arXiv:hep-ph/0412106 v2 22 Apr 2005

Relativistic Resonances — their Masses, Widths, Lifetimes, Superposition, and Causal Evolution

Arno R. Bohm^∗ and Yoshihiro Sato^† Department of Physics, University of Texas at Austin, Austin, Texas 78712-1081, USA (Dated: April 22, 2005)

Whether one starts from the analytic S-matrix definition or the requirement of gauge-parameter independence in renormalization theory, a relativistic resonance is given by a pole at a complex value sR of the energy squared s. The complex number sR does not define the mass and the width separately, and the pole definition alone is also not sufficient to describe the interference of two or more Breit-Wigner resonances as observed in experiments. To achieve this and obtain a unified theory of relativistic resonances and decay, we invoke the decaying particle aspect of a resonance and associate to each pole a space of relativistic Gamow kets. The Gamow kets transform irreducibly under causal Poincaré transformations and have an exponential time evolution. Therefore one can choose of the many possible width parameters, the width ΓR of the relativistic resonance such that the lifetime τ = ℏ/ΓR. This leads to the parameterization sR = (MR −iΓR/2)^2 and uniquely defines these (MR, ΓR) as the mass and width parameters for a resonance. Further it leads to the following new results: Two poles in the same partial wave are given by the sum of two Breit-Wigner amplitudes and by a superposition of two Gamow vectors with each Gamow vector corresponding to one Breit- Wigner amplitude. In addition to the sum of Breit-Wigner amplitudes the scattering amplitude contains a background amplitude representing direct production of the final state (contact terms). This contact amplitude is associated to a background vector representing the non-exponential energy continuum, omitting it gives the two interfering exponentials of the Weisskopf-Wigner methods. To accomplish all this required a minor modification in the foundation of quantum theory, which led to a quantum theory that contains the time asymmetry of causality.

PACS numbers: 11.30.-j, 11.80.-m, 11.10.-z

I. INTRODUCTION

The Particle Data Group [1] lists two values for the mass and the width of Δ resonances. These two values differ from each other by 10 times the experimental error, one is called the Breit-Wigner mass and width and the other is called pole position. A similar situation holds for the ρ-meson. For the mass and width of the Z-boson, the Particle Data Group [1] gives three definitions. When fitted to the line shape data of the same experiment [2, 3] the experimental values obtained for these three definitions differ from each other by about 10 times their experimental error. These examples indicate that one has problems with the understanding of resonances, in particular for relativistic resonances. This problem has its roots already in the foundations of quantum mechanics.

The old quantum mechanics (based on the Hilbert space axiom including the use of Dirac kets) is a theory of stable states and reversible (unitary) time evolution. In contrast, quasistable states, like resonances in a scattering experiment or like decaying states in a decay experiment, are connected with an asymmetric or ”irreversible” time evolution [4]. Thus they require a time asymmetric quantum theory, and in the absence of such a theory, their description can only be approximate and must contain some contradictions. If one is serious about Hilbert

∗Electronic address: bohm@physics.utexas.edu †Electronic address: satoyosh@physics.utexas.edu

space mathematics one always runs into problems with the quantum theory of resonances and decaying states, basically because the vectors with exponential time evolution (as Gamow envisioned for quasistable states [5] ) do not exist in the Hilbert space. In the heuristic treatment of scattering theory one just ignored the mathematical subtleties. One worked with mathematically undefined kets [6], used ±iϵ to distinguish incoming from outgoing Lippmann-Schwinger kets [7], and distinguished “states at time t^′ < t_0 = time defined by preparation” and “states characteristic of the experiment” observed at t^{′′} > t_0 [8]. One restricted by fiat the time in e^{iHt} to t ≥ 0 [9], and for decaying states one postulated purely outgoing boundary conditions [10] undisturbed by the fact that this was in conflict with the unitary group evolution −∞ < t < ∞ which is a consequence of the Hilbert space axiom (Stone-von Neumann theorem [11]).

These heuristic methods were quite successful for physical applications, but when one compared it with mathematical consequences of the axioms in Ref. 11 one had contradictions. Examples of these are: the exponential catastrophe in which Gamow vectors and unitary time evolution conflicted; deviations from the exponential law [12]; problems with (Einstein) causality [13].

In order to retain the empirically successful notions, like exponentially decaying Gamow states, the distinction between in- and out- Lippmann-Schwinger kets and between prepared states and detected observables, the Hilbert space axiom had to go. It was replaced by the Hardy space axiom which ascribes Hardy energy wave functions of conjugate analyticity to in-states and outobservables, respectively. The use of Hardy energy wave functions then led to the desired association of a Breit- Wigner energy distribution to an exponentially evolving Gamow ket [14], and also, unwittingly, to time asymmetry.

In the relativistic case the Lippmann-Schwinger scattering states were always assumed to furnish a unitary (group) representations of the Poincaré transformations [15], just like the Dirac kets of the Wigner basis [16], despite their ∓iϵ being in mathematical conflict with unitary group evolution. However, mathematically defined as Hardy space functionals, the Lippmann-Schwinger kets furnish only Poincaré semigroup representations into the forward (or backward) light cone, and this incorporates Einstein causality without requiring the separate axiom of local commutativity [17].

In quantum field theory there are no vectors corresponding to unstable states [18]. Unstable states are eliminated from the set of asymptotic states by S-matrix unitarity [19]. They appear only as intermediators in some special forms of the propagator obtained by the Dyson summation formula [20]. The precise form of the propagator depends upon the arbitrary choice of a renormalization point and so do the mass and width parameters defined by it. Though the complex pole definition of the Z-mass had been suggested as early as 1986 [21] the favored choice was the on-the-mass-shell definition. This led to mass and width parameter which were gauge dependent in the next-to-the-next of the leading order [22, 23]. This gauge dependence disappeared when definitions based on the complex pole position of the propagators were employed [21, 22, 23]. All this pointed to the definition of the resonance as the pole of the j-th partial S-matrix at a complex value s_R of the center-of-mass scattering energy squared s = (p_1 + p_2)^2.

The position of the pole defines only the complex value s_R, not a mass M and a width Γ separately. How to split the complex number s_R for the quasistable relativistic particle precisely into two real numbers of physical significance has not been completely agreed upon, except that the real part is predominantly connected with the mass and the imaginary part predominantly with the width or with the inverse lifetime. The inverse lifetime (which for the exponential decay law is equal to the initial decay rate) and the width are conceptually and experimentally different quantities; the former is measured using the exponential decay rate, the latter is measured as the width of a Breit-Wigner line shape.

Whether one measures the width Γ in an energy measurement or the lifetime τ in a time measurement is a question connected with the capabilities of the apparatuses, not a question related to the nature of the quasistable particle. For some relativistic particles it is possible to measure the width and for others the lifetime. One does not consider π^0 to be of different nature from η because for π^0 one measures the lifetime and for η one cannot. There exists no relativistic particle for which both width and lifetime have been measured. However for non-relativistic quasistable states one has an example for which both lifetime and width have been measured [24, 25], so that the lifetime-width relation τ = ℏ/Γ could be tested and confirmed with high accuracy [26].

In the non-relativistic case one had a generally accepted heuristic method to relate width and lifetime, the Weisskopf-Wigner approximation [27, 28]. For relativistic particles one should also like to define the lifetime and the width in such a way that the lifetime-width relation τ = ℏ/Γ holds. But the prevalent opinion in particle physics is that relativistic resonances are complicated phenomena which cannot be defined by two real parameters, such as a mass M and a width Γ. For instance, the Z-boson lineshape was considered as a Breit-Wigner amplitude with running width Γ_Z(s) [1, 21, 22, 23]. The same formula has also been used for hadrons [1].

After one noticed the problems with gauge invariance of the on-the-mass-shell definition [22, 23], one became aware of the arbitrariness in the definition of the Z-boson mass and width, and concluded that there was no fundamental criterion to define the mass and width separately [29]. Similar problems were also pointed out for the nucleon [30, 31] and meson [32] resonances. This triggered the development of a unified theory for relativistic resonances and decaying particles [33]. Without the concept of lifetime, the mass and the width of a relativistic quasistable particle cannot be uniquely defined. The S-matrix pole alone is not sufficient, one also needs the particle aspect of the relativistic system. For stable relativistic particles the particle aspect is brought in by the relativistic quantum fields or equivalently [15] by the representations of the Poincaré group of space-time transformations [16].

Since the decay of a prepared state is believed to be a time asymmetric process [4] and the non-relativistic theory [14] required a semigroup, one expects that relativistic decaying states are also time-asymmetric and need, in place of Wigner’s unitary Poincaré group representations, semigroup representations in the light cone. Semigroups are foreign to the traditional quantum theory in Hilbert space because with the Hilbert space boundary conditions the dynamical equations integrate always to a unitary group evolution [11]. Nevertheless, long time ago, Schulman [34] gave a classification of Poincaré semigroup representations and even earmarked one of these classes III E, for the relativistic unstable particles.

