arXiv:hep-ph/0411349 v2 29 May 2005

Natural braneworld inflation and baryogenesis

R. González Felipe

Departamento de Física and Centro de Física Teórica de Partículas Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal

Abstract

In natural inflation models, the inflaton is a pseudo Nambu-Goldstone boson and the flatness of the potential is protected by shift symmetries. In this framework, a successful inflation requires the global symmetry to be spontaneously broken at a scale close to the Planck mass. Such a high value of the spontaneous breaking scale may not be legitimate in an effective field theory. On the other hand, if natural inflation occurs during the nonconventional high-energy era in braneworld cosmology, the conditions for the inflaton slow rolling can be eased and the spontaneous breaking scale can be lowered to values below the Planck scale. We examine the observational constraints on this scenario and study the possibility that the baryon asymmetry of the universe is generated by the decay of the pseudo Nambu-Goldstone boson during the reheating era.

PACS: 98.80.Cq, 98.80.Es, 04.50.+h

1 Introduction

Today there is a compelling evidence that the early universe underwent a period of cosmological inflation [1,2]. Inflation not only elegantly solves several cosmological issues, including the horizon and flatness problems, but it can also provide the initial conditions required for the structure formation in the universe. In particular, the observations by the Cosmic Background Explorer (COBE) and, more recently, the Wilkinson Microwave Anisotropy Probe (WMAP) satellites [3] confirm the predictions of a flat universe with a nearly scale-invariant spectrum of adiabatic perturbations.

Despite the existence of several cosmologically viable inflaton potentials, the construction of a “naturally” flat potential is a difficult task from the particle physics viewpoint. In the simplest chaotic inflationary scenarios, inflaton field values above the four-dimensional Planck mass, ϕ ≳ M_P , are typically

Preprint submitted to Elsevier Science 29 May 2005 required to allow for a sufficiently long period of inflation. Thus, one expects nonrenormalizable quantum corrections of the order of O [(ϕ/M_P )^n] to destroy the flatness of the potential. Moreover, the inflaton must couple to matter fields to efficiently reheat the universe after the inflationary era. Such couplings could also destabilize the potential. Among the few known candidates which preserve the scalar potential nearly flat and protected against radiative corrections, supersymmetry has undoubtedly received most of the attention so far. However, it has recently been argued [4] that this symmetry alone cannot naturally provide a satisfactory model of inflation, if supergravity effects are taken into account. Another natural candidate for the inflaton is provided by non-linearly realized symmetries, such as those which involve a pseudo Nambu- Goldstone boson (PNGB) [5] or extra components of gauge fields propagating in extra dimensions [6,7,4].

In the simplest variant of natural inflation [5], the role of the inflaton is played by a PNGB, and the flatness of the potential is protected by a shift symmetry under ϕ → ϕ + constant, which remains after the global symmetry is spontaneously broken. An explicit breaking of the shift symmetry leads typically to a potential of the form

V (ϕ) = Λ^4 [1 − cos(ϕ/f)] , (1)

where ϕ is the canonically normalized field, f is the spontaneous breaking scale and Λ is the scale at which the soft explicit breaking takes place^1 . For large values of f, the potential can be flat. However, in this framework the slow-roll requirements set the bound f ≳ M_P . Such high values could be problematic and difficult to justify in an effective field theory [4]. Moreover, one can expect the quantum gravity effects to explicitly break the global symmetry. A possible solution to the above problems is to consider higher-dimensional cosmological models, where our four-dimensional world is viewed as a three-brane embedded in a higher-dimensional bulk^2 . For instance, in the 5D version of natural inflation considered in Ref. [6], the inflaton is the extra component of a gauge field, which propagates in the bulk, and the flatness of its potential, coming only from nonlocal effects, is not spoiled by higher-dimensional operators or quantum gravity effects.

In this paper we shall consider another possible scenario for extra-natural inflation. We shall assume that the inflaton is described by a standard fourdimensional PNGB, with a potential given by Eq. (1), but inflation occurs during the nonconventional high-energy regime of the theory [10]. In braneworld cosmology, modifications to the Friedmann equation [11] (due to the linear de-

1 Note that the flatness of the PNGB potential is natural in the ’t Hooft sense [8]: in the limit Λ → 0 the shift symmetry is restored.

