arXiv:hep-ph/0406210 v1 21 Jun 2004

Mixed Quark-Gluon condensate at finite temperature and density in the global color symmetry model

Zhao Zhang^1, Wei-qin Zhao^{1,2} 1Institute of High Energy Physics, Academica Sinica, Beijing, 100039, P. R. China 2CCAST(World Laboratory), P.O. Box 8730, Beijing 100080, P. R. China

Abstract

The mixed quark-gluon condensate is another chiral order parameter in QCD, which plays an important role in the application of QCD sum rules. In this letter, we study the properties of quark-gluon mixed condensate at finite temperature and quark chemical potential in the framework of global color symmetry model. Using an infrareddominant model gluon two-point function, we find that the behavior of quark-gluon mixed condensate at finite temperature and chemical potential is similar to that of the quark condensate, and both of them give the same information about chiral phase transition. We also find that the ratio of these two condensates is insensitive to the temperature and chemical potential, which supports the conclusion obtained recently by the authors using quenched lattice QCD ( They only studied the nature of the mixed quark-gluon condensate at finite temperature ). Keywords: Field theory at finite temperature and chemical potential; Vacuum condensate; Confinement; Dynamical chiral symmetry breaking; Dyson-Schwinger equations.

PACS number(s): 11.10.Wx; 12.38.Mh; 12.38.Lg; 24.85.+p

0E-mail:zhangforever@sohu.com

The mixed quark-gluon condensates g⟨qσ^{μν} G_{μν} q⟩ is one of the vacuum expectation values which reflect the nonperturbative structure of QCD vacuum. This condensate plays an important role for the low energy phenomena of hadrons in the framework of QCD sum rules[1, 2], where the various condensates in the operator product expansion (OPE) are taken as input parameters phenomenologically to reproduce various hadronic properties systematically. Contrary to the well-known condensates of the lowest dimension, ⟨G^2_{μν} ⟩ and ⟨qq⟩, the mixed condensate represents the direct correlation between quarks and gluons in QCD vacuum. Due to the fact that the mixed condensate plays a relevant role in OPE as a next-to-leading chiral variant operator, the mixed quark-gluon condensate can be used as another chiral order parameter of the second lowest dimension for QCD phase transition.

The previous evaluations of the mixed quark-gluon condensate at zero temperature and chemical potential were performed in the framework of QCD sum rule method[2, 3, 4], quenched lattice QCD[5, 6] and QCD effective models[7, 8], respectively. The value of this condensate is still not conclusive from these studies, and the parameter m^2_0 = g⟨qσ_{μν} G^{μν} q⟩/⟨qq⟩ determined at the renormalization point u = 1GeV^2 ranges from 0.5GeV^2 to 3.7GeV^2. Recently, the behaviour of the various low-dimensional condensates at finite temperature and chemical potential is the subject of intensive researches due to their direct relation to the QCD phase transition. In contrast to ⟨qq⟩, the thermal properties of the mixed quark-gluon condensate of dimension 5 is still least known. Therefore it is interesting to investigate the thermal nature of this mixed condensate for it can act as the chiral order parameter which is independent of the quark condensation ⟨qq⟩. Furthermore, the evaluation of the mixed quark-gloun condensate at finite temperature T and quark chemical potential μ has an impact on the hadron phenomenology through QCD sum rule.

So far, the investigation of thermal behavior of g⟨qσ_{μν} G^{μν} q⟩ has been performed by the authors[5] through the quenched lattice QCD calculation with Kogut-Susskind fermion(KS) field method, where a critical temperature T_c ≈ 280MeV was obtained for both the chiral symmetry and deconfinement restoration transitions. In Ref.[5], the obtained ratio between the mixed quark-gluon condensate and the quark condensate is almost independent of the temperature even in the very vicinity of T_c. Since there is significant overlap between contemporary Dyson-Schwinger-Equations (DSEs) studies and the numerical simulation of lattice QCD, the DSEs could provide an adjunct to lattice QCD. The truncation that is accurate in the common domain such as zero temperature and chemical potential and finite temperature can be used to extrapolate into the finite chemical potential domain, which is presently inaccessible in lattice simulations. Therefore, it is necessary to elucidate the (T, μ) dependence of the mixed quark-gluon condensate through DSE-models. In this letter, we will explore the properties of the mixed condensate at finite temperature and chemical potential in the frame work of the global color symmetry model(GCM).

