arXiv:hep-ph/0311027 v1 3 Nov 2003

Form factor of π^0γ^∗γ^∗ and contribution to muon g-2

Bing An Li Department of Physics and Astronomy, University of Kentucky Lexington, KY 40506, USA

Abstract An effective chiral theory of large N_C QCD of mesons has been applied to study the transition form factor of πγ^∗γ^∗. Besides the poles of vector mesons an intrinsic form factor is found. The slope of the form factor is predicted. The contribution of π^0γ^∗γ^∗ to muon g-2 is calculated.

A measurement of the muon g-2 with high accuracy has been reported[1] as

a_μ = 11659202(14)(6) × 10^{−10}.

The hadronic contributions to the muon g-2 consist of vacuum polarization, high order corrections, and light-by-light scattering. The contribution of light-by-light scattering to the muon g-2(a^{lbl}) has been studied[2,3]. The sign problem no longer exists. The pseudoscalar poles play a dominant roles, especially, the pion pole. Various transition form factor of π^0γ^∗γ^∗ have been used in the calculation of a^{lbl}. The Wess-Zumino-Witten term, Vector Meson Dominance, and ENJL model are all used to obtain the transition form factor of π^0γ^∗γ^∗. In Ref.[3] four different form factors of π^0γ^∗γ^∗ are used to calculate the contribution to a^{lbl}. The measurements of the form factor π^0γγ^∗ with one photon on mass shell have lasted for a long time[4,5]. In the timelike region the slope of the form factor of π^0 → γe^+e^−

F (q^2) = 1 + a m^2_e+_e− m^2_{π0} has been measured[5]. The measured value of the slope falls in a wide range of -0.24 to 0.12. CELLO and CLEO[4] have measured the form factors of P γγ^∗ in the range of large q^2. In CELLO’s measurements the lower end of q^2 of π^0γγ^∗ is 0.5-0.8 GeV^2 and 1.5 GeV^2 from CLEO’s measurements[4]. The slop of the form factor is obtained by extrapolating the data to small values of q^2. The PrimEx Coll. of JLab is going to do direct precision measurements of the form factor of π^0γγ^∗ at small values of q^2, 0.001GeV^2 ≤ q^2 ≤ 0.5GeV^2[6]. On the other hand, the form factor of π^0γγ^∗ has been studied by various theoretical approaches[7].

We have proposed an effective chiral theory of large N_C QCD of pseudoscalar, vector, and axial-vector mesons[8]. In the limit m_q → 0, this theory is chiral symmetric and has dynamical chiral symmetry breaking. The Lagrangian is expressed as

L = ψ̄(x)(iγ · ∂ + γ · v + γ · aγ_5 + eQγ · A − mu(x))ψ(x) − ψ̄(x)Mψ(x) + 1 2 m^2_0(ρ^μ_i ρ_{μi} + ω^μω_μ + a^μ_i a_{μi} + f^μf_μ) (1)

where M is the quark mass matrix m_u 0 0 m_d ,

v_μ = τ_iρ^i_μ + ω_μ , a_μ = τ_ia^i_μ + f_μ, u = exp{iγ_5(τ_iπ_i + η)}, and m is the constituent quark mass which is related to dynamical chiral symmetry breaking. The kinetic terms of mesons are generated by quark loops. By integrating out the quark fields, the Lagrangian of mesons is obtained. In Eq.(1) the meson fields are needed to be normalized to physical fields