2 For an alternative solution, based on the presence of two axions with a potential provided by two anomalous gauge groups, see Ref. [9].

pendence of the expansion rate H on the energy density ρ at early times) can ease the slow-roll conditions and enable inflation to take place at field values far below M_P [12,13], thus avoiding the well-known difficulties with higherorder nonrenormalizable terms. Since in this framework the observational data does not put direct limits on the symmetry breaking scales, but rather on the ratios f/M_5 and Λ/M_5, it is possible to obtain lower values of the natural inflation scale for low values of the five-dimensional fundamental Planck mass M_5. The latter is only constrained by demanding the brane terms in the Friedmann equation to play a negligible role at the big bang nucleosynthesis scale ∼ O(MeV).

After the inflationary epoch, the cold inflaton-dominated universe undergoes a reheating phase, during which the inflaton oscillates about the minimum of its potential, giving rise to particle and entropy production. In addition to entropy creation, the right abundance of baryons must also be created. It is then interesting to ask whether the inflaton field could also solve another outstanding cosmological puzzle, namely, the explanation of the baryon asymmetry of the universe. A particularly attractive and viable mechanism is the so-called spontaneous baryogenesis [14], which can naturally occur in the early universe, if the CP T symmetry is violated. In this framework, the PNGB field associated with the broken baryon number plays a crucial role. If the PNGB is derivatively coupled to a baryon current J^μ_B with an effective Lagrangian of the form

L_{eff} = 1 f ∂_μϕJ^μ_B , (2)

a net baryon asymmetry can be produced either in a Hubble-damped regime or in a regime characterized by the decays of the inflaton as it oscillates about its minimum [14]. In the latter case, and assuming that the PNGB field couples to fermions which carry baryon number, the resulting asymmetry turns out to be proportional to Γ ϕ^3_i /f, where ϕ_i is the inflaton field value at the onset of reheating and Γ is the inflaton decay width [15,16].

By combining the constraints coming from natural inflation with the ones inferred for the present baryon-to-entropy ratio, it is then possible to put limits on the reheating temperature and the relevant scales required for natural inflation and baryogenesis to be successfully realized in the above braneworld scenario.

2 Natural braneworld inflation

In a cosmological braneworld scenario, where the space-time on the brane is described by a flat Friedmann-Robertson-Walker metric, the Friedmann equation receives an additional term quadratic in the energy density^3 [11],

H^2 = 8π 3M^2_P ρ ( 1 + ρ 2λ ) , (3)

where λ is the brane tension, which is related to the fundamental five-dimensional Planck scale M_5 through the equation λ = 3 4π M^6_5 M^2_P

. (4)

At sufficiently low energies, ρ ≪ λ, the Friedmann equation of standard cosmology is recovered. For nucleosynthesis to take place successfully, the change in the expansion rate due to the ρ^2-term in the Friedmann equation (3) must be sufficiently small at scales ∼ O(MeV). This leads to the lower bound λ ≳ (1 MeV)^4. A more stringent bound, λ ≳ (1 TeV)^4, can be obtained by requiring the theory to reduce to Newtonian gravity on scales larger than 1 mm.

In the slow-roll approximation and at high energies (V ≫ λ), the total number of e-folds during inflation is given by [12] N ≃ − 4π M^2_P λ ∫_{ϕF} ϕ_I V^2 V^′ dϕ , (5) where ϕ_I and ϕ_F are the values of the scalar field at the beginning and at the end of the expansion, respectively. The value ϕ_F can be computed from the condition max{ϵ(ϕ_F ), |η(ϕ_F )|} = 1, where ϵ and η are the slow-roll parameters, given in the high-energy approximation by ϵ ≃ M^2_P λ 4π V^{′2} V^3 , η ≃ M^2_P λ 4π V^{′′} V^2

. (6)

The spectra of scalar [12] and tensor [17,18] perturbations at the Hubble radius crossing are also key parameters during inflation. Their expressions at high energies read as

A^2_s = 64π 75M^6_P λ^3

V^6 V^{′2} , A^2_t =

8V^3 25M^4_P λ^2

. (7)

The scale dependence of the scalar perturbations is described by the spectral tilt n_s − 1 = d ln A^2_s d ln k ≃ −6ϵ + 2η , (8)

