arXiv:hep-ph/0408229 v1 20 Aug 2004

Photons and Fermions in Spacetime with a Compactified Spatial Dimension

Efrain J. Ferrer and Vivian de la Incera Physics Department, State University of New York at Fredonia, Fredonia, NY 14063, USA

The effects of a nonsimply connected spacetime with the topology of S^1 × R^3 in the vacua of QED and gauged-NJL theories are investigated. It is shown that the polarization effects of twisted and untwisted fermions in QED are equivalent, once the corresponding stable vacuum solution of each fermion class is taken into account. The photon propagation in QED is found to be anisotropic and characterized by several massive photon modes and a superluminal transverse mode. At small compactification radius the masses of the massive modes increase as the inverse of the radius, while the massless photon mode has a superluminal velocity that increases logarithmically with that distance. At low energies the photon masses lead to an effective confinement of the gauge fields into a (2 + 1)−dimensional manifold transverse to the compactified direction. In the gauged-NJL model, it is shown that for both twisted and untwisted fermions, the smaller the compactification radius, the larger the critical four-fermion coupling needed to generate a fermion-antifermion chiral symmetry breaking condensate.

PACS numbers: 04.20.Gz, 11.10.Kk, 11.25.Mj, 11.30.Rd

I. INTRODUCTION

A significant effort in the recent history of physics bears on the quest to unify all the known fundamental interactions. This old Einstein’s dream found a partial realization in the Standard Model, where the electromagnetic, weak and strong nuclear forces were unified in a single one. The fourth fundamental interaction, gravity, has been an obstacle in that path. Quantum physics in the realm of the Riemann space, which is the natural habitat for gravity, gives rise to an anomalous behavior for the quantum processes where the gravitational quantum particle, the graviton, participates. An incomplete unified scenario, where the four fundamental forces cannot be reduced to a single one, limits the possibility to understand the physics of our universe at the earliest times.

An innovative approach in the search for a compatible way to unify gravity with the other forces was attempted in the early works of Kaluza and Klein [1]. There, the possibility of a physical universe with extra dimensions was considered. In their approach, the extra dimensions were compactified in small distances that are hidden to low energy physics, but manifested as gauge fields in the remnant flat four-dimensional spacetime. More recently, the idea of extra compactified dimensions has been extensively used in supergravity, superstrings and brane theories [3]. In a different development [2], extra dimensions have been also applied at lower energy scales in an attempt to understand hierarchical scales existing between the weak and Planck energies. The main new ingredient of this approach is that only gravitons can propagate in the bulk corresponding to the extra dimensions, while the other gauge fields of the Standard Model are constrained to the four-dimensional wall.

Motivated by the importance of the Kaluza-Klein scenario, the study of QFT in nontrivial spacetime has been the focus of attention of many investigators in recent years. It is well known that the global properties of the spacetime, even if it is locally flat, can give rise to new physics. A seminal discovery in this direction is the so called Casimir effect [4]. In this phenomenon, an attractive force appears between neutral parallel perfectly conducting plates. The materialized attractive force is mediated by the zero-point fluctuations of the electromagnetic field in vacuum. Hence, the Casimir force is interpreted as a macroscopic manifestation of the vacuum structure of the quantized fields in the presence of domains restricted by boundaries or nontrivial topologies [5].

As known, QFT in spacetime with non-trivial topology has nonequivalent types of fields with the same spin [6]. The allowed number of distinct field configurations is determined by the topological structure of the spacetime; generally being more than one in non-simply connected spaces. In particular, for a fermion system in a spacetime which is locally flat but with topology represented by the domain S^1 × R^3 (i.e. a Minkowskian space with one of the spatial dimensions compactified in a circle S^1 of finite length a), the non-trivial topology is transferred into boundary conditions for fermions that are either periodic (untwisted) or antiperiodic (twisted) ψ (t, x, y, z − a/2) = ±ψ (t, x, y, z + a/2) , (1) while for vector fields, only untwisted configurations are allowed. In (1) the compactified dimension with length a has been taken along the OZ-direction.

Quantum electrodynamics (QED) with photons coupled to untwisted fermions or to a combination of twisted and untwisted fermions is an unstable theory [7]. The instability arises due to polarization effects of untwisted electrons which produce tachyonic electromagnetic modes [7]. For self-interacting scalar fields the space periodicity can also produce instabilities causing a symmetry breaking that makes the massless field to become massive [8]. The acquired mass depends on the periodicity length, so this phenomenon is called topological mass generation.

