that the effective mass of heavy quarks decreases sharply when the companion light quark is replaced by a heavy one. We are able to reproduce this phenomenon qualitatively through the increased binding of heavier quarks in the short-range Coulomb-like part of the potential and semiquantitatively in a crude potential model.

Using these ideas, we propose the interpretation of the recently discovered Θ^+ exotic KN resonance as a novel kind of a pentaquark, involving a recoupling of the five quarks into a diquark-triquark system in non-standard color representations. We provide a rough numerical estimate indicating that such a color recoupling might put the pentaquark mass in the right ballpark of the experimentally observed Θ^+ mass. Our model naturally predicts that Θ^+ has spin 1/2, positive parity, is an isosinglet and is an antidecuplet in SU(3)_f .

Regardless of the specific details of the model, we have addressed the problem what kind of a five-quark configuration can describe the Θ^+. We have shown that our new diquarktriquark model with color recoupling gives a lower mass than than the simplest uudds̄ and it looks promising. The diquark-triquark configuration might also turn out to be useful if negative parity exotic baryons are experimentally discovered in future.

ACKNOWLEDGMENTS

The research of one of us (M.K.) was supported in part by a grant from the United

States-Israel Binational Science Foundation (BSF), Jerusalem and by the Einstein Center

for Theoretical Physics at the Weizmann Institute. We benefited from e-mail discussions

with Ken Hicks about the experimental data on the Θ^+ and with Simon Capstick, Frank

Close, Mitya Diakonov, Bob Jaffe and Michał Praszałowicz about the challenges this data

poses for a theoretical interpretation.

REFERENCES

[1] J. Z. Bai et al. [BES Coll.], hep-ex/0303006.

[2] K. Abe et al. [BELLE Coll.], Phys. Rev. Lett. 88(2002)18103, hep-ex/0202017. [3] T. Nakano et al. [LEPS Coll.], Phys. Rev. Lett. 91(2003)012002, hep-ex/0301020. [4] V. V. Barmin et al. [DIANA Collaboration], hep-ex/0304040. [5] S. Stepanyan [CLAS Collaboration], hep-ex/0307018. [6] B. Aubert et al. [BABAR Collaboration], hep-ex/0304021. [7] D. Besson, et al., [CLEO Collaboration], hep-ex/0305017.

[8] Tom Browder’s talk on behalf of BELLE Collaboration at CIPANP 2003, May 19-24, 2003, NYC, http://www.phys.hawaii.edu/~teb/dspi nyc.pdf.

[9] Ya.B. Zeldovich and A.D. Sakharov, Yad. Fiz 4(1966)395; Sov. J. Nucl. Phys.

4(1967)283.

[10] I. Cohen and H. J. Lipkin, Phys. Lett. B93, (1980) 56 [11] Harry J. Lipkin, Phys. Lett. B233 (1989) 446; Nuc. Phys. A507 (1990) 205c [12] A. De Rujula, H. Georgi and S.L. Glashow, Phys. Rev. D12 (1975) 147 [13] A. D. Sakharov, private communication; H.J. Lipkin, Annals NY Academy of Sci.

452(1985)79, and London Times Higher Education Supplement, Jan. 20,1984, p. 17. [14] Harry J. Lipkin, Nucl. Phys. A478, (1988) 307c [15] H.J. Lipkin, in Proc. 6th Conf. on the Intersections of Particle and Nuclear Physics, Big Sky, Montana, May (1997) T. W. Donnelly, Ed., AIP Conference Proc. 412(1997)504.

[16] R. Machleidt, K. Holinde and C. Elster, Phys. Rept. 149, 1 (1987). [17] Patrizia Rossi [CLAS Collaboration], hep-ex/0302032.

[18] C. Quigg and J.L. Rosner, Phys. Lett B71 1978 153, Physics Reports 56, (1979) 167 [19] R. L. Jaffe, Phys. Rev. Lett. 38, (1977) 195 [20] W. G. McKay and J. Patera, Tables of Dimensions, Indices, and Branching Rules for Representations of Simple Lie Algebras, (Marcel Dekker, New York, 1981) p. 98 [21] H. Högaasen and P. Sorba, Nucl. Phys. B145 (1978) 119 [22] M. Chemtob, Nucl. Phys. B 256, 600 (1985); M. Karliner and M. P. Mattis, Phys.

Rev. D 34, 1991 (1986); M. Praszalowicz in Proc. Cracow Workshop on Skyrmions and Anomalies, Mogilany, Poland, Feb 20-24, 1987, M. Jezabek, M. Praszalowicz, Eds., WORLD SCIENTIFIC, Singapore 1987, p. 112.

[23] D. Diakonov, V. Petrov and M.V. Polyakov, Z. Phys. A 359(1997)305, hep-ph/9703373. [24] F. Stancu and D. O. Riska, hep-ph/0307010; S. Capstick, P. R. Page and W. Roberts, hep-ph/0307019.

[25] R.L. Jaffe, private communication.

[26] W. A. Bardeen, E. J. Eichten and C. T. Hill, hep-ph/0305049. [27] D. Diakonov, private communication.