ρ^i_μ → 1 g ρ^i_μ, ω_μ → 1 g ω_μ,

where g is a universal coupling constant and defined as

g^2 = 1 6 F^2 m^2 , and under the cut-off F^2 16 = m^2N_C (2π)^4 ∫ d^4k (k^2 + m^2)^2 . In order to cancel the mixing between a^i_μ and pion fields a transformation

a^i_μ → 1 g_a a^i_μ − c g ∂π^i is introduced, where g_a = 1 g (1 − 1 2π^2g^2

)^{−1} c = f^2_π 2gm^2_ρ . Physical pion field is defined as π^i → 2 f_π π^i, where f^2_π = F^2(1 − 2c g ). The universal coupling constant g and f_π are two inputs. g is determined to be 0.39 by fitting the decay rate of ρ → ee^+ and we take f_π = 0.186GeV . N_C expansion is revealed from this theory. The tree diagrams are at leading order of N_C expansion and loop diagrams of mesons are at higher orders. At low energies this theory goes back to the Chiral Perturbation Theory(ChPT) and the 10 coefficients of ChPT are determined[9]. The VMD is a natural result of this theory. Many physics processes have been calculated and theory agrees with data well [11,12]. Adler-Bell-Jackiw(ABJ) and Wess-Zumino-Witten(WZW)[10] anomaly is the imaginary part of the Lagrangian of mesons. The theory is phenomenological successful.

In this paper the study of the transition form factor of π^0γ^∗γ^∗ is presented. It is interesting to mention the theoretical results of the form factor of charged pion[11,13]. The expressions of the VMD of ρ and ω mesons up to fourth order in derivatives are derived from Eq.(1) 1 2 eg{− 1 2 F^{μν} (∂_μρ_ν − ∂_ν ρ_μ) + A^μj_μ} , 1 6 eg{− 1 2 F^{μν} (∂_μω_ν − ∂_ν ω_μ) + A^μj^0_μ}. (2)

Eqs.(2) are exactly the expressions of the VMD proposed by Sakurai[14]. According to Eqs.(2), there are two terms in the interactions between photon and mesons: photon couples to meson directly and photon via vector meson couples to mesons. By using the VMD, the form factor of charged pion is found(ignore ρ − ω mixing)[11,13]

F_π(q^2) = f_{ρππ} (q^2)

−m^2_ρ + i √ q^2Γ_ρ(q^2) q^2 − m^2_ρ + i √ q^2Γ_ρ(q^2)

, (3)

where Γ_ρ(q^2) is the decay width of ρ[11]. f_{ρππ} (q^2) is the intrinsic form factor which is originated in the effects of quark loop[8]. To the fourth order in covariant derivative

f_{ρππ} (q^2) = 1 + q^2 2π^2f^2_π {(1 − 2c g )^2 − 4π^2c^2}. (4)

The form factor of a charged pion consists of two parts: ρ−pole and intrinsic form factor. It is necessary to point out that F_π(q^2) is derived from the VMD(2). The new factor in F_π(q^2)(3) is that the coupling between ρ(γ) and two pions is no longer a constant, instead, it is a function of q^2. As pointed out in Ref.[15] that the ρ− pole only form factor of pion decreases too fast in space-like region and decreases too slow in the time-like region. The intrinsic form factor f_{ρππ} remedies these problems. The form factor F_π(q^2) agrees with data in both space-like and time-like regions(q^2 ∼ 1.4GeV^2)[11,13]. On the other hand, the radius of charged pion obtained from ρ pole is

< r^2 >_π = 0.395fm^2

and from Eq.(3) we obtain < r^2 >_π= 0.452fm^2.

The data is (0.44 ± 0.03)fm^2[16]. 13% of the radius comes from the intrinsic form factor f_{ρππ} . In Ref.[13] we have studied the contribution of e^+e^− → π^+π^− to muon g-2. Besides the form factor of ρ meson(3) a new mechanism of the ρ − ω mixing and a new direct coupling ωπ^+π^− are found from this effective chiral theory. Because of the new mechanism the confrontation in the determination of the muon g-2 by using the data of e^+e^− → π^+π^− and τ^− → π^0π^−ν no longer exists.

Now we use the same theory[8] to study the transition form factor π^0γ^∗γ^∗. The two parameters, g and f_π , have been fixed, there is no new adjustable parameter in this study.

