arXiv:hep-ph/0407096 v1 8 Jul 2004

Anharmonic O(N) oscillator model in next-to-leading order of the 1/N expansion

Alan Dzhioev,^{1, ∗} J. Wambach,^{2,3, †} A. Vdovin,^{1, ‡} and Z. Aouissat^3 1Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, 141980 Russia 2Gesellschaft für Schwerionenforschung, Planckstr. 1, D-64291 Darmstadt, Germany 3Institut für Kernphysik, Technische Universität Darmstadt, Schlossgartenstraße 9, D-64289 Darmstadt, Germany An extended Holstein-Primakoff mapping which incorporates both single- and double boson mappings is used in the context of O(N + 1) anharmonic oscillator with the global symmetry broken down to O(N) to study the next-to-leading order of the 1/N-expansion. It is shown that the Goldstone theorem is obeyed to that order and that the Ward identity is satisfied.

PACS numbers: 11.15.Pg; 12.39.Fe; 13.75.Lb Keywords: Extended Holstein-Primakoff mapping; O(N ) anharmonic oscillator model

I. INTRODUCTION

The present paper continues work started in Refs. [1, 2] where a boson-expansion technique, which is widely used in nuclear structure theory, was applied to models of quantum field theory (in particular, the linear sigma model [3]). This technique appears to be a promising tool for building symmetry-conserving and non-perturbative approaches. It was demonstrated that the Holstein-Primakoff mapping (HPM) is able to systematically classify the dynamics according to the 1/N expansion. For example, a ππ scattering equation to lowest order in 1/N (which is equivalent to the random phase approximation (RPA)) was

∗E-mail address: dzhioev@thsun1.jinr.ru †E-mail address: wambach@physik.tu-darmstadt.de ‡E-mail address: vdovin@thsun1.jinr.ru

evaluated in Ref. [2] and fulfills all required properties – unitarity, the Ward identity and standard RPA sum rules.

However, the perturbative boson expansion in general and the HPM in particular rely on the bozonization of pairs of particles. Thus, in [2] single-pion images were missing after the mapping. Their lack proved to be an obstacle for defining unambiguously the two-point Green’s function for the Goldstone mode. Another problem is the incorporation of single-particle states in the HPM which is called for in finite-temperature applications of the approach. Here, the absence of single-particle modes causes serious difficulties in the treatment of thermal ensembles since the single-boson (fermion) density of states plays an important role. These shortcomings were overcome in Ref. [4] where the bosonic HPM, originally introduced in [5], was extended to accommodate a single-boson mapping. When applied to the bosonic O(N) anharmonic oscillator to leading order in the 1/N-expansion, the extended HPM (EHPM) was shown to render N uncoupled Goldstone- as well as RPAphonon modes. Subsequently it was found in Ref. [6] that, without single-boson mapping, the thermal Goldstone modes were missing from the spectrum of the O(N) model to leading order in 1/N.

In spite of the obvious success of the formalism its full power should be revealed by working out the next-to-leading order since this allows to evaluate n-point functions unambiguously. This is the main aim of the present work. Although the O(N + 1) anharmonic oscillator is a purely quantum mechanical system its treatment in the 1/N expansion, which is largely analytical, provides valuable insight for the use of non-perturbative methods in quantum field theory (QFT).

The paper is organized as follows. Based on the Hamiltonian of the O(N + 1) anharmonic oscillator, its perturbation series in powers of 1/ √ N up to next-to-leading order is constructed in Sect. 2 within the EHPM framework. From its diagonalized form the validity of the Goldstone theorem is inferred and the correction to the condensate shift is computed. The validity of the Ward identity in the same order is proved in Sect. 3. A summary and conclusions are given in Sect. 4.

II. PERTURBATIVE EXPANSION OF THE HAMILTONIAN TO ORDER 1/N

The properly scaled Hamiltonian of the anharmonic oscillator with O(N + 1) symmetry broken down the O(N) group reads: H = ⃗P^2_π 2 + P^2_σ 2 + ω^2 2 [ ⃗X^2_π + X^2_σ ] + g N [ ⃗X^2_π + X^2_σ

]_2 − √ NηX_σ , (1) where we have chosen a notation reminiscent of the linear σ model [3], to emphasize the analogy to QFT. The variables ⃗X_π and X_σ are defined as: ⃗X_π = 1√ 2ω (⃗a + ⃗a^+) = 1 √ 2ω N∑ i=1 (a_i + a^+_i ) , X_σ = 1 √ 2E_σ (b + b^+) , (2)

and ⃗P_π and P_σ denote their respective conjugate momenta. The frequency, E_σ , of the mode X_σ will be defined later.

Diagonalization of the Hamiltonian (1) leads to the excitation energies of the system. A standard approximation scheme in many-body theory consists of splitting H into a meanfield part and a residual interaction. The mean field is obtained selfconsistently in the Hartree-Fock (HF) or Hartree-Fock-Bogoliubov (HFB) approximation which becomes exact in the large-N limit. It was shown in Refs. [1, 2, 6] that, for any finite N, the HFB approximation leads to a non-vanishing ’pion mass’ in the exact symmetry limit (η = 0). Hence, there are no massless Goldstone bosons in the mass spectrum. However, in the large-N limit, the Goldstone mode is recovered. This stems from the fact that the Fockterm is subleading and therefore vanishes. The Goldstone mode is provided solely by the Hartree approximation. Thus, the state of the ’Hartree pion’^1 is suitable for a perturbative treatment of the residual interaction. In [4], such a state was introduced in the framework of the EHPM and allows to preserve the original single-pion degrees of freedom. The EHPM method consists of the following mapping: (⃗a⃗a)_I = √ 2N + 4(n + m)A , (⃗a^+⃗a)_I = 2n + m , (⃗a^+⃗a^+)_I = (⃗a⃗a)^+_I ,

(a_i)_I = √ 2N + 4(n + m)Γ_N (m)α_i + 2α_iAΓ_N (m) , (a^+_i )_I = (a_i)^+_I . (3)

1 We will use Goldstone mode and ’pion’ interchangeably

Here N is an integer (the number of Goldstone modes), n = A^+A, m = ∑ i α^+_i α, and Γ_N is given by Γ_N (m) = [ m + N − 2 2(2m + N)(2m + N − 2) ]_{1/2} . (4) Thus, instead of the original pion a_i, we have an ideal boson α_i which is a Hartree pion [4].

