arXiv:hep-ph/0309061 v2 15 Sep 2003

Obtaining the Full Unitarity Triangle from B → πK Decays

Maxime Imbeault, Alexandre Lemerle, and Véronique Pagé Laboratoire René J.-A. Lévesque, Université de Montréal, C.P. 6128, succ. centre-ville, Montréal, QC, Canada H3C 3J7

David London Physics Department, McGill University, 3600 University St., Montréal QC, Canada H3A 2T8; Laboratoire René J.-A. Lévesque, Université de Montréal, C.P. 6128, succ. centre-ville, Montréal, QC, Canada H3C 3J7 (Dated: September 15, 2003)

We present a method of obtaining the entire unitarity triangle from measurements of B → πK decay rates alone. Electroweak penguin amplitudes are included, and are related to tree operators. Discrete ambiguities are removed by comparing solutions with independent experimental data. The theoretical uncertainty in this method is rather small, in the range 5–10%.

PACS numbers: 13.25.Hw, 11.30.Er, 12.15Ff, 14.40.Nd

Within the standard model (SM), CP violation is due to a complex phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix. It has become standard to parametrize this phase information using the unitarity triangle, whose apex is given by the CKM parameters (ρ, η), and in which the interior (CP-violating) angles are known as α, β and γ [1]. One of the most important tasks in high-energy physics is to measure these quantities, and to test whether the SM explanation is correct.

Many methods have been proposed for getting α, β and γ (or, equivalently, ρ and η). Most require the measurement of CP-violating asymmetries in hadronic B decays [2]. The most promising of these involve decays which are dominated by a single decay amplitude (e.g. B^0_d (t) → J/ψK_S , ϕK_S ). However, a great many decays receive both tree and penguin contributions, with different weak phases, thus spoiling the cleanliness of the methods [3].

A number of years ago, it was shown that an isospin analysis of B → ππ decays allows one to remove the penguin “pollution” in B^0_d (t) → π^+π^−, so that the CP phase α can be measured [4]. Subsequently, Nir and Quinn (NQ) showed that this technique could also be applied to B → πK decays, giving another way of extracting α [5]. (Note that this method gives α with several discrete ambiguities [6].) Unfortunately, this analysis neglects electroweak penguin operators (EWP’s), and such operators are very important in B → πK decays [7]. When one includes EWP’s, the NQ B → πK analysis fails — one cannot obtain weak phase information. (The validity of analyses which rely on SU(3) relations between B → πK and B → ππ decays [8, 9] is also affected by EWP’s.)

Recently, it was shown that, by using Fierz transformations and SU(3) symmetry, it is possible to relate EWP’s to tree operators [10, 11]. In light of this, the B → πK analysis can be resuscitated and improved. As we will show, the entire unitarity triangle can be obtained from measurements of the B → πK decay rates alone! In general, the discrete ambiguities can be removed by comparison with experimental data. The theoretical error in this method is rather small, in the range 5–10%.

Using isospin, the B → πK amplitudes satisfy a quadrilateral relation:

A^{+0} + √ 2A^{0+} = √ 2A^{00} + A^{−+} , (1)

where we have defined A^{ij} ≡ A(B → π^iK^j ). The CPconjugate amplitudes Ā^{ij} satisfy a similar relation (note: Ā^{+0} corresponds to B^− → π^−K̄^0, etc.). It is possible to express all amplitudes in terms of a number of distinct operators. This is equivalent to a description in terms of diagrams [8]. Neglecting the exchange- and annihilationtype diagrams, which are expected to be small for dynamical reasons, but including EWP’s, there are five diagrams which contribute to B → πK decays [9, 12]: (1) a color-favored tree amplitude T , (2) a color-suppressed tree amplitude C, (3) a gluonic penguin amplitude P , (4) a color-favored electroweak penguin amplitude P_{EW} , and (5) a color-suppressed electroweak penguin amplitude P^C_{EW} [13]. The B → πK amplitudes can then be written [12]

A^{+0} = P − 1 3 P^C_{EW} , √ 2A^{0+} = −P − T e^{iγ} − Ce^{iγ} − P_{EW} − 2 3 P^C_{EW} , √ 2A^{00} = P − Ce^{iγ} − P_{EW} − 1 3 P^C_{EW} , A^{−+} = −P − T e^{iγ} − 2 3 P^C_{EW} . (2)

Here we have explicitly written the weak phase (γ), while P , T , etc. implicitly include strong phases. To obtain the amplitudes Ā^{ij} for the CP-conjugate processes, one simply changes the sign of the weak phases. We have assumed that the b → s penguin contribution P is dominated by the internal t-quark, so that it has no weak phase in the Wolfenstein parametrization [1] (the EWP’s are known to be dominated by the internal t-quark). In this case the amplitudes A^{+0} and Ā^{+0} are identical.