The same semigroup representations, called minimally complex representations because their momenta are given by p_μ = √ s_Rp̂_μ, with real p̂_μ (four-velocities) [35], were obtained from the pole of the j-th partial S-matrix [36]. Therewith a resonance pole of S_j (s) at s_R was associated to a representation space of the causal transformations of relativistic spacetime. This representation space — like the resonance pole characterized by [s_R, j] — is the space of a (single) relativistic resonance. The vectors in this space [s_R, j] are the relativistic Gamow vectors ψ^G_{[sR,j]} which have exponential time evolution, as will be discussed in Sec. IV, unburdened by the mathematical ballast of Ref. 36. Going beyond the results for a single relativistic resonance we then show in Sec. IV how the relativistic Gamow kets provide all the properties that one observes for resonances and decaying states: interference of decaying states, superposition of resonance amplitudes; exponential decay for the resonance per se, and deviations from the exponential decay due to the nonresonant background amplitude. As a preparation for the relativistic theory in Sec. IV, we give in Sec. III a brief review of the non-relativistic theory [14, 37] for which the Weisskopf-Wigner methods [27, 28] serve as the starting point. The modifications needed in the foundations of quantum mechanics are most readily appreciated for the non-relativistic case of Sec. III. The relativistic concepts in Sec. IV are introduced in analogy to Sec. III and on the basis of the phenomenological results of Sec. II.

We consider in this paper mainly resonance formation a + b −→ R −→ c + d. (1) Resonance bumps, suggesting a Breit-Wigner amplitude, are also observed in resonance production a + b −→ c + R, R −→ e + f (2) The relativistic Gamow vectors must therefore also emerge from the resonance production amplitude. This has indeed been shown [38] and will be mentioned briefly below. The details are the subject of a separate publication [39].

II. POLE OF THE S-MATRIX VERSUS PROPAGATOR DEFINITION — TWO DIFFERENT VALUES FOR MASS AND WIDTH

In the non-relativistic case the Lorentzian as a function of energy E was the prominent choice (in nuclear and atomic physics) for the scattering amplitude of the resonating partial wave with angular momentum j:

a^{BW}_j (E) = r^η E − z_R , z_R ≡ E_R − iΓ/2. (3) where r^η is a constant. From this one conjectured the resonance amplitude for the relativistic hadron (e.g., πN ) resonances by the following substitution

Energy E −→ W = √ s, Resonance Parameters (E_R, Γ) −→ (M, Γ).

Then one obtains for the resonance amplitude in the center-of-mass energy W = √ s a^{BW}_j (W ) = r^η W − W_P , W_P ≡ M − iΓ/2. (4) This defines the meaning of mass M and width Γ of a resonance. The resonance parameters M and Γ were determined by a fit of the resonance amplitude (4) with a slowly varying background B_j (s):

a_j(W ) = a^{BW}_j (W ) + B_j (W ), (5) to the experimental data using cross sections σ_j (W ) ∼ |a_j(W )|^2, Argand diagrams [37, 40, 41, 42], and speed plots [43].

The complex resonance parameter W_P (and z_R) is associated with a pole of the S-matrix element S_j (W ) in the complex W -plane. Assuming analyticity of the S-matrix, except for a singularity due to the resonance at W_P , one can justify the amplitude (5) by the Laurent expansion if there is one pole.

If there are two (or more) resonances in the same partial wave j, then a sum (superposition) of two (or more) resonance amplitudes was used:

a_j(W ) = 2∑ i=1 a^{BWi}_j (W ) + B_j (W ) (6)

where a^{BWi}_j (W ) = r^η_i W_{Pi} − W , W_{Pi} ≡ M_i − iΓ_i/2. (7) This can no more be justified by the analyticity assumptions for the S-matrix using a Laurent expansions but it worked phenomenologically very well.

Another starting point for the definition of a relativistic resonance is as the pole of the S-matrix S_j (s) on the s-plane (s = W^2). For the resonance amplitude a^R_j (s), one then takes

a^R_j (s) = a^{BW}_j (s) ≡ r s − s_R = r s − M̄^2_Z + iM̄_Z Γ̄_Z

, (8)

which we call the relativistic Breit-Wigner amplitude with constant width. The complex number s_R is the position of the pole on the second (or higher) Riemann sheet of the S-matrix, r is a constant, the residue, and (M̄_Z , Γ̄_Z) is one of many possible parameterizations of s_R in terms of real numbers given by (9b) below. This resonance amplitude (8) is therefore also called the pole definition of a relativistic resonance [44].

The complex position s_R does not fix the definition of the real parameters, mass M and width Γ, because there are many different parameterizations of the complex constant s_R in terms of two real parameters which one could interpret as mass and width. Three definitions of some historical value are (m_1, Γ_1), (M̄_Z , Γ̄_Z), and (M_R, Γ_R) given by the parameterizations,

s_R = m^2_1 − im_1Γ_1 1 + (Γ_1/m_1)^2

, (9a)

s_R = M̄^2_Z − iM̄_ZΓ̄_Z , (9b)

s_R = (M_R − i

Γ_R 2 )^2. (9c)

There could be many other parameterizations. We shall see in Sec. IV as one of our main results that the relativistic transformation properties select one of these three parameterizations.

The definition (4) by a pole on the W -plane and the definition (8) by a pole on the s = W^2-plane are very similar. A pole of S^{n′ n}_j (s) in the second sheet of the splane at s = s_R = (M_R − iΓ_R/2)^2 is always connected with a pair of poles in the W -plane at W_P = M_R −iΓ_R/2 and at W_P = −(M_R − iΓ_R/2), because 1 s − s_R = 1 W^2 − (M_R − iΓ_R/2)^2 = 1 W + (M_R − iΓ_R/2) 1 W − (M_R − iΓ_R/2) . Since the pole at W_P = −(M_R − iΓ_R/2) is far away from the physical region (m_1 + m_2) < W < ∞, one obtains for Γ_R/M_R ≪ 1: 1 s − (M_R − iΓ_R/2)^2 ≈ 1 (W + M_R) 1 (W − W_P )

, (10)

where

W_P = M_R − iΓ_R/2.

Therefore a fit using the relativistic Breit-Wigner amplitude (8) with the parameters of Eq. (9c) will lead to essentially the same values for the parameters (M_R, Γ_R) as a fit of the resonance amplitude (4) for the parameters (M, Γ): M = M_R and Γ = Γ_R. We shall therefore restrict ourselves here to the pole definition (8) and the relativistic S-matrix as analytic function of s.

The most common parameterization of the Zresonance amplitude is however not the relativistic Breit- Wigner amplitude (8) but the resonance scattering amplitude with a mass M_Z and an energy dependent width Γ_Z (s), given by

a^R_j (s) = a^{om}_j (s) = − √ s √ Γ_e(s)Γ_f (s) s − M^2_Z + i √ sΓ_Z(s)

(11)

≈ −M_Z B_eB_f Γ_Z s − M^2_Z + i^s_{MZ} Γ_Z = R_Z s − M^2_Z + i^s_{MZ} Γ_Z

, (12)

where Γ_Z = Γ_Z (s = M^2_Z ). The function (12) is the expression and notation used in most analyses of the experimental data for the Z-boson [1, 2, 3]. It initially emerged from the on-mass-shell renormalization scheme with a “natural choice” for the on-shell mass and width [22, 23]. Theoretical arguments had led to the conclusion that in the Z-boson case the on-shell mass is gauge dependent in O(g^4) and the gauge dependence was shown to disappear when a definition based on the complex valued position of the propagator pole [21] was employed [22, 23].

The renormalization theoretic definition of the parameters associated to resonances and decaying states is a delicate matter because it does not use only perturbation theory to a particular finite order, but it also involves Dyson summation of an infinite number of diagrams. Thus on the one hand it treats unstable particles like asymptotic states and on the other hand it uses infinite sums. On top of this it imposes an arbitrary renormalization condition. This lead Sirlin [45] and Passera [46] to the conclusion that the conventional on-shell definition is a problematic treatment of unstable particles. Also, from experience in non-relativistic quantum mechanics one knows that the decaying states (e.g., square well potential, or Auger states of He [37]) are not obtained by starting from asymptotically free states, but by starting from bound states as the zeroth approximation. Decaying states and resonances are more similar to bound states than to interacting scattering states; the latter are connected asymptotically (Lippmann-Schwinger equation) to the interaction free continuum states. Therefore the pole definition, — on the real axis for bound states and at complex energies for unstable states — is much more natural, and it is comforting that the requirement of gauge invariance also leads to the complex pole for a relativistic resonance.

Initially a correspondence between pole definition and gauge invariance was not compelling. One had assumed that the complex pole definition must be gauge invariant just because it is connected with the S-matrix pole. The gauge dependence of the on-shell mass was then proven by showing that the relation between the on-shell and the pole mass contained gauge dependent expressions. The formal proof that the complex pole mass is indeed gauge independent was only recently given, at the twoloop level [47] and to all orders in perturbation theory [48]. This then established another justification for making the complex pole at s_R the starting point for the definition of a resonance and its state vector, as we shall do in Sec. IV.