A vacuum state of the system |Ψ⟩ is a coherent state [4] which incorporates spontaneous symmetry breaking via the condensates for the A and b bosons

|Ψ⟩ = exp[⟨A⟩A^+ + ⟨b⟩b^+]|0⟩ . (5)

The mode α, on the other hand, is not allowed to condense. The state |Ψ⟩ is annihilated by the shifted operators A and β A = A − ⟨A⟩ , β = b − ⟨b⟩ , (6) where the condensates ⟨A⟩ and ⟨b⟩ are scaled with N according to ⟨A⟩ = d √ N 2 , ⟨b⟩ = s √ NE_σ 2 . (7)

After a redefinition of A and β a systematic 1/N expansion of the Hamiltonian can be performed H = NH_0 + √ NH_1 + H_2 + 1 √ N H_3 + 1 N H_4 + · · · . (8) where H_0 denotes the mean-field Hamiltonian. The fact that N is arbitrary insures the preservation of the symmetry of H at each order. The dynamics up to order N^{−1} is specified by the H_i terms in (8) with i = 1, . . . , 4 which are given explicitly in Appendix A.

The coherent ground state |Ψ⟩ is determined by a requirement that the ground-state energy NE_0 ≡ ⟨Ψ|H|Ψ⟩/⟨Ψ|Ψ⟩ is minimized (note that only H_0 contributes this expectation value as discussed in Appendix A). The minimization procedure with respect to s and d then gives the following two coupled gap equations:

ω^2 + 4gs^2 + 2g ω ( √ 1 + d^2 + d)^2 = η s , 2ωd √ 1 + d^2 + Δ( √ 1 + d^2 + d)^2 = 0 , (9)

where the gap parameter Δ is given by Δ = 2gs^2 ω + g ω^2 ( √ 1 + d^2 + d)^2 .

In fact, this is equivalent to the requirement that H_1 = 0.

With the gap equation (9), and the masses of the Hartree pion (E_π ) as well as the sigma boson (E_σ ) (see Appendix A for details)

E^2_π = ω^2 + 4gs^2 + 2g E_π = η s , E^2_σ = ω^2 + 8gs^2 + 2g E_π , (10)

the Hartree ground-state energy and the quadratic part H_2 of the Hamiltonian expansion (8) can be written in a more compact form which is particularly suitable for the further discussions

E_0 =

E^2_π 8 [ 5 E_π − 3s^2 ] − E^2_σ 8 [ s^2 + 1 E_π ] − g 4E^2_π

, (11)

H_2 = E_π ∑ i α^+_i α_i + E_σ β^+β + 2E_π B^+B + g 2E^2_π

(B^+ + B)^2 + 2gs E_π √ E_σ (β^+ + β)(B^+ + B) + E_σ 2 . (12)

The operators B^+, B appearing in (12) are related to A^+ and A a through unitary transformation (see (A5)-(A6) in Appendix A).

The gap equation (9) and the mean-field masses of the Hartree pion and the sigmaboson (10) can be presented diagrammatically as shown in Fig. 1a.

From Eq. (12) it follows that H_2 describes several modes of excitation above the Hartree ground-state energy. On the one hand, one has independent Hartree pions which have the Goldstone character, i.e. their frequency E_π vanishes in the exact symmetry limit (η = 0), and for a finite condensate (s ≠ 0). Besides the Goldstone modes there also exist other excitations which can be made explicit by diagonalizing the remaining part of H_2 in RPA [2, 4].

The next two terms, H_3 and H_4, in the Hamiltonian expansion (8) renormalize the energy of the modes obtained after H_2 diagonalization and represent anharmonic corrections. The c-numbers in H_2 and H_4 contribute to the ground-state energy.

To diagonalize H_2, H_3 and H_4 we use the method described in detail in Ref. [7]. We have used it previously [8] to diagonalize next-to-leading order terms in the 1/N expansion of the Hamiltonian of the Lipkin model [9]. In accordance with the prescriptions of Ref. [7] the diagonalization of (8) within perturbation theory can be carried out in two steps. At

FIG. 1: a) Diagrammatic representation of the mean-field results for pion and sigma bosons. The solid line denotes the self-consistent pion propagator, the wavy line – the sigma propagator. The dashed (dotted) line is the two-point Green’s function of the bare π (σ). b) The sigma-boson propagator in the RPA order (a thick wavy line).

the first stage RPA bosons are introduced by means of a linear canonical transformation. This diagonalizes the sigma part of H_2. These RPA bosons are then used as a basis for a systematic diagonalization of the higher-order terms H_3 and H_4 and a remaining part of the Hamiltonian should be written in terms of RPA bosons. The further diagonalization can be accomplished by means of a unitary transformation which removes all off-diagonal terms in any order leaving the Hamiltonian finally as a function of a new ”diagonal” bosons.

Following this procedure we define first a new RPA boson operator Q^+_ν and Q_ν via a general Bogoliubov rotation which mixes the sigma boson, β, and pion pairs B:

Q^+_ν = x_ν β^+ + y_ν β + u_ν B^+ + v_ν B . (13)

By the equation-of-motion method [10] we derive RPA equations for the amplitudes x_ν , y_ν , u_ν , v_ν . The corresponding system of equations can be reduced to the following two equations for the RPA frequencies Ω_ν (ν = 1, 2) (see also Appendix B):

Ω^2_1 + Ω^2 = 4E^2_π + E^2_σ + 4g E_π , Ω^2_1Ω^2 = 4E^2_π ( E^2_σ + g E_π ) . (14)

Formally, the solution of (14) can be written as

Ω^2_ν = η s + 8gs^2 1 − 4g E_π ( Ω^2_ν − 4E^2_π ) . (15)

The inverse transformation is given in Appendix B.

Next we need in a sigma-boson propagator in RPA, to order, i.e., 1/N. It can be evaluated by solving the Dyson equation with the mass operator taking into account pion fluctuations. The diagrammatic representation is shown in Fig. 1b. The corresponding Dyson equation has the form D_σ (k^2) = i k^2 − E^2_σ + i k^2 − E^2_σ

(−32g^2s^2)Σ_{ππ}(k^2)D_σ (k^2) , (16)

where Σ_{ππ} (k^2) is an infinite sum of two-pion loop diagrams

Σ_{ππ} (k^2) = ∫ dp 2π i^2 (p^2 − E^2_π )([p − k]^2 − E^2_π ) +(−4ig) [∫ dp 2π i^2 (p^2 − E^2_π )([p − k]^2 − E^2_π )

]_2 + · · · = i E_π(k^2 − 4E^2_π ) + (−4ig) [ i E_π (k^2 − 4E^2_π )

]_2 + · · · = i E_π(k^2 − 4E^2_π − 4g/E_π )

. (17)

The additional factors 1/N at each vertex are precisely canceled by the factor N appearing due to summing over N internal pions in each bubble. Inserting the explicit form of Σ_{ππ} (k^2) into Eq. (16) one obtains