To understand in qualitative terms how the fermion boundary conditions in a non-trivial topology can produce instabilities in QED, we should have in mind that, thanks to the vacuum polarization, the photon exists during part of the time as a virtual e^+e^− − pair. The virtual pair can then transfer the properties of the quantum vacuum, which as known, depend on the non-trivial topology and boundary conditions of the space under consideration, to the photon spectrum.

Our main goal in the present report is to analyze the consequences of the non-trivial topology for photon propagation in QED and for fermion condensation in a gauged-NJL theory. We will show that the non-simply connected character of the spacetime may give rise to different photon modes of propagation, which are normally absent in QED in a flat space with trivial topology. Another topic that we will discuss is how the compactified dimension influences the chiral symmetry breaking in a gauged-NJL theory.

II. NON-TRIVIAL VACUUM SOLUTIONS IN COMPACTIFIED QED

The vacuum polarization in the non-trivial spatial topology S^1 × R^3 can be influenced by both virtual untwisted and twisted e^+e^− −pairs. The results for twisted fermions can be easily read off the results at finite temperature, since in the Euclidean space the two theories are basically the same after the interchange of the fourspace subindexes 3 ↔ 4. Nevertheless, a different situation occurs with untwisted fermions that has no analogy in the statistical case. Henceforth, we concentrate our attention in the untwisted-fermion case.

Let us consider the QED action in a spacetime domain with compactified dimension of length a in the OZdirection

S = a/2∫ −a/2 dx_3 ∞∫ −∞ dx_0d^2x_⊥ [ − 1 4 F^2_{μν} + ψ(i∂/ − eA/ − m)ψ ] . (2) When this compactified QED action is considered for untwisted fermions, the effect of vacuum polarization upon photon propagation gives rise to a tachyonic mass for the third component of the photon field [7]. In a quantum theory the existence of tachyonic modes are an indication that the considered vacuum is not the physical one, and that a symmetry breaking mechanism is in order. Indeed, in compactified QED with untwisted fermions it has been shown [9] that a constant expectation value of the electromagnetic potential component along the compactified direction minimizes the effective potential, thereby stabilizing the theory. The same stable vacuum solution obtained in QED with S^1 ×R^3 topology in Ref. [9], is also present in the case of massless QED with periodic fermions on a circle [10] (QED with S^1 ×R^1 topology). Notice that, even though a constant vacuum configuration has F_{μν} = 0, it cannot be gauged to zero, because the gauge transformation that would be needed does not respect the periodicity of the function space in the S^1 × R^3 domain. This is a sort of Aharonov-Bohm effect that makes A_μ a dynamical variable due to the nonsimply connected topology of the considered spacetime. The lack of gauge equivalence between a constant component of the gauge potential (A_0 in this case) and zero is also manifested in QED at finite temperature and/or density due to the compactification of the time coordinate [11]. In the statistical case, however, the minimum of the potential is at A_0 = 0, since only twisted fermions are allowed. On the other hand, in the electroweak theory with a finite density of fermions, a non-trivial constant vacuum A_0 is induced by the fermion density and cannot be gauged away [12]. There, in contrast to the system considered in the present paper, an additional parameter (a leptonic and/or baryonic chemical potential) is needed to trigger the non-trivial constant minimum for A_0.

To find the physical vacuum that stabilizes the untwisted fermion theory, we propose, following Ref. [9], the following ansatz [13]

A_ν = Δδ_{ν3}, (3)

with Δ an arbitrary constant that will be determined from the minimum equation of the effective potential. Due to the periodicity of the A_μ fields in the S^1 × R^3 space, the gauge transformations A_μ → A_μ −^1_e ∂_μα are restricted to those satisfying α(x_3 + a) = α(x_3) + 2lπ, l ∈ Z [11]. Thus, the gauge transformation α(x) = (x · n)eΔ, which connects the constant field configuration (3) with zero, could not satisfy the required periodicity condition unless Δ were given by Δ = 2lπ ea , l ∈ Z (4)

Let us consider then the one-loop effective potential of the theory (2) around the vacuum configuration (3) V = − 1 2 a^{−1} ln ( Det G^{−1} ) . (5)

Here Det G^{−1} = ∑∫ d^4p det G^{−1} = ∑ p_3 ∫ d^3p det G^{−1}, with

p_3 = 2nπ/a, (n = 0, ±1, ±2, ...) being the discrete frequencies associated with periodic fermions. In (5) G^{−1} = γ · p + m is the fermion inverse Green’s function in the background Δ, with p_μ = (p_0, p_⊥, p_3 − eΔ).