The choice (9a) for the parameterization for s_R [22] is the most practical one since with Eq. (9a) one obtains r s − s_R = r s −^{m21 −im1Γ1} 1+(Γ_1/m_1 )^2 = r(1 + iΓ_1/m_1) s − m^2_1 + i^s_{m1} Γ_1

. (13)

With m_1 = M_Z and Γ_1/m_1 = Γ_Z/M_Z , this has the same denominator as the r.h.s. of Eq. (12). Since Eq. (12) is the formula employed in most analyses of the LEP measurements a fit to the data using Eq. (12) will therefore directly provide the values m_1 and Γ_1. The parameterization (9b) has been the most popular parameterization if one uses a constant width; the parameterization (9c) has also been mentioned [23] but never been made use of. If one comes from analytic S-matrix theory [44], the definition (9c) of mass and width is the natural, but not the only possible choice. In Sec. IV we shall introduce a new hypothesis from which the parameterization (9c) will be derived.

An experimental discrimination between different functions for the resonance amplitude like, e.g., Eqs. (4) and (8) or Eqs. (12) and (13), is impossible because there is always a background term B_j (s). Even for one resonance in the partial wave the amplitude consists of the two parts:

a_j(s) = a^R_j (s) + B_j (s). (14)

A small term like the second term in Eq. (13), Γ_1/m_1 < 10^{−4}, can also not be noticed. The resonance amplitude a^R_j (s) describes the “part” of the scattering that goes through resonance, e.g.,

π p → Δ → π p or e^+ e^− → Z^0 → f f. (15)

The background amplitude B_j (s) describes the nonresonant part (the contact term of the propagator [49], or the empirical background of Ref. 41) of the reaction

π p → π p or e^+ e^− → f f. (16)

Because of this ever-present unknown background, the experimental line shape data, no matter how accurate they may be, cannot discriminate between the different resonance amplitudes. One can always write

a^{om}_j (s) = a^{BW}_j (s) + B^′_j (s), (17)

with a small or slowly varying function B^′_j (s) which can be shifted into the background amplitude B_j (s). Therefore fits of the lineshape data using Eq. (14) with Eq. (8) and using Eq. (14) with Eq. (12) will turn out to be equally good as we shall discuss shortly. But the use of the different resonance amplitudes Eq. (8) or (12) will lead to fitted values for the resonance parameters (M_Z , Γ_Z), (M̄_Z , Γ̄_Z), and (M_R, Γ_R) which significantly differ from each other. The question therefore is which of these (M, Γ) is the right mass and width?

The parameters (M_R, Γ_R) and (M̄_Z , Γ̄_Z) come from the same complex pole value s_R and are therefore algebraically related; they are just two different parameterization of the same function (8) for the amplitude a^R_j (s) that describes the resonance per se:

M̄_Z = M_R √ 1 − 1 4 (Γ_R/M_R)^2 (18a)

Γ̄_Z = Γ_R/ √ 1 − 1 4 (Γ_R/M_R)^2. (18b)

In contrast the parameters (M_Z , Γ_Z) and (M̄_Z , Γ̄_Z) are defined by two different functions, Eqs. (12) and (8) respectively. Their values are therefore obtained by fitting the same experimental data to two different lineshape functions, one containing for the Z-boson resonance amplitude Eq. (12) (or Eq. (13)), and the other containing Eq. (8) for the Z-resonance per se.

For the lineshape fits one therefore uses the following two cross section (and forward-backward asymmetry) formulas [2, 3]: The lineshape formula σ^0_{tot}(s) ∼ [ G s + s · R + (s − M^2_Z ) · J |s − M^2_Z + isΓ_Z /M_Z|^2 ] (19)

contains Eq. (12) (or Eq. (13)), and the lineshape formula σ^0_{tot}(s) ∼ [ g_f s + j_f · (s − M̄^2_Z ) + r_f · s (s − M̄_Z )^2 + M̄^2_ZΓ̄^2_Z ] , (20)

with f = had, e, μ, τ .,

MZ = 91.1875 ± 0.0021GeV M̄Z = 91.1526 ± 0.0023GeV ΓZ = 2.4939 ± 0.0024GeV Γ̄Z = 2.4945 ± 0.0024GeV

TABLE I: Z-boson mass and width. (MZ , ΓZ ) are the values obtained from a lineshape fit using Eq. (19) based on Eq. (12), and (M̄Z , Γ̄Z ) are the values obtained from Eq. (20) based on Eq. (8). The values are averages of the results obtained by ALEPH, DELPHI, L3, and OPAL [2].

contains Eq. (8). In here the parameters (for each fermion f) G and g_f describe the photon exchange (G and sometimes also g_f are usually assumed to be known, G ∼ α^2_{e.m.}(M_Z )), R and r_f measure the Z-peak height describing the Z-exchange, and J and j_f describe the photon-Z-boson interference.

The lineshapes (19) and (20) are derived if one assumes that the amplitude is a superposition of a photon “Breit-Wigner resonance” and a Z-boson Breit-Wigner resonance, i.e., given by the sum of two pole terms, a_j (s) ∼ 1 s + iϵ + R s − s_R + B(s) ≈ 1 s + iϵ + R s − s_R , (21)

with s_R = M̄^2_Z − iM̄_Z Γ_Z = (M_R − iΓ_R/2)^2, if the back ground B(s) is neglected [3]. The superposition (21) emerges naturally in standard perturbation theoretical treatment, but in standard S-matrix theory superpositions of two pole terms like Eq. (21) are not possible. The well known iϵ in the amplitude (21) is an ingredient of our new Hardy space axioms (50) and (57) which specifies that the in- and out-energy wave functions ⟨^+s|ϕ^+⟩ and ⟨^−s|ψ^−⟩ = ⟨ψ^−|s^−⟩ must be analytic in the lower splane. The same Hardy function property will also result in the superposition of the two pole terms in Eq. (21). In Sec. IV we shall introduce a new Hardy space hypothesis and justify the superpositions of two Breit-Wigner amplitudes also in analytic S-matrix theory.

From the fits of the cross section (and asymmetry) data to Eq. (19) one obtains the values (M_Z , Γ_Z) and from the fit to Eq. (20) one obtains the values (M̄_Z , Γ̄_Z) (and the other parameters r and j). These mass and width values are given in Table I. The difference between the values from Eqs. (19) and (20) (calculated from the Table I) is

M_Z − M̄_Z = 0.0349 ± 0.0044GeV, (22a)

Γ_Z − Γ̄_Z = −0.0006 ± 0.0048GeV. (22b)

This difference is significant as compared with the experimental errors σ_{MZ} = 0.0021GeV , and therefore one may ask the question which of these (M, Γ) one should use.

The values of M_R and Γ_R can be directly calculated from the exact relation (18):

M_R = 91.1611 ± 0.0023GeV, (23a) Γ_R = 2.4943 ± 0.0024GeV. (23b)

Therewith we have already three different values of mass and width of a relativistic resonance which present day experiments can discriminate, and it is timely to ask for a theoretical criterion that distinguishes the right definition of M and Γ.

As far as the lineshape or resonance amplitude is concerned (M_R, Γ_R) and (M̄_Z , Γ̄_Z) are equivalent, whereas (M_Z , Γ_Z) and (M̄_Z , Γ̄_Z) belong to different lineshapes. But one can also relate (M_Z , Γ_Z) and (M̄_Z , Γ̄_Z) to each other by identifying the position of the maxima, s^{BW}_M and s^{om}_M , of the two functions |a^{BW}_j (s)|^2 and |a^{om}_j (s)|^2:

s^{BW}_M = (maximum position of |a^{BW}_j (s)|^2)

= M̄^2_Z , (24a)

s^{om}_M = (maximum position of |a^{om}_j (s)|^2)

= M^2_Z (1 + (Γ_Z /M_Z)^2)^{−1}. (24b)

Though there is not compelling reason for it, one can align their maxima, s^{BW}_M = s^{om}_M . This leads to

M̄_Z = M_Z (1 + (Γ_Z /M_Z )^2)^{−1/2}

= M_Z − 0.0341GeV, (25)

Then one can also identify the values of a^{BW}_j (s^{BW}_M ) and a^{om}_j (s^{om}_M ). This brings in the residues r of Eq. (8) and branching in R_Z of Eq. (12) and leads to further complications [50]. But if one sets r = R_Z(1 + iΓ_Z /M_Z )^{−1} one obtains the standard relation [1]

Γ̄_Z = Γ_Z (1 + (Γ_Z /M_Z )^2)^{1/2}. (26)

With these identifications Eq. (13) is written as

a^{BW}_j (s) =

R_Z (1 + iΓ_Z /M_Z )^{−1}(1 + iΓ_1/m_1) s − m^2_1 + i^s_{m1} Γ_1 ≈ R_Z s − m^2_1 + i^s_{m1} Γ_1

(27)

which, with M_Z = m_1 and Γ_Z = Γ_1, is the formula (12), used in the lineshape formula (19).

The identification (25) is often presented like the definition of one set of parameters M_Z and Γ_Z in terms of another set of parameters M̄_Z and Γ̄_Z, like for the identity (18) [69]. But since (M_Z , Γ_Z) and (M̄_Z , Γ̄_Z) are obtained in two different fits to two different functions, (19) and (20) respectively, the equality (25) is really only an approximation valid in a (large) neighborhood of their identified maxima s^{BW}_M and s^{om}_M .