The π^0γ^∗γ^∗ is related to WZW anomaly. The vertices of the WZW anomaly can be derived from the imaginary part of the Lagrangian(1). The method deriving anomalous vertices is shown in Ref.[8]. Using the WZW anomalous vertices and VMD(2), the π^0γ^∗γ^∗

form factor can be determined. There are four processes shown in Fig.1, which contribute to

the form factor. In this paper we study the form factor π^0γ^∗γ^∗ at low energies. The related

vertices to the sixth order in derivatives are found from the Lagrangian(1)

L_π0_{γγ} = − e^2 4π^2f_π

{1 + g^2 2f^2_π

(1 − 2c g )^2(q^2_1 + q^2 + p^2)}π^0ε^{μνλβ} ∂_μA_ν ∂_λA_β , (5)

L_π0_{ργ} = − e 2gπ^2f_π {1 + g^2 2f^2_π

(1 − 2c g )^2(q^2_1 + q^2 + p^2)}π^0ε^{μνλβ} ∂_μA_ν ∂_λρ_β, (6)

L_π0_{ωγ} = − 3e 2gπ^2f_π {1 + g^2 2f^2_π

(1 − 2c g )^2(q^2_1 + q^2 + p^2)}π^0ε^{μνλβ} ∂_μA_ν ∂_λω_β , (7) L_{ργ} = − e 4 g(∂_μA_ν − ∂_ν A_μ){1 − 1 10π^2g^2

∂^2 m^2

}(∂^μρ^{0ν} − ∂_ν ρ^{0μ}), (8)

where q^2_1, q^2, and p^2 are momentum of ρ(γ), ω(γ), and π^0 respectively. L_{ωγ} = − e 12 g(∂_μA_ν − ∂_ν A_μ){1 − 1 10π^2g^2

∂^2 m^2

}(∂^μω^ν − ∂^ν ω^μ)

, (9)

L_π0_{ωρ} = − 3 π^2g^2f_π π^0ε^{μνλβ} ∂_μρ^0_ν ∂_λω_β {1 + 1 12m^2

(1 − 2c g )(q^2_1 + q^2 + p^2)}, (10)

where q^2_1, q^2, and p^2 are momentum of ρ(γ), ω(γ), and π^0 respectively. If the two photons

and π^0 are on mass shell Eq.(5) goes back to ABJ anomaly

L_π0_{→γγ} = − α πf_π ε^{μνλβ} π^0∂_μA_ν ∂_λA_β . (11)

Using Eqs.(5-10), the amplitudes of the processes of Fig.1 are calculated in the chiral

limit

< γ_1γ_2|S|π^0 >= −i(2π)^4δ^4(p − q_1 − q_2) 1 √ 8m_π ω_1ω_2 ε^{μνλβ}ϵ_μ(1)ϵ_ν (2)q_{1λ}q_{2β} 2α πf_π F (q^2_1, q^2), (12) where

F (q^2_1, q^2) = 1 2 f_{πρω} m^2_ρm^2_ω{ 1 (q^2_1 − m^2_ρ)(q^2 − m^2_ω) + 1 (q^2_1 − m^2_ω)(q^2 − m^2_ρ)

}, (13)

in space-like region, and q^2_1, q^2, and p^2 are momentum of two photons and pion respectively.

f_{πρω} is the intrinsic form factor

f_{πρω} = 1 + g^2 2f^2_π

(1 − 2c g )^2(q^2_1 + q^2 + p^2). (14)

f_{πρω} is not a function of the momenta of two virtual photons only, is a function of the

pion momentum too. This property of the intrinsic form factor f_{πρω} makes the form factor

F (q^2_1, q^2)(13) different from any of the four form factors of Ref.[3]. It is the same as the form

factor of charged pion, the transition form factor of π^0γ^∗γ^∗ consists of two parts: vector

meson poles and an intrinsic form factor which is calculated to O(p^2).

