arXiv:hep-ph/0404203 v1 23 Apr 2004

The s-wave πd scattering length from πd atom using effective field theory

B.F. Irgaziev^{1, ∗} and B.A. Fayzullaev^{1, †} 1 Theoretical Physics Department, National University of Uzbekistan 700174 Tashkent, Uzbekistan (Dated: April 23, 2004)

Abstract

The π^−d atom strong energy-level shift in the 1s state is derived by using the effective field theory. Taking into account the large value of radius of pionic deuterium and short radius of strong interaction between pion and deuteron we have considered deuteron as particle described by vector field. Pion is described by scalar field. To obtain non-relativistic Hamiltonian for πd system Foldy-Wouthuysen transformation has been derived for the vector field. The strong interaction between pion and deuteron has been taken at the zero-range approach. We have found the Deser type formula for relation between the strong energy-level shift and the s-wave πd scattering length.

PACS numbers: 03.65.Ge, 03.65.Nk, 11.10.Ef, 11.10.St, 25.80.Dj

∗Electronic address: qcd@uzsci.net †Electronic address: bfayzullaev@nuuz.uzsci.net

I. INTRODUCTION

Recently, substantial progress has been made in developing Chiral perturbation theory (ChPT) for pionic nucleon (πN) system [1, 2, 3, 4, 5, 6, 7]. In this context the precision X-ray experiment on pionic hydrogen and pionic deuterium carried out by ETH Zurich- Neuchâtel-PSI collaboration [8]. The s−wave scattering πN scattering lengths are important for testing of various theoretical consideration like the Goldberger-Miyazawa-Oehme sum rule [9] determining the ππN coupling constant. The sigma term, which is used for lattice and ChPT calculation, is sensitively affected by the isoscalar scattering length. The πN and π d scattering lengths are determined as directly from the phase shift analysis so from the X-ray experiments on pionic atoms using the Deser formula [10].

The extraction of the s-wave scattering length from the X-ray experiments gives errors less than the phase shift analysis. The accuracy of the modern level of experimental analysis of the parameters of pionic hydrogen reached by the PSI Collaboration is about 0.2% for the strong energy shift and 1% for the width of the energy level of the ground state of pionic hydrogen [11]. The NPE measurement [12] of the pionic deuterium atomic level strong shift yields for the πd scattering length a_{πd} = [−0.0261(±0.0005) + i0.0063(±0.0007)]m^{−1}_π , where m_π is pion mass. Note an imaginary part of πd scattering length approximately in four times less than its real part. Such results for π^−d scattering can be explained by fact that the absorption channel π^−d → nn and the radiative absorption channel π^−d → γnn give very small contribution to the scattering length. Also π^−d → π^0nn channel, which is opened at threshold, is suppressed by the centrifugal barrier. Indeed, the 96% of the deuteron state is 3S_1 state, therefore according to Pauli principle^3S_1 is forbidden for nn system and^1S_0 is not available if there is no spin flip. In the series of papers [13, 14, 15, 16] the determination of the pion-deuteron scattering length was considered by solving the Faddeev equations. There has been remarkable recent progress in developing the effective field theories to problems relevant to the πN [18, 19] and πd [20] scattering length. The main results which obtained from calculation of the πd scattering length are following: (a) in all theoretical calculations isospin symmetry of the strong interactions is assumed; (b) the π^−d scattering length can be extracted from the 1s energy shift of pionic deuterium using the Deser formula; (c) the electromagnetic contribution to the difference of the real parts of the scattering length of π^+ and π^− is of order of the experimental error on the scattering length. The aim of this paper is to establish the precise relation between the strong energy-level shift of the π^−d atom in the 1s state, and strong πd scattering length using the effective field theory. In the present paper we show how to obtain the nonrelativistic Hamiltonian for πd system from the relativistic equations of motion for the scalar and vector fields with taking into account the electromagnetic interaction. The strong interaction is taken at the zero-range approach. Here we use the unit system ℏ = c = 1, therefore the fine-structure constant is α = e^2.