For the practical question, which M and Γ is the “right” definition of mass and width of a relativistic resonance, the different meaning of the equalities (18) and (25) is of no importance. There are two reasons for which a fit to the lineshape (cross-section and asymmetries) cannot settle this question:

1. The presence of the background amplitude makes it impossible to empirically distinguish between two different functions for the amplitude of resonance per se — cf. Eq. (17).

Δ^{++} MΔ = 1231.88 ± 0.29MeV M̄Δ = 1212.50 ± 0.24MeV ΓΔ = 109.07 ± 0.48MeV Γ̄Δ = 97.37 ± 0.42MeV ρ Mρ = 768.1 ± 0.5MeV M̄ρ = 757.5 ± 1.5MeV Γρ = 151.5 ± 1.2MeV Γ̄ρ = 142.5 ± 3.5MeV

TABLE II: Hadron masses and widths [31, 32]. (MΔ, ΓΔ) and (Mρ, Γρ) are the values of the parameters in Eq. (12) and (M̄Δ, Γ̄Δ) and (M̄ρ, Γ̄ρ) are the values of Eq. (8).

2. For one and the same amplitude function one can have in principle many different parameterizations — like in Eq. (9) for the function (8).

Accepting the presently favored pole definition of a resonance one is lead to the relativistic Breit-Wigner resonance amplitude (8). But to distinguish between the different parameterizations (9a), (9b), (9c) and more, one requires yet another aspect than the lineshape. In Sec. IV we choose for this the particle aspect:the resonance per se is identified with an exponentially decaying relativistic state of lifetime τ = ℏ/Γ. In Sec. IV it will be shown that of all the possible width parameters Γ only ℏ/Γ_R can be the lifetime τ and the inverse decay rate.

Presently there may be only one example (in Refs. 24 and 25) for which the lifetime-width relation τ = ℏ/Γ has been tested beyond the accuracy expected of the Weisskopf-Wigner approximation. But the validity of the exponential law (for the decay probabilities and rates) is needed for the definition of the total and partial initial decay rates R(t = 0) = 1/τ and R_η (η labeling the decay channels), for the branching ratios B_η = R_η/R and for the partial widths Γ_η ≡ B_η Γ. These definitions and relations are used so extensively that — just in order to assure their validity — one should take the exponential time evolution as the defining property of a resonance state vector. That such a state vector is precisely associated with the resonance pole — as we shall see in Sec. IV — is an additional point in favor of the pole definition.

For the well measured hadron resonances, Δ(1232) and ρ, the state of affairs are similar to the Z-boson situation. This is shown in Table II. The different values for M_Δ and M̄_Δ are extracted from the same experimental data set [1, 30, 31] but using different functions, Eqs. (12) and (8) respectively, using different definitions for the resonance mass M and the width Γ. The fits to both functions (12) and (8) were comparably good (except for the background dependence, see below), and none of these two functions could be ruled out on phenomenological ground. But they produce significantly different values for mass and width. For the Δ resonance the difference between the two pole values M̄_Δ defined by Eq. (9b) and M_{ΔR} defined by Eq. (9c) is within the experimental errors. Therefore we did not list M_{ΔR} here.

The values (M_ρ, Γ_ρ) defined by Eq. (12) and (M̄_ρ, Γ̄_ρ) defined by Eq. (8) with Eq. (9b) have also been extracted from the same set of data [32] and differ also by about 10 times the quoted error. In addition to Ref. 32 a precise determination of the ρ-mass has also been performed in Ref. 51 (using a different data set) and their value was given as 762.4 ± 1.8M eV = M_{ρR}. This differs (though not significantly) from the value M̄_ρ = 757.5 ± 1.5M eV of Ref. 32. However, the value given in Ref. 51 uses the definition (M_{ρR}, Γ_{ρR}) of the parameterization Eq. (9c). Using the exact relation (18) between (M̄_ρ, Γ̄_ρ) and (M_{ρR}, Γ_{ρR}) one calculates from M_{ρR} of Ref. 51 the value M̄^{calc}_ρ = 758.9 ± 1.8M eV which is in perfect agreement with the value of Ref. 32 in Table II. Thus the values for the ρ-mass obtained in Ref. 32 and in Ref. 51 are in perfect agreement.

In these precise fits (radiative) corrections and interference terms, ρ − ω interference similar to the Z − γ interference in Eq. (21), had to be taken into account to obtain a satisfactory fit. This is clear evidence for the superposition of two Breit-Wigner amplitudes, which will be shown in Sec. IV to be a consequence of the Hardy space hypothesis also in S-matrix theory.

As mentioned above the fits to Eqs. (8) and (12) are equally good. There is however a phenomenological aspect in favor of the S-matrix values (M̄_Δ, Γ̄_Δ) and (M̄_ρ, Γ̄_ρ). For the fits of the Δ− and ρ− data, in addition to the resonance amplitudes Eq. (8) or Eq. (12) one always needs the background term B(s) [31, 32]. If one uses the resonance amplitude (8) one can use the same B(s) for all channels. But if one uses the amplitude (12) then one needs different background functions for different channels.

The main argument in favor is the S-matrix pole definition Eq. (8) is theoretical: Since the complex pole of the propagator has now been found to be the only gauge parameter independent definition of the Z and W -boson masses [47, 48], the pole of the S-matrix has become the clear theoretical choice. The pole definition in the s-plane also agrees (using the parameterization (9c)) with the meritorious pole definition in the W -plane (4) and with the non-relativistic Breit-Wigner definition. Our conclusion of the lineshape discussions therefore is that the relativistic Breit-Wigner amplitude (8) represents the resonance per se and the on-the-mass-shell amplitude (12) describes the resonance with some background (17). If one favors the S-matrix pole definition of a resonance [30] then the values (M̄_Δ, Γ̄_Δ), and (M̄_ρ, Γ̄_ρ) are parameters that characterize the resonance per se, and (M_Δ, Γ_Δ) and (M_ρ, Γ_ρ) are parameters describing the resonance together with some background. By the same argument as used for the hadron resonances, the parameters (M_Z , Γ_Z) describe the Z-boson resonance with some background and the pole parameters (M̄_Z , Γ̄_Z) — or equivalently by Eq. (18) — the pole parameters (M_R, Γ_R) characterize the Z-boson per se.

This still does not answer the question: Which of the parameterizations (9a), (9b), (9c), or others, should be used to define the mass and the width of a relativistic resonance? This question will be decided in Sec. IV.

In summary, the phenomenology of relativistic resonances based upon the analytic S-matrix for hadrons, and the quantum field theory for gauge bosons point toward the definition of a quasistable relativistic particle by a pole at the complex value s_R in the s-plane (second sheet) of the S-matrix element S^{n′n}_j (s) with angular momentum j. One observes a resonance by its (Breit- Wigner) lineshape, however, the precise meaning of mass and width of a relativistic resonance can not be fixed by the analysis of lineshape alone.

For quasistable relativistic particles with values of Γ/M ≲ 10^{−7} one measures lifetimes by the exponential law. One even considers superpositions of two exponentially decaying states, e.g., for the neutral K meson [52]. But their theoretical description is neither relativistic nor within the boundaries of conventional quantum mechanics, because one just takes eigenvectors of an arbitrary non-hermitian energy matrix to obtain the exponential time evolution states, whereas a state vector of a relativistic particle should be connected with the zeroth component P_0 of the total momentum operator, and time evolution should be a part of the Poincaré transformations. Thus the question arises: if resonances and decaying relativistic particles are qualitatively the same what does the the complex eigenvalue of the Poincaré generator P_0 have to do with the pole position s_R? This will also be discussed in Sec. IV.

III. MODIFYING ONE AXIOM FOR A WEISSKOPF-WIGNER THEORY OF NON RELATIVISTIC RESONANCES

In order to relate the lifetime to the width of the lineshape, one requires a unified theory of resonance scattering and decay. Such a theory will then also determine which one of the width parameters, e.g., Γ̄_Z of Eq. (9b) or Γ_R of Eq. (9c) deserves to be called the width of a resonance defined by the S-matrix pole at s_R. We will construct this relativistic theory in analogy to the nonrelativistic case, here we give a brief review of the nonrelativistic theory of which Weisskopf-Wigner methods are approximations.

For non-relativistic resonances one had the Weisskopf- Wigner methods by which one derived the decay probability P_R(t) of a prepared resonance state with Breit- Wigner width Γ [28] with the result:

P_R(t) ∼ e^{−Γt/ℏ} + Γ × (additional terms). (28)

From this one concluded that, at least in the “approximation” Γ×(additional terms)→0, the lifetime τ of a resonance (E_R, Γ) is given by τ = ℏ/Γ. If the resonance R has several ways to decay (decay channels), R −→ η_1, η_2, η_3 . . ., then the probabilities P_η(t) to find the decay product η and the probability to find R undecayed fulfill

P_R(t) + ∑ η P_η(t) = 1, dP_R dt (t) = − ∑ η dP_η dt (t) = − ∑ η R_η(t). (29)

The lifetime τ is measured by fitting the counting rate, 1 N ΔN_η (t)

Δt , for any decay product η to an exponential for the partial decay rate R_η(t) (the intensity of the η emission as a function of time): 1 N ΔN_η(t_i) Δt_i ≈ dP_η dt (t) ≡ R_η(t) = R_ηe^{−Rt}, (30)

where R = ∑ η R_η(0),

and ΔN_η(t_i) is the number of decay products η registered by the η-detector during the time interval Δt_i around the time t_i [70].