D_σ (k^2) = i k^2 − E^2_σ + 32ig^2s^2Σ_{ππ} (k^2)

(18)

Now the RPA frequencies Ω_ν can be obtained by solving [D_σ (Ω^2_ν )]^{−1} = 0. They are identical to those in Eq. (15) which were obtained by using the equation-of-motion method. In terms of Ω_{1,2} the sigma-boson propagator reads

D_σ (k^2) = i k^2 − 4E^2_π − 4g/E_π (k^2 − Ω^2_1)(k^2 − Ω^2)

. (19)

It should be mentioned that in this approximation the condensate s does not receive any contributions from RPA fluctuations. Moreover, if k^2 → Ω^2_ν the sigma-boson propagator becomes

D_σ (k^2) ∼ iZ_ν k^2 − Ω^2_ν

, (20)

where the field renormalization constants Z_ν are given by

Z_ν = (E^2_σ − Ω^2_ν′ )/(Ω^2_ν − Ω^2_ν′ ) = ϕ^2_ν′ . (21)

Here and hereafter the notation ν^′ means that ν^′ ≠ ν.

Now, the H_2 part of the Hamiltonian can be written in diagonal form in terms of Hartree pions and RPA bosons

H_2 = E_π N∑ i=1 α^+_i α_i + ∑ i=1, 2 Ω_ν Q^+_ν Q_ν +

Ω_1 + Ω_2 2 − E_π . (22)

The last two (c-number) terms in (22) represent the RPA corrections to the Hartree groundstate energy NE_0.

Having diagonalized H_2 we now turn to H_3 and H_4 and express them in terms of the RPA phonons. The explicit expressions are given in Appendix B. To diagonalize we use the quantum analog of the classical Birkhoff-Gustavson approach [11, 12] as was done in [8]. The diagonal terms in H_4 (Appendix B) provide anharmonic corrections of order N^{−1} to RPA. On the other hand, all terms in H_3 include only odd powers of Q_ν , Q^+_ν and have, therefore, vanishing diagonal matrix elements in the RPA basis. They first contribute in second-order perturbation theory and are thus of the same order as the diagonal contributions of H_4. Therefore, these parts of the Hamiltonian must be considered together.

As has been mentioned, it is possible to define a perturbative, unitary transformation which removes all off-diagonal terms in any given order of the 1/N- expansion. At the order of interest, this transformation has to be chosen such as to eliminate the H_3 part of the Hamiltonian expansion (8), thereby shifting their effects to renormalized diagonal terms of H_4.

To this end, we define new ”diagonal” pion and sigma operators (α^+_i )_d and (Q^+_ν )_d which are obtained via a unitary transformation from the α_i and Q_ν operators such that (α^+_i )_d = e^{−iS/√N} α^+_i e^{iS/√N} , (Q^+_ν )_d = e^{−iS/√N} Q^+_ν e^{iS/√N} . (23)

The Hamiltonian is then rewritten in terms of these ”diagonal” operators^2 as: H = e^{−iSd /√N} H_de^{iSd /√N} = H_d + 1 √ N [H, iS]_d + 1 2N [[H, iS], iS]_d + · · · . Using the Hamiltonian expansion (8), we obtain after some algebra, in the order of interest

H = NH_0 + (H_2)_d + 1 √ N {[H_2, iS] + H_3}_d + 1 2N {[[H_2, iS], iS] + 2[H_3, iS] + 2H_4}_d + · · · . (24)

Therefore, the condition for eliminating the off-diagonal terms of order of 1/ √ N can be easily read off as

[H_2, iS]_d = −(H_3)_d . (25)

and completely determines the operator iS_d. Using this result in Eq. (24) we obtain after some algebra (Appendix C) the full diagonal part of the sigma-model Hamiltonian in nextto-leading order of the 1/N expansion:

H = N(H_0 +

Ω_1 + Ω_2 − 2E_π 2N ) + (E_π + 1 N E^′_π ) ∑ i (α^+_i α_i)_d + ∑ ν (Ω_ν + 1 N Ω^′_ν )(Q^+_ν Q_ν )_d + 1 N { 1 2 ∑ i,j V_{ππ→ππ} α^+_i α^+_j α_j α_i + ∑ i,ν V_{πσν →πσν} α^+_i Q^+_ν Q_ν α_i + 1 2 ∑ ν,ν^′ V_{σν σν′ →σν σν′} Q^+_ν Q^+_ν′ Q_ν′ Q_ν } d . (26)

Besides RPA corrections to the Hartree ground-state energy it contains all anharmonic corrections caused by residual interactions between different modes as well as higher-order contributions E^′_π , Ω^′_ν to the masses of pion- and sigma-bosons, respectively. As can be seen, there are three sources of residual interaction: the pion-pion term ∼ V_{ππ→ππ} , the pion-sigma term ∼ V_{πσν →πσν} , and the sigma-sigma term ∼ V_{σν σν′ →σν σν′} . The explicit form of these couplings as well as of E^′_π and Ω^′_ν are given in Appendix C. It is evident from (C7) and (C6) that the 1/N order correction E^′_π to the pion mass and pion-pion interaction term V_{ππ→ππ} vanish in the exact symmetry limit η = 0. This implies that the pion keeps its Goldstone character in next-to-leading order of the 1/N expansion.

2 Here we have adopted the following notation. For any operator F , depending, e.g., on O and O^+, F_d is obtained by the replacement O → O_d and O^+ → O^+_d , i.e. F = e^{iSd} F_de^{−iSd} . Of course, one has e^{iS} = e^{iSd} . We also use the following appreciation for a product of operators: a_db_d . . . z_d ≡ (ab . . . z)_d.

Next-to-leading order corrections also contribute to the sigma-boson shift (7). The corresponding correction reads s^′ = 1 √ 2NE_σ ⟨β^+ + β⟩ , where ⟨. . .⟩ denotes the expectation value with respect to the vacuum of ”diagonal” bosons. Expressing (β^+ + β) through these bosons we obtain

s^′ = − 2sE^′_π NE_π + 8gs N ( E_π Ω^2_1Ω^2 + 3 Ω_1(Ω^2_1 − Ω^2) − 3 Ω_2(Ω^2_1 − Ω^2) ) . (27)

III. WARD IDENTITY IN NEXT-TO-LEADING ORDER

Aside from the Goldstone character of the pion the well-known Ward identity relating the pion propagator to the sigma-boson shift [13] should also remain valid. In this Section we prove that the Ward identity is indeed fulfilled in next-to-leading order of the 1/N expansion.