II. NONRELATIVISTIC LIMITS FOR THE SCALAR AND VECTOR FIELDS

The problem of nonrelativistic limit description for fundamental particles and their interactions may be solved in different ways. Although in all methods of nonrelativistic expansion the first terms of the Hamiltonians coincide, however the difference begins to arise at transition to the higher orders of expansion. The method of Foldy-Wouthuysen transformation is one of the safest method for solving this problem [21]. This method was mainly used for spinor and scalar particles. In our task we need in nonrelativistic Hamiltonian for massive vector field (deuteron is considered as a fundamental particle) interacting with electromagnetic and scalar (the pion) fields. In this approach suggested by us the equations of motion are basic for producing nonrelativistic Hamiltonian. This Hamiltonian we obtain in the form of series over 1/M, where M is the mass of our vector particle.

We would like to point out some steps of derivation of the nonrelativistic limit Hamiltonians by means of the Foldy-Wouthuysen transformation [21]. The method is based on the transformation of a relativistic equation of motion to the Schrödinger equation form. For example, the relativistic equation of motion for free massive scalar field φ is ( ∂^2 + m^2 ) φ = 0, (1) or ∂^2_t φ = ( ∇^2 − m^2 ) φ, (2) where m is mass of the scalar particle, ∂^2 is the four-dimensional D’Alambertian and ∂_t = ∂/∂t (we use metric g_{00} = +1, g_{11} = g_{22} = g_{33} = −1). Let’s introduce the ”big” θ and the ”small” χ components of the field φ as θ = 1 2 (φ + i m ∂_tφ), χ = 1 2 (φ − i m ∂_tφ). (3)

In the case φ ∼ e^{−imt} (i.e., when φ corresponds to a particle) we have θ ∼ φ, χ ∼ 0, and vice versa in the case φ ∼ e^{+imt} we have θ ∼ 0, χ ∼ φ. It is easy to see that i∂_tθ = mθ − ∇^2 2m (θ + χ)

i∂_tχ = −mχ + ∇^2 2m (θ + χ). (4)

If we introduce a new two component function as

Φ = θ χ , (5)

then we can rewrite Eq. (2) in the Schrödinder equation type

i∂_tΦ = HΦ, (6)

where H = η ( m + p^2 2m ) + ρ p^2 2m , (7) and η = 1 0 0 −1 , ρ = 0 1 −1 0 (8) The matrix ρ is that one which mixes the ”big” and ”small” (”particle” and ”antiparticle”) components of Φ. Using the unitary transformation

Φ^′ = e^{iS} Φ, H^′ = e^{iS} He^{−iS} , (9)

searching the operator S in the form S = ηρλ , (10) and demanding removing of terms of odd order in ρ in the Hamiltonian we find the operator λ of the Foldy-Wouthuysen transformation to be

i tan(2λ) = p^2 m^2 + p^2_0

, (11)

and the new Hamiltonian H^′ = ηp_0 = η √ m^2 + p^2. (12)

So, our new Schrödinger equation i∂_tΦ^′ = H^′Φ^′ is free of mixing terms.

Now we include the electromagnetic field. The equation of motion is ( D^2 + m^2 ) φ = 0, or D^2_0 φ = ( D^2 − m^2 ) φ, (13)

where we have used the standard notations

D_μ = ∂_μ − ieA_μ, D_0 = ∂_0 − ieA_0, D = −∇ − ieA, π = iD = p + eA, (14)

and A_μ is the electromagnetic potential, π is generalized momentum. Determining the ”big” and ”small” components of φ by equations

θ = φ + i m D_0φ, χ = φ − i m D_0φ, (15)

we receive iD_0θ = mθ − D^2 2m (θ + χ) , iD_0χ = −mχ + D^2 2m (θ + χ) , (16) or i∂_tΦ = HΦ, (17) where H = mη − eA_0 − η D^2 2m − ρ D^2 2m = mη − eA_0 + η π^2 2m + ρ π^2 2m . (18) This Hamiltonian we should transform to separate the states with the positive energy from that of negative ones. Substituting

Φ = e^{−iS} Φ^′ (19)

into Eq. (17) we obtain i∂_tΦ^′ = H^′Φ^′, (20) where H^′ = e^{iS} (H − ∂_tS) e^{−iS} . (21) Using standard expansion formula e^{iA}Be^{−iA} = B + i[A, B] + i^2 2 [A, [A, B]] + i^3 3 [A, [A, [A, B]]] + ... (22) and taking into account that S ∼ 1/m, which follows from the free case, we get H^′ = H + i[S, H] − 1 2 [S, [S, H]] − i 6 [S, [S, [S, H]]] + 1 24 [S, [S, [S, [S, H]]]] − ∂_tS − 1 2 [S, ∂_tS] + 1 6 [S, [S, ∂_tS]], (23) up to the accuracy O(1/m^4) [21].

