arXiv:hep-ph/0309265 v1 24 Sep 2003

The enhancement of inflaton loops in an α-vacuum

Hael Collins^∗ and Matthew R. Martin^† Department of Physics, Carnegie Mellon University, Pittsburgh PA 15213 (Dated: September 24, 2003)

While inflaton loops in the Euclidean vacuum generally have a negligible contribution to the power spectrum, loop effects can be substantially larger when the inflaton is in a non-thermal vacuum state. As an example, we show that in a truncated α-vacuum these loop effects are enhanced by the ratio of the Planck scale to the Hubble scale during inflation. The details of the inflationary models determine whether the coupling constants suppress the loop corrections relative to the tree level result.

PACS numbers: 04.62.+v,11.10.Gh,98.80.Cq,98.80.Qc

I. INTRODUCTION

The extremely rapid expansion which occurs during inflation naturally connects quantum fluctuations on the smallest scales to large astrophysical distances today. If inflation lasted for a sufficiently long time, the scales associated with cosmological structure could have been generated when they were nearly the Planck scale or smaller. Observations of the cosmic microwave background (CMB) radiation, such as the recent results of the Wilkinson Microwave Anisotropy Probe [1], are reaching a level of precision which are able not only to confirm the generic predictions of inflation, but also should be capable of distinguishing various specific models for generating inflation. Physics at energies above the Hubble scale during inflation will also be generically imprinted on the CMB and could, if the Hubble parameter is sufficiently large, be observable to future experiments such as PLANCK [2].

Within a general inflationary model, the spectrum of density fluctuations of a scalar field about its vacuum state become the temperature variations observed in the CMB radiation. In order to understand what the detailed form of the power spectrum reveals about short distance physics, we must estimate the size of the deviations from the standard result, which are produced by any new physics. The standard calculation of the power spectrum of the density fluctuations assumes that the universe is in a particular vacuum state known as the Euclidean, Bunch-Davies or thermal vacuum [3]. Even in the Euclidean vacuum, any new physics with a mass scale Λ_{phys} above the Hubble constant during inflation, H, will leave an imprint on the CMB although the deviation will be suppressed by H^2/Λ^2_{phys} [4]. However, when the universe is not in the Euclidean vacuum during inflation, the effects of the short distance physics can be substantially larger, scaling as H/Λ_{phys} [5, 6, 7, 8, 9, 10, 11, 12], and could be observable if the scale of inflation is sufficiently high. These deviations occur in tree-level calculations,

∗Electronic address: hcollins@andrew.cmu.edu †Electronic address: mmartin@cmu.edu

but loop effects could also be important since they are enhanced compared with their contribution in the Euclidean vacuum.

The motivation for choosing a vacuum other than the Euclidean vacuum has many origins. If we look at a length scale of cosmological relevance today, during inflation this scale was exponentially smaller being further blue-shifted the further we look back. If inflation lasted sufficiently long, more than the necessary 60 efolds needed to solve the flatness and homogeneity problems, scales that we observe today were of Planckian size at some point during inflation. At such short distances, the scalar field used to generate the fluctuations may be modified by strong gravity effects. Therefore, without an understanding of field theory at Planckian scales, we must impose some matching condition on the low energy theory at this scale. Further, without some mechanism for thermalization near the Planck scale, such as that which solves a similar transplanckian problem for black holes [13], there is no compelling reason that these matching conditions select the thermal, Euclidean vacuum. In fact, some amount of non-thermality could be natural in inflation [14, 15].

In the case of a scalar field in a de Sitter spacetime—exponential inflation—a large family of vacua exists which are invariant under the full group of de Sitter symmetries [16, 17]. These vacua can be labeled by a complex parameter α and are called the α-vacua and include the Euclidean vacuum as a special case. These vacua are distinguished by their differing behavior at short distances and can be used as examples of different states which could emerge when matched onto the unknown physics above the Planck scale. Their relatively simple structure makes them a suitable setting in which to study the perturbative corrections generated when the inflaton field has self-interactions.

An interacting quantum field theory in a pure αvacuum seems to suffer from many pathologies.^1 Perturbative corrections either produce nonrenormalizable

1 Even without interactions, the pure α-vacuum may not be sensible [18, 19].

ultraviolet divergences [20], pinched singularities [21] or require non-local counterterms [22].^2 However, Danielsson [6] has emphasized that to be physically relevant for the transplanckian problem in inflation, the modes in the α-vacuum should not be defined to arbitrarily high energies, but only up to a cutoff of the order of the Planck scale, M_{pl}. Imposing a cutoff on the theory removes the divergences since the loop momenta, which led to the nonrenormalizable terms, no longer can be arbitrarily large. Note that even for a finite cutoff, such terms, although finite, still cannot be absorbed by a local counterterm.