The Ward identity means that the pion propagator with 1/N corrections to the pion self-energy and the sigma-boson shift value calculated in the same order should satisfy the following relation: [iD_π (0)]^{−1} = η s + N^{−1}s^′

. (28) To prove Eq. (28) we will use a diagrammatic technique to obtain the pion propagator in the order of interest. A necessary step is to calculate the ππ-scattering T -matrix which contributes to the pion self-energy at order 1/N. There exist two types of ππ-interactions: those involving contact interactions (first two diagrams in Fig. 2) and those arizing from sigma-boson exchange (remaining diagrams). It is important to stress that, in the 1/N expansion, diagrams of the same topological structure can contribute in different orders. If i ≠ j in Fig. 2, then there is no summation over an internal pion in the s- and u-channels. Adding a new pion bubble increases the order of the diagram by 1/N. Therefore, in this case an interaction exists only in t-channel to leading order. On the other hand, in the case i = j all the three channels s, t, u contribute to the scattering process.

The first two diagrams give the following contribution to the T -matrix:

T_{cont}(l^2) = 8g { 1 + (−4ig)Σ_{ππ} (l^2) } = 8g l^2 − 4E^2_π l^2 − 4E^2_π − 4g/E_π

, (29)

where ⃗l = ⃗k_1 − ⃗k_2. A given channel is specified by a fixed value of l^2: t-channel l^2 = 0, s-,

FIG. 2: Diagrammatic representation of π–π scattering. The wavy line denotes the sigma boson RPA propagator while Σ_{ππ} contains an infinite sum of interacting pion loops.

u-channel l^2 = 4E^2_π . From the σ−exchange diagrams we have T_{exch}(l^2) = −56g^2s^2iD_σ(l^2) { 1 + (−4ig)Σ_{ππ} (l^2)

}_2 = 56g^2s^2(l^2 − 4E^2_π )^2 (l^2 − 4E^2_π − 4g/E_π )(l^2 − Ω^2_1)(l^2 − Ω^2)

. (30) Thus the full T matrix in a given channel reads T_{ππ}(l^2) = T_{cont}(l^2) + T_{exch}(l^2) = 8g

(l^2 − 4E^2_π )(l^2 − E^2_π ) (l^2 − Ω^2_1)(l^2 − Ω^2)

. (31) As was already mentioned, if i ≠ j, only the interaction in the t-channel should be taken into account, hence l^2 = 0. Then T_{πiπj} = T_{ππ}(0) = 32gE^4_π Ω^2_1Ω^2 . On the other hand, if i = j, T_{πiπi} = 2T_{ππ} (0) + T_{ππ} (4E^2_π ) =

64gE^4_π Ω^2_1Ω^2 . Dividing the T matrix by a factor 4E^2_π (1+δ_{ij} ) which arises from the relativistic normalization condition, we obtain the matrix element of the pion-pion interaction V_{ππ→ππ} (C6) calculated in the previous section in the framework of the EHPM.

We are now able to calculate the pion propagator to order 1/N. The diagrammatic representation of Dyson equation and the condensate is shown in Fig. 3.

FIG. 3: Upper part: Dyson equation for the pion propagator (doubled line) to order 1/N. Lower

part: Dyson equation for the sigma-boson condensate value in the order 1/N.

As one can see there appear two additional diagrams as compared to Fig. 1, involving a sigma bubble and T_{ππ}. Thus, to order 1/N, we obtain two coupled equations for the pion propagator D_π (k^2) and the sigma-boson shift s + N^{−1}s^′

[iD_π(k^2)]^{−1} = −k^2 + ω^2 + 4g(s + N^{−1}s^′)^2 + 4g ∫ dp 2π D_π (p^2) + 4g N ∫ dp 2π D_σ (p^2) + 8g N ∫ dp 2π i p^2 − E^2_π

T_{ππ} ([k − p]^2) , (32)

(s + N^{−1}s^′) = η ω^2 − 4g ω^2

(s + N^{−1}s^′) ∫ dp 2π D_π (p^2) − 4g Nω^2 (s + N^{−1}s^′) ∫ dp 2π D_σ(p^2) { 3 + 2(−4ig)Σ_{ππ} (p^2) }

− 4g ω^2

(s + N^{−1}s^′)^3 , (33)

where D_σ (p^2) is the sigma-boson propagator in the RPA order. Except for terms involving the pion propagator D_π (p^2) all other pieces in (32) and (33) can be calculated analytically. After some algebra we obtain η s + N^{−1}s^′

= ω^2 + 4g(s + N^{−1}s^′)^2 + 4g ∫ dp 2π D_π (p^2) − 2g N [ Ω^2 − E^2_σ Ω_1(Ω^2_1 − Ω^2) − Ω^2_1 − E^2_σ Ω_2(Ω^2_1 − Ω^2) ]

− 4g N [ 4E^2_π − Ω^2_1 Ω_1(Ω^2_1 − Ω^2) − 4E^2_π − Ω^2 Ω_2(Ω^2_1 − Ω^2) ] = [iD_π(0)]^{−1} . (34)

This proves the Ward identity (28) in next-to-leading order in 1/N expansion.

We show that the condensate s^′ in Eq. (33) are equal to that in Eq. (27) which is calculated with the EHPM technique. To do so we should express the pion propagator (32) in terms of the pion mass in next-to leading order, (E_π + N^{−1}E^′_π ), which is the solution of

[D_π (k^2)]^{−1} = 0 .

In terms of this mass, the pion propagator reads

[iD_π(k^2)]^{−1} = −k^2 + (E_π + N^{−1}E^′_π )^2 − 8g N ∫ dp 2π i p^2 − E^2_π [ T_{ππ}([E_π − p]^2) − T_{ππ} ([k − p]^2) ] . (35)

Putting k^2 = 0 we obtain

[iD_π(0)]^{−1} = (E_π + N^{−1}E^′_π )^2 − 8g N ∫ dp 2π i p^2 − E^2_π [ T_{ππ} ([E_π − p]^2) − T_{ππ} (p^2) ] = (E_π + N^{−1}E^′_π )^2 − 8gE^2_π N [ E_π Ω^2_1Ω^2 + 3 Ω_1(Ω^2_1 − Ω^2) − 3 Ω_2(Ω^2_1 − Ω^2) ] . (36)

Using this result in the lhs. of Eq. (28), one recovers the result in Eq. (27).

IV. SUMMARY AND CONCLUSIONS

In this paper we have applied the extended Holstein-Primakoff boson mapping [4] to the bosonic O(N) anharmonic oscillator which mimics some essential features of the linear sigma model of QFT. The approach that we use fundamentally relies on the bozonization of the generators of the Sp_2 ⊗ N_1 semidirect product group and is very appealing from many aspects and particularly from its symmetry-conserving character. The extended boson HP mapping exploits both single-boson and two-boson images. The former seems to be of crucial importance to correctly embed the correct quantum statistics in the mapping [6]. Moreover, it permits unambiguously to define the two-point function for the Goldstone mode.