3 We assume that inflation rapidly dilutes any dark radiation term and that the four-dimensional cosmological constant is negligible.

and its running is given by

α_s = dn_s d ln k ≃ 16ϵη − 18ϵ^2 − 2ξ , (9)

where ξ ≃ M^4_P λ^2 (4π)^2 V^′V^{′′′} V^4

. (10)

Finally, the tensor power spectrum amplitude can be parameterized by the tensor-to-scalar ratio r_s = 16

A^2_t A^2_s

= 24 ϵ . (11)

We also remark that the tensor spectral index n_t is not an independent parameter since it is related to r_s by the inflationary consistency condition n_t = −r_s/8, which holds independently of the brane tension λ [18].

In natural inflation, with the potential given as in Eq. (1), the following inflationary constraints are obtained from Eqs. (5)-(11):

N_∗ = 1 x [ (sin^2χ_F − sin^2χ_∗) + ln ( cos^2χ_F cos^2χ_∗ )] , A_s = ( 2 75π^2x^3

)_{1/2} ( Λ f )_2

sin^5χ_∗ cosχ_∗ , n_s = 1 − x sin^4χ_∗ ( 1 + 4 cos^2χ_∗ ) , (12)

α_s = −

2x^2 cos^2χ_∗

sin^8χ_∗ ( 3 + 2 cos^2χ_∗ ) , r_s = 24x cos^2χ_∗ sin^4χ_∗ , where N_∗ is the number of e-folds before the end of inflation, at which observable perturbations are generated, and χ = ϕ 2f , x = λ 8π ( M_P fΛ^2

)_2

. (13)

For a given value of the parameter x, the value of the field at the end of inflation can be determined from the condition ϵ(χ_F ) = 1, leading to the equation 2 sin^2χ_F = −x + √ x^2 + 4x . (14) For x ≪ 1, we obtain sinχ_F ≃ x^{1/4}(1 − √ x/4). In our numerical estimates we shall use the COBE normalization A_s ≃ 2×10^{−5} and the following WMAP bounds on the inflationary parameters [19]

0.94 ≤ n_s ≤ 1.00 , |α_s| ≤ 0.02 , r_s ≤ 0.14 , (15)

Fig. 1. Inflationary parameters r_s, n_s (Figs. 1a and 1b), the symmetry breaking scales f, Λ (Figs. 1c and 1d) and the inflaton mass m = Λ^2/f (Fig. 1d) in the natural braneworld inflationary scenario. The plots are given as functions of the dimensionless parameter x defined in Eq. (13). The region delimited by the vertical dashed lines corresponds to the parameter space allowed by the WMAP bounds on n_s and r_s.

which apply to models of inflation with a negative curvature (η < 0). We also recall that in standard cosmology a reasonable fiducial value for the number of e-folds is N_∗ = 55. This number is expected to be higher in the brane scenario [20,21]. In what follows we assume N_∗ = 60. It is worth noticing that for the potential (1) the spectral index n_s is very weakly dependent on N_∗ and its running α_s is negligible, α_s ≈ −5×10^{−4}. Therefore, if small-scale microwave background observations indicate a significant negative running of the spectral index, natural braneworld inflation in its simplest version of Eq. (1) will be excluded.

The numerical solution of Eqs. (12) is presented in Figure 1. We see that natural inflation in the brane constrains the parameter x to the range 5.2 × 10^{−3} ≲ x ≲ 5.5 × 10^{−2}. The lower bound comes from the WMAP upper bound on r_s , while the upper bound comes from the minimum allowed value for n_s . This leads to the following constraints on the spontaneous and explicit symmetry breaking scales,

90 ≲ f M_5

≲ 160 , 7 × 10^{−2} ≲ Λ M_5

≲ 9 × 10^{−2} . (16)

which imply the hierarchy of scales 6 × 10^{−4} ≲ Λ/f ≲ 8 × 10^{−4} and an inflaton mass 5 × 10^{−5}M_5 ≲ m = Λ^2/f ≲ 6 × 10^{−5}M_5 . It is also worth noticing that in the present framework the density fluctuation spectrum is red tilted (0.94 ≲ n_s ≲ 0.96) and a significant amount of gravitational waves is predicted (0.02 ≲ r_s ≲ 0.14), which could be detectable at forthcoming experiments such as the PLANCK satellite.