Even in such a ‘truncated α-vacuum’, perturbative corrections could be substantially larger for a general α than for the Euclidean limit—the loop corrections may no longer diverge, but they are still enhanced by powers of the cutoff scale. In calculating the shape of the power spectrum in a truncated α-vacuum it is therefore important to assess the size of these perturbative corrections since they could be comparable to other nonthermal tree level effects. In particular, we shall show that loop corrections for a theory with a cubic interaction with a coupling of λ is only suppressed by a factor of (λ/H)^2(Λ_{phys} /H) relative to the Euclidean tree-level result. The factor Λ_{phys} encodes the sensitivity to new physics, Λ_{phys} ∼ M_{pl}. The Λ_{phys} /H factor depends only on the structure of the loop corrections in the α-vacuum while the initial (λ/H)^2 factor depends on the details of the inflationary model. For example, in chaotic inflation, the small size of the coupling is sufficient to overcome the loop enhancement; however, in hybrid models the couplings can be significantly larger so that the total effect of the loop corrections can be comparable to the tree level result.

In the next section we review the invariant vacua of de Sitter space and introduce the truncated α-vacuum we shall use. Our calculation of the one-loop corrections to the power spectrum in the truncated α-vacuum appears in Section III. The perturbation theory is developed using the Schwinger-Keldysh method for studying the finite time evolution of a quantum field theory from an initial state. Section IV describes constraints on the size of the coupling of the inflaton and we present our conclusions in Section V.

II. A TRUNCATED α-VACUUM

The theory of a free scalar field in a de Sitter spacetime has a one parameter family of vacua labeled by the

2 These pathologies might also signal that the usual rules for quantizing field theories must be generalized if we wish to study interactions in an α-vacuum [23] or that we ought to study generalizations of the α-vacuum which can be renormalized [24]. Any generalization however should reduce to the usual methods in the Euclidean limit.

complex parameter α. Each of these vacua is invariant under the symmetries of de Sitter space and this property is most easily demonstrated by showing that the Wightman two-point function in an α-vacuum depends only on the de Sitter invariant distance between the points [16, 17, 25]. With respect to the space-time symmetries then, any of these α-vacua provides an acceptable choice for the vacuum state. In this section we shall first review the properties of the true α-vacuum before introducing the phenomenologically more realistic truncated α-vacuum. Our notation follows [20] where perturbation theory in an α-vacuum is developed more fully.

At distances shorter than the inherent curvature length associated with de Sitter space, the space-time appears approximately flat. In this limit, it should be possible to apply the same prescription for defining positive and negative frequency modes as in Minkowski space. The unique vacuum which matches with the Minkowski vacuum in this limit is the Euclidean, or Bunch-Davies vacuum. In addition to reducing to the flat space vacuum at high energies, this vacuum also is thermal—an Unruh detector placed in this vacuum satisfies the principle of detailed balance as though the background is at the de Sitter temperature, T_{dS} = H/2π [26]. For these reasons, the Euclidean vacuum is frequently assumed to be the correct choice when calculating the power spectrum of the primordial fluctuations which seed the temperature fluctuations that appear in the CMB radiation.

A convenient choice of coordinates for studying de Sitter space is provided by conformally flat coordinates,

ds^2 = dη^2 − d⃗x^2 H^2η^2 , η ∈ [−∞, 0]. (2.1) These coordinates are simply related to the standard coordinates used in inflation,

ds^2 = dt^2 − e^{2Ht} d⃗x^2, (2.2)

through η = −H^{−1}e^{−Ht}. The Hubble constant is related to the cosmological constant which is equal to 6H^2.

In a model in which the density perturbations are seeded by the fluctuations of a scalar field, the inflaton is divided into terms describing respectively the spatially homogeneous zero mode, ϕ(η), and a term for the fluctuations, Φ(η, ⃗x),

Φ̂(η, ⃗x) = ϕ(η) + Φ(η, ⃗x). (2.3)

ϕ(η) is the mode which drives inflation. The expansion of a free scalar field with respect to the Euclidean vacuum is then given by Φ(η, ⃗x) = ∫ d^3⃗k (2π)^3 [ U^E_k (η)e^{i⃗k·⃗x}a^E_{⃗k} + U^{E∗}_k (η)e^{−i⃗k·⃗x}a^{†E}_{⃗k} ] (2.4) where the operator a^E_{⃗k} annihilates the Euclidean vacuum, |E⟩. The Euclidean mode functions U^E_k (η) are solutions to the Klein-Gordon equation which in conformally flat coordinates is [ η^2