As a truncated DSE-model, GCM is a quite successful four-fermion interaction field theory which can be directly derived through a truncation of QCD[10]. This truncated DSE model has been applied extensively at zero temperature and chemical potential to the phenomenology of QCD[11, 12], including the studies of observables from strong interaction to weak interaction area. Furthermore, the truncated DSE models also have made important progress in the studies of strong QCD at finite temperature and chemical potential[13].

In a Euclidean space formulation, with {γ_μ, γ_ν} = 2δ_{μν} and γ^+_μ = γ_μ, the inverse of dressed-quark propagator at finite temperature and chemical potential in the framework of GCM takes the form

S^{−1}(p̃_k) = i⃗γ · ⃗p + iγ_4(ω_k + iμ) + Σ(p̃_k) (1) = i⃗γ · ⃗pA(p̃_k) + iγ_4(ω_k + iμ)C(p̃_k) + B(p̃_k), (2)

where p̃_k ≡ (⃗p, ω̃_k), ω̃_k = ω_k + iμ, ω_k = (2k + 1)πT is the Fermi Matasubara frequency, μ is the chemical potential and Σ(p̃_k) is the self-energy term of the dressed quark propagator. The gap equation for the dressed quark in the chiral limit is determined by the rainbow DSE

(A(p̃_k) − 1)⃗p^2 = 8 3 ∫ l,q g^2D(~p_k − ~q_l) A(q̃_l)⃗q · ⃗p A^2(q̃_l)⃗q^2 + C^2(q̃_l)ω̃^2_l + B^2(q̃_l) (3) (C(p̃_k) − 1)ω̃^2_k = 8 3 ∫ l,q g^2D(p̃_k − q̃_l) C(q̃_l)p̃_k · q̃_l A^2(q̃_l)⃗q^2 + C^2(q̃_l)ω̃^2_l + B^2(q̃_l) (4) B(p̃_k) = 16 3 ∫ l,q g^2D(p̃_k − q̃_l)

B(q̃_l) A^2(q̃_l)⃗q^2 + C^2(q̃_l)ω̃^2_l + B^2(q̃_l)

, (5)

where ∫ l,q = β^{−1} ∑_∞ l=−∞ ∫_d3_q

(2π)^3 and β

−1 = T . The term g^2D(p̃_k) is the effective dressed-gluon propagator at finite temperature and chemical potential, which is treated as an input parameter in the quark gap equation. The complex scalar functions A(p̃_k), B(p̃_k) and C(p̃_k) satisfy: F (p̃_k)^∗ = F (p̃_{−(k+1)}), F = A, B, C, although not explicitly indicated they are functions only of ⃗q^2 and ω̃^2_k .

We will use the technique proposed in Ref.[7] to calculate the mixed quarkgluon condensate at finite temperature and chemical potential in the framework of global color symmetry model. In the context of nonzero temperature, the space-time integration ∫ d^4x is replaced by the form ∫_β 0 dx_4 ∫ d^3x and the continuum integration ∫ d^4p in the momentum space is replaced by Matasubara frequency summation β^{−1} ∑_∞ k=−∞ ∫ d^3p. At the mean field level, the vacuum expectation of any quark operator of the form

O_n ≡ (q_{j1} Λ^{(1)}_{j1i1} q_{i1} )(q_{j2} Λ^{(2)}_{j2i2} q_{i2} ) · · · (q_{jn} Λ^{(n)}_{jnin} q_{in} ) (6)

can be calculated straightforward. Here Λ^{(i)} is an operator in Dirac, flavor and color space. Since the generating functional for the quark field is a typical Gaussian type integration at the mean field level in the framework of this four-fermion interaction model, the expression for the vacuum expectation of quark operator O_n can be easily derived[18, 7] and takes the form

⟨: O_n :⟩ = (−1)^n ∑ p (−)^p[Λ^{(1)}_{j1i1} · · ·Λ^{(n)}_{jnin} (S)_{i1jp(1)} · · · (S)_{injp(n)} ], (7)

where Π stands for a permutation of the n indices and S is the dressedquark propagator in the mean field level. For example, we can get the familiar expression for the quark condensate ⟨qq⟩^μ_T at temperature T and chemical potential μ ⟨qq⟩^μ_T = (−)T r_{DC}S(x, x) = (−)4N_c ∫ l,q B(q̃_l) A^2(q̃_l)⃗q^2 + C^2(q̃_l)ω̃^2_l + B^2(q̃_l)

. (8)

The trace is to be taken in Dirac and color space, whereas the flavor trace has been separated out. The four quark condensate can also be obtained easily from Eq.(7) and proved to be proportional to the square of the quark condensate which is consistent with the vacuum saturation assumption of Ref.[7].