In Refs. [4, 6], the O(N) anharmonic oscillator has been treated within the EHPM formalism to leading-order in the 1/N expansion which is equivalent to the Hartree + RPA scheme. In that approximation the system appears as a system of N Goldstone modes (pions) and two RPA modes which are superposition of the initial sigma-boson and auxiliary ”two-pion” modes.

In next-to-leading order the above excitations are coupled with each other. We have calculated the corresponding coupling matrix elements^3. Furthermore, next-to-leading order corrections to pion- and sigma- masses as well as to the condensate shift were obtained through perturbative diagonalization of the Hamiltonian using single-pion and RPA bosons as a basis. We have proved that in next-to-leading order the Goldstone theorem remains valid and the Ward identity is satisfied. These results constitute an encouraging step towards the application of the EHPM techniques to field theoretical modes, such as the linear sigmamodel.

Acknowledgments

The authors are grateful to Dr. A. Storozhenko for his essential contribution at the early stages of these studies. The work was supported in part by the Heisenberg-Landau Program and by the Deutsche Forschungsgemeinschaft through the SFB 634.

APPENDIX A

In this Appendix the boson expansion series up to next-to-leading order in 1/N for the Hamiltonian (1) is presented.

In terms of the shifted boson operators β and A the X^2_σ and ⃗X^2_π take the following form:

X^2_σ = Ns^2 + √ Ns √ 2 E_σ (β^+ + β) + 1 2E_σ (β^+ + β)^2 ,

⃗X^2_π = 1 2ω { N(1 + 2d^2)/2 + √ 2N d(A^+ + A) + 2A^+A + m + √ 2NK(A^+ + d √ N/2) × [ 1 + 2m + 2A^+A + √ 2Nd(A^+ + A) NK ]_{1/2} + h.c. } , (A1)

where K = 1 + d^2. After a Taylor expansion of a square root in (A1) up to order N^{−1}, the

3 For the present, purely quantum-mechanical model, these matrix elements play a role of four-point Green’s functions for QFT in four space-time dimensions.

operator ⃗X^2_π is given by

⃗X^2_π = N 1 4ω ( √ K + d)^2 + N^{1/2} ( √ K + d)^2 2ω √ 2K (A^+ + A) + √ K + d 8 √ Kω [ (A^+ + A)^2 1 K − (A^+ − A)^2 + 4(m − 1) ]

+ ( √ K + d)^2 8ω [ (A^+ + A)^2 1 K − (A^+ − A)^2( √ K − d)^2 ]

+N^{−1/2} (A^+ + A) 8 √ 2ωK^{3/2} [ (A^+ + A)^2 1 K − (A^+ − A)^2 + 4(m − 1) ]

−N^{−1} d 64K^{3/2}ω {[ 5(A^+ + A)^2 1 K − (A^+ − A)^2 + 4(m − 1) ] × [ (A^+ + A)^2 1 K − (A^+ − A)^2 + 4(m − 1) ] − 4(d^2 − 1) K } + h.c. (A2)

Substituting this expression into Eq. (8) leads to the required 1/N expansion of the model Hamiltonian. The first term NH_0 yields the ground-state energy in the Hartree approximation

E_0 ≡ ⟨Ψ|H|Ψ⟩ N⟨Ψ|Ψ⟩ = ω 2 (1 + 2d^2) + ( ω^2s^2 2 − ηs )

+g ( ( √ K + d)^4 4ω^2

+ s^4 + s^2( √ K + d)^2 ω ) . (A3)

Minimizing E_0 determines the values of d and s as the roots of the coupled gap equations (9). The next term H_1 is linear with respect to A and β:

H_1 =

(A^+ + A) √ 2K [ 2ωd √ K + Δ( √ K + d)^2 ]

+ (β^+ + β)s √ 2E_σ [ ω^2 + 2Δω − η s ] (A4)

and vanishes at the minimum of E_0.

For the following it is particularly suitable to define a new operators B^+ and B

A^+ = G_+B^+ + G_−B . (A5)

In order for the B^+, B operators to obey the same algebra as A^+, A the coefficients G_+ and G_− have to be chosen such that G^2_+ − G^2_− = 1. Explicitly, they are given by

G_± = 1 2 [√ K ± 1 √ K ] (A6) and we have

(A^+ + A) = (B^+ + B) √ K , (A^+ − A) = (B^+ − B)/ √ K . (A7)

In terms of B^+ and B the quadratic part of H now reads as

H_2 = [ ω + Δ √ K + d √ K ] ∑ i α^+_i α_i + [ ω^2 − E^2_σ 4E_σ + ωΔ 2E_σ + 2gs^2 E_σ ] (β^+β^+ + ββ) + [ ω^2 + E^2_σ 4E_σ + ωΔ 2E_σ + 2gs^2 E_σ ] (2β^+β + 1) + g( √ K + d)^4 2ω^2

(B^+ + B)^2 + 2ω ( √ K + d)^2

B^+B + 2gs( √ K + d)^2 ω √ E_σ (β^+ + β)(B^+ + B) .

From this expression, and more precisely from the coefficient in front of the term ∑ i α^+_i α_i, one can deduce the existence of N uncoupled modes that are nothing but the Hartree pions with mass E_π given by

E_π = ω + Δ √ K + d √ K = ω ( √ K + d)^2 , E^2_π = ω(ω + 2Δ) = ω^2 + 4gs^2 + 2g E_π . (A8)

Furthermore, demanding that the bilinear part of H_2 in the β operators is diagonal, i.e.

ω^2 − E^2_σ 4E_σ + ωΔ 2E_σ + 2gs^2 E_σ = 0 ,

we obtain the sigma-boson mass E_σ

E^2_σ = ω^2 + 12gs^2 + 2g E_π = E^2_π + 8gs^2 . (A9)

With these definitions of E_π and E_σ the quadratic part H_2 of the Hamiltonian can be recast in the compact form given in Eq. (12).