∂^2 ∂η^2 − 2η ∂ ∂η + η^2k^2 + m^2 H^2 ] U^E_k (η) = 0. (2.5)

Since the Euclidean modes should become those of the Minkowski vacuum at short distances, or as H → 0, they are fixed to be

U^E_k (η) = √ π 2 Hη^{3/2}H^{(2)}_ν (kη) (2.6)

where H^{(2)}_ν (kη) is the Hankel function and where ν ≡ √_9

4 −^{m2}_{H2} . (2.7)

To obtain the correct tree level prediction for the CMB power spectrum, we shall need the effective mass of the inflaton, m, to be small compared with the Hubble scale so we shall frequently consider the limit of a massless, minimally coupled field although it is important to remember that a small but finite mass is present to avoid infrared divergences in the theory. In the limit m → 0, the Euclidean mode function simplifies to

U^E_k (η) = iH k √ 2k (1 + ikη)e^{−ikη}. (2.8) The mode functions for the α-vacua can be obtained from those for the Euclidean vacuum through

U^α_k (η) = N_α [ U^E_k (η) + e^αU^{E∗}_k (η) ] (2.9)

where

N_α = ( 1 − e^{α+α∗} )_{−1/2} (2.10)

since the operator that annihilates the α-vacuum, |α⟩, is a Bogolubov transformation of the Euclidean vacuum creation and annihilation operators. Here Re α < 0 and note that we recover the Euclidean vacuum in the limit, α → −∞. The mode functions that appear in Eq. (2.6) and Eq. (2.9) are valid for a free scalar field in a classical de Sitter background. At sufficiently high energies Λ_{phys} ∼ M_{pl}, we expect that gravity becomes strongly interacting and there is no reason to assume that the mode functions for the full theory will continue to satisfy the Klein-Gordon equation (2.5). In order to study the size of loop effects at energies where gravity is weakly interacting, we shall consider a simple scenario in which the strongly interacting theory rapidly damps the mode functions at high energies while at lower scales the mode functions are simply those of the free theory,

U_k(η) = { U^α_k (η) for k ≤ Λ 0 for k > Λ

. (2.11)

Note that k is the comoving and not the physical momentum, so the cutoff Λ depends on the conformal time,

Λ = Λ_{phys}/(−Hη). Eq. (2.11) defines a ‘truncated αvacuum.’

Although we shall use this truncated α-vacuum to estimate the size of loop corrections to the power spectrum, the most general case could include some dependence on the momentum as well when we match onto the short distance physics,

U^{gen}_k (η) = A_k k √ 2k (1 + ikη)e^{−ikη} + B_k k √ 2k (1 − ikη)e^{ikη} (2.12) for k < Λ. A_k and B_k are not independent since they are related by the normalization of the state. The final degree of freedom for the mode is then fixed by some assumption about the matching of the mode to the high energy theory, at k = Λ [6, 7, 8, 9, 10, 11, 12]. Depending upon the matching condition, the coefficients A_k and B_k may introduce some additional k-dependence which will appear in the power spectrum. Here we shall study the case when the high energy theory matches onto an αvacuum at k = Λ. Although this case will not introduce any new k-dependence into the power spectrum, it will allow us to estimate the size of perturbative corrections when the universe is not in the Euclidean vacuum during inflation. Our results then will indicate how large similar loop effects from other k-dependent vacua could be.

III. THE POWER SPECTRUM

In the standard inflationary picture, the seeds of the large scale structure are provided by the quantum fluctuations of a scalar field during inflation. This scalar field is given by a linear combination of the fluctuations of the inflaton, Φ(η, ⃗x), and the scalar component of the metric fluctuations [32, 33]. In the limit approaching purely exponential inflation, the inflaton fluctuations become the dominant component of this linear combination so in this section we shall neglect the contribution of the metric fluctuations. The power spectrum of density fluctuations, which produce the CMB temperature fluctuations and which eventually become the large scale structure, in this limit is proportional to the power spectrum of the scalar field, P^α(η, k), defined by ⟨α| Φ(η, ⃗x)Φ(η, ⃗y) |α⟩ ≡ ∫ d^3⃗k (2π)^3 e^{i⃗k·(⃗x−⃗y)} [ 2π^2 k^3 P^α(η, k) ]

(3.1) up to corrections suppressed by the slow roll parameters which are small as we approach a purely de Sitter limit.