Let us use the following notation H = mη − eA_0 − η D^2 2m − ρ D^2 2m = ηm + E + R, (24)

where E = −eA_0 − ηD^2/2m = −eA_0 + η π^2 2m , R = −ρD^2/2m = ρ π^2 2m . (25) We suppose that the Coulomb energy has the same order of magnitude as the kinetic energy. It is usual situation for nonrelativistic case. Our aim is to eliminate terms with odd degrees of R. This work may be done only step-by-step. After some steps we obtain the expression which is free of odd degrees of R with sufficient accuracy (see [21]):

H^′ = η ( m + 1 2m R^2 − 1 8m^3

R^4 ) + E − 1 8m^2 [R, [R, E]] − i 8m^2

[R, ∂_tR] + O(1/m^4). (26)

It is not difficult to show that [R, E] + i∂_tR = − ie m ρπ · E. (27) So, we have the transformed Hamiltonian up to order O(1/m^4) in the form

H^′ = η ( m + π^2 2m − π^4 8m^3 ) − eA_0 − ie 16m^4

[π^2, π · E]. (28)

Here we have no terms mixing the ”small” and the ”big” components. This Hamiltonian includes terms of order (v/c)^2.

Now we can proceed to a massive vector field theory. A massive particle of spin 1 has three degrees of freedom, so , it may be considered as spatial part of a four vector ψ_μ. In Ref. [22] a general theory describing particles of unit spin and arbitrary magnetic moment was developed and applied to the motion of such particles in the electromagnetic field. For our purpose we use the equations of motion given in Ref. [23, 24]. The massive four-dimensional vector field ψ_ν is described by equations

ψ_{μν} = D_μψ_ν − D_ν ψ_μ; D^μψ_{μν} + M^2ψ_ν − ieκF_{νμ}ψ^μ = 0, (29)

where M is mass of the vector particle,

F_{νμ} = ∂_μA_ν − ∂_ν A_μ (30) is the strength tensor of the electromagnetic field,

D_μ = ∂_μ − ieA_μ (31)

is the electromagnetic covariant derivative and κ is the anomaly part of magnetic moment of the particle. Acting on the second equation by D^ν we receive the following constraint:

D^μψ_μ = − ie 2M^2 F^{μν} ψ_{μν} + ieκ M^2

D^μ(F_{μν} ψ^ν ). (32)

This constraint reflects the fact that in the Lorentz covariant description of a massive vector field with three degrees of freedom we have used a four vector ψ_μ, so one of its components must be excluded.

Let us rewrite the Eq.(29) as

D^2ψ_ν − D^μD_ν ψ_μ + M^2ψ_ν − ieκF_{νμ}ψ^μ = 0, (33) or, D^2ψ_ν − D_ν D^μψ_μ + M^2ψ_ν − ie(1 + κ)F_{νμ}ψ^μ = 0, (34) Using the constraint (32) we get

D^2_0 ψ_ν = ( D^2 − M^2 ) ψ_ν + ie(1 + κ)F_{νμ}ψ^μ − ie 2M^2 [ D_ν (F^{μν} ψ_{μν} ) − 2κD_ν D^μ(F_{μλ}ψ^λ) ] . (35)

When it needed we should replace the zero component of ψ_ν through its spatial part (cf. Eq. (29) ): ψ_0 = 1 M^2 − D^2 [ ie(1 + κ)E · ψ + D_0D^iψ_i ] , (36) where ψ_i are spatial components of ψ. It is not difficult to convince that Eqs. (32) and (36) coincide. Further we will write out equations for the spatial part of ψ_μ only.