After the Wick rotation to Euclidean space and summing in p_3 we obtain

V (Δ) = −4 ∞∫ −∞ d^3 ^p (2π)^3 [ ε_p 2 + a^{−1}Re ln ( 1 − e^{−a(εp−ieΔ)} )] , (6) where d^3 ^p = idp_4d^2p_⊥ and ε_p = √ ^p^2 + m^2.

The extremum of the renormalized effective potential satisfies ∂V (Δ) ∂Δ | | | |_{Δ=Δ0} = = − ∞∫ −∞ d^3 ^p (2π)^3

2e^{−aεp} sin (aeΔ_0) 1 + e^{−2aεp} − 2e^{−aεp} cos (aeΔ_0)

= 0, (7)

The extrema of Eq. (7) are Δ_0 =^{lπ}_{ea} , l ∈ Z. Nevertheless, the minimum condition ∂^2V (Δ_{min})/∂^2Δ > 0 is only fulfilled by the subset

Δ_{min} =

(2l + 1) π ea , l ∈ Z (8)

The elements in the set of minima (8) are gauge equivalent, since they are all connected by allowed gauge transformations (α(x_3+a) = α(x_3)+2lπ). It should be pointed out, however, that the solutions (8) are not gauge equivalent to the trivial vacuum Δ = 0, since none of them satisfies (4). That is, the trivial vacuum belongs to a different gauge class.

Substituting with the minimum solution (8) on Eq. (6) we obtain

V (Δ_{min}) = −4 ∞∫ −∞ d^3 ^p (2π)^3 [ ε_p 2 + a^{−1}Re ln ( 1 + e^{−aεp} )] . (9) The expression (9) coincides with the one-loop effective potential of the theory (2) for twisted fermions. As expected, in the am ≪ 1 approximation, the effective potential (9) reduces to

V (Δ_{min}) = −

7π^2 360a^4

, (10)

which is the result reported for twisted fermions in Ref. [7]. Thus, the vacuum energy of both classes of fermions coincides if the corresponding correct vacuum solution is used.

Notice that the parameter Δ only appears in the distribution functions associated to the sums in p_3. Therefore, when Δ is evaluated at the minimum solution (8), it turns the statistics of the untwisted fermions into that of the twisted ones.

III. PHOTON PROGATATION IN S^1 × R^3 SPACETIME

To study the photon propagation in the S^1 × R^3 domain, we should solve the dispersion relations of the electromagnetic modes, which in the low-frequency limit has the general form k^2_0 − k^2 + Π(k^2) = 0, (11)

where Π(k^2) accounts for vacuum polarization effects. Different external conditions, as external fields, geometric boundary conditions, temperature, etc., may modify the vacuum and produce, through Π(k^2), a variation in the spectrum of the photon modes.

The solution of the photon dispersion equations (11) can be obtained as the poles of the photon Green’s function. Due to the explicit Lorentz symmetry breaking in the S^1 × R^3 topology, we must consider, in addition to the usual tensor structures k_μ and g_{μν} , a spacelike unit vector pointing along the compactified direction n^μ = (0, 0, 0, 1). Then, the general structure of the electromagnetic field Green’s function is

Δ_{μν} (k) = P (g_{μν} − k_μk_ν k^2 ) + +Q[ k_μk_ν k^2 − k_μn_ν + n_μk_ν (k · n) + k^2n_μn_ν (k · n)^2 ] + α k^4 k_μk_ν, (12)

where α is a gauge fixing parameter corresponding to the covariant gauge condition^1_α ∂_μA_μ = 0, and P and Q are defined as

P = 1 k^2 + Π_0 , Q = − Π_1 (k^2 + Π_0) {k^2 + Π_0 − Π_1[k^2/(k · n)^2 + 1]}

. (13)