This exponential law has been compared with observations for more than a century [53]. It has been confirmed for values of the decay rate R over many orders of magnitude (10^{−17} – 10^{16})s^{−1} and some reported nonexponential behavior, e.g., Ref. 54, may be attributed to the background amplitude, Eqs. (98) and (100) below. The exponential law can also be justified by intuitively correct heuristic arguments [71]. Therefore the exponential law of Eq. (30) for a spontaneously decaying state without background can be considered as one of the well established laws of physics. If a theory does not fulfill the exponential law one should not fault the exponential law [12] but the theory.

The probabilities P_η(t) are in quantum theory given by Born probabilities. If the observable has the properties of the decay products η, described by a projection operator Λ_η, and the decaying state vector is described by ϕ^D(t), then the probability for Λ_η in ϕ^D(t) is given by the Born probability: P_η(t) = T r(Λ_η|ϕ^D(t)⟩⟨ϕ^D(t)|) = |⟨ψ_η|ϕ^D(t)⟩|^2 = |⟨ψ_η(t)|ϕ^D⟩|^2, (31) for Λ_η = |ψ_η⟩⟨ψ_η|. One can show that in the Hilbert space H of conventional quantum mechanics there exist no such state vector ϕ^D(t) for which the probabilities (31) obey the exponential law [72]. At best a Hilbert space vector can describe an exponentially decaying state with some background (like the scattering amplitudes of Eq. (14), which in addition to the resonance amplitude has some background). The problem is therefore again a problem of separating the quasistable state vector with exponential time evolution from the background; in the same way as the Breit-Wigner amplitude for the resonance per se (8) had been separated from the rest of the scattering amplitude.

We want a resonance and an exponentially decaying state to be just different appearances of one and the same physical object, the quasistable quantum state. Then we have to associate the Breit-Wigner amplitude to a ket ψ^G:

a^{BW}_j (E) = r^η E − (E_R − iΓ/2) ⇐⇒ ψ^G (32)

with the properties e^{−iHt}ψ^G = e^{−izR t}ψ^G, (33) Hψ^G = z_Rψ^G (34)

with z_R = E_R − iΓ/2, and ϕ^D ∈ H must be separated like Eq. (14) into

ϕ^D = ψ^G + ϕ^{bg}. (35)

Such a vector ψ^G, which we will call Gamow vector [5], cannot be a regular vector in the Hilbert space since the Hamiltonian is self-adjoint and semibounded. However it can be one of the generalized eigenvectors (kets), which are defined as (continuous anti-linear) functionals.

Functionals F (ψ) on a linear space Φ are mathematically defined by the properties:

1.) F (αψ + βϕ) = ᾱF (ψ) + β̄F (ϕ) for every ϕ, ψ ∈ Φ ;

α, β ∈ C (antilinearity).

2.) F (ϕ_ν) → F (ϕ) as ν → ∞ for every sequence ϕ_ν that converges in the space Φ to ϕ: ϕ_ν → ϕ as ν → ∞ (continuity).

The set of functionals on a space Φ forms again a space denoted by Φ^× and called the dual of Φ. All functionals f(ϕ) on the Hilbert space ϕ ∈ H are given by the scalar product with a vector of H which we call also f: f(ϕ) = (ϕ, f); this means H^× = H. But if Φ is a “nicer” space (not represented by Lebesgue square integrable functions but by smooth rapidly decreasing functions, Schwartz space) than the set of functionals on Φ, Φ^× is larger than Φ and than H. Thus one has a triplet of spaces

Φ ⊂ H = H^× ⊂ Φ^× (36)

As noted, in the 4-th edition, by Dirac [6], “ket vectors form a more general space than a Hilbert space”. They are elements of an extended space Φ^×. This extended space Φ^× is determined (defined) by the choice of Φ. The “nicer” the elements in Φ, i.e., the smaller the subspace Φ of H, the larger is the space Φ^×, and that means the “weirder” are the kets in the extended space Φ^×. The Dirac kets are eigenkets with real continuous eigenvalues of a self adjoint Hamiltonian H: H|Ejj_3η⟩ = E|Ejj_3η⟩, 0 ≤ E < ∞. (37) They can be mathematically defined (and have been defined [17]) as functionals on the Schwartz space Φ. The precise meaning of Eq. (37) for |Ejj_3η⟩ ∈ Φ^× is then ⟨Hψ|Ejj_3η⟩ ≡ ⟨ψ|H^×|Ejj_3η⟩ = E⟨ψ|Ejj_3η⟩ for all ψ ∈ Φ, (38)

and H^× is the (unique) extension of the adjoint H^† = H to Φ^×. Every physical vector representing a state ϕ or an observable |ψ⟩⟨ψ| can be written according to the Dirac basis vector expansion (nuclear spectral theorem of Φ ⊂ H ⊂ Φ^×) in terms of the kets |Ejj_3η⟩ as ψ = ∑ jη ∫_∞ 0 dE|Ejη⟩⟨Ejη|ψ⟩ ≡ ∫_∞ 0 dE|E⟩⟨E|ψ⟩, (39) where the notation on the very right suppresses the discrete quantum numbers j, j_3, η. The components along the basis vectors |E⟩ are the energy wave functions ⟨Ejη|ψ⟩ ≡ ⟨E|ψ⟩ ≡ ψ(E) which for the abstract Schwartz space Φ are the Schwartz space functions S (smooth rapidly decreasing): ψ ∈ Φ ⇐⇒ ⟨E|ψ⟩ ∈ S|_{R+}. (40) Conventionally it is assumed that the states ϕ as well as the observables ψ in the Born probabilities like (31) are both in the same space Φ: ϕ, ψ ∈ Φ.

In quantum physics, however, one always distinguishes between states ϕ and observables |ψ⟩⟨ψ|; state is what is prepared by a preparation apparatus (accelerator) but observable is what is detected by a registration apparatus (detector). The quantities that are measured (as counting ratios of detectors like in Eq. (30) ) are the Born probabilities (or probability rates) to detect an observable ψ in the state ϕ:

“Born probability for ψ in ϕ” = |(ψ, ϕ)|^2.

The hypothesis of conventional quantum mechanics [73] states that

the set of prepared state {ϕ} = the set of observables {ψ} = Φ. (41)

This does not account for the fact that experimentally the observables ψ and the prepared states ϕ represent different physical entities, e.g., the ϕ’s are associated to the accelerator and the ψ’s to the detector.

Under the axiom (41) there is only one kind of kets, the F ∈ Φ^×. In contrast, scattering theory uses two kinds of kets representing in-coming and out-going plane and/or spherical waves. The eigenkets of the exact Hamiltonian H = H_0 + V in scattering theory are not ordinary Dirac kets, i.e., elements of the dual of the Schwartz space Φ^×, but they are kets which also have meaning for complex values E ± iϵ with infinitesimal ϵ > 0. In scattering theory, one uses two solutions of the eigenvalue equation for the same eigenvalue E: H|Ejj_3η^∓⟩ = E|Ejj_3η^∓⟩, 0 ≤ E < ∞. (42)

Here the superscript ∓ refers to the ∓iϵ in the denominator of the Lippmann-Schwinger (integral) equation: |Ejj_3η^∓⟩ = |Ejj_3η⟩ + 1 E − H_0 ∓ iϵ V |Ejj_3η^∓⟩. (43) This indicates that |Ejj_3η^∓⟩ must be continued from the real (physical) energies into the complex lower half plane for (−) and into the upper half plane for (+). This means the complex conjugate of the wave functions, ⟨^∓E|ψ^∓⟩ = ⟨ψ^∓|E^∓⟩, must not only be smooth functions of E like in Eq. (40) but they must also be functions that have an analytic continuation into the complex energy plane, in particular ⟨ψ^−|E^−⟩ and ⟨^+E|ϕ^+⟩ must have an analytic continuation into the lower half plane. Hardy functions, elements of H^2_∓ ∩ S|_{R+}, have this property; they are the boundary values from below (−) or above (+) of analytic functions in the half-planes C_∓ [74]. We turn this into a precise mathematical hypothesis.

The energy wave functions of a scattering system fulfill

⟨ψ^∓|E^∓⟩ ∈ H^2_∓ ∩ S|_{R+}, (44)

and this implies ⟨^∓E|ψ^∓⟩ ∈ H^2_± ∩ S|_{R+}. The generalized eigenvectors (42) representing out (−) and in (+) solutions of the Lippmann-Schwinger equation (43) are therefore kets in two different Hardy Rigged Hilbert Spaces:

Φ_± ⊂ H ⊂ Φ^×_±, |Ejη^∓⟩ ∈ Φ^×_±. (45)

Defined as functionals on the Hardy space, the Lippmann-Schwinger kets can be analytically continued into the entire complex half plane as long as there are no singularities in the way. The energy half planes that we shall choose are those of the second (or higher) sheet of the S-matrix element with angular momentum j, S_j (E), since the resonance poles are on these sheets.