Let us to introduce the following notations

ζ_i = ψ_i + i M D_0ψ_i , χ_i = ψ_i − i M D_0ψ_i. (37)

Then

iD_0ζ_i = iD_0ψ_i − 1 M D^2_0 ψ_i = Mζ_i −

D^2 M ψ_i − ie(1 + κ) M F_{iλ}ψ^λ + O( 1 M^3

), (38)

iD_0χ_i = iD_0ψ_i + 1 M D^2_0 ψ_i = −Mχ_i +

D^2 M ψ_i + ie(1 + κ) M F_{iλ}ψ^λ − O( 1 M^3

). (39)

Supposing

Ψ_i = ζ^i χ_i (40)

we can rewrite the last system of equations as

i∂_0Ψ_i = H^j_i Ψ_j . (41)

Nonrelativistic equations for components of Ψ_i may be written as

i∂_0ζ_i = (M − eA_0)ζ_i −

D^2 2M (ζ_i + χ_i) + ie(1 + κ) 2M (B × (ζ + χ))_i + O( 1 M^3

) , (42)

i∂_0χ_i = −(M + eA_0)χ_i +

D^2 2M (ζ_i + χ_i) − ie(1 + κ) 2M (B × (ζ + χ))_i + O( 1 M^3

) . (43)

In the two-component notations we have

i∂_0Ψ_i = ( −eA_0 + Mη − D^2 2M (η + ρ) ) Ψ_i + ie(1 + κ) 2M (η + ρ)(B × Ψ)_i + O( 1 M^3

). (44)

The situation is like to the scalar case except the term with magnetic field. Denoting

H_{ij} = Mηδ_{ij} + E_{ij} + R_{ij} (45)

we obtain E_{ij} = ( −eA_0 − η D^2 2M ) δ_{ij} + ie(1 + κ) 2M ηε_{ikj} B_k, (46) R_{ij} = −ρ D^2 2M δ_{ij} + ie(1 + κ) 2M ρε_{ikj} B_k. (47) Let’s at the first step restrict by terms of 1/M order. In this case we have

i∂_0Ψ_i = η ( M + π^2 2M ) Ψ_i + ie(1 + κ) 2M η(B × Ψ)_i − eA_0Ψ_i. (48)

For the Hamiltonian density we receive H = Ψ^†_{di} [ η ( M + π^2 2M ) − eA_0 ] Ψ_{di} + ie(1 + κ) 2M Ψ^†_dη · B × Ψ_d, (49)

where Ψ_d denotes the non-relativistic vector field operator, Ψ_{di} are components of Ψ_d This is a nonrelativistic Hamiltonian where the spin (magnetic moment) of ψ-field is taken into account.

The procedure of getting the next terms is the same as for scalar field. The result of the Hamiltonian without the terms mixing particle-antiparticle is:

H^′ = η ( M + 1 2M R^2 − 1 8M^3

R^4 ) + E − 1 8M^2 [R, [R, E]] − i 8M^2 [R, ∂_tR]. (50)

Here it is assumed, that all terms enter with the additional tensor structures which are defined in Eqs. (45) - (47)

The terms up to order 1/M^4 are included into Eq. (50). In this work we will restrict ourself by terms of order 1/M^3 only omitting all terms of higher accuracy. Therefore for the vector field we obtain the Hamiltonian density

H^′ = Ψ^†_{di} [ η ( M + π^2 2M − p^4 8M^3 ) − eA_0 ] Ψ_{di} + ie(1 + κ) 2M Ψ^†_dη · B × Ψ_d. (51)

Now we can write the total Hamiltonian including into consideration other fields that means pion and electromagnetic fields. Also we include into the density of the Hamiltonian the strong πd interaction which is taken in the zero range approach

H_S = −d_{πd}Ψ^†_dΦ^†_π Ψ_dΦ_π , (52)

where Φ_π denotes the non-relativistic field operator of pion and d_{πd} is the coupling constant which does not depend on the spin projection of deuteron. The electromagnetic Lagrangian is L_{em} = − 1 4 F^2_{μν} = 1 2 (E^2 − B^2) = −E · ∂_0A + A_0divE − 1 2 (E^2 + B^2), (53)

i.e., H_{em} = 1 2 (E^2 + B^2) (54)

is the (density) of the electromagnetic Hamiltonian and A_0 is a Lagrange multiplier (it is not a dynamical variable).