The next-to-leading order terms H_3 and H_4 in the Hamiltonian expansion look as follows:

H_3 = 1 4 √ 2K { −E_π d(B^+ + B) + √ K − d E_π ( g E_π (B^+ + B) + 2gs √ E_σ (β^+ + β) )}

× { 4(m − 1) + (B^+ + B)^2 − (B^+ − B)^2 1 K }

+ 1 4 √ 2 { g E_π (B^+ + B) + 2gs √ E_σ (β^+ + β) }

× { 1 E_π (B^+ + B)^2 − 1 Kω (B^+ − B)^2 + 2 E_σ (β^+ + β)^2 } + h.c. , (A10)

H_4 = 1 K ( E_π d^2 + g E_π ω ) (m − 1)^2 + 1 4K { 2 ( E_π d^2 + g E_π ω ) ( 3(B^+ + B)^2 − 1 K (B^+ − B)^2 )

+ 8gs √ E_σ ω (B^+ + B)(β^+ + β) + g ( 1 E_π + 1 ω )

× ( 1 E_π (B^+ + B)^2 − 1 Kω (B^+ − B)^2 + 2 E_σ (β^+ + β)^2 )} (m − 1) + 1 32K {( E_π d^2 + g E_π ω ) ( 5(B^+ + B)^2 − 1 K (B^+ − B)^2 )

+ 8gs √ E_σ ω (B^+ + B)(β^+ + β) + g ( 1 E_π + 1 ω )

× ( 1 E_π (B^+ + B)^2 − 1 Kω (B^+ − B)^2 + 2 E_σ (β^+ + β)^2 )}

× { (B^+ + B)^2 − 1 K (B^+ − B)^2 }

+ g 32 { 1 E_π (B^+ + B)^2 − 1 Kω (B^+ − B)^2 + 2 E_σ (β^+ + β)^2

}_2

+ g 4K^2E_π ω − E_π d^2(d^2 − 1) 8K^2

+ h.c. (A11)

APPENDIX B

In this Appendix some details concerning the Bogoliubov rotation (13) are presented. We start with the following definition of the RPA excitation operator:

Q^+_ν = x_ν β^+ + y_ν β + u_ν B^+ + v_ν B .

Using the equation of motion [10]

⟨RPA|[δQ_ν, [H_2, Q^+_ν ]]|RPA⟩ = Ω_ν ⟨RPA|[δQ_ν, Q^+_ν ]|RPA⟩ , (B1) where the RPA ground-state is determined as usual by the requirement that Q_ν |RPA⟩ = 0, we obtain the following characteristic equation for RPA frequencies:

Ω^4_ν − Ω^2_ν ( 4E^2_π + E^2_σ + 4g E_π ) + 4E^2_π ( E^2_σ + g E_π ) = 0 . (B2)

The solution is given by Ω^2_ν = η s + 8gs^2 1 − 4g E_π ( Ω^2_ν − 4E^2_π ) .

Furthermore, using the relations in Eq. (14) it is easy to verify that the RPA frequencies obey the following condition:

(Ω^2_1 − E^2_σ )(E^2_σ − Ω^2) =

32g^2s^2 E_π , (B3)

and we shall assume that Ω^2_1 > Ω^2.

Using the orthonormalization condition of RPA states ⟨RPA|Q_ν Q^+_ν′ |RPA⟩ = δ_{νν}′ , one can find the RPA amplitudes x_ν , y_ν , u_ν , v_ν and express β and B operators through Q_ν . However, as is seen from Eqs. (A10) and (A11) it is more convenient to use the inverse transformation Q_ν → β, B in the following form:

(B^+ + B) = √ 2E_π Ω_1 ϕ_1(Q^+_1 + Q_1) + √ 2E_π Ω_2 ϕ_2(Q^+_2 + Q_2),

(B^+ − B) = √ Ω_1 2E_π ϕ_1(Q^+_1 − Q_1) + √ Ω_2 2E_π ϕ_2(Q^+_2 − Q_2),

(β^+ + β) = − √ E_σ Ω_1 ϕ_2(Q^+_1 + Q_1) + √ E_σ Ω_2 ϕ_1(Q^+_2 + Q_2),

(β^+ − β) = − √ Ω_1 E_σ ϕ_2(Q^+_1 − Q_1) + √ Ω_2 E_σ ϕ_1(Q^+_2 − Q_2), (B4)

where ϕ_1 = √ Ω^2_1 − E^2_σ Ω^2_1 − Ω^2 and ϕ_2 = − √ E^2_σ − Ω^2 Ω^2_1 − Ω^2 . Now we are able to write down the H_3 and H_4 parts of the Hamiltonian in terms of RPA bosons Q_ν and Q^+_ν . For the H_3 part one obtains

H_3 = H^{πσ}_3 + H^{σσ}_3 , (B5)

with

H^{πσ}_3 = 2 √ KE_π { ϕ_1R_1 √ Ω_1

(Q^+_1 + Q_1) + ϕ_2R_2 √ Ω_2

(Q^+_2 + Q_2) } (m − 1) , (B6)

H^{σσ}_3 = ∑ ν=1,2 A_{ν1}(Q^+_ν + Q_ν )^3 + A_{ν2}(Q^+_ν + Q_ν )^2(Q^+_ν′ + Q_ν′ )

+A_{ν3}(Q^+_ν − Q_ν )^2(Q^+_ν + Q_ν ) + A_{ν4}(Q^+_ν − Q_ν )^2(Q^+_ν′ + Q_ν′ )

+A_{ν5}(Q^+_ν − Q_ν )(Q^+_ν + Q_ν )(Q^+_ν′ + Q_ν ) + (h.c.) , (B7)

where coefficients A_{νi} (i = 1, . . . , 5) are

A_{ν1} = √ E_π Ω_ν ϕ_ν 2Ω_ν ( ϕ^2_ν R_ν √ K + P_ν ) , A_{ν2} = √ E_π Ω_ν′ ϕ_ν′ 2Ω_ν ( ϕ^2_ν R_ν′ √ K + 2ϕ^2_ν R_ν √ K + P_ν′ ) , A_{ν3} = − √ Ω_ν E_π ϕ^3_ν 8K ( R_ν √ KE_π + P_ν ω ) , A_{ν4} = − √ Ω_ν E_π ϕ^2_ν ϕ_ν′ Ω_ν 8KΩ_ν′ ( R_ν′ √ KE_π + P_ν′ ω ) , A_{ν5} = − √ Ω_ν′ E_π ϕ^2_ν ϕ_ϕ′ 4K ( R_ν √ KE_π + P_ν ω ) , and R_ν =

Ω^2_ν 4 √ E_π ω − √ KE^2_π , P_ν =

Ω^2_ν 4 − E^2_π .

Note, that H^{πσ}_3 is proportional to (m − 1) (m – is the pion number operator) whereas H^{σσ}_3 only includes the RPA boson operators Q_ν , Q^+_ν .