The parameters Π_0 and Π_1 are the coefficients of the polarization operator Π_{μν} , which in the S^1 × R^3 space can be written as

Π_{μν} (k) = Π_0(g_{μν} − k_μk_ν k^2 ) + +Π_1[ k_μk_ν k^2 − k_μn_ν + n_μk_ν (k · n) + k^2n_μn_ν (k · n)^2

]. (14)

From (12)-(13) the photon dispersion relations are

k^2_0 − k^2 + Π_0 = 0, (15)

k^2_0 − k^2 + (Π_0 − ^k2 k^2_3

Π_1) = 0, (16)

with ^k^2 = k^2_0 −k^2_⊥ and k^2_⊥ = k^2_1 +k^2. We point out that in addition to the transverse mode associated to Eq. (15) (normally present in Minkowski spacetime with trivial topology), a longitudinal mode, Eq. (16), arises here due to the presence of the extra coefficient Π_1. The situation resembles the finite temperature case. Nevertheless, as discussed below, the physical consequences of the spatial compactification are radically different from those at finite temperature.

The compactified OZ-direction distinguishes itself from the other spatial directions, so it is convenient to separate the analysis between photons propagating along OZ (k_⊥ = 0), and photons propagating perpendicularly to that direction (k_3 = 0).

The dispersion relations (15) and (16) for photons propagating perpendicularly to the compactified direction (k_3 = 0) are found, from Eqs.(14)-(16), to reduce respectively to

k^2_0 − k^2_⊥ − ^k2 k^2_⊥

Π_{00} = 0, (17)

k^2_0 − k^2_⊥ − Π_{33} = 0. (18)

To find the solutions of Eqs. (17)-(18) at the one-loop level, we need to calculate the one-loop polarization operator components Π_{00} and Π_{33} for untwisted fermions. Considering the free propagator of untwisted fermions at the minimum solution (8)

~G(x − x^′) = 1 (2π)^3a ∑∫ d^4p exp[ip · (x − x^′)]G(~p), (19)

where

G(~p) = ~p/ − m ~p^2 − m^2 + iϵ

, ~p_μ = (p_0, p_⊥, p_3 − eΔ_{min}) ,

(20) and ∑∫ d^4p = ∑ p_3 ∫ d^3p, p_3 = 2nπ/a, (n = 0, ±1, ±2, ...) being the discrete frequencies associated to periodic fermions, the corresponding one-loop polarization operator is given by

Π_{μν} (k) = = − 4ie^2 (2π)^3a ∑∫ d^4p{ ~p_μ(~p_ν − k_ν ) −^1_2 [~p · (~p − k) − m^2]g_{μν} (~p^2 − m^2) [(~p − k)^2 − m^2}] +μ ↔ ν} .(21) In the a | | |^k | | | ≪ am ≪ 1 limit, we obtain

Π_{00}(k_3 = 0, k_0 = 0, k_⊥ ∼ 0) ≃ e^2 3π^2 k^2_⊥ [ 1 2 ln ξ + O(ξ^0) ] + +O(k^4_⊥) (22)

Π_{33}(k_3 = 0, k_0 = 0, k_⊥ ∼ 0) ≃ e^2 a^2 [ 1 3 + O(ξ^2) ] + O(k^2_⊥)

(23) where ξ = am/2π ≪ 1 . Using the results (22) and (23) in the dispersion equations (17), (18), and taking into account that the photon velocity for each propagation mode can be obtained from v(k) = ∂k_0/∂ |k|, we find that within the considered approximation the transverse and longitudinal modes propagate perpendicularly to the compactified direction with velocities

v^T_⊥ ≃ 1 − e^2 12π^2 ln ξ, (24)

v^L_⊥ ≃ 1 − [ (M^L_⊥ )^2/2k^2_⊥ ] , (25)

respectively, where (M^L_⊥ )^2 = Π_{33} = e^2/3a^2 > 0 plays the role of an effective topological mass for the longitudinal mode.

We call the reader’s attention to the fact that the modifications found for the two velocities, v^T_⊥ and v^L_⊥, have different origins. The modification of the longitudinal velocity v^L_⊥ is due to the appearance of the topological mass M^L_⊥ ; while the transverse superluminal velocity v^T_⊥ (note that v^T_⊥ > c because ξ < 1 in the used approximation) appears as a consequence of a genuine variation of the refraction index in the considered spacetime. Modifications of the photon speed in non-trivial vacua have been previously reported in the literature [15].