Taking into account the Lagrange multiplier term we get the total Hamiltonian density in form H = Ψ^†_{di} [ η ( M + π^2 2M − p^4 8M^3 ) + eA_0 ] Ψ_{di} − ie(1 + κ) 2M Ψ^†_dη · B × Ψ_d + 1 2 (E^2 + B^2)−A_0divE + Φ^†_π [ η ( m + π^2 2m − p^4 8m^3 ) − eA_0 ] Φ_π (55)

− d_{πd}Ψ^†_dΦ^†_π Ψ_dΦ_π.

In the gauge divA = 0 we have divE = −ΔA_0 (due to E = −∇A_0 −∂_tA), so, the Coulombic part of our Hamiltonian is

A_0ΔA_0 + 1 2 (∇A_0)^2 + ρA_0, ρ = e ( Ψ^†_d · Ψ_d − Φ^†_πΦ_π )

Excluding A_0 and neglecting the spin-flip part of the density Hamiltonian (55) we obtain the canonical Hamiltonian for the non-relativistic πd system as

H = H_0 + H_C + H_R + H_γ + H_S = H_0 + H_C + V , (56)

where H_0 is the free Hamiltonian describing non-relativistic pions and deuterons. Further, H_Γ = ∫ d^3x H_Γ, Γ = C, R,γ, S, and

H_C = e^2 (Ψ^†_dΨ_d) △^{−1} (Φ^†_π Φ_π) , (57)

H_R = −Ψ^†_d

∇^4 8M^3

Ψ_d − Φ^†_π ,

∇^4 8m^3

Φ_π , (58)

H_γ = − ie 2M Ψ^†_d (∇A + A∇) Ψ_d + ie 2m Φ^†_π (∇A + A∇) Φ_π , (59)

H_S = −d_{πd} Ψ^†_dΨ_d Φ^†_π Φ_π . (60)

III. ENERGY SHIFT OF PIONIC DEUTERIUM ATOM

We consider the problem of s-state energy shift according to the perturbation theory. Such analysis was performed for the pionic hydrogen in Ref. [18]. Let H_0 + H_C is the unperturbed Hamiltonian, whereas V is considered as a perturbation. The ground-state solution of the unperturbed Schrödinger equation in the center of mass (CM) system frame (Ẽ_1 − H_0 − H_C)|Ψ_0(0)⟩ = 0, with Ẽ_1 = M + m + E_1, is given by

|Ψ_0(0)⟩ = ∫ d^3p (2π)^3

Ψ_0(p) b^†(p) a^†(−p) |0⟩ , (61)

where a^†(p) and b^†(p) denote creation operators for non-relativistic π^− and deuteron acting on the Fock space vacuum, and Ψ_0(p) stands for the non-relativistic Coulomb wave function of 1S state in the momentum space, E_1 is the non-relativistic binding energy of pionic deuterium. We normalize the ground-state wave function as ∫ d^3 p|Ψ_0(p)|^2 = 1. (62)

We are going to evaluate the energy-level shift of the ground state due to the perturbation Hamiltonian V as in Ref. [18]. Let us define the free and Coulomb Green operators by the expressions G_0(z) = (z − H_0)^{−1} and G(z) = (z − H_0 − H_C)^{−1}, respectively. Further, we define the “Coulomb-pole removed” Green function as Ĝ(z) = G(z)(1 − Π), where Π denotes the projector onto the Coulomb ground state Ψ_0 (61). The πd scattering states in the sector with the total charge 0 are defined as |P, p⟩ = b^†(p_1) a^†(p_2) |0⟩ (p_1 and p_2 denote momenta of deuteron and pion, respectively). The CM and relative momenta are defined by P = p_1 + p_2, p = (m p_1 − M p_2)/(M + m). We remove the CM momenta from the matrix elements of any operator R(z) by introducing the notation ⟨P, q|R(z)|0, p⟩ = (2π)^3δ^3(P) (q|r(z)|p) . (63) The “Coulomb-pole removed” transition operator satisfies the equation M(z) = V + VĜ(z)M(z) . (64) According to the Feshbach’s formalism [25] the scattering operator T(z) develops the pole at z = z̄ where z̄ is the solution of the following equation z̄ − Ẽ_1 − (Ψ_0|m(z̄)|Ψ_0) = 0 , (65) where (p|Ψ_0) = Ψ_0(p) and m(z) is related to M(z) through the definitions (63).