Finally, the H_4 part of the Hamiltonian expansion reads:

H_4 = H^{ππ}_4 + H^{πσ}_4 + H^{σσ}_4 (B8)

with

H^{ππ}_4 = 1 K ( E_π d^2 + g E_π ω ) (m − 1)^2 , (B9)

H^{πσ}_4 = 1 2K ∑ ν=1,2 { ϕ^2_ν ( E_π d^2 + g E_π ω ) ( 6E_π Ω_ν + Ω_ν 2E_π K ) + g ( 1 E_π + 1 ω )

× ( 1 Ω_ν + Ω_ν ϕ^2_ν 4E_π ωK ) + 32g^2s^2 ωΩ_ν (Ω^2_ν − Ω^2_ν′ ) } (2Q^+_ν Q_ν + 1)(m − 1)

+(off − diag.) , (B10)

H^{σσ}_4 = ∑ ν { ϕ^2_ν 4K ( 2E_π Ω_ν + Ω_ν 2E_π K ) F^+_ν + ϕ^2_ν 8K ( 2E_π Ω_ν − Ω_ν 2E_π K ) F^−_ν + R_ν }

×(Q^+_ν Q^+_ν Q_ν Q_ν − 2Q^+_ν Q_ν ) + 1 2 { ϕ^2 4K ( 2E_π Ω_2 + Ω_2 2E_π K ) F^+_1 + ϕ^2_1 4K ( 2E_π Ω_1 + Ω_1 2E_π K ) F^+_2 + P } × ×(2Q^+_1 Q^+_2 Q_1Q_2 − Q^+_1 Q_1 − Q^+_2 Q_2) + (off − diag.) , (B11) where

F^±_ν = ϕ^2_ν ( E_π d^2 + g E_π ω ) ( 10E_π Ω_ν ± Ω_ν 2KE_π ) + 64g^2s^2 ωΩ_ν (Ω^2_ν − Ω^2_ν′ ) +2g ( 1 E_π + 1 ω ) ( 1 Ω_ν ± ϕ^2_ν Ω_ν 4KE_π ω ) , R_ν = g 2 ( 3 Ω^2_ν + ϕ^2_ν 2KE_π ω + 3ϕ^4_ν Ω^2_ν 16K^2E^2_π ω^2 ) , P = ϕ^2_1ϕ^2 K {( E_π d^2 + g E_π ω ) ( 20E^2_π Ω_1Ω_2 + Ω_1Ω_2 4K^2E^2_π ) − 2E^2_π (Ω^2_1 + Ω^2 − 2E^2_σ ) Ω_1Ω_2ω + g Ω_1Ω_2 4KE^2_π ω^2 + g ( 1 E_π + 1 ω ) Ω_1Ω_2 4K^2E^2_π ω }

+2g ( 1 Ω_1 + ϕ^2_1Ω_1 4KE_π ω ) ( 1 Ω_2 + ϕ^2Ω_2 4KE_π ω ) .

APPENDIX C

In the present Appendix the expression of the operator iS_d as well as the terms of the transformed expansion of the Hamiltonian (24) are given.

In terms of RPA operators, the requirement (25) to eliminate the off-diagonal terms of order 1/ √ N reads [H_2, iS]_d = ∑ ν Ω_ν [Q^+_ν Q_ν , iS]_d = −(H_3)_d . (C1)

The solution of Eq. (C1) can be found in the following form:

iS_d = iS^{πσ}_d + iS^{σσ}_d (C2)

with iS^{πσ}_d = ∑ ν λ_ν (Q^+_ν − Q_ν )_d(m − 1)_d , iS^{σσ}_d = ∑ ν α_ν (Q^+_ν − Q_ν )^3_d + β_ν (Q^+_ν − Q_ν )^2_d(Q^+_ν′ − Q_ν′ )_d

+γ_ν (Q^+_ν − Q_ν )_d(Q^+_ν + Q_ν )^2_d + δ_ν (Q^+_ν′ − Q_ν′ )_d(Q^+_ν + Q_ν )^2_d

+ρ_ν (Q^+_ν − Q_ν )_d(Q^+_ν + Q_ν )_d(Q^+_ν′ − Q_ν′ )_d − h.c.

Inserting these expressions into Eq. (C1) we immediately find

λ_ν = − 2 √ KE_π ϕ_ν R_ν Ω^{3/2}ν

, α_ν =

2A_{ν1} − A_{ν3} 3Ω_ν , γ_ν = − A_{ν1} Ω_ν

. (C3)

The other three coefficients in Eq. (C3) are the solutions of a linear system of equations:

0 Ω_ν′ Ω_ν 2Ω_ν 2Ω_ν Ω_ν′ Ω_ν′ 0 Ω_ν β_ν δ_ν ρ_ν = − A_{ν2} A_{ν5} A_{ν4} ,

which gives

β_ν =

2A_{ν2}Ω^2_ν − A_{ν4}(2Ω^2_ν − Ω^2_ν′ ) − A_{ν5}Ω_1Ω_2 Ω_ν′ (4Ω^2_ν − Ω^2_ν′ ) , δ_ν =

2A_{ν4}Ω^2_ν − A_{ν2}(2Ω^2_ν − Ω^2_ν′ ) − A_{ν5}Ω_1Ω_2 Ω_ν′ (4Ω^2_ν − Ω^2_ν′ ) , ρ_ν =

A_{ν5}Ω_ν′ − 2Ω_ν (A_{ν2} + A_{ν4})

4Ω^2_ν − Ω^2_ν′

. (C4)

With the condition (C1) one can eliminate the double commutators from Eq. (24) to obtain the following expression for the Hamiltonian H:

H = NH_0 + (H_2)_d + 1 2N { [(H^{πσ}_3 + H^{σσ}_3 ), (iS^{πσ} + iS^{σσ})] +2(H^{ππ}_4 + H^{πσ}_4 + H^{σσ}_4 ) } d + · · · . (C5)

It contains all corrections to RPA which are of the order 1/N. These corrections can be calculated by evaluating the expectation value of H. Of course, one could perform an additional unitary transformation to remove the remaining off-diagonal terms which are still present to order 1/N. This is, however, only required if one is interested in energies to order 1/N^2. Since those are not needed for the present purpose all off-diagonal terms can be disregarded.