In the above, the (complex) B → πK amplitudes are written in terms of the six complex theoretical quantities P , T , C, P_{EW} , P^C_{EW} and e^{iγ} . First, suppose that EWP’s are absent. In this case it is possible to invert the expressions for the amplitudes in order to write the theoretical quantities in terms of the magnitudes and relative phases of four of the A^{ij} and Ā^{ij}. Now, we can get the magnitudes of A^{ij} and Ā^{ij} from measurements of the B → πK branching ratios. However, in order to obtain the relative phases, we must fix the A-quadrilateral and the Ā-quadrilateral, and know their relative orientations. In order to do this, we need two additional (real) relations involving the A^{ij} and Ā^{ij}. In the absence of EWP’s, such relations exist. They are:

A^{−+} + √ 2A^{00} = Ã^{−+} + √ 2Ã^{00} , √ 2A^{00} + √ 2A^{0+} = √ 2Ã^{00} + √ 2Ã^{0+} , (3)

where Ã^{ij} ≡ e^{2iγ} Ā^{ij} . (A third relation, not independent, is A^{+0} + A^{−+} = Ã^{+0} + Ã^{−+}.) The first equation above indicates that the A- and Ã-quadrilaterals share a common diagonal, the isospin-3/2 amplitude:

A_{3/2} = A^{−+} + √ 2A^{00} = −(T + C)e^{iγ} . (4)

Obviously, since the diagonals are common to both quadrilaterals, they have the same length. The second relation is used to determine this length. With this knowledge, we can fix the A- and the Ā-quadrilaterals, and determine their relative orientations. Thus, in the absence of EWP’s, it is possible to solve for the six theoretical quantities: |P |, |T |, |C|, two relative strong phases, and γ. This is the NQ method [5].

Unfortunately, in the presence of EWP’s, it is no longer possible to do this [7, 12]. In this case there are six theoretical quantities, but only five independent amplitudes in Eq. (2). Thus, it is impossible to express the theoretical quantities in terms of the A^{ij} and Ā^{ij} . (It is also straightforward to verify that Eqs. (3) above no longer hold if P_{EW} and P^C_{EW} are nonzero.) It therefore appears impossible to obtain weak phase information from B → πK decays.

Fortunately, to a good approximation, the EWP’s are not independent quantities — P_{EW} and P^C_{EW} can be related to T and C. Briefly, the argument goes as follows [10, 11]. The SM effective weak hamiltonian for B → πK decays is: H^q_{eff} = G_F √ 2 [V_{ub}V^∗_{us}(c_1O_1 + c_2O_2) − 10∑ i=3 V_{tb}V^∗_{ts}c_iO_i] + h.c. (5) In the above, O_1 and O_2 are (V − A) × (V − A) tree operators, while O_7–O_{10} describe the electroweak penguin operators. O_7 and O_8 have the Lorentz structure

(V −A)×(V +A), while O_9 and O_{10} are (V −A)×(V −A). However, the Wilson coefficients c_7 and c_8, which multiply O_7 and O_8, are much smaller than c_9 and c_{10} [14]:

c_7 = 3.49 × 10^{−4} , c_8 = 3.72 × 10^{−4} , c_9 = −9.92 × 10^{−3} , c_{10} = 2.54 × 10^{−3} . (6)

Thus, the EWP’s are approximately given purely by O_9 and O_{10}. Furthermore, these operators can be Fierztransformed into O_1 and O_2, since all have a (V − A) × (V − A) structure. Therefore the EWP’s are related to the tree operators.