The Gamow vector which we need for Eq. (33) is not one of the analytically continued Lippmann-Schwinger kets |z^−⟩ in the lower complex plane, because z_R is a singular points (first order pole) of S_j (z). It also fulfills slightly different (purely out-going boundary) condition from that of the Lippmann-Schwinger kets. But like the Lippmann-Schwinger kets the Gamow vector is also mathematically defined as a functional ψ^G(ψ^−) ≡ ⟨ψ^−|ψ^G⟩ on the Hardy space {ψ^−} = Φ_+ of outobservables ψ^−. These {ψ^−} include the decay products {ψ^−_η } of the decaying state but also the out particles of a (resonance) scattering experiment. In terms of the Lippmann-Schwinger kets the Gamow ket can be defined by ⟨ψ^−|ψ^G⟩ √ 2πΓ = ⟨ψ^−|z_Rjj_3η^−⟩ = i 2π ∫_{+∞} −∞_{II} dE ⟨ψ^−|Ejj_3η^−⟩ E − z_R (46) for all ψ^− ∈ Φ_+, where z_R = E_R − iΓ/2 is the pole position of S_j (z). Omitting the arbitrary ψ^− ∈ Φ_+, Eq. (46) can be written as an equation between functionals:

ψ^G ≡ ∫_{+∞} −∞_{II} dE |Ejj_3η^−⟩ √_Γ 2π E − z_R . (47)

This expresses the Gamow ket as a continuous superposition of the Lippmann-Schwinger kets |Ejj_3η^−⟩ similarly to the Dirac basis vector expansion (39). The energy wave function ⟨Ejj_3η|ψ^G⟩ of ψ^G is the non-relativistic Lorentzian (3) which, however, in Eq. (47) extends along the whole real axis, with −∞_{II} < E ≤ 0 in the second sheet right below the real axis (denoted by II) and along the cut of the “physical” scattering energies 0 ≤ E < ∞.

The Gamow vector (47) can be shown [14] to have the property that it is an eigenket of the self-adjoint Hamiltonian H (in the sense of Eq. (38)) with eigenvalue z_R [75]. ⟨Hψ^−_η |ψ^G⟩ ≡ ⟨ψ^−_η |H^×|ψ^G⟩ = (E_R − iΓ/2)⟨ψ^−_η |ψ^G⟩(48) for all ψ^−_η ∈ Φ_+. The vector ψ^G ≡ |E_R − iΓ_R/2, jj_3n^−⟩ √ 2πΓ is a generalized eigenvector like the Dirac ket, but since it is a functional on the space of analytic (Hardy) functions it can also have complex eigenvalues of (essentially) self adjoint operators H.

The in-state vectors ϕ^+ and the out-observable vectors ψ^− are given by the expansions:

Φ_− ∋ ϕ^+ = ∑ j_3η ∫_∞ 0 dE|Ejj_3η^+⟩⟨^+Ejj_3η|ϕ^+⟩ (49a)

Φ_+ ∋ ψ^− = ∑ j_3η ∫_∞ 0 dE|Ejj_3η^−⟩⟨^−Ejj_3η|ψ^−⟩ (49b)

where ⟨^±Ejj_3η|ψ^±⟩ fulfill Eq. (44). This means Φ_− is the (abstract) Hardy space whose wave functions are all smooth Hardy functions ⟨^+E|ϕ^+⟩ ≡ ⟨^+Ejj_3η|ϕ^+⟩ analytic in the lower complex half-plane, and Φ_+ is the (abstract) Hardy space whose wave functions ⟨^−E|ψ^−⟩ ≡ ⟨^−Ejj_3η|ψ^−⟩ are analytic in the upper half-plane. Consequently ⟨ψ^−|E^−⟩ = ⟨^−E|ψ^−⟩ are analytic in the lower half-plane.

Summarizing, there are two reasons that lead to the same conclusion: First, in the discussions of the foundations of quantum mechanics one distinguishes between the two notions of state and observable, but in the conventional mathematical formulation [11] one identifies the set of states {ϕ^+} with the set of observables {ψ^−} as {ϕ^+} = {ψ^−} = Φ (= H for the orthodox von Neumann axioms). Second, in the heuristic formulation of scattering theory one distinguishes (by the ±iϵ in energy) between the two Lippmann-Schwinger kets with in-coming and out-going boundary conditions. But in conventional scattering theory one treats the |E^+⟩ = |E + iϵ^+⟩ and the |E^−⟩ = |E − iϵ^−⟩ as if they were the same kind of

Dirac kets, though the ±iϵ require different ways of analytic continuation. To overcome these two incongruities we make one new hypothesis that

set of in-states {ϕ^+} = Φ_− ⊂ H ⊂ Φ^×_− (50a)

set of out-observables {ψ^−} = Φ_+ ⊂ H ⊂ Φ^×_+, (50b)

where Φ_∓ are the two Hardy spaces of the semiplanes C_∓ . This gives the Lippmann-Schwinger kets a precise mathematical meaning [76]: |E ∓ iϵ^∓⟩ ≡ |Ejj_3η^∓⟩ ∈ Φ^×_±. where Φ^×_± are the duals of the Hardy spaces. The eigenket equation (42) (and similarly for (37)) means mathematically precisely ⟨Hψ^−|Ejj_3η^−⟩ ≡ ⟨ψ^−|H^×|Ejj_3η^−⟩ = E⟨ψ^−|Ejj_3η^−⟩ (51) for all ψ^− ∈ Φ_+. The first ≡ in Eq. (51) uniquely defines the conjugate operator H^× as the extension to the space Φ^×_+ of the self-adjoint Hilbert space operator H = H^† ⊂ H^×.

Since ⟨ψ^−|E^−⟩ can be analytically continued into the lower complex semiplane and so can ⟨Hψ^−|E^−⟩ (since also Hψ^− ∈ Φ_+), one can continue Eq. (51) into the lower semiplane to the value z (unless z is a singular point) and obtains ⟨Hψ^−|zjj_3η^−⟩ = z⟨ψ^−|zjj_3η^−⟩. (52) The Gamow ket (47) is not an analytic continuation of the Lippmann-Schwinger equation, but its singularity.

If the Hamiltonian is explicitly known one can solve the time independent Schrödinger equation (48) under the purely out-going boundary conditions and determine the solutions and their complex eigenvalues z_{Rn} = E_{Rn} − iΓ_n/2, see, e.g., for square well Refs. 56 and 57. They can be shown to coincide with the pole positions of the Smatrix [57]. Alternatively, one can start from the pole of the S-matrix at z_R = E_R − iΓ/2 and obtain the Gamow vector (47) as the pole term and then derive Eq. (48) from Eq. (47) [14]. The latter is what we shall do for the relativistic case in Sec. IV (because in that case there is no Schrödinger equation to solve).

The time evolution of the Gamow vector ψ^G(t) = e^{−iH× t}ψ^G can be derived [14] using the definition (46). It is given by ⟨e^{iHt}ψ^−_η |ψ^G⟩ ≡ ⟨e^{iHt}ψ^−_η |z_Rjj_3η^−⟩ ≡ ⟨ψ^−_η |e^{−iH× t}|z_Rjj_3η^−⟩ = e^{−iERt}e^{−Γ/2t}⟨ψ^−_η |z_Rjj_3η^−⟩, (53) for all ψ^−_η ∈ Φ_+, but for t ≥ 0. For this derivation the hypothesis (50) is essential [77]. Because of the properties of the Eq. (53), we call the ket ψ^G a Gamow ket. It has the properties envisioned by Gamow, namely exponential time evolution. From Eq. (53) one sees that ψ^G is the exponentially decaying state with the lifetime τ = 1/Γ, where Γ is the Breit-Wigner width Breit-Wigner in Eqs. (46) and (47), and the width of the line shape |a^{BW}_j (E)|^2 of (3). The Gamow ket ψ^G ∈ Φ^×_+ has all the properties one wanted in a state vector for quasistable particle; its energy distribution has the width Γ and its lifetime is ℏ/Γ. The Gamow ket (47) thus unifies resonance scattering and decay in non-relativistic quantum mechanics.

IV. RELATIVISTIC RESONANCES

A. The relativistic in- and out- Lippmann-Schwinger kets and the S-matrix

In order to obtain a unique definition of a relativistic resonance and to combine it with the notion of a decaying state, we have to define a relativistic Gamow vector. For this we combine the results of Section II with the concepts of Section III. In Section II the relativistic Breit- Wigner amplitude (8) emerged as the favored resonance amplitude. This means that the relativistic resonance is defined by a (first order [78]) pole of the j-th partial Smatrix S^{n′n}_j (s) where j is the spin of the resonance, and we will associate to each pole of the S-matrix s_{Ri} a relativistic Gamow vector in very much the same way as it was done in Eq. (47). For this we need the relativistic Lippmann-Schwinger kets of scattering processes.