Explicitly, the commutators appearing in Eq. (C5) are given by

[H^{πσ}_3 , iS^{πσ} ]_d = − 8 KE_π ( ϕ^2_1R^2_1 Ω^2_1 + ϕ^2R^2 Ω^2 ) (m − 1)^2_d ,

[H^{πσ}_3 , iS^{σσ}]_d + [H^{σσ}_3 , iS^{πσ}]_d = − 16 √ KE_π ∑ ν ( R_ν ϕ_ν (3A_{ν1} − A_{ν3}) Ω^{3/2}ν + R_ν′ ϕ_ν′ (A_{ν2} − A_{ν4}) Ω^{3/2}_ν′ )

×(2Q^+_ν Q_ν + 1)_d(m − 1)_d + (off − diag.) ,

[H^{σσ}_3 , iS^{σσ} ]_d = 16 ∑ ν { 9A_{ν1}(γ_ν − α_ν ) + A_{ν2}(3δ_ν − β_ν ) + 3A_{ν3}(3α_ν + γ_ν )

+A_{ν4}(3β_ν − δ_ν ) + A_{ν5}ρ_ν } (Q^+_ν Q^+_ν Q_ν Q_ν − 2Q^+_ν Q_ν )_d +16 { (β_2 − δ_2)(A_{13} − 3A_{11}) + (γ_2 − 3α_2)(A_{12} − A_{14})

+2ρ_1(A_{12} + A_{14}) + 2A_{15}(β_1 + δ_1) + (β_1 − δ_1)(A_{23} − 3A_{21})

+(γ_1 − 3α_1)(A_{22} − A_{24}) + 2ρ_2(A_{22} + A_{24}) + 2A_{25}(β_2 + δ_2) } ×(2Q^+_1 Q^+_2 Q_2Q_1 − Q^+_1 Q_1 − Q^+_2 Q_2)_d + (off − diag.) .

With these commutators we can write the next-to-leading order corrections in the following form: 1 2 [H^{πσ}_3 , iS^{πσ}]_d + H^{ππ}_{4d} = 1 2 V_{ππ→ππ} (m − 1)^2_d = 1 2 V_{ππ→ππ} ( ∑ i,j α^+_i α^+_j α_j α_i − ∑ i α^+_i α_j + 1) , 1 2 ([H^{πσ}_3 , iS^{σσ}]_d + [H^{σσ}_3 , iS^{πσ} ]_d) + H^{πσ}_{4d} = 1 2 ∑ ν V_{πσν →πσν} (2Q^+_ν Q_ν + 1)_d(m − 1)_d

+(off − diag.) , 1 2 [H^{σσ}_3 , iS^{σσ} ]_d + H^{σσ}_{4d} = 1 2 ∑ ν V_{σν σν →σν σν} (Q^+_ν Q^+_ν Q_ν Q_ν − 2Q^+_ν Q_ν )_d + 1 2 V_{σ1 σ2 →σ1 σ2} (2Q^+_1 Q^+_2 Q_2Q_1 − ∑ ν Q^+_ν Q_ν )_d

+(off − diag.) ,

where V_{ππ→ππ} = 8gE^2_π Ω^2_1Ω^2 ; V_{πσν →πσν} = 8gE^2_π Ω^2_1Ω^2 { E_π Ω_ν + (Ω^2_ν − E^2_π )(4E^2_π + Ω^2_ν′ )

Ω_ν E_π (Ω^2_ν − Ω^2_ν′ ) } ;

V_{σν σν →σν σν} = 6gE^4_π Ω^4_ν Ω^2_ν′ + 6g(Ω^2_ν − E^2_π )(8E^4_π + 2E^2_π Ω^2_ν′ − Ω^2_1Ω^2) Ω^4_ν Ω^2_ν′ (Ω^2_ν − Ω_ν′ ) + 2g(4E^2_π − Ω^2_ν′ ) 3Ω^4_ν Ω^2_ν′ (Ω^2_1 − Ω^2)^2 × { Ω^4_ν (17E^2_π − 10Ω^2_ν′ ) + (E^4_π − 20E^2_π Ω^2_ν )(20E^2_π + 7Ω^2_ν′ ) } + 2g(Ω^2_ν − 4E^2_π )^2(4E^2_π − Ω^2_ν′ )(Ω_ν′ − E^2_π )

3Ω^2_1Ω^2(4Ω^2_ν − Ω^2_ν′ )(Ω^2_1 − Ω^2)^2 ; V_{σ1σ2 →σ2 σ1} = ∑ ν 4g(4E^2_π − Ω^2_ν )(Ω^2_ν′ − E^2_π )

3Ω^3_1Ω^3_2(Ω^2_1 − Ω^2)^2 × { 2(4E^2_π Ω^2_ν′ − 5Ω^2_1Ω^2 − 10E^2_π Ω^2_ν + 10E^4_π ) + (4E^2_π − Ω^2_ν )(4E^2_π − Ω^2_ν′ )Ω^2_ν′

4Ω^2_ν − Ω^2_ν′ } . (C6)

Thus there are three sources of the residual interaction: pion-pion, pion-sigma and sigmasigma couplings. Furthermore, we can evaluate the higher-order corrections to the pion mass as E^′_π = − 1 2 { V_{ππ→ππ} − ∑ ν=1, 2 V_{πσν →πσν} } ; (C7)

and to the sigma-boson mass as

Ω^′_ν = − 1 2 {2V_{πσν →πσν} + 2V_{σν σν →σν σν} + V_{σ1 σ2 →σ2 σ1} } . (C8)

[1] Z. Aouissat, G. Chanfray, P. Schuck, and J. Wambach, Nucl. Phys. A603, 458 (1996). [2] Z. Aouissat, P. Schuck, and J. Wambach, Nucl. Phys. A618, 402 (1997). [3] M. Gell-Mann and M. Levy, Nuovo. Cim. 16, 53 (1960). [4] Z. Aouissat, Phys. Rev. C 62, 012201(R) (2000).

[5] P. Curutchet, J. Dukelsky, G. G. Dussel, A. J. Fendrik, Phys. Rev. C 40, 2361 (1989); R. Bijker, S. Pittel, J. Dukelsky, Phys. Lett. B 219, 5 (1989).

[6] Z. Aouissat, A. Storozhenko, A. Vdovin, J. Wambach, Phys. Rev. C 64, 015201 (2001). [7] A. Klein, E. R. Marshalek, Rev. Mod. Phys. 63, 375 (1991).

[8] A. Dzhioev, Z. Aouissat, A. Storozhenko, A. Vdovin, J. Wambach, Phys. Rev. C 69, 014318 (2004).

[9] H. J. Lipkin, N. Meshkov, A. J. Glick, Nucl. Phys. 62, 188 (1965).

[10] D. J. Rowe, Rev. Mod. Phys. 40, 153 (1968). [11] E. R. Marshalek, Ann. Phys. (N.Y.) 143, 191 (1982).

[12] G. D. Birkhoff, Dynamical Systems (American Mathematical Society, New York, 1927), Vol. IK; F. G. Gustavson, Astron. J. 71, 670 (1966).

[13] B. W. Lee, Cargèse Lectures, Vol. 5