Due to the glounic degree in g⟨qσ_{μν} G^{μν} q⟩, we can not get the expression for the mixed quark-gluon condensation directly from Eq.(7). Since the generating functional over gluon field A in this four-fermion interaction model is quadratic with a given quark-quark interaction D, the integration over any number of gluon fields can be performed analytically [7]. Using the same shorthand notation for the typical Gaussian integrations as in Ref. [7], we have ∫ DAe^{− 1}2^{AD−1 A+jA} ≡ e^12^{jDj} (9) ∫ DAAe^{− 12 AD−1 A+jA} ≡ (jD)e^{12 jDj} (10) ∫ DAA^2e^{− 12 AD−1 A+jA} ≡ [D + (jD)^2]e^{12 jDj} , (11)

where j = qγ_μ^{λa}_2 q is the quark color current. It should be noted that D stands for the connected gluon two-point Green function at nonzero temperature and chemical potential and the integration in the exponent takes the form ∫_β 0 dx_4 ∫ d^3x according to the imaginary time thermal field theory. Due to the transition from the gluon vacuum average to the quark color current qγ_μ^{λa}_2 q together with the gluon two-point function D which is usually treated as an input parameter in truncated DSE-model method to get the quark gap equation, we can use the Eq.(7) to evaluate the mixed quark-gluon condensate at temperature T and chemical potential μ in the mean field level . Applying the technique described above, we obtain g⟨q(x)G_{μν} (x)σ^{μν} q(x)⟩ = (−2i)N_c 4 3 ∫ z [∂^{(x)}_μ g^2D(z − x)] ×tr_D[S(z − x)σ_{μν} S(x − z)γ_ν ] +(4i)N_c ∫ z_1 ∫ z_2

g^2D(z_1 − x)g^2D(z_2 − x)

×tr_D[S(z_2 − x)σ_{μν} S(x − z_1)γ_μS(z_1 − z_2)γ_ν ], (12)

where x = (x_4, ⃗x) and ∫ x stands for ∫_β 0 dx_4 ∫ d^3x.

From the dressed quark gap equation in GCM

Σ(x − y) = 4 3 g^2D(x − y)γ_μS(x − y)γ_μ, (13) we can get the form 4 3 g^2D(x − y)S(x − y) = 1 4 1 4 tr_D[Σ(x − y)] − 1 2 1 4 γ_μtr_D[Σ(x − y)γ_μ]. (14)

Using this equation, the integration over the gluon two-point function D in Eq.(12) is replaced by the quark self-energy Σ. This technique strongly simplifies the calculation of the mixed condensate. The formula for the calculation of the mixed quark-gluon condensate is now expressed only in terms of three scalar functions A,B and C which are solutions of the quark gap equation. After Fourier transformation and performing the integration over space-time , we get the final integration expression for the mixed condensate at temperature T and chemical potential μ. g⟨qG_{μν} σ^{μν} q⟩^μ_T = 36 ∫ k,q B[(2 − A)⃗q^2 + (2 − C))ω̃^2_k] A^2⃗q^2 + C^2ω̃^2_k + B^2 + 81 4 ∫ k,q B^3 + 2B[A(A − 1)⃗q^2 + C(C − 1)ω̃^2_k] A^2⃗q^2 + C^2ω̃^2_k + B^2

. (15)

Substituting T = 0 and μ = 0 into Eq.(15), We have g⟨qG_{μν} σ^{μν} q⟩^{μ=0}_{T =0} = (−) 3 16π^2 { 12 ∫ dss^2B 2 − A sA^2 + B^2 + 27 4 ∫ dssB [2A(A − 1)]s + B^2 sA^2 + B^2 } . (16)

This is just the equation obtained in Ref.[7]. It is clear according to Eq.(15) that in the Wigner phase characterized by B ≡ 0, the mixed quark-gluon condensate takes the value 0 and the nonzero value of this condensate signals the nontrivial structure of QCD vacuum. This is the reason that g⟨qG_{μν} σ^{μν} q⟩ can also be used as the chiral order parameter as ⟨qq⟩ does.