Put one photon on mass shell(π^0 too), in the chiral limit the form factor of π^0γγ^∗ is

derived from Eq.(13)

F_π0_{γγ}∗ (q^2) = 1 2 {1 + g^2 2f^2_π

(1 − 2c g )^2q^2}{ m^2_ρ m^2_ρ − q^2 + m^2_ω m^2_ω − q^2

}. (15)

At very low energies we obtain

F_{πρω}(q^2) = 1 + a q^2 m^2_π

, (16) a = m^2_π 2 ( 1 m^2_ρ + 1 m^2_ω ) + m^2_π 2f^2_π g^2(1 − 2c g )^2. (17) a = 0.0303 + 0.0157 = 0.046. (18) The first number of Eq.(18) is from the poles of vector mesons and the second number is the contribution of the intrinsic form factor(14). The contribution of the intrinsic form factor is 34% of the value of a. The value of a is the prediction of this theory and is a test of the form factor(13).

Using the form factor(13) and the formulas presented in Ref.[3](Eqs.(3.4-3.6)), we calculate the lbl contribution of pion pole at low energies. As shown the form factor of π^0γ^∗γ^∗ is a function of p^2 (momentum of pion) too. To avoid confusion, the Eq.(3.4) of Ref.[3] is presented as

a^{lbl,π0} = − e^6 4π^4f^2_π

∫ d^4q_1 (2π)^4

∫ d^4q_2

(2π)^4 1 q^2_1 q^2(q_1 + q_2)^2[(p + q_1)^2 − m^2][(p − q_2)^2 − m^2] {F (q^2_1, (q_1 + q_2)^2)|_p2_{=q}2 F (q^2, 0)|_p2_{=q}2

T_1(q_1, q_2; p) q^2 − m^2_π +F (q^2_1, q^2)|_p2_{=(q1 +q2)}2 F ((q_1 + q_2)^2, 0)|_p2_{=(q1+q2 )}2

T_2(q_1, q_2; p) (q_1 + q_2)^2 − m^2_π

}, (19)

where T_1 and T_2 can be found from Eqs.(3.5 and 3.6) of Ref.[3]. Comparing with CELLO’s data[4], we choose the upper limits of q^2_1 and q^2 (Euclid space) as (0.5GeV )^2. The numerical result of Eq.(19) is a^{lbl,π} = 8.48 × 10^{−10}. To conclude, the form factor of π^0γ^∗γ^∗ at low energies is found. Besides the vector meson poles an additional intrinsic form factor caused by quark loop is predicted. The slope of the form factor of π^0 → γγ^∗ is predicted. The contribution of the intrinsic form factor is about 34% of the slope. The contribution of the pion pole at low energies via lbl to the muon g-2 is calculated.

This study is supported by a DOE grant.

References

[1] R.M.Carey et al.,Muon (g-2) Coll. Phys. Rev. Lett.,82, 1632(1999); H.N.Brown et al., Muon (g-2) collaboration, Phys.Rev.D62, 091101(2000); H.N.Brown et al., Muon (g- 2) collaboration, Phys.Rev.Lett. 86,2227(2001); G.W.Bennett et al., Phys.Rev.Lett., 89,101804(2002); Erratum-ibid, 89, 129903(2002); E.P.Sichtermann et al., Muon (g-2) Coll., hep-ex/0301003.

[2] J.Calmet, S.Narison, M.Perrottet, and E.de Rafael, Phys.Lett., B61,283(1976);

Rev.Mod.Phys., 49,21(1977); T.Kinoshita, B.Nizie, and Y.Okamoto, Phys.Rev.Lett, 52,717(1984); Phys.Rev. D31,2108(1985); M.Hayakama, T.Kinoshita, and A.I.Sanda, Phys.Rev.Lett.,75,790(1995);Phys.Rev.D D54,3137(1996); M.Hayakawa and T.Kinoshita, Phys.Rev., D57, 465(1998); J.Bijnens, E.Pallante, and J.Prades, Phys.Rev.Lett., 75,1447,(1995); 75, 3781(E)(1995); Nucl.Phys., B474, 379(1996); E.Bartos et al., Nucl.Phys., B632,330(2002).