There are two independent relations between EWP’s and tree operators. Ignoring exchange- and annihilationtype diagrams once again, they are given by [11]

P^{EW} (B^+ → π^+K^0) + √ 2P^{EW} (B^+ → π^0K^+) = c_9 + c_{10} c_1 + c_2

(T + C) |V^∗_{ub}V_{us}| , P^{EW} (B^0 → π^−K^+) + P^{EW} (B^+ → π^+K^0) = − 1 2 c_9 − c_{10} c_1 − c_2 (T − C) |V^∗_{ub}V_{us}| + 1 2 c_9 + c_{10} c_1 + c_2

(T + C) |V^∗_{ub}V_{us}| . (7)

Using the expressions for the B → πK amplitudes given in Eq. (2), these give P_{EW} = 3 4 c_9 + c_{10} c_1 + c_2

R(T + C) + 3 4 c_9 − c_{10} c_1 − c_2 R(T − C) , P^C_{EW} = 3 4 c_9 + c_{10} c_1 + c_2 R(T + C) − 3 4 c_9 − c_{10} c_1 − c_2 R(T − C) ,(8) where R ≡ |V^∗_{tb}V_{ts}/V^∗_{ub}V_{us}|. These provide the relations between the diagrams P_{EW} and P^C_{EW} and the tree operators T and C.

In Refs. [10, 11], a numerical value is taken for R. But in our method, this is not necessary. Instead, we keep the general expression | | | | V^∗_{tb}V_{ts} V^∗_{ub}V_{us} | | | | = 1 λ^2 √ ρ^2 + η^2

. (9)

As we will see below, this allows us to improve considerably upon the original NQ method.

The B → πK amplitudes are now written in terms of the five (complex) theoretical quantities P , T , C, e^{iγ} and √ ρ^2 + η^2. One can invert these expressions to write the theoretical parameters in terms of five independent A^{ij} and Ā^{ij} amplitudes [15]. However, as discussed earlier, in order to determine these parameters, one needs two additional (real) relations to fix the two quadrilaterals and their relative orientation. There are several ways to obtain these. One is to note that, at this stage, e^{iγ} and √ ρ^2 + η^2 are simply arbitrary complex quantities, and are expressed in terms of the A^{ij} and Ā^{ij}. However, there are physical constraints on these parameters. They are: | |e^{iγ} | | = 1 , Im (√ ρ^2 + η^2 ) = 0 . (10)

These provide the relations necessary to fix the relative orientations of the two quadrilaterals.

Note that, in light of the relations between EWP’s and tree operators, the A_{3/2} amplitude in Eq. (4) is given by

A_{3/2} = −(T + C) [ e^{iγ} + 3 2 c_9 + c_{10} c_1 + c_2 R ] . (11)

This is one of the diagonals of the A-quadrilateral. The corresponding diagonal in the Ā-quadrilateral is given by the above expression, but with γ → −γ. The relations in Eq. (10) imply that |A_{3/2}| = |Ā_{3/2}|, as was true for the case without EWP’s. The magnitudes and relative phases of the B → πK amplitudes are therefore obtained by measurements of the branching ratios and the construction of the A- and Ā-quadrilaterals. This allows us to obtain all the theoretical parameters.

The key point is that there is enough information in the B → πK system to extract the values of seven theoretical parameters: the magnitudes of P , T and C, two relative strong phases, and two pieces of weak-phase information (which we take to be γ and √ ρ^2 + η^2) [16]. Note that the knowledge of γ and √ ρ^2 + η^2 is sufficient to pin down the shape of the unitarity triangle. Thus, one can obtain the full unitarity triangle (up to discrete ambiguities) from measurements of the B → πK rates alone.

We now demonstrate numerically how the method works. Ideally, we would use current experimental data on B → πK rates. Unfortunately, although the various branching ratios have been measured, no significant partial-rate asymmetries have yet been observed [1], and our method requires at least one measurement of direct CP violation. We therefore generate values for the “experimental measurements” by assuming input values for P , T , etc. We choose

|P | = 1.0 , δ_P = −18.0^∘ , |T | = 0.3 , δ_T = 2.0^∘ |C| = 0.05 , δ_C = 102.0^∘ , ρ = 0.18 , η = 0.38 . (12)

With these inputs, we find | |A+0 | | = | |Ā+0 | | = 1.00 , | |A^{0+} | | = 0.86 , | |Ā^{0+} | | = 1.00 , | |A^{00} | | = 0.62 , | |Ā^{00} | | = 0.57 , |A^{−+}| = 1.07 , | |Ā^{−+} | | = 1.22 . (13)

Here we have taken the values for c_9 and c_{10} given in Eq. (6), along with c_1 = 1.144 and c_2 = −0.308 [14].