It should be noted that our study ignores effects from hard gluonic radiative corrections to these condensates due to its minor importance for our study of nonperturbative properties in the low and medium energy region. That means the chosen quark-quark interaction model g^2D has a finite range in momentum space and the momentum integrals in Eq.(15) are finite. Because GCM is a no-renormalizable effective field theory, the scale at which a condensate is defined in our approach is a typical hadronic scale, which is implicitly determined by the model gluon propagator g^2D and the solutions of DSE for the dressed quark gap equations. The similar situation is the determination of vacuum condensates within the framework of the instanton liquid model[21] where the scale is set by the inverse inatanton size.

To explore the properties of the mixed quark-gluon condensate at finite temperature and chemical potential, we use the infrared-dominant model

g^2D(p̃_k) = 3 16 (2π)^3βη^2δ_{k0}δ(⃗p), (17) which is a generalization to T ≠ 0 of the model introduced in Ref.[19], where η ≈ 1.06GeV is a mass-scale parameter fixed by fitting π- and ρmeson masses. As an infrared enhanced model, it does not represent well the behavior of D_{μν} (p̃_k) away from |⃗p|^2 +ω̃^2_k ≈ 0. Consequently some modeldependent artifacts arise. However and there is significant advantage in its simplicity and since the artifacts are easily identified, the model can exhibits many of the qualitative features based on the more sophisticated Ansätze[15, 16]. This simple confining model has been used successfully to explore the thermal properties of QCD[14].

Substituting Eq.(17) into Eq.(15), we get an algebraic equation which has two qualitatively distinct solutions. The Nambu-Goldstone solution, with

A(p̃_k) = C(p̃_k) =

2, Re(p̃^2_k) <^{η2}_4 , 1 2 (1 + √ 1 +^{2η2}_{p̃2k} ), otherwise,

(18)

B(p̃_k) = { √ η^2 − 4p̃^2_k, Re(p̃^2_k) <^{η2}_4 , 0, otherwise,

(19)

describes a phase of the model in which: 1) chiral symmetry is dynamically broken due to the nonzero quark mass function, B(p̃_k), in the chiral limit; and 2) the dressed-quarks are confined due to the absence of a Lehmann representation of the dressed quark propagator. The other one is Wigner solution with for which

B̂(p̃_k) ≡ 0, Â(p̃_k) = Ĉ(p̃_k) = 1 2 (1 + √ 1 + 2η^2 p̃^2_k

), (20)

which describes a phase of the model with neither dynamical chiral symmetry breaking(DCSB) nor confinement.

In Ref.[14], this model was used to explore the chiral symmetry and deconfinement restoration transition between these two phases characterized by qualitatively different , momentum-dependent modification of the quark propagator. The relative stability of the confined and deconfined phases is measured by the (T, μ)-dependent vacuum pressure difference or bag constant[10] B(T, μ) ≡ P [S_{N G}] − P [S_W ], (21) where S_{N G} stands for the quark propagator with the Nambu-Goldstone solution and S_W means the quark propagator with the Wigner solution.

P [S] is the pressure obtained by the tree-level auxiliary-field effective action in the stationary phase approximation[17], which takes the form

P [S] = T V {T rLn[βS^{−1}] − 1 2 T r[ΣS]} (22)

B(T, μ) > 0 indicates the stability of the confined phase and hence the phase boundary is specified by B(T, μ) = 0. (23)

In the chiral limit, the deconfinement and chiral symmetry restoration transition in this model are coincident. Substituting Eq.(18-20) into Eq.(23), we get the equation[14] 2N_cN_f π^2 β^{−1} l_{max}∑

l=0 ∫_p 0 dpp^2[Re( 2p̃^2_k η^2

− Ĉ(p̃_k)^{−1}) − ln | p̃^2_kĈ(p̃_k)^2 η^2

|] = 0 (24)

with ω^2_{lmax} ≤^{η2}_4 + μ^2, p^2 = ω^2_{lmax} − ω^2_l , which determines the critical line in the (T, μ) plane. The critical temperature for zero chemical potential in this model is T^0_c = 0.170Gev which is only 12% larger than the value obtained in Ref.[15] using a more sophisticated model and the order of transition is the same. This illustrates the simple model’s ability to provide a reasonable guide to the thermodynamics properties of more sophisticated DSE-models. For T = 0, the critical chemical potential is μ^0_c = 0.3GeV and in case of nonzero chemical potential the transition is the first order[14, 16].