In order to get the shift of the ground-state energy, the quantity m(z) is calculated perturbatively from Eq. (64) by the iteration series at accuracy O(α^4). Using the explicit expression of V given by Eq. (56), replacing Ĝ(z) by G_0(z) whenever possible, and retaining only those terms that contribute at the accuracy we are working, the operator M(z) can be written in the form M(z) = U(z) + W(z), where U(z) = H_R + H_γ G_0(z)H_γ ,

W(z) = H_S + H_SĜ(z)H_S , (66) At the accuracy O(α^4), the energy of the bound state is equal to z̄ = Ẽ_1 + ΔE^{em}_1 + ϵ_{1s}, where ΔE^{em}_1 = Re (Ψ_0|u(Ẽ_1)|Ψ_0) + E^{vac} , ϵ_{1s} = Re (Ψ_0|w(Ẽ_1)|Ψ_0) . (67) Here u(z), w(z) are related to U(z), W(z) through the definitions (63) and E^{vac} stands for the contribution due to the electron vacuum polarization which is added “by hand”. The results of calculations for the matrix elements determining the energy-label shift are the same as in Ref. [18]: Re (Ψ_0|u(Ẽ_1)|Ψ_0) = − 5 8 α^4μ^4_{πd}

M^3 + m^3 M^3m^3 − α^4μ^3_{πd} Mm , (68)

Re (Ψ_0|w(Ẽ_1)|Ψ_0) = α^3μ^3_{πd} π [ −d_{πd} + d^2_{πd} ( ξ + αμ^2_{πd} π (ln α − 1)) ] ,

Table 1. Contributions to the electromagnetic binding energy of the π^−p and π^−d atoms (eV).

Type of contribution Notation π^−p π^−d

Point Coulomb, KG equation E^{KG} −3235.156 −3459.0

Vacuum polarization, order α^2 E^{vac} −3.241 −3.732

Relativistic recoil E^{rel} 0.034 0.021

where μ_{πd} is the reduced mass of the πd system, and ξ = αμ^2_{πd} 2π { (μ^2)^{d−3} ( 1 d − 3 − Γ^′(1) − ln 4π ) + ln

(2μ_{πd} )^2 μ^2 − 1 } . (69)

Here d and μ denote the dimension of space and the scale of the dimensional regularization used as in Ref. [18], respectively.

The energy shift ( order α^2 ) due to the vacuum polarization contribution is given by the well-known expression [18]

E^{vac} = − α^3μ_{πd} 3π η^2Φ(η), η = αμ_{πd} m_e , (70)

η^2Φ(η) = 1 η^3 ( 2π − 4η + 3π 2 η^2 − 11 3 η^3 ) + 2η^4 − η^2 − 4 η^3 √ η^2 − 1 ln(η + √ η^2 − 1) ,

where m_e denotes the electron mass.

The calculation of the electromagnetic energy-level shift is now complete. We present our results in the convenient form

Ẽ_1 + ΔE^{em}_1 = E^{KG} + E^{vac} + E^{rel} , (71)

where

E^{KG} = − 1 2 μ_{πd}α^2 ( 1 + 5α^2 4 ) , (72)

E^{rel} = 7 8 α^4 μ^3_{πd} Mm , (73)

and E^{vac} is given by Eq. (70). In Table 1 we present various contributions to the electromagnetic energy-level shift of π^−p and π^−d atoms. As can be seen from Table 1, the calculated values of the electromagnetic shifts for π^−p and π^−d atoms are close to the each other.