At tree level, substituting in the mode expansion of Eq. (2.4) and using massless Euclidean mode functions in Eq. (2.8), the power spectrum for the Euclidean vacuum is P^E (η, k) = H^2 4π^2

(1 + k^2η^2). (3.2)

When a mode has been redshifted well outside the horizon during inflation, kη ≪ 1, the power spectrum becomes flat. In a general α-vacuum, the power spectrum to leading order in kη is also flat, P^α(η, k) = H^2 4π^2

N^2_α|1 − e^α|^2 [ 1 + O(k^2η^2) ] . (3.3)

As the α-dependent prefactor is not large, it is observationally difficult to distinguish from other cosmological parameters unless α were to have some k-dependence [6, 7, 8, 9, 10, 11, 12].

To study the perturbative corrections to the power spectrum in a truncated α-vacuum, we shall consider a theory with a cubic interaction. This example provides a simple setting since the first non-trivial corrections to the two-point function (3.1) appear already at one loop order.

One of the difficulties in formulating perturbation theory in a de Sitter background is the lack of a well-defined S-matrix. Therefore, we should apply a quantization procedure that evolves a matrix element over a finite conformal time interval rather than one that evaluates the matrix element between asymptotic ‘in’ and ‘out ’ states. This approach also allows us to avoid the transplanckian problem since we can choose the initial state as that given at the matching scale Λ. If we had attempted to follow an ‘in’ state back earlier, then we would eventually need to evaluate the state when the physical scales relevant today would have been blue-shifted above the Planck scale.

The closed time contour formalism developed by Schwinger, Keldysh and others [27, 28, 29] describes a perturbative approach for solving the evolution of a matrix element over a finite time interval. Unlike the usual S-matrix calculation which essentially requires only a single insertion of the time evolution operator, in the Schwinger-Keldysh approach both the ⟨α| and the |α⟩ states are evolved from a known initial state at η_0 to a finite time later, η, when we wish to evaluate the expectation value of the operator. Both of these time-evolution operators can be grouped into a single time-ordered operator by formally doubling the field content of the theory to include ‘+’ fields associated with the time-evolution of the |α⟩ state and ‘−’ fields associated with the evolution of the ⟨α| state. In the interaction picture, since the interacting part of the Hamiltonian H_I is used to evolve the states in the theory, we effectively double the interactions present—for every interaction of the ‘+’ fields, there exists a ‘−’ field interaction with a coupling of the opposite sign. Thus the evolution of the expectation value of an operator O is given by

⟨α|O|α⟩(η) = ⟨α|T { O_I e^{−i} ∫_0 η0 dη^′ [H_I (Φ^+)−H_I (Φ^−)]} |α⟩ ⟨α|T { e^{−i} ∫_0 η0 dη^′ [H_I (Φ^+)−H_I (Φ^−)] } |α⟩ . (3.4) Here T is the time-ordering operator which orders events along the time contour so that the arguments of the Φ^− fields always occur after, and in the opposite order than, those of the Φ^+ fields. The subscript in O_I indicates that the operator is evaluated in the interaction picture. The

FIG. 1: The one loop correction to the two-point function in a theory with a cubic interaction used to generate the power spectrum.

field doubling automatically removes the acausal portion of the matrix element so that although the time-evolution operators integrate to the infinite future, η^′ = 0 in conformal coordinates, terms involving propagators depending upon η^′ > η are cancelled in Eq. (3.4). A more complete description of applying the Schwinger-Keldysh method to a de Sitter background is provided in [20].

For evaluating the perturbative corrections to the power spectrum in an interacting theory, we take the expectation value of the two-point operator O_I = Φ(η, ⃗x)Φ(η, ⃗y) in a truncated α-vacuum. In the interaction picture, the time evolution of operators is produced by the free Hamiltonian so that the fields evolve correctly when the mode functions satisfy the free Klein-Gordon equation (2.5). In a theory with a cubic interaction,

H_I = ∫ d^3⃗x H^4η^4 [ JΦ +^1_2 δm^2Φ^2 +^1_{3!} λΦ^3 ] , (3.5)

the first non-trivial corrections to the two-point operator appear at one loop order. The linear and quadratic terms correspond to allowed counterterms; the former is used to cancel tadpole subdiagrams and the latter cancels a logarithmic ultraviolet (UV) divergence in the matrix elements of a true α-vacuum [20].