[3] M.Knecht and A.Nyffeler, Phys.Rev., D65, 073034(2002).

[4] H.J.Behrend et al., CELLO Coll., Z.Phys.,C49,401(1991); J.Gronberg et al., CLEO Coll. Phys. Rev.D57,33(1998).

[5] R.M.Drees et al., Phys.Rev., D45,1439(1992); F.Farzanpay et al., Phys. Lett., B278,413(1992); H.Fonvieille et al., Phys.Lett., B233,65(1989); P.Gumplinger, Thesis, Oregon State Univ.(1987); J.M. Poutissou et al., Proc. of Lake Louise Winter Inst.(1987), World Scientific, Singapore; G.Tupper et al., Phys.Rev.D28,2905(1983); J.Fischer et al., Phys.Lett., 73B,359(1978); J.Burger Thesis, Columbia Univ.(1972); S.Devons et al., Phys.Rev.184,1356(1969); N.P.Samios, Phys.Rev., 121,275(1961); H.Kobrak, IL Nuovo Cimento, 20, 1115(1961).

[6] A.Gasparian et al., The PrimEX Coll., proposal.

[7] S.J.Brodsky and G.P.Lepage, Phys.Rev. D24,1808(1981); L.G.Landsberg, Phys.Rep., 128,302(1985); J.Bijnens,A.Bramon and F.Cornet, Phys.Rev.Lett., 61,1453(1988); B.Moussallam, Phys.Rev.D51,4939(1995); J.Bijnens, A.Bramon, F.Cornet, Z.Phys., C46,599(1990); A.V.Radyushkin and R.Ruskov, Phys.Lett., B374,173(1996); P.Maris and P.C.Tandy, Nucl.Phys.,A663,401c(2000); M.R.Frank et al., Phys.Lett., B359,17(1995); H.Ito, W.Buck, F.Gross, Phys.Lett., B287,23(1992); M.A.Ivanov and V.E.Lyubovitskij, Phys.Lett.B408,435(1997); other references therein; R.S.Plant and M.C.Birse, Nucl. Phys.A628 ,607(1998); A.L.Mota, M.C.Nemes, B.Hiller, and H.Walliser, Nucl Phys.A652,73(1999).

[8] Bing An Li, Phys. D52,5165(1995); D52,5184(1995); see review article by Bing An Li, hep-ph/0110112.

[9] Bing An Li, Eur. Phys., J. A10,347(2001).

[10] S.L.Adler, Phys.Rev., 177,2426(1969); J.S.Bell and R.Jackiw, Nuovo Cimento, 60A,47(1969); J.Wess and B.Zumino, Phys.Lett., 37B,95(1971); E.Witten, Nucl.Phys., B223,422(1983).

[11] J.Gao and Bing An Li, Phys.Rev.D61, 113006(2000).

[12] B.A. Li, Phys. Rev. D55, 1436 (1997); D55 1425 (1997); D.N. Gao, B.A. Li, and M.L.

Yan, Phys. Rev. D56, 4115 (1997); B.A. Li, D.N. Gao, and M.L. Yan, Phys. Rev. D58, 094031 (1998);

[13] Bing An Li and J.X.Wang, Phys.Lett., B543,48(2002). [14] J.J.Sakurai, Currents and Mesons, Univ. of Chicago Press, Chicago, 1969. [15] E. Amaldi, S. Fubini and G. Furlan, Pion-Electroproduction (Springer-Verlag, Berlin, Heidelberg, New York, 1979).

[16] E.B.Dally et al., Phys.Rev.Lett., 48, 375(1982).

Figure Captions

FIG. 1. Processes contributing to π^0γ^∗γ^∗