IV. S-WAVE SCATTERING LENGTH AND THE DESER’S TYPE FORMULA

In order to complete the calculation of the strong energy-level shift, one has to match at the accuracy O(α) the particular combination of the non-relativistic coupling d_{πd}. Therefore we consider the scattering operator

T_R(z) = V_R + V_RG_R(z)T_R(z) ,

V_R = H_C + H_γ + H_S , G_R(z) = (z − H_0 − H_R)^{−1} . (74)

In the scattering operator T_R(z), all kinematical insertions contained in H_R are summed up in the external lines (see [26] for the details). We calculate the matrix element of the scattering operator T_R(z) between the π^−d states at O(α). After removing the CM momentum, the spin-nonflip part of this matrix element on energy shell is equal to

(q|t_R(z)|p) = − 4πα |q − p|^2 − 4πα 4Mm (q + p)^2 |q − p|^2

+ e^{2iαθC(|p|)} (q|t̄_R(z)|p) , (75)

where the (divergent) Coulomb phase in the dimensional regularization scheme is given by

θ_C(|p|) = μ_{πd} |p| μ^{d−3} ( 1 d − 3 − 1 2 (Γ^′(1) + ln 4π) ) + μ_{πd} |p| ln 2|p| μ , (76) and Re (q|t̄_R(z)|p) = − παμ_{πd}d_{πd} |p| + αμ^2_{πd}d^2_{πd} π ln |p| μ_{πd} − d_{πd} + d^2_{πd}ξ + · · · , (77) where ellipses stand for the terms that vanish at threshold. The first two terms in Eq. (77) are arisen due to the electromagnetic interactions between deuteron and pion, the sum of two next terms is amplitude of scattering due to the strong interaction at threshold.

Therefore for the regular part of the s-wave scattering length we have − 2π μ_{πd} A_{πd} = −d_{πd} + d^2_{πd}ξ. (78)

Finally compare Eq. (78) with Eq. (68) where we take into account all terms at accuracy O(α^3) we obtain the relation between the regular part of the s-wave πd scattering length and the strong energy-level shift of π^−d atom:

ϵ_{1s} = −2α^3μ^2_{πd} A_{πd} , (79)

where the ultraviolet divergence contained in the quantity ξ, has been canceled.

V. DISCUSSION AND CONCLUSION

From the measurement of the 3p − 1s X-ray transition of pionic deuterium the π^−d scattering length has been determined. The strong energy-level shift can be defined by ϵ_{1s} = E^{mag}_{3p−1s} − E^{meas}_{3p−1s} , (80) where E^{mag}_{3p−1s} is the electromagnetic transition energy calculated in the absence of the strong interaction [27] (the strong interaction in the 3p state is negligible), E^{meas}_{3p−1s} is the measured transition energy. It is clear that on the extracted significance of ϵ_{1s} energy shift the contributions to the electromagnetic energy E^{mag}_{3p−1s} are affected. According to our suggested model the contribution of deuteron magnetic moment would be differed from the results of the standard model using for calculation of the electromagnetic transition. Therefore it will be useful to estimate this contribution.

In order to combine the results from pionic hydrogen and pionic deuterium the establish of relation between A_{πd} and πN isoscalar and isovector lengths b_0 and b_1 is the important problem. This relation can be expressed as A_{πd} = 1 + m/m_N 1 + m/M 2b_0 + A(higher order) πd , (81) where the first terms is the scattering amplitude in the impulse approximation, 2b_0 is the sum of the amplitude for π^−p and π^−n elastic scattering, m_N is nucleon mass. The second term is dominant and it includes all remaining (higher order) contributions. The results presented in Ref. [8] shows that the s-wave double scattering gives the most contribution while the multiple scattering and form factor correction are much smaller. It is well-known that the second-order formula for πd scattering length is described by (cf. Ref. [28]) A_{πd} = 2μ_{πd} m [ b̃_0 + (b̃^2_0 − b̃^2_1) ⟨ 1 r ⟩] , (82)

where the expectation value of 1/r is taken with respect to the deuteron wave function and b̃_j = (1 + m/m_N )b_0. The calculations of the expectation value performed by the various NN potentials gave 20% of discrepancy for its value [16]. That means it is necessary to calculate the expectation value with potential which has the right behavior at the small distance. We note that absolute value of A_{πd} (Eq. (82)), calculated with use of various NN potentials leads to the larger value than at the solution of the Faddeev equation with the same potentials. On the basis of the solution the Faddeev equation received in Ref. [16] the formula (82) can be extended A_{πd} = 2μ_{πd} m [ b̃_0 + (b̃^2_0 − b̃^2_1) ⟨ e^{−κr} r ⟩ + (b̃_0 + b̃_1)^2(b̃_0 − 2b̃_1) ⟨ e^{−2κr} r^2 ⟩] , (83)

where κ = √ 2μ_{np}ϵ_d and ϵ_d is the binding energy of the deuteron, μ_{np} is reduced mass for proton and neutron. In contrast to Eq. (82) the binding energy correction of deuteron and the other higher order corrections are taken into account in Eq. (83).