When J is chosen to cancel the tadpole subgraphs, the power spectrum is given to second order in the coupling constant λ by P^α(η, k) = k^3 2π^2

|U^α_k (η)|^2 − δm^2 π^2 k^3 H^4 ∫_η η_0 dη_1 η^4_1 Im {[ U^α_k (η)U^{α∗}_k (η_1)

]_2}

+ 2λ^2 π^2 k^3 H^8 ∫_η η_0 dη_1 η^4_1 Im { U^α_k (η)U^{α∗}_k (η_1) }

× ∫_{η1} η_0 dη_2 η^4_2 Im { U^α_k (η)U^{α∗}_k (η_2)L^α_k (η_1, η_2) } + · · · (3.6)

where the loop integral is defined by

L^α_k (η_1, η_2) ≡

∫_Λ μ d^3⃗p U^α_p (η_1)U^{α∗}_p (η_2)U^α_{|⃗p−⃗k|}(η_1)U^{α∗}_{|⃗p−⃗k|}(η_2). (3.7) Diagrammatically, the order λ^2 correction to the power spectrum, P^{(2)}(η, k), is generated by the self-energy graph shown in Fig. 1.

The spatial momenta in the loop in Eq. (3.7) are bounded in the UV by the structure of the truncated α-vacuum since we have assumed that the short distance behavior is highly suppressed as in Eq. (2.11). As we shall show, once we have extracted an overall factor of the physical cutoff Λ_{phys} , the leading contribution to P^{(2)}(η, k) does not depend sensitively on how we truncate the modes since it arises among terms from the loop whose p ≡ |⃗p| dependent phases cancel. The integral of these terms add coherently and receive their largest contributions well away from the UV cutoff.

A massless, minimally coupled scalar theory in a de Sitter background contains infrared (IR) divergences [3, 30] so we have imposed an IR cutoff, μ, on our loop integrals. However true inflation is not in a pure de Sitter background and the scalar which provides the source for the perturbations is light but not massless. We could incorporate a small mass, m ≪ H, in Eq. (2.6), and expand in m/H so that no IR cutoff would be necessary. Yet since we find that the dominant contribution to the loop integral is not strongly sensitive to μ we shall focus on the UV physics.

With these bounds on the large and short distance behavior, any of the comoving momenta appearing in the integrand of Eq. (3.7) should always be between the bounds, μ ≤ p ≤ Λ μ ≤ |⃗p − ⃗k| ≤ Λ. (3.8) Since μ and Λ are the bounds on the comoving momenta, to relate them to the fixed IR and UV cutoffs we must specify how they depend on the conformal times at which they are evaluated. The limits of the η_1 and η_2 integrations in Eq. (3.6) impose that η_2 ≤ η_1(< 0). Therefore, we should choose the UV bound in the loop integration to scale as Λ = Λ_{phys} −Hη_2 ≡ − Λ̃ η_2

(3.9)

since by the time we have arrived at the η_1 vertex of the loop, all comoving momenta will have been red-shifted and will therefore still be below Λ. Conversely, we would not like any momenta to be redshifted below the IR cutoff by the later time, η_1, so we choose the IR bound to scale as μ = μ_{phys} −Hη_1 ≡ − μ̃ η_1

. (3.10)

For example, when the IR cutoff is larger than the horizon size during inflation, we have that μ̃ ≪ 1.

In addition to establishing the appropriate bounds on the spatial momenta appearing in the one loop correction to the power spectrum, we must determine the limits on the conformal time integrals. The natural choice for the initial time, η_0, from which we are evolving the matrix element is at the UV scale since in our model we assume that when the comoving momentum equals this scale that the corresponding mode is that for the alpha vacuum. Thus we take

kη_0 = −Λ̃. (3.11)

The lower scale depends upon when the state is assumed to become essentially classical, so that we can neglect the quantum corrections. Here we shall take the low energy cutoff to be given by the conformal time at which the momentum of the mode k has been redshifted to the size of the IR cutoff,

kη_μ = −μ̃. (3.12)

After integrating over the spatial loop momenta, the only remaining spatial momentum is k ≡ |⃗k| and it becomes convenient to define dimensionless variables by rescaling the conformal times,

x = kη, x_1 = kη_1, x_2 = kη_2. (3.13)

The leading contribution to the O(λ^2) correction to the power spectrum comes from the region of the loop integral,

L^α_k (x_1, x_2) = − 2π k^3

H^4N^4_αe^{α+α∗} x^2_1x_2Λ̃ (3.14) × [ sin(x_1 − x_2)

x_1 − x_2 + sin(x_1 + x_2) x_1 + x_2 ] + · · · , and is given by

P^{(2)}(η, k) = − λ^2 π N^4_αe^{α+α∗}Λ̃ { ∫_{μ̃} Λ̃−μ̃ dx_1 x^2_1 [ (1 + xx_1) sin(x − x_1)