We remark that the above analysis has been done assuming that the highenergy approximation is valid, i.e., V/Λ ≫ 1, so that inflation occurs in the nonconventional braneworld era. This requires M_5 ≪ 10^{17} GeV. On the other hand, in the range of x allowed by inflation, one obtains χ ∼ O(1). Therefore, from Eq. (16) it follows that the inflaton field ϕ ∼ f ∼ O(10^2) × M_5 ≪ M_P in the high energy regime, i.e. natural inflation indeed takes place at field values below the Planck scale.

3 Reheating and baryogenesis

After inflation, the cold inflaton-dominated universe undergoes a phase of reheating, during which the inflaton decays into ordinary particles and the universe becomes radiation dominated. Assuming an instantaneous conversion of the inflaton energy into radiation, one can identify ρ = ρ_{rad} = (π^2/30) g_∗ T^4, where g_∗ is the effective number of relativistic degrees of freedom; g_∗ ∼ 100 in the standard model for temperatures above the electroweak scale. The reheating temperature T_{rh} is then obtained from the requirement that the expansion rate of the universe equals the inflaton decay width, i.e. H(T_{rh}) = Γ . In the braneworld scenario, this leads to the relation

T^4_{rh} =

T^4_t 2 −1 + 1 + 45 π^3g_∗ ( Γ M_P T^2_t

)_2 , (17)

where T_t is the transition temperature from brane cosmology to standard cosmology, defined through the relation ρ(T_t) = 2λ so that

T^2_t = 2 π √ 15λ g_∗ = 3 π √ 5 πg_∗ M^3_5 M_P . (18)

During the oscillating phase, the inflaton field evolves according to the wellknown equation of a damped harmonic oscillator, ϕ̈ + Γ ϕ̇ + m^2ϕ = 0. If the inflaton field couples derivatively to the baryon current through the interaction Lagrangian of Eq. (2), the net baryon number density produced during reheating can be estimated as [16]

n_B ≡ n_b − n¯_b =

Γ ϕ^3_i 2f , (19)

where ϕ_i is the value of the field at the onset of the reheating epoch.

When the expansion is negligible (H < Γ ), the baryon number can be obtained from Eq. (19) by replacing ϕ_i by the field value at T_{rh}, ϕ_{rh} = π √ g_∗ 15 T^2_{rh} m . (20)

Since the entropy density after thermalization is given by s = 2π^2g_∗T^3_{rh}/45 , the baryon-to-entropy ratio reads then as n_B s = π 4 √ 3g_∗ 5 Γ f ( T_{rh} m )_3

. (21)

On the other hand, the process of particle production starts at earlier times, when H ≃ m > Γ . Since the generation of the asymmetry is more efficient at that time, the final baryon-to-entropy ratio is larger than that of Eq. (21) approximately by a factor κ = D ( ϕ_i ϕ_{rh} )_3

, (22)

where ϕ_i = ϕ(H ≃ m) and D = ( Γ m )_2 1 + m M_P /√3πλ

1 + Γ M_P / √ 3πλ (23)

is a dilution factor due to the expansion of the universe from the time t ∼ 1/m to t ∼ 1/Γ . The final baryon-to-entropy ratio is therefore given by n_B s = πκ 4 √ 3g_∗ 5 Γ f ( T_{rh} m )_3

. (24)

Let us note that κ ≃ m/Γ in standard cosmology [16], while in the high-energy regime of brane cosmology we obtain κ ≃ (m/Γ )^{1/2}.