It is easy to corroborate that for compactification lengths in agreement with the used approximation, a < 1/m ∼ 10^3 fm, the transverse velocity (24) is about 0.1% larger than the light velocity in trivial spacetime. We underline that albeit v^T_⊥ > c, there is no causality violation in this problem. To understand this, let us recall that the velocity (24) is a low-frequency mode velocity. On the other hand, the velocity of interest for signal propagation, and hence the relevant one for causality, is the high-frequency velocity v^T_⊥(q_0 → ∞). To determine the difference between the two, one would need to investigate the absorption coefficient, Im[n(q_0)], with n(q_0) being the refraction index as a function of the frequency in the space with S^1 × R^3 topology. However, aside from any needed calculation, we agree with the analysis of Refs. [16] regarding the lack of causality violations in similar systems. We believe that in the case under study no (micro-)causality should be violated, because the events taking place in the S^1 × R^3 space are not constrained by the null cone of a Minkowskian system, as Lorentz symmetry is explicitly broken in the present situation.

The low-frequency limit ( k_0 = 0, |k| → 0) used to obtain the longitudinal-mode mass M^L_⊥ is essential to study the static properties of the electromagnetic field in this space. The mass obtained in this limit plays the role of a magnetic mass of the longitudinal electromagnetic mode [17]. As showed in Ref. [9], this topological mass affects the magnetic response of the system.

Considering now photons propagating along the OZdirection (k_⊥ = 0), the dispersion relations (15) and (16) can be written respectively as k^2_0 − k^2_3 − Π_{11} = 0 (26)

k^2_0 − k^2_3 − k^2_0 − k^2_3 k^2_0

Π_{33} = 0 (27)

Assuming ak_0 ≪ am ≪ 1 in (21), the components of the polarization operator appearing in (26) and (27) become

Π_{11}(k_⊥ = 0, k_3, k_0 ∼ 0) ≃ e^2 a^2 [ 1 9 + O(ξ^2) ] +O(k^2_0) (28)

Π_{33}(k_⊥ = 0, k_3, k_0 ∼ 0) ≃ e^2 a^2 k^2_0 k^2_3 [ −1 9 + O(ξ^2) ] + O(k^4_0)

(29) From (26), (27), (28) and (29) we can straightforwardly find the low-frequency limit of the photon velocities for transverse and longitudinal modes propagating along the OZ-direction

v^T_‖ ≃ 1 − [ (M^T_‖ )^2/2k^2_3 ] , (30)

v^L_‖ ≃ 1 − [ (M^L_‖ )^2/2k^2_3 ] , (31)

where both transverse and longitudinal mode masses coincide and are given by M^T_‖ = M^L_‖ = e/3a. We stress that in this case both velocities are smaller than the light velocity in trivial Minkowski space c, and that the modification is due, as in (25), to the appearance of a topological photon mass for each mode.

IV. EFFECT OF COMPACTIFICATION ON FERMION CONDENSATION

Dynamical chiral symmetry breaking in phenomenological models with fermion interactions of Nambu-Jona- Lasinio (NJL) type have attracted a great deal of attention [18], [19] since its introduction in the seminal paper of Nambu and Jona-Lasinio [20]. Our interest here is to consider dynamical chiral symmetry breaking in a nontrivial topological space taking into account the results of Sec. II. With this aim, let us add a NJL four-fermion term with coupling G to massless QED, so that its Lagrangian density becomes

L = − 1 4 F^2_{μν} + ψ(i∂/ − eA/)ψ + G 2N [( ψψ )_2 + ( ψiγ^5ψ )_2] . (32) The fermions in (32) are assumed to carry out a flavor index α = 1, 2, . . ., N . Introducing the composite fields σ = −^G_N ( ψψ ) , π = −^G_N ( ψiγ^5ψ ) , the gauged-NJL Lagrangian density (32) can be rewritten as L_{NJL} = 1 2 [ ψ, iγ^μD_μψ ] −ψ ( σ + iγ^5π ) ψ− N 2G ( σ^2 + π^2 ) . (33) The Lagrangian (32) has a continuous chiral symmetry ψ → e^{iαγ5} ψ, but it is clear from Eq. (33) that if σ gets a different from zero vacuum expectation value (vev) σ̄, this chiral symmetry is broken and the fermions acquire mass. We are interested in the effective potential in the large-N limit, assuming e ≪ G. The effective potential is a function of the scalar and pseudo-scalar fields σ and π respectively, and can be obtained by integrating out all the fluctuation fields in the path integral. In a flat and topologically trivial spacetime, the effective potential in leading order at large-N, is given, after performing the Wick rotation to Euclidean space, by