Substituting Eqs.(18,19) into Eq.(8) and Eq.(15), we have the expressions for quark condensate and mixed quark-gluon condensate at temperature T and chemical potential μ from the infrared-dominant model − ⟨qq⟩ = 12 π^2 T η^2 l_{max}∑

l=0 ∫_{p̃} 0 dpp^2Re( √ η^2 − 4(p^2 − μ^2 + ω^2_l + 2iμω_l) (25)

−g⟨qσGq⟩ = 81 4π^2 T l_{max}∑

l=0 ∫_{p̃} 0 dpp^2Re( √ η^2 − 4(p^2 − μ^2 + ω^2_l + 2iμω_l)). (26)

Comparing Eq.(26) with Eq.(25), we find that the mixed quark-gluon condensate is proportional to the quark condensate and the ratio between these two condensates is a constant independent of temperature T and chemical potential μ. It is a nontrivial result that the behavior of the mixed guark-gluon condensate at finite temperature and chemical potential is similar to the quark condesate, for g⟨qσGq⟩ reflects the color-octet component of quark-antiquark pairs in the QCD vacuum ,while ⟨qq⟩ reflects only the color-singlet quark-antiquark components. That means the mixed condensate g⟨qσGq⟩ represents the direct correlation between color-octet q−q pairs and the gluon field strength G_{μν} , while ⟨qq⟩ represents the direct correlation between quarks and antiquarks. This nontrivial result was also obtained in Ref.[9] by quenched lattice QCD simulation with the KS-fermion method(note that in Ref.[9], the authors only explored the temperature dependence of the mixed condensate and the critical temperature for chiral symmetry restoration is 280MeV ). The ratio m^2_0 = g⟨qσGq⟩/⟨qq⟩ is 1.90GeV^2 in this infrared-dominant model, which suggests the significance of the mixed condensate in OPE.

In Ref.[20], these two condensates take the form ⟨qq⟩ = 1 V ∫ dλ mρ(λ) λ^2 + m^2

, (27) g⟨qσGq⟩ = 1 V ∫ dλ mρ(λ) λ^2 + m^2 ⟨λ|σG|λ⟩, (28) where |λ⟩ stands for the eigenvector of the Dirac operator as iD̂|λ⟩ = λ|λ⟩, and ρ(λ) the spectral density on λ. So the ratio m^2_0 can be expressed as ⟨λ|σG|λ⟩_{λ=0} in the chiral limit. The insensitive (T, μ) dependence of m^2_0 suggests that the value of ⟨λ|σG|λ⟩_{λ=0} has a weak dependence on both the temperature and chemical potential in the Nambu-Goldstone phase, even in the very vicinity of critical point.

In Fig.1, the thermal effect on −g⟨qσGq⟩ is plotted against temperature T at several choosen chemical potential points. It is clearly indicated from Fig.1 that −g⟨qσGq⟩ decreases continuously to zero with increasing T . The chemical potential dependence of −g⟨qσGq⟩ is shown in Fig.2 and obviously the mixed condensate increases with μ, up to a critical value μ_c(T ) when it drops discontinuously to zero. This behavior is the same as −⟨qq⟩, which can be attributed to the combination μ^2 − ω^2_l appearing in Eq.(25) and Eq.(26).

We can see from above analysis that though g⟨qσGq⟩ and ⟨qq⟩ characterize different aspects of QCD vacuum, both of them not only give the same critical point for the chiral symmetry restoration, but also have the same critical behavior for the QCD phase transition. This conclusion confirms the result in Ref.[9] and seems to indicate that all order parameters for a phase transition have the universal critical behavior near the critical point.