Using Eqs. (17) and (18), the decay width can be written in the form Γ = 2π 3 √ πg_∗ 5 T^2_{rh} M_P [ 1 + ( T_{rh} T_t )_4]1/2

. (25)

Moreover, the field ratio ϕ_i/ϕ_{rh} will be given by ϕ_i ϕ_{rh} = 1 √ 2 ( T_t T_{rh} )_2 −1 + 1 + 45 π^3g_∗ ( mM_P T^2_t

)_2 1/2 . (26)

Thus, in the high-energy regime of brane cosmology, i.e. when ρ ≫ 2λ , one obtains from Eq. (24), n_B s = π^2g_∗ 10 √π 6 T^5_{rh} fm^{5/2}M^{3/2}_5

, (27)

while in standard cosmology, n_B s = π 4 √ 3g_∗ 5 T^3_{rh} fm^2 . (28)

The recent observations by WMAP [3] imply that n_B /s ≃ 9 × 10^{−11}, a value which is in remarkable agreement with the independent determination of this quantity from big bang nucleosynthesis. Using the above value, we can put bounds on the reheating temperature required for baryogenesis to take place during the radiation era. The results are presented in Figure 2, where T_{rh} is plotted as a function of the fundamental 5D Planck mass M_5. We notice that T_{rh} is quite insensitive to the variations of the dimensionless parameter x defined in Eq. (13), in the range allowed by natural inflation (cf. Figure 1). In Figure 2 we present the results for x = 0.03, assuming g_∗ = 100. From the figure we see that baryogenesis through PNGB decays can occur in the high-energy regime of brane cosmology for M_5 ≲ 6 × 10^{11} GeV and T_{rh} ≲ 4 × 10^7 GeV, at much lower reheating temperatures than in standard cosmology.

One may wonder whether the baryon asymmetry produced by the mechanism described above will survive without being diluted by baryon number violating processes in thermal equilibrium. In fact, if nonzero baryon and lepton numbers are generated such that B − L ≠ 0, the asymmetry will not be washed out by the anomalous electroweak sphaleron processes. On the other hand, if an equal amount of baryon and lepton asymmetries is generated such that B − L vanishes, the final asymmetry will be diluted by such processes, unless the reheating temperature is below the critical temperature of the electroweak phase transition T_{ew} ∼ 100 GeV. At higher temperatures, i.e. before the electroweak symmetry breaking, the sphaleron rate is roughly Γ_{ws} ≃ 25 α^5_w T [22], where α_w ≃ 1/30 is the weak coupling constant. Thus, electroweak sphalerons in standard cosmology are in thermal equilibrium (Γ_{ws} ≳ H) at temperatures T_{ew} ≲ T ≲ 10^{12} GeV. In brane cosmology, this bound depends on the fundamental scale M_5 and we find T_{ew} ≲ T ≲ 10^{−2}M_5 , in the high-energy braneworld era.

Fig. 2. The reheating temperature T_{rh} (as a function of the 5D Planck mass M_5) required for a successful baryogenesis in the natural braneworld inflationary scenario. The dashed line corresponds to the transition temperature from brane cosmology (BC) to standard cosmology (SC). For comparison, the symmetry breaking scales f and Λ required for inflation are also shown (dotted lines).

4 Conclusion

A natural way to obtain a flat inflaton potential is to invoke some approximate shift symmetry, which involves a pseudo Nambu-Goldstone boson or extra components of gauge fields living in extra dimensions. On the other hand, modifications to the expansion rate of the universe at earlier times turn out to be crucial for processes that took place in early universe. In this paper we have examined the observational constraints on the scenario of natural braneworld inflation, assuming that inflation occurs during the high-energy regime of the theory. In this framework, the scale at which the global symmetry is spontaneously broken can be easily lowered to values far below the Planck mass M_P , thus protecting the theory from dangerous nonrenormalizable operators which could spoil the flatness of the potential.

The explanation of the baryon asymmetry of the universe is another unresolved issue. Here we have considered the possibility that this asymmetry is generated by the decay of the inflaton during the reheating era. If the inflaton couples derivatively to a baryon current, a net asymmetry can be generated as the field coherently oscillates about its minimum and decays into ordinary matter. In this case, the spontaneous symmetry breaking scale f also describes the physics of baryon number violation. In this regard, there may be additional constraints on the implementation of the mechanism, such as those arising from proton stability. Finally, if the baryon creation occurs in the braneworld era, then sufficiently low reheating temperatures and low values of the fundamental five-dimensional Planck mass M_5 can yield the right magnitude of the observed baryon-to-entropy ratio.

Acknowledgements

I would like to thank M. C. Bento and G. C. Branco for reading the manuscript. This work has been supported by Fundação para a Ciência e a Tecnologia (FCT, Portugal) under the Grant No. SFRH/BPD/1549/2000.