In order to include in our discussion the superposition of resonances and the interference between decaying states, we consider scattering experiment with two resonances in the j-th partial wave. The generalization to a finite (or even infinite [60]) number of resonances is straight forward.

According to the phenomenological results in Section II there is always a background B_j . This means the scattering goes through two resonances R_1 and R_2 and the background B (e.g., the direct production of Eq. (16)):

1 + 2 −→

R_1 R_2 B −→ 3 + 4. (54)

For instance, (1, 2) = (e^+, e^−) = n and (3, 4) = (f, f̄) = n^′, where n and n^′ denote particle species quantum number. The accelerator prepares a two-particle in-state ϕ^{in} and the detector registers the two out-particles ψ^{out}:

ϕ^{in} = |e^+e^−⟩ −→ ϕ^+_n = Ω^+ϕ^{in}, (55a) ψ^{out} = |ff̄ ⟩ ←− ψ^−_n′ = Ω^−ψ^{out}. (55b) The matrix element (ψ^−_n′ , ϕ^+_n ) is the Born probability amplitude for the out-observable ψ^− in the prepared instate ϕ^+. It is usually written as the S-matrix element (ψ^−_n′ , ϕ^+_n ) = (ψ^{out}, Sϕ^{in}). For the in-state ϕ^+ and the out-observable ψ^−, we use the new Hardy space hypothesis (50) with the energy E now replaced by the relativistic variable s = (p_1 + p_2)^μ(p_1 + p_2)_μ = p^μp_μ.

The prepared in-state ϕ^+ ∈ Φ_− and the registered outobservables ψ^− ∈ Φ_+ are expanded with respect to the basis systems [79]

ϕ^+_n = ∫_∞ (m_1 +m_2 )^2 ds × ∑ jj_3 ∫_{+∞} −∞ d^3p̂ 2p̂^0

|[s, j]p̂j_3n^+⟩⟨^+nj_3p̂[s, j]|ϕ^+⟩

≡ ∫_∞ s_0 ds|s^+⟩⟨^+s|ϕ^+⟩, (56a) ψ^−_n = ∫_∞ (m_3 +m_4 )^2 ds × ∑ jj_3 ∫_{+∞} −∞ d^3p̂ 2p̂^0 |[s, j]p̂j_3n^−⟩⟨^−nj_3p̂[s, j]|ψ^−⟩

≡ ∫_∞ s_0 ds|s^−⟩⟨^−s|ψ^−⟩. (56b) This is the relativistic analogue of the non-relativistic basis vector expansion in Eqs. (49a) and (49b). The new Hardy space axiom (50) in the relativistic case means that the relativistic energy wave functions (as functions of s) [80],

⟨^+s|ϕ^+⟩ ≡ ⟨^+nj_3p̂[s, j]|ϕ^+⟩ = ⟨^+ϕ|s^+⟩, (57a) ⟨^−s|ψ^−⟩ ≡ ⟨^−nj_3p̂[s, j]|ψ^−⟩ = ⟨^−ψ|s^−⟩, (57b) are Hardy functions. Specifically, the wave functions in Eq. (57a) are analytic in the lower complex s-plane (second Riemann sheet of the S-matrix) and those in Eq. (57b) are analytic in the upper s-plane, i.e., ⟨^−ψ|s^−⟩ are analytic in the lower half plane.

The relativistic Lippmann-Schwinger kets |[s, j]p̂j_3η^±⟩ are very similar to the basis vectors obtained in the direct product of the two Poincaré group representations [m_1, j^{(1)}]×[m_2, j^{(2)}] (or [m_3, j^{(3)}]×[m_4, j^{(4)}]) used in the relativistic partial wave expansion [35, 61], however, here they are not ordinary Dirac kets |[s, j]pj_3n⟩ but elements of the spaces Φ^×_∓. The Poincaré generators (the momentum operators and the Lorentz generators) are “the exact generators” which include interactions [15]. In place of the usual ±iϵ of quantum field theory, which is the imaginary part of energy p^0 = p^0_1 + p^0_2, our Lippmann- Schwinger kets have the ±iϵ as an addition to the invariant energy squared: |[s ± iϵ, j]p̂j_3n^±⟩. As long as iϵ in s ± iϵ is infinitesimal it makes no difference whether one uses s ± iϵ or p^0 ± iϵ [81], but when we analytically continue to values of s in the whole complex semiplane, we want to use a Lorentz invariant complex variable s. Also, in place of the momentum p we use the dimensionless p̂ =^{p√}_s to label the kets in an irreducible representation [s, j]. The basis vectors

|s^±⟩ ≡ |[s, j]p̂j_3n^±⟩ ∈ Φ^×_∓ (58)

in Eqs. (56a) and (56b) span the direct product space of two out going (−) and incoming (+) particles. The possible physical values of [s, j] are (m_1 + m_2)^2 ≤ s < ∞ and j = j^1 + j^2, j^1 + j^2 + 1, j^1 + j^2 + 2, . . ., where m_1, m_2 are the masses and j^1, j^2 are the spins of the incoming particles [35, 61]. Like the basis vectors |[m^2, j]p̂j_3n⟩ of an irreducible unitary representation [m^2, j] of the Poincaré group [16] the vectors (58) also transform irreducibly (keeping the value [s, j] unchanged) under Poincaré transformations. But they do not furnish unitary group representations (see below).

If one inserts Eqs. (56a) and (56b) into the S-matrix element (ψ^−_n′ , ϕ^+_n ) and uses invariance of the S-matrix with respect to Poincaré transformations, one obtains the Born probability amplitude in terms of the S-matrix elements S^{n′ n}_j (s) with angular momentum j:

(ψ^−_n′ , ϕ^+_n ) = ∫_∞ m^2_0 ds ∑ jj_3 ∫_{+∞} −∞ d^3p̂ 2p̂^0 × ⟨ψ^−|[s, j]j_3p̂n^{′−}⟩S^{n′n}_j (s)⟨^+nj_3p̂[s, j]|ϕ^+⟩. (59)

This j-th partial S-matrix element S^{n′ n}_j (s) is the reduced matrix element of the S-matrix defined by

⟨^−p̂^′j^′_3n^′[s^′, j^′] | p̂j_3n[s, j]^+⟩ ≡ ⟨ p̂^′j^′_3n^′[s^′, j^′] | S | p̂j_3n[s, j] ⟩

= 2p̂^0δ^3(p̂^′ − p̂)δ(s^′ − s)δ_j′_{3 j3} δ_j′_j S^{n′n}_j (s), (60)

after the Poincaré invariance has been taken into account and expressed in terms of δ-function for the continuous label and the Kronecker-δ for the discrete one. For the “continuous summation” we used the Lorentz invariant measure^{d3p̂}_{2p̂0} of the Dirac basis system (Nuclear Spectral theorem) (56a) and (56b). To prove Eq. (60) one does not need the whole Poincaré group.

B. The property of the j-th partial S-matrix Sj (s)

After the Poincaré invariance has been taken into account the Poincaré labels j_3 and p̂ are of no further importance. Therefore, for the far r.h.s of Eqs. (56a) and (56b) we have used a truncated notation and suppressed the labels j_3 and p̂ that label the basis vectors within an irreducible Poincaré representation space [s, j]. We also suppressed the angular momentum j and the species quantum numbers n because we shall restrict ourselves to the partial wave with fixed resonance spin j. In this abbreviated notation we write the j-th term in the sum in Eq. (59) as

(ψ^−, ϕ^+)_j = ∫_∞ m^2_0 ds⟨ψ^−|s^−⟩S_j (s)⟨^+ s|ϕ^+⟩. (61) The j-th partial S-matrix element S_j(s) describes the dynamics of the scattering process. We assume for S_j (s) the standard analyticity properties of the S-matrix. It is connected with the scattering amplitude of Eq. (14):

S_j (s) = 2ia_j (s) + 1 for elastic channels, (62a) S_j (s) = 2ia_j (s) for inelastic channels. (62b)

A resonance has a definite spin, j_R, phenomenologically, i.e., resonances appear in a particular partial wave j = j_R, which is the one we have selected in Eq. (61).

The same resonance can appear in different channels, but we have chosen in Eq. (61) one particular channel n^′ by fixing the particle species labels (n^′, n) in Eq. (59). When we burrow down through the cut along the real axis, we will then be on one particular Riemann sheet above the n^′-threshold, the “unphysical” sheet, in which the resonance pole s_{R1} and s_{R2} are located. This we called the second Riemann sheet, but it could also be one of the higher “unphysical” sheets.

There can be more than one resonance (more than one pole) in the same partial wave. We are considering in Eq. (54) the case of two resonance poles located at different positions s = s_{R1} and s_{R2} . For the sake of simplicity we assume that there are only the two first order poles on the second sheet of S_j (s) and we assume that the two poles at s = s_{R1} and at s = s_{R2} are sufficiently close to each other and to the cut along the real axis from m^2_n′ = m^2_0 = (m_3 + m_4)^2 ≤ s < ∞. This is the situation depicted in Fig. 1.