Given this “experimental data,” we can solve the system for our seven theoretical unknowns. Since the equations are nonlinear, there will be many discretelyambiguous solutions. For the “data” in Eq. (13), we find 16 solutions. Half of these yield unitarity triangles which point down, i.e. η < 0. However, we know from the kaon system that η > 0 [17]. We therefore exclude solutions with η < 0. The 8 remaining solutions are shown in Table I. (Note: we have solved the system for many different inputs [Eq. (12)]. In all cases, we find either 16 or 8 solutions, half of which can be rejected because η < 0.)

Now, if the SM is correct, there are several constraints which these putative solutions must satisfy. First, CP violation in B^0_d (t) → J/ψK_S has been measured, yielding a world average of sin 2β = 0.736 ± 0.049 [18]. Any solution in Table I which does not give a value for sin 2β in its 3σ range is excluded. Second, the latest 95% c.l. range for S ≡ √ ρ^2 + η^2 is 0.356 ≤ S ≤ 0.452 [19]. An acceptable solution must give a value for S in this range. Finally, some solutions can be eliminated by making the mild theoretical assumption that |P | > |T | > |C|. (This constraint is not essential — we find that solutions which do not satisfy this condition generally also violate one of the experimental constraints.)

In the particular case of Table I, the experimental constraints alone eliminate all solutions except (3) (the true solution). Indeed, in almost all of the cases we studied, in which we varied the inputs in Eq. (12), we found that only a single solution remained after imposing the constraints. Thus, it is in fact possible to obtain the full unitarity triangle from measurements of the B → πK rates alone.

Note that it is also possible to measure independently the indirect CP asymmetry in B^0_d (t) → π^0K_S : A^{indir}_{πK} ≡ Im ( e^{−2iβ}A^{00∗}Ā^{00} ) |A^{00}| | |Ā00 | | . (14)

The knowledge of this quantity will provide a crosscheck to the solution(s) found above. If two solutions happen to be found, then one can in principle distinguish between them through the measurement of A^{indir}_{πK} . And if one finds only a single solution using the above method, A^{indir}_{πK} furnishes an independent check of this solution.

It is possible that no solution is found which satisfies all the constraints and independent measurements. This would then be evidence for physics beyond the SM. Indeed, the present measurement of the indirect CP asymmetry in B^0_d (t) → ϕK_S may be showing signs of new physics: although the BaBar measurement is in agreement with the SM prediction (within errors), the BELLE measurement disagrees at the level of 3.5σ [18]. If this discrepancy with the SM is confirmed, this would point specifically to new physics in the b → s penguin amplitude [20]. Since B → πK decays also involve b → s penguin diagrams, they would also be affected by this new physics. In particular, we would expect to find a discrepancy in the values of the parameters of the unitarity triangle as extracted using the above method and in other, independent measurements (e.g. sin 2β).

Although there is some theoretical input in this method, the uncertainty is rather small. There are three sources of theoretical error. First, we ignore annihilation-

|P | |T | |C| (δP − δT ) (δT − δC ) ρ η sin 2β S A^{indir}_{πK} (1) 0.96 0.42 0.33 −126.5^∘ −28.0^∘ −0.56 0.17 0.21 0.59 −0.41 (2) 0.98 1.97 1.74 −21.0^∘ −149.2^∘ −7.33 0.99 0.23 7.40 0.31 (3) 1.0 0.3 0.05 −20.0^∘ −100.0^∘ 0.18 0.38 0.76 0.42 −0.80 (4) 1.01 1.90 0.43 −31.9^∘ −55.0^∘ −1.91 0.18 0.12 1.91 −0.09 (5) 1.02 1.70 0.55 −46.7^∘ −26.7^∘ −0.96 0.07 0.07 0.96 −0.03 (6) 1.02 1.60 0.23 −4.6^∘ −8.6^∘ −0.88 0.91 0.78 1.27 −0.48 (7) 1.08 2.05 0.59 −5.1^∘ −2.4^∘ −0.68 0.37 0.42 0.77 0.24 (8) 1.38 3.12 1.18 −5.5^∘ −0.6^∘ −0.28 0.06 0.10 0.29 −0.67

TABLE I: The 8 sets of theoretical parameters which reproduce the “experimental data” of Eq. (13). We also give the predicted values of each set for sin 2β, S ≡ √ ρ^2 + η^2 and A^{indir}_{πK} , the indirect CP asymmetry in B^0_d (t) → π^0 KS.

and exchange-type diagrams, leading to an error of O(1%) [8, 12]. Second, we neglect the Wilson coefficients c_7 and c_8 compared to c_9 and c_{10}, giving an error of about 4% [see Eq. (6)]. Finally, one must take SU(3)-breaking effects into account in Eq. (8). Ref. [10] estimates such effects, and finds them to be roughly 5%. Thus, depending on how one adds all the uncertainties, the net theoretical error in this method is in the range 5–10%.