References

[1] A. H. Guth, Phys. Rev. D 23 (1981) 347; A. D. Linde, Phys. Lett. B 108 (1982) 389; A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48 (1982) 1220.

[2] For a recent review on models of inflation see e.g. D. H. Lyth and A. Riotto, Phys. Rep. 314 (1999) 1.

[3] C. L. Bennett et al., Astrophys. J. Suppl. 148 (2003) 1; D. N. Spergel et al., Astrophys. J. Suppl. 148 (2003) 175.

[4] N. Arkani-Hamed, H. C. Cheng, P. Creminelli and L. Randall, JCAP 0307 (2003) 003.

[5] K. Freese, J. A. Frieman and A. V. Olinto, Phys. Rev. Lett. 65 (1990) 3233;

F. C. Adams, J. R. Bond, K. Freese, J. A. Frieman and A. V. Olinto, Phys. Rev. D 47 (1993) 426; K. Freese and W. H. Kinney, Phys. Rev. D 70 (2004) 083512.

[6] N. Arkani-Hamed, H. C. Cheng, P. Creminelli and L. Randall, Phys. Rev. Lett.

90 (2003) 221302.

[7] D. E. Kaplan and N. J. Weiner, JCAP 0402 (2004) 005.

[8] G. ’t Hooft, in Recent Developments in Gauge Theories, edited by G. ’t Hooft et al. (Plenum, New York, 1979), p. 135.

[9] J. E. Kim, H. P. Nilles and M. Peloso, JCAP 0501 (2005) 005.

[10] For recent studies on the observational constraints on inflationary models in braneworld cosmology, see e.g. M. C. Bento and O. Bertolami, Phys. Rev. D 65 (2002) 063513; M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D 67 (2003) 063511; A. R. Liddle and A. J. Smith, Phys. Rev. D 68 (2003) 061301; S. Tsujikawa and A. R. Liddle, JCAP 0403 (2004) 001; M. C. Bento,

R. González Felipe and N. M. C. Santos, Phys. Rev. D 69 (2004) 123513; S. Tsujikawa, M. Sami and R. Maartens, Phys. Rev. D 70 (2004) 063525.

[11] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565 (2000) 269;

C. Csaki, M. Graesser, C. F. Kolda and J. Terning, Phys. Lett. B 462 (1999) 34; J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83 (1999) 4245; T. Shiromizu, K. I. Maeda and M. Sasaki, Phys. Rev. D 62 (2000) 024012; P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477 (2000) 285; D. Ida, JHEP 0009 (2000) 014; S. Mukohyama, T. Shiromizu and K. I. Maeda, Phys. Rev. D 62 (2000) 024028 [Erratum-ibid. D 63, 029901 (2001)].

[12] R. Maartens, D. Wands, B. A. Bassett and I. Heard, Phys. Rev. D 62 (2000) 041301.

[13] E. Papantonopoulos and V. Zamarias, JCAP 0410 (2004) 001.

[14] A. G. Cohen and D. B. Kaplan, Phys. Lett. B 199 (1987) 251; A. G. Cohen and D. B. Kaplan, Nucl. Phys. B 308 (1988) 913.

[15] A. Dolgov and K. Freese, Phys. Rev. D 51 (1995) 2693.

[16] A. Dolgov, K. Freese, R. Rangarajan and M. Srednicki, Phys. Rev. D 56 (1997) 6155.

[17] D. Langlois, R. Maartens and D. Wands, Phys. Lett. B 489 (2000) 259.

[18] G. Huey and J. E. Lidsey, Phys. Lett. B 514 (2001) 217.

[19] H. V. Peiris et al., Astrophys. J. Suppl. 148 (2003) 213.

[20] S. Dodelson and L. Hui, Phys. Rev. Lett. 91 (2003) 131301; A. R. Liddle and S. M. Leach, Phys. Rev. D 68 (2003) 103503.

[21] B. Wang and E. Abdalla, Phys. Rev. D 69 (2004) 104014.

[22] D. Bodeker, G. D. Moore and K. Rummukainen, Nucl. Phys. Proc. Suppl. 83 (2000) 583; G. D. Moore and K. Rummukainen, Phys. Rev. D 61 (2000) 105008.