−(x − x_1) cos(x − x_1) ] × ∫_{x1} Λ̃−μ̃ dx_2 x^3_2 [ (1 + xx_2) sin(x − x_2)

−(x − x_2) cos(x − x_2) ] × [ sin(x_1 − x_2)

x_1 − x_2 + sin(x_1 + x_2) x_1 + x_2 ]

+ O (~ Λ^{−2} ) + O (~ Λ^{−1} ln(μ̃) ) · · · } . (3.15)

The momentum dependence of this correction is not of a form that can be cancelled by the counterterms in Eq. (3.5) [20]. The dimensionless integral receives its dominant contribution from the region 0.1 ≲ x_1, x_2 ≲ 4 and is not strongly sensitive to the location of the cutoffs. Integrating numerically, we find that I ≡ ∫_{μ̃} Λ̃−μ̃ dx_1 x^2_1 [ (1 + xx_1) sin(x − x_1)

−(x − x_1) cos(x − x_1) ] × ∫_{x1} Λ̃−μ̃ dx_2 x^3_2 [ (1 + xx_2) sin(x − x_2)

−(x − x_2) cos(x − x_2) ] × [ sin(x_1 − x_2)

x_1 − x_2 + sin(x_1 + x_2) x_1 + x_2 ]

= −0.2618 + O (~ Λ^{−2} ) + O ( μ̃^3 ) . (3.16) so that the leading behavior of the corrections is linear in the UV cutoff,

P^{(2)}(η, k) = 0.2618 × λ^2 π N^4_αe^{α+α∗} Λ_{phys} H + · · · . (3.17)

If we define a dimensionless coupling λ̃ ≡ λ/H, then the power spectrum for kη ≪ 1 to leading order is P^α(η, k) = H^2 4π^2

N^2_α |1 − e^α|^2 (3.18) × { 1 + 1.047π N^2_αe^{α+α∗} |1 − e^α|^2 λ̃^2 Λ^{phys} H + · · · } . The corrected power spectrum is still independent of k to leading order. This feature is a consequence of our choice of the matching condition in Eq. (2.11) which, as with the full α-vacuum itself, was independent of k. If we had instead chosen a k-dependent matching condition, as in the modified uncertainty relation of [7, 8] or as in the initial conditions chosen in [6], this k-dependence would have propagated to the one-loop corrections, so that in general Eq. (3.17) would vary with k.

Note that the loop correction scales inversely with the Hubble scale H so that in low scale inflation this portion of the correction becomes larger. In the next section we estimate the size of the small dimensionless coupling λ̃ for some specific models.

IV. THE INFLATON POTENTIAL

While the loop contribution to the power spectrum is enhanced by a factor of Λ_{phys}/H, the dimensionless coupling constant λ̃ suppresses the total loop term relative to the tree contribution. The α-vacuum enhancement is generic for any cubic self-interaction, but the coupling constant suppression is model dependent. We briefly consider two common inflationary models to illustrate the size of the coupling and hence the overall size of the loop term.

To determine the size of the coupling we need the COBE normalization constraint [31],

5 × 10^{−4} ≈

V^{3/2}(ϕ) M^3_{pl}V^′(ϕ)

. (4.1)

Here a prime denotes differentiation with respect to the field ϕ: V^′ = ∂V /∂ϕ. We also require that the modes observed in the CMB left the horizon about 50 e-folds before the end of inflation, which determines the value of the inflaton zero mode, ϕ, when these fluctuations left the horizon

50 ≈ 1 M^2_{pl} ∫_ϕ ϕ_{end} V (ϕ^′) V^′(ϕ^′) dϕ^′. (4.2)

For chaotic inflation, where the potential is dominated by the inflaton terms such as, V (ϕ) =^1_{3!} Hλ̃ϕ^3, inflation occurs when the inflaton field is much larger than the Planck scale and ends when ϕ_{end} ≈ M_{pl} . From Eq. (4.2) we have ϕ ≈ 20M_{pl} and the COBE normalization gives λ̃ ≈ 10−11M_{pl}/H. Use of the Friedmann equation gives the Hubble scale, H ≈ 10^{−4}M_{pl} and if we set Λ_{phys} ∼ M_{pl}, we finally arrive at the result we seek,

λ̃^2 Λ^{phys} H ≈ 10^{−10}. (4.3)

Clearly this is a significant suppression.