V (σ) = σ^2 2G − 2 ∫_Λ

d^4p_E (2π)^4 ln(σ^2 + p^2_E ), (34)

where Λ is a large momentum cutoff. In expression (34) we dropped all the σ-independent terms, as they will not contribute to the stationary solution of the potential. We considered a configuration with π = 0 and σ=constant, since the effective potential V only depends on the chiral invariant ρ^2 = σ^2 + π^2.

The vacuum solution is determined by the stationary point of the effective potential (34). At G > G_c = 4π^2/Λ^2, the stationary equation ∂V (σ)/∂σ = 0 has a non-trivial solution σ̄ that corresponds to a global minimum of (34).

If the third spatial dimension is compactified in a circle of radius a, the potential (34) for antiperiodic fermions becomes

V_{AP} (σ) = σ^2 2G − 2 ∫_Λ

d^4p_E (2π)^4 ln(σ^2 + p^2_E) − − 4 a ∫ d^3 ^p (2π)^3 ln(1 + e^{−aεp} ), (35)

with ε_p = √ ^p^2 + σ^2. The last term in the RHS of Eq.

(35) is obtained after summing in the discrete momentum p_3. The appearance of this new term gives rise to the critical coupling G^a_c = 6a^2G_c/(6a^2−G_c), which now depends on the compactification radius a. Notice that G^a_c > G_c. Hence, for twisted fermions the compactification tends to restore the symmetry, in agreement with results previously found in Refs. [19], [21] within a pure NJL theory (without gauge fields). When periodic fermions are considered in the trivial vacuum, the corresponding effective potential V_P , is similar to (35), with the only change of a negative sign in front of the exponential in the RHS of Eq. (35). This case was also studied in Ref. [19] in the context of a pure NJL model. There, the analysis of the minimum of the potential revealed that the effect of the compactified dimension is to enhance the chiral condensation, i.e., to decrease the critical value of the coupling.

The situation is different however for the gauged-NJL theory with untwisted fermions. Here, in analogy with QED, the stable vacuum is given by the constant vector potential (8). Consequently, the effective potential must explicitly depend on a nontrivial vacuum solution. Summing in the discrete momentum p_3 and taking into account that the constant vacuum (3) enters in the calculation of the effective potential as a shift p_3 → p_3 + Δ in this discrete variable, the effective potential results

V_P (σ, Δ) = σ^2 2G − 2 ∫_Λ d^4p_E (2π)^4 ln(σ^2 + p^2_E) − − 4 a ∫ d^3^p (2π)^3 ln [ 1 − e^{−a(εp −ieΔ)} ] . (36)

Notice that when the minimum solution (8) is substituted on (36), one obtains V_P (σ, Δ_{min}) = V_{AP} (σ). As a consequence, the critical coupling for the chiral condensation with untwisted fermions reduces to the same G^a_c already found for twisted fermions in the trivial vacuum. Thus, we conclude that, independently of the fermion boundary condition, the effect of the compactification in the theory (32) is to counteract the condensation, and eventually, to reinstate the chiral symmetry at some critical value of the compactification radius.

V. CONCLUDING REMARKS

In this paper we have shown that in a nonsimply connected spacetime with topology S^1 × R^3, the stable vacuum solution for QED with untwisted fermions is given by constant field configurations that are gauge equivalent to A_3 =^π_{ea} , while for twisted fermions the stable solutions correspond to constant gauge configurations equivalent to the trivial vacuum. As a consequence, the one-loop effective potentials for twisted and untwisted fermions coincide when the corresponding stable vacuum solutions are considered. A direct implication of the relation between the fermion boundary conditions and the QED vacua is that the vacuum polarization cannot distinguish between the two classes of fermions, once the corresponding true vacuum is taking into account.