At the end we would like to emphasize while we have not taken into account the important parameters of deuteron and pion as their sizes, but it is possible to construct the non-relativistic Lagrangian, like in [18], which includes these parameters through coupling constants.

We are grateful to Prof. J. Gasser and Dr. A. Rusetsky for the current interest in the work and useful suggestions. This work was supported by the Swiss National Science Foundation, SCOPES 20002003, Project No. 7UZPJ65677.

[1] H. Leutwyler, in Chiral dynamics: theory and experiment, edited by A.M. Bernstein, B.R.

Holstein (Springer 1995), p.14.

[2] J. Gasser, M.E. Sainio, A. Svarc, Nucl. Phys. B 307 (1988) 779. [3] M. Mojzis, Eur.Phys. J. C 2 (1998) 181.

[4] N. Fettes, U.-G. Meissner, S. Steininger, Nucl. Phys. A 640 (1998) 199. [5] N. Fettes, U.-G. Meissner, Nucl. Phys. A 676 (2000) 311; Phys. Rev. C 63 (2001) 045201;

Nucl. Phys. A 679 (2001) 629.

[6] T. Becher, H. Leutwyler, Eur. Phys. J. C 9 (1999) 643.

[7] J. Gasser, M. A. Ivanov, E. Lipartia, M. Mojzis and A. Rusetsky, Eur. Phys. J. C 26 (2002) 13 [arXiv:hep-ph/0206068].

[8] H.-Ch. Schröder et al., Eur. Phys. J. C 21 (2001) 473. [9] M.L. Golberger, H. Miyazawa, and R. Oehme, Phys. Rev. 99 (1955) 986. [10] S. Deser, M.L. Goldberger, K. Baumann, and W. Thirring, Phys. Rev. 96 (1954) 774. [11] D.F. Anagnostopoulos et al., The Pionic Hydrogen Experiments at PSI, Hyperline Interactions, 138 (2001) 131.

[12] P. Hauser et al., Phys. Rev. C 58 (1998) R1869. [13] V.V. Peresypkin, N.M. Petrov, Nucl. Phys. A 220 (1974) 277. [14] I.R. Afnan and A.W. Thomas, Phys. Rev. C 10 (1974) 109. [15] T. Mizutani and D.S. Koltun, Annals Phys. 109 (1977) 1.

[16] A. Deloff, Phys. Rev. C 61, 024004 (2000); Phys. Rev. C 64, 065205 (2001) [arXiv:nucl-th/0104067].

[17] V.V. Baru, A.E. Kudryavtsev and V.E. Tarasov, arXiv:nucl-th/0301021. [18] V.E. Lyubovitskji, A. Rusetsky, Phys. Lett. B 494 (2000) 9. [19] A.N. Ivanov et al., arXiv:nucl-th/0306047. [20] S.R. Beane et al., arXiv:hep-ph/0206219.

[21] J. Bjorken and S. Drell, Relativistic quantum mechanics (Mc GrawHill, 1965). [22] H.C. Corben and J. Schwinger, Phys. Rev. 58 (1940) 953. [23] G. Wentzel, Quantum Theory of Fields (New York, 1949). [24] W. Pauli, Rev.Mod.Phys., 13 (1940) 203.

[25] H. Feshbach, Ann. Phys. 5 (1958) 357; ibid 19 (1962) 287.

[26] V. Antonelli, A. Gall, J. Gasser and A. Rusetsky, Annals Phys. 286 (2001) 108 [arXiv:hep-ph/0003118].

[27] D. Sigg, A. Badertscher, P.F.A. Goudsmit, H.J. Leisi, G.C. Oades, Nucl. Phys. A 609 (1996) 310.

[28] T.E.O. Ericson and W. Weise, Pions and Nuclei (Clarendon, Oxford, 1988).