For a hybrid inflation model, the potential is dominated by a constant term, V_0, as long as ϕ is above a critical value, ϕ_c. V_0 must be roughly constant while the modes of interest are leaving the horizon, but contains operators which end inflation at ϕ = ϕ_c. We use the potential V (ϕ) = V_0 +^1_{3!} Hλ̃ϕ^3. If ϕ is not fine tuned to be close to ϕ_c, then Eq. (4.2) gives ϕ_c ≈ H 10λ̃

< ϕ. (4.4)

Dropping numerical factors close to one, the COBE normalization now gives, 10^{−4} ≈ H^2/(λ̃ϕ^2). It is consistent to choose ϕ ≈ O(ϕ_c), in which case λ̃ ≈ 10^{−6}. The size of the enhancement is difficult to predict without more details of the theory, specifically, the Hubble scale. However, by requiring that the constant term dominate the potential, V_0 ≫^1_{3!} Hλ̃ϕ^3, as it must for this to be a model of hybrid inflation, we arrive at

λ̃^2 Λ^{phys} H ≫ 10^{−8}. (4.5)

For small enough inflationary energy density,

V_0 ≲ (10^{12}GeV)^4, (4.6)

the Hubble parameter is small enough that the loop effects are as large as the tree level effect, or larger. Of course, if we are to remain in the perturbative regime, we require a suppression from the α dependent factors; the state at the matching scale may only deviate from the Euclidean state by a small amount.

Models for inflation with a cubic self-coupling may not be common, but the enhancement demonstrated in this work is not limited to cubic theories. The naïve power counting argument discussed in [20] indicates that the loop corrections to the 2-point function in a quartic theory should scale as O ( λ^2_4

Λ^3_{phys} H^3 ) . (4.7)

Although there is again a suppression due to the model dependent coupling constant, the loop enhancement effect is quite general.

In models in which the vacuum state of the inflaton is non-thermal, loop effects can generally be larger than what would be suggested by the counting of coupling

FIG. 2: Even if the inflaton Φ is in the Euclidean vacuum, couplings to other scalar fields in a non-thermal vacuum, Ψ, will produce large corrections to the power spectrum.

constants alone. In some cases, the model may not even be perturbative for |α| ∼ O(1) and thereby will constrain the degree to which the vacuum can deviate from the Euclidean, or thermal, vacuum.

Thus far we have only considered a single scalar field, corresponding to the inflaton. However, any other fields present will be sensitive to the rapid expansion of the universe and will require a matching condition at the cutoff scale as well. These fields could also be in a non-thermal vacuum below this scale and their coupling to the inflaton would then provide an additional source for large loop corrections—even if the inflaton itself was in the Euclidean vacuum. For example, when the inflaton interacts with an additional scalar field Ψ through a trilinear coupling, gΦΨ^2, then the power spectrum receives potentially large loop corrections from the diagram shown in Fig. 2. When Ψ is in a truncated α-vacuum, the product of α-vacuum propagators in the loop integral will again produce a Λ_{phys} enhancement.

Furthermore, any simple model of inflation, such as those mentioned in this section, must ultimately be embedded in a more fundamental theory with many massive degrees of freedom, such as Ψ. To arrive at an inflationary model, those massive fields must be integrated out leaving an effective Lagrangian for the inflaton. Given the loop enhancements expected for a generic α-vacuum, or in any non-thermal vacuum, this process of integrating out the high energy physics may contain previously unexpected subtleties.

V. CONCLUSIONS

In this article we have investigated the perturbative corrections to the power spectrum due to inflaton interactions when the field is in a truncated α-vacuum. In a theory with a cubic interaction with a coupling λ, the size of the perturbative corrections are of the order (λ^2/H^2)(Λ_{phys} /H). The large second factor depends only on the form of the free-field propagators in the loop, and is therefore quite general. The initial suppressing factor from the coupling constant is constrained more or less restrictively depending upon the specific inflationary model studied.

For a single self-interacting inflaton in chaotic inflation, slow-roll or observational constraints require a sufficiently small coupling λ, compared with the Hubble scale H, that the overall loop effects in these models will be negligible. However, in a hybrid model the self-coupling is not nearly as constrained so that loop effects could be potentially observed in the cosmic microwave background radiation, or could even be larger than tree-level effects so that such a theory could not be treated perturbatively. Moreover, as a result of inverse scaling of the Hubble constant in the Λ_{phys}/H factor, such loop corrections are actually more significant in low-scale inflationary theories where tree level corrections in a non-thermal background would be negligible.

Studying loop corrections to the power spectrum in a non-thermal vacuum provides an additional resource for constraining inflationary models or the vacuum state during inflation, as further precision measurements are made of the CMB. If deviations from the Euclidean vacuum expectation are observed, it is important to distinguish their possible origins—whether as non-thermal tree [6, 7, 8, 9, 10, 11, 12] or loop effects or from the dynamics of other fields near or below the Planck scale [5, 34]—to understand what they are telling us about the very early universe.