Another interesting outcome of this investigation is the anisotropy in the photon propagation due to the nontrivial topology of the spacetime. In the S^1 × R^3 domain, the photons have several massive modes and a transverse superluminal one. The masses of the photon modes increase as the inverse of the compactification radius, while the superluminal velocity of the massless mode increases logarithmically with that topological distance. The existence of massive modes implies that at very small radius of compactification, the photon propagation at low energies is effectively confined to a Minkowskian (2 + 1)−dimensional manifold, on which only superluminal photons propagate. Therefore, photons moving in such a lower dimensional space experience the lack of Lorentz symmetry of the general manifold (S^1 × R^3) on which the lower-dimensional space is embedded, allowing them to have a group velocity larger than the usual Minkowskian velocity c.

We also considered how the non-trivial topology affects the condensation of fermion-antifermion pairs. This was done in the framework of QED with an additional fourfermion interaction (gauged-NJL theory). In this model we found that the smaller the compactification radius, the larger the critical four-fermion coupling needed to generate a fermion-antifermion chiral symmetry breaking condensate. Contrary to what occurs in a pure NJL model [19], this result is obtained for both twisted and untwisted fermions, once the corresponding stable vacuum is considered. Thus, we conclude that in the gauged- NJL theory the compactification tends to reinstate the chiral symmetry.

The results we are reporting here can be of interest for condensed matter quasi-planar systems, as well as for theories with extra dimensions.

Acknowledgments This research was supported by the National Science Foundation under Grant No. PHY-0070986.

[1] Th. Kalusa, Sitzungsber. Preuss. Akad. Wiss. Phys.

Math. KI. (1921) 966; O. Klein, Z. Phys. 37 (1926) 895. A modern collection of important papers on Kalusa-Klein theory can be found in Modern Kaluza-Klein Theories, edited by T. Appelquist, A. Chodos, and P.T.O. Freund (Addison-Wesley, Reading, MA, 1987).

[2] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys.

Lett. B 429 (1998) 263; Phys. Rev. D 59 (1999) 086004. [3] P. Candelas, Fortsch. Phys. 47 (1999) 29; J. H. Schwarz, Update of String Theory, astro-ph/0304507.

[4] H. B. G. Casimir, Proc. K. Ned. Akad. Wet. 51, (1948) 793.

[5] For a review see: Milton K. A, 1999; The Casimir Effect:

Physical Manifestations of Zero-Point Energy, Invited Lecture at the 17th Symposium of Theoretical Thysics, Seoul National University, Korea, June 29-July 1, 1998 (hep-th/9901011).

[6] C. J. Isham, Proc. R. Soc. A 362 (1978) 383; S. J. Avis and C. J. Isham, Proc. R. Soc. A 363 (1978) 581; C. J. Isham, Proc. R. Soc. A 364 (1978) 591; R. Banach, J. Phys. A: Math. Gen. 14 (1981) 901.

[7] L. H. Ford, Phys. Rev. D 21 (1980) 933; L. H. Ford, Phys. Rev. D 22 (1980) 3003.

[8] L. H. Ford and T. Yoshimura, Phys. Lett. A 368 (1979) 305; D. J. Toms, Phys. Rev. D 21 (1980) 928; Ann. Phys. (N.Y.) 129 (1980) 334.

[9] E.J. Ferrer, V. de la Incera and A. Romeo, Phys. Lett. B 515 (2001) 341; Spontaneous CPT Violation in Confined QED in AIP Conference Proceedings 601 (2001) 235, editors V. Elias, D.G.C. McKeon and V.A. Miransky.

[10] N.S. Manton, Ann. Phys. (N.Y.) 159 (1985) 220; D. Wolf and J. Zittartz, Z. Phys. B 59 (1985) 117; J. E. Hetrick and Y. Hosotani, Phys. Rev. D 38 (1988) 2621.

[11] N. Batakis and G. Lazarides, Phys. Rev. D18 (1978) 4710; A. M. Polyakov, Phys. Lett. B 72 (1978) 477; I. Affleck, Nucl. Phys. B 162 (1980) 461; D. Gross, R. Pisarski and L. Yaffe, Rev. Mod. Phys. 53 (1981) 43; N. Weiss, Phys. Rev. D 24 (1981) 475; D 25 (1982) 2667; A. Actor, Phys. Rev. D 27 (1983) 2548; Ann. Phys. 159 (1985) 445; J. Phys. A33 (2000) 4585.