Finally, we must note that experimental errors in the B → πK branching ratios may make it challenging to implement this method in practice. However, by performing a fit to all experimental data, including constraints from sin 2β and √ ρ^2 + η^2, it should be possible to extract the full unitarity triangle.

In summary, we have presented a method of obtaining the entire unitarity triangle from measurements of B → πK rates alone. It relies on a relation between electroweak penguin amplitudes and tree operators. One can distinguish among discretely-ambiguous solutions by using independent experimental determinations of sin 2β and √ ρ^2 + η^2. The theoretical uncertainty is rather small, in the range 5–10%. At present, although Bfactories have measured the B → πK rates, no difference between the B and B̄ branching ratios has been observed yet. As soon as one observation of direct CP violation in B → πK decays is made, it should be possible to extract the full unitarity triangle using this method.

D.L. thanks M. Gronau for helpful conversations, and A. Hoecker and L. Roos of the CKMfitter group for the latest 95% c.l. range for √ ρ^2 + η^2. This work was financially supported by NSERC of Canada.

[1] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983); K.

Hagiwara et al. [Particle Data Group Collaboration], Phys. Rev. D66, 010001 (2002) [2] For a review, see, for example, The BaBar Physics Book,

eds. P.F. Harrison and H.R. Quinn, SLAC Report 504, October 1998.

[3] D. London and R. Peccei, Phys. Lett. 223B, 257 (1989);

B. Grinstein, Phys. Lett. 229B, 280 (1989); M. Gronau, Phys. Rev. Lett. 63, 1451 (1989), Phys. Lett. 300B, 163 (1993).

[4] M. Gronau and D. London, Phys. Rev. Lett. 65, 3381 (1990).

[5] Y. Nir and H.R. Quinn, Phys. Rev. Lett. 67, 541 (1991). [6] M. Gronau, Phys. Lett. 265B, 389 (1991); L. Lavoura, Mod. Phys. Lett. A7, 1553 (1992).

[7] N.G. Deshpande and X.-G. He, Phys. Rev. Lett. 74, 26 (1995), [Erratum-ibid. 74, 4099 (1995)].

[8] M. Gronau, O.F. Hernández, D. London and J.L. Rosner, Phys. Rev. D50, 4529 (1994).

[9] M. Gronau, J.L. Rosner and D. London, Phys. Rev. Lett.

73, 21 (1994); O.F. Hernández, D. London, M. Gronau and J.L. Rosner, Phys. Lett. 333B, 500 (1994), Phys. Rev. D52, 6356 (1995).

[10] M. Neubert and J.L. Rosner, Phys. Lett. 441B, 403 (1998), Phys. Rev. Lett. 81, 5076 (1998).

[11] M. Gronau, D. Pirjol and T.M. Yan, Phys. Rev. D60, 034021 (1999).

[12] M. Gronau, O.F. Hernández, D. London and J.L. Rosner, Phys. Rev. D52, 6374 (1995).

[13] In Refs. [9, 12], the diagrams contributing to ΔS = 1 processes are written as P^′, T^′ , etc. In the present paper we drop the primes for simplicity of notation.

[14] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Rev.

Mod. Phys. 68, 1125 (1996).

[15] It is equivalent to work with the Ã^{ij} amplitudes instead of the Ā^{ij} amplitudes.

[16] Although we have assumed that P is dominated by the internal t-quark, there is still enough information in the B → πK system to obtain all theoretical parameters using our method if this assumption is relaxed. In this case A^{+0} ≠ Ā^{+0} and the individual rates for B^+ → π^+ K^0 and B^− → π^−K̄^0 must be measured.

[17] This assumes that the sign of the bag parameter, BK , is positive. For a discussion of this issue, as well as the relevant references to the literature, see Y. Grossman, B. Kayser and Y. Nir, Phys. Lett. 415B, 90 (1997).

[18] T. Browder, talk given at Lepton Photon 2003, XXI Symposium on Lepton and Photon Interactions at High Energies, Fermilab, Batavia, USA, August 2003.

[19] We thank L. Roos and the other members of the CKMfitter group for this information:

http://www.slac.stanford.edu/∼laplace/ckmfitter.html [20] D. London and A. Soni, Phys. Lett. 407B, 61 (1997).