In summary, we have estimated the (T, μ) dependence of g⟨qσGq⟩ in the framework of GCM. Using a simple,confined DSE-model of QCD, we get that the value of the mixed quark-gluon condensate is proportional to the quark condensate and the ratio between these two condensates is independent of T and μ. The large ratio m^2_o = 1.90GeV^2 suggests that the mixed quark-gluon condensate plays an important role in QCD sum rules. As two low-dimensional chiral order parameters, the mixed quark-gluon condensate and quark condensate give the same critical behavior for chiral symmetry restoration. As mentioned above, this infrared-dominant model is poor to represent the ultraviolet behavior of the gluon propagator, so there may exist some model-dependent artifacts in our study. Because this model can provide a reasonable guide to the thermodynamics properties based on more sophisticated DSE-models of QCD, we believe that these results are qualitatively coincident with the more complex Ansätze . The more sophisticated investigation is under progress.

References

[1] M. Shifman, Vainshtein, and V. Zakharvov, Nucl. Phys. B 147, 385 (1979).

[2] S. Narison, QCD Special Sum Rules (World Scientific, Singapore, 1989), and references therein.

[3] B. L. Ioffe, Nucl. Phys. B188, 317(1981); B191 591E(1981);

[4] S. Narison, Phys. Lett. B210 238(1988); H.G.Dosch and S.Narison, Phys. Lett. B417 173(1998) and reference therein.

[5] M. Kremer and G. Schierholz, Phys. Lett. B 194, 283 (1987).

[6] T. Doi, N. Ishii, M. Oka and H. Suganoma, Phys. Rev. D 67, 054504(2003).

[7] T. Meissner Phys. Lett. B 405, 8 (1997).

[8] M. V. Polyakov and C. Weiss. Phys. Lett. B 387,841 (1996).

[9] T. Doi, N. Ishii, M. Oka and H. Suganoma, Nucl. Phys. A721, 934 (2003); Nucl. Phys. B129-130(proc.Suppl.) 566(2004); arxiv:heplat/0402005 V1 6Feb 2004.

[10] R. T. Cahill and C. D. Roberts, Phys. Rev. D 32, 2419 (1985). [11] P. C. Tandy, Prog. Part. Nucl. Phys. 39, 117 (1997), and reference therein.

[12] C. D. Roberts and A. G. Villianms, Prog. Part. Nucl. Phys. 33, 477 (1994), and referrence therein.

[13] C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl. Phys. 45, (2000) [14] D. Blaschke, C. D. Roberts and S. Schimidt, Phys. Lett. B 425 (1998) 232-238. D. Blaschke and C. D. Roberts, Nucl. Phys. A624 (1998) 179c-209c. D. Blaschke, H. Grigorian, G. Poghosyan, C. D. Roberts, S.Schmidt, Phys. lett. B 450(1999) 207-214.

[15] A. Bender, D. Blaschke, Y. Kalinovsky and C. D. Roberts, Phys. Rev.

Lett. 77(1996) 3724.

[16] A. Bender, G. I. Poulis, C. D. Roberts, S.schmidt, A. W. Thomas, Phys. Lett. B431 (1998) 263-269.

[17] R. W. Haymaker, Riv.Nuovo Cim. 14, series 3, No.8(1991). [18] J. Negele and H. Orland, Quantum Many-Particle Systems (Addison- Wesley, Reading, MA, 1988).

[19] H. J. Munczek, A. M. Neminovsky, Phys. Rev. D28(1983) 181. [20] T. Banks and A. Casher, Nucl. Phys. B169, 103(1980); S.Hands, J. B.

Kogut and A. Kocic, Nucl.Phys. B357 467(1991).

[21] M. V. Polyakov and C. Weiss, Phys. Lett. B387 841(1996); A. E.

Dorokhov, S. V. Esaibgian and S. V. Mikhailov, Phys. Rev. D56 4062(1997).

Figures

Fig.1. The ratio R = (g⟨qσGq⟩^μ_T )^{( 1}5^)/(g⟨qσGq⟩^{μ=0}_{T =0})^{( 1}5^), as a function of T for a range values of μ. The “structure” in those curves, apparent for small T , is an artifact of the fact that the infrared-dominant model does not represent well the the quark-quark interaction in the ultraviolet domain[14].

Fig.2.The ratio R = (g⟨qσGq⟩^μ_T )^{( 1}5^)/(g⟨qσGq⟩^{μ=0}_{T =0})^{( 1}5^),, as a function of μ for a range values of T .