[12] A.D. Linde, Phys. Lett. B 86 (1979) 39; E.J. Ferrer, V.

de la Incera and A.E. Shabad, Phys. Lett. B 185 (1987) 407; Nucl. Phys. B 309 (1988) 120.

[13] This is a natural ansatz given that the OZ-direction is the only distinguished direction in the S^1 × R^3 space under consideration, and that the Aμ field obeys periodic boundary conditions along the OZ-direction.

[14] In the considered low-frequency approximation the group and phase velocities coincide and can be found by the same proposed formula.

[15] R. Tarrach, Phys. Lett. B 133 (1983) 259; K. Scharnhost, Phys. Lett. B 236 (1990) 354; G. Barton, Phys. Lett. B 237 (1990) 559; J. I. Latorre, P. Pascual, R. Tarrach, Nucl. Phys. B 437 (1995) 60; K. Scharnhost, Annalen Phys. 7 (1998) 700; W. Dittrich and H. Gies, Phys. Rev. D 58 (1998) 025004.

[16] N.D. Birrell and L.H. Ford, Phys. Rev. D 22 (1980) 330; I.T. Drummond and S.J. Hathrell, Phys. Rev. D 22 (1980) 343; G.M. Shore, Nucl. Phys. B 460 (1996) 379.

[17] E.J. Ferrer and V. de la Incera, Nucl. Phys. B 542 (1999)

621.

[18] V.G. Vaks and A.I. Larkin, Zh. Eksp. Teor. Fiz. 40 (1961) 282; B.A. Arbuzov, A.N. Tavkhelidze, and R.N. Faustov, Bokl. Akad. Nauk SSSR, 139 (1961) 345; S. Kawati and H. Miyata, Phys. Rev. D 23 (1981) 3010; J. Fuchs, Z. Phys. C 22 (1984) 83; T. Hatsuda and T. Kunihiro, Phys. Rev. Lett. 55 (1985) 158; M. Asakawa and K. Yazaki, Nucl. Phys. A 504 (1989) 668; D. Ebert, and M.K. Volkov, Phys. Lett. B 272 (1991) 86; S.P. Klevansky and R.H. Lemmer, Phys. Rev. D 39 (1989) 3478; M. Lutz, S. Klimt and W. Wise, Nucl. Phys. A 542 (1992) 521; D. Ebers et al, Int. J. Mod. Phys. A 8 (1993) 1295; T. Inagaki, T. Muta, and S.D. Odintsov; Mod. Phys. Lett A 8 (1993) 2117; Prog. Theor. Phys. Suppl. 127 (1997) 93; V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. Lett. 73 (1994) 3499; Phys. Lett. B 349 (1995) 477; Nucl. Phys. B 462 (1996) 249; E. Elizalde, S. Leseduarte, and S. Odintsov, Phys. Rev. D 49 (1994) 5551; Phys. Lett. B 347 (1995) 33; A.S. Vshivtsev, and K.G. Klimenko, Pis’ma Zh. Eksp. Teor. Fiz. 64 (1996) 313; A.S. Vshivtsev, A.K. Klimenko, and K.G. Klimenko, Phys. Atom. Nucl. 61 (1998) 479; E.J. Ferrer, V. de la Incera, and V. P. Gusynin, Phys. Lett. B 455, (1999) 217; D. Ebert, K.G. Klimenko, and M.A. Vdovichenko, Phys. Rev. D 61 (2000) 025005; M.A. Vdovichenko, K.G. Klimenko, and D. Ebert, Phys. Atom. Nucl. 64 (2001) 386; E.J. Ferrer, V. de la Incera, and V. P. Gusynin, Mod. Phys. Lett. B 16 (2002) 107; Eur. Phys. J. B 33 (2003) 397.

[19] D.K. Kim and I.G. Koh, Phys. Rev. D 51 (1995) 4573. [20] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345.

[21] A. Hosaka, Phys. Lett. B 244 (1990) 363; S. Klimt, M.

Lutz, and W. Weise, ibid, 249 (1990) 386.