Acknowledgments

This work was supported in part by DOE grant DE- FG03-91-ER40682. We are grateful to Rich Holman for helpful discussions and comments on the manuscript.

[1] H. V. Peiris et al., astro-ph/0302225. [2] http://astro.estec.esa.nl/Planck/ [3] T. S. Bunch and P. C. Davies, Proc. Roy. Soc. Lond. A 360, 117 (1978).

[4] N. Kaloper, M. Kleban, A. E. Lawrence and S. Shenker, Phys. Rev. D 66, 123510 (2002) [hep-th/0201158].

[5] C. P. Burgess, J. M. Cline and R. Holman, hep-th/0306079; C. P. Burgess, J. M. Cline, F. Lemieux and R. Holman, JHEP 0302, 048 (2003) [hep-th/0210233].

[6] U. H. Danielsson, Phys. Rev. D 66, 023511 (2002) [hep-th/0203198]; U. H. Danielsson, JHEP 0207, 040 (2002) [hep-th/0205227]. U. H. Danielsson, JHEP 0212, 025 (2002) [hep-th/0210058].

[7] A. Kempf, Phys. Rev. D 63, 083514 (2001) [astro-ph/0009209]; A. Kempf and J. C. Niemeyer, Phys. Rev. D 64, 103501 (2001) [astro-ph/0103225].

[8] R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 64, 103502 (2001) [hep-th/0104102]; R. Easther, B. R. Greene, W. H. Kinney and G. Shiu,

Phys. Rev. D 67, 063508 (2003) [hep-th/0110226]. [9] R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 66, 023518 (2002) [hep-th/0204129].

[10] K. Goldstein and D. A. Lowe, Phys. Rev. D 67, 063502 (2003) [hep-th/0208167].

[11] J. Martin and R. Brandenberger, hep-th/0305161. [12] S. Shankaranarayanan, Class. Quant. Grav. 20, 75 (2003) [gr-qc/0203060].

[13] W. G. Unruh, Phys. Rev. D 51, 2827 (1995); R. Brout, S. Massar, R. Parentani and P. Spindel, Phys. Rev. D 52, 4559 (1995) [hep-th/9506121]; N. Hambli and C. P. Burgess, Phys. Rev. D 53, 5717 (1996) [hep-th/9510159]; S. Corley and T. Jacobson, Phys. Rev. D 54, 1568 (1996) [hep-th/9601073]; S. Corley, Phys. Rev. D 57, 6280 (1998) [hep-th/9710075].

[14] U. H. Danielsson, hep-th/0309163.

[15] D. J. Chung, A. Notari and A. Riotto, hep-ph/0305074. [16] E. Mottola, Phys. Rev. D 31, 754 (1985). [17] B. Allen, Phys. Rev. D 32, 3136 (1985).

[18] R. Floreanini, C. T. Hill and R. Jackiw, Annals Phys.

175, 345 (1987).

[19] N. Kaloper, M. Kleban, A. Lawrence, S. Shenker and L. Susskind, JHEP 0211, 037 (2002) [hep-th/0209231].

[20] H. Collins, R. Holman and M. R. Martin, hep-th/0306028.

[21] M. B. Einhorn and F. Larsen, Phys. Rev. D 67, 024001

(2003) [hep-th/0209159].

[22] T. Banks and L. Mannelli, Phys. Rev. D 67, 065009 (2003) [hep-th/0209113].

[23] K. Goldstein and D. A. Lowe, hep-th/0302050. K. Goldstein and D. A. Lowe, hep-th/0308135.

[24] M. B. Einhorn and F. Larsen, hep-th/0305056. [25] R. Bousso, A. Maloney and A. Strominger, Phys. Rev. D 65, 104039 (2002) [hep-th/0112218].

[26] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England, 1989).

[27] J. S. Schwinger, J. Math. Phys. 2, 407 (1961). [28] L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov.

Phys. JETP 20, 1018 (1965)].

[29] K. T. Mahanthappa, Phys. Rev. 126, 329 (1962);

P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 41, 12 (1963).

[30] L. H. Ford and L. Parker, Phys. Rev. D 16, 245 (1977); [31] A. R. Liddle and D. H. Lyth, Cosmological Inflation And Large-Scale Structure (Cambridge University Press, Cambridge, England, 2000).

[32] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992).

[33] R. H. Brandenberger, hep-th/0306071. [34] N. Kaloper and M. Kaplinghat, hep-th/0307016.