The integration in Eq. (61) is done along the lower edge of the first sheet which is the same as the upper edge of the second sheet. The Hardy property postulated by the new Hardy space axiom (50) refers to the analyticity property on the second (or higher) Riemann sheet of S_j (s). This means that according to the new axiom (50) the energy wave functions of the prepared instate ϕ^+(s) and the complex conjugate of the detected out-observable ψ^−(s):

ϕ^+(s) ≡ ⟨^+s|ϕ^+⟩, (63a) ψ^−(s) ≡ ⟨ψ^−|s^−⟩ = ⟨^−s|ψ^−⟩ (63b) are smooth Hardy functions on the lower complex s plane (second sheet). This axiom and the properties of Hardy function are essentially all that we need for the following derivations.

Without this axiom (50) we cannot derive the superposition of two Breit-Wigner amplitudes or of two Gamow vectors for which there is sufficient experimental evidence, e.g., for the Be^8 nucleus at 16.6M eV and 16.9M eV [62] or for the neutral Kaon system [52]. The same Hardy space axiom (50) is also required to derive the Gamow vector from the pole term. Except for this new axiom, all other assumptions which we shall use are the standard axioms of quantum theory and relativistic invariance. In particular for S_j (s) we shall make the standard assumption of polynomial boundedness and analyticity [44].

s-plane (physical sheet)

m^2_0

(a) (b)

× × Bound state poles cut s-plane (unphysical sheet)

m^2_0 × sR_1 C_1 × sR_2 C_2

Resonance poles s_{Ri} = (M_{Ri} − iΓ_{Ri} /2)^2

FIG. 1: The two sheeted S-matrix. The j^{th} partial S-matrix Sj (s) is an analytic function on a Riemann energy surface cut along the positive real axis from m^2_0 ≤ s < ∞ indicated in Fig. 1a. The integration in Eq. (59) is along the cut in Fig. 1a, either on the lower edge of the “physical sheet” or along the upper edge of the second sheet. The contour of integration can be deformed into the lower half plane of the second sheet, and ultimately into the contours around the two resonance poles indicated by × and into an integral from m^2_0 to −∞II along the upper edge of the second sheet. This is shown in Fig. 1b; the arrows indicate the direction of integration. Thus we have the equality of the integrals Eqs. (59) and (64). For the non-relativistic case the picture is similar, except that one has to identify E = E0 = 0 with s = m^2_0.

C. The relativistic Gamow kets associated to the resonance pole

We shall derive now the properties of relativistic resonances and decaying states from the pole definition. The two resonances are introduced by a first order pole at the position s = s_{R1} and s = s_{R2} in the second sheet. As a consequence of the Hardy space assumption, specifically of Eqs. (57a) and (57b), the integrand in Eq. (61) is analytic in the lower half plane of the second sheet except for the two poles at s = s_{Ri} . The contour of integration of Eq. (61) is depicted in Fig. 1a; it is the cut along the real axis from (m_1 + m_2)^2 ≡ m^2_0 ≤ s < ∞. We deform the contour of integration in Eq. (61) from the positive real line on the first sheet through the cut into the lower half plane of the second sheet. The integral over the infinite semicircle is omitted since it is zero as a consequence of the Hardy space hypothesis (50) and boundedness property of S_j (s). The result of this contour deformation is shown in Fig. 1b and we obtain for Eq. (61):

(ψ^−, ϕ^+) = ∫_{−∞II} m^2_0 ds ⟨ψ^−|s^−⟩S_{II} (s)⟨^+s|ϕ^+⟩ + ∮ C_1 ds ⟨ψ^−|s^−⟩S_{II} (s)⟨^+ s|ϕ^+⟩ + ∮ C_2 ds ⟨ψ^−|s^−⟩S_{II} (s)⟨^+ s|ϕ^+⟩. (64) The kets |s^−⟩ and the bras ⟨^+s| are the analytic continuation of the Lippmann-Schwinger kets |s_{real} − iϵ⟩ and the Lippmann-Schwinger bras ⟨s_{real} + iϵ| into the complex s-plane second sheet of the S-matrix element S^{n′n}_j (s), except for the singular points s_{Ri} . The ket |s^−⟩ can be continued into the lower half-plane (where ⟨ψ^−|s^−⟩ is analytic) and the bra ⟨^+s| can also be continued into the lower half-plane (where ⟨^+s|ϕ^+⟩ is analytic). We have omitted the subscript j at (ψ^−, ϕ^+)_j and at S_{IIj} (s), the subscript II, again, means we are now on the 2nd sheet. C_i denotes the circle around the pole at s_{Ri} , and the first integral extends along the negative real axis in the second sheet (indicated by −∞_{II}). The first term has nothing to do with any of the resonances, it is the non-resonant background term, ∫_{−∞II} m^2_0 ds ⟨ψ^−|s^−⟩S_{II} (s)⟨^+s|ϕ^+⟩ ≡ ⟨ψ^−|ϕ^{bg}⟩ . (65)

which we express as the matrix element of ψ^− with a generalized vector ϕ^{bg} that is defined by Eq. (65) (as a functional on Φ_+ = {ψ^−}):

ϕ^{bg} ≡ ∫_{−∞} m^2_0 ds|s^−⟩⟨^+s|ϕ^+⟩S_{II} (s). (66)

We will return to it below. We now consider each integral along C_i around each pole at s_{Ri} separately. For each integral separately we use the expansion around the pole s_{Ri} :

S(s) = R^{(i)} s − s_{Ri} + R_0 + R_1(s − s_{Ri} ) + · · · . (67)

For each of the two (or N ) integrals separately we evaluate the integrals around each pole s_{Ri} . Then we obtain for each of these pole terms the following results:

(ψ^−, ϕ^+)_{polei} = ∮ ←C_i ds ⟨ψ^−|s^−⟩S(s)⟨^+ s|ϕ^+⟩ = ∮ ←C_i ds ⟨ψ^−|s^−⟩ R^{(i)} s − s_{Ri} ⟨^+s|ϕ^+⟩ = −2πiR^{(i)}⟨ψ^−|s^−_{Ri} ⟩⟨^+s_{Ri} |ϕ^+⟩ (68) = ∫_∞ −∞_{II} ds ⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩ R^{(i)} s − s_{Ri} . (69)

This simple derivation is possible only if one makes use of the Hardy property of the wave functions and uses the theorems of Cauchy (for Eq. (68)) and of Titchmarch (for Eq. (69)). Inserting Eqs. (65) and (68) into Eq. (64) gives the following representation of the S-matrix element (64):

(ψ^−, ϕ^+) = ⟨ψ^−|ϕ^{bg}⟩ + ∑ i ⟨ψ^−|s^−_{Ri} ⟩ 2πR^{(i)} i ⟨^+s_{Ri} |ϕ^+⟩ . (70) This has introduced a new ket |s^−_{Ri} ⟩ for every S-matrix pole at the singularity s = s_{Ri} . The vector ψ^− ∈ Φ_+ represents the out-particles observed by the detector, e.g., the decay products μ^+μ^− of the Z^0 resonance in the resonance scattering process (54). We can omit ψ^− ∈ Φ_+ from Eq. (70) and obtain the same statement Eq. (70) as an equation between generalized vectors in the space Φ^×_+. This gives a new basis vector expansion of the prepared in-state ϕ^+ ∈ Φ_− in terms of eigenvectors with complex eigenvalues:

ϕ^+ = ϕ^{bg} + ∑ i |s^−_{Ri} ⟩c_{Ri} . (71) Here the expansion coefficients are given by c_{Ri} = (2πR^{(i)}/i)⟨^+s_{Ri} |ϕ^+⟩ , and ϕ^{bg} is given by the integral (66). This complex basis vector expansion is an alternate to the basis vector expansion in Eq. (56a).

We first consider one of the vectors |s^−_{Ri} ⟩ in the discrete sum in Eq. (71). From the equality Eq. (68)=Eq. (69) we see that one can define a whole class of generalized vectors the |s^−_{Ri} ⟩: ⟨ψ^−|s^−_{Ri} ⟩_ϕ+ ≡ i 2π ∫_{+∞} −∞_{II} ds⟨ψ^−|s^−⟩ ⟨^+s|ϕ^+⟩ ⟨^+s_{Ri} |ϕ^+⟩ 1 s − s_{Ri} (72)

as functionals of ψ^− ∈ Φ_+. Of these generalized vectors we single out one vector with a particular “normalization”: |s^−_{Ri} ⟩ ≡ i 2π ∫_{+∞} −∞_{II} ds|s^−⟩ 1 s − s_{Ri} . (73)

This ket (functional on the Hardy space Φ_+ = {ψ^−}) we call the relativistic Gamow vector. Returning to complete labels of the basis vectors as in Eq. (56a) this definition is written as |s^−_{Ri} ⟩ = |[s_R, j]p̂j^−_3 ⟩ ≡ i 2π ∫_{+∞} −∞_{II} ds|[s, j]p̂j^−_3 ⟩ 1 s − s_R . (74) Its normalization follows from that of the Lippmann- Schwinger kets, which is connected to the choice of the integration measure in Eq. (56b).

In contrast to the integration boundaries m^2_0 ≤ s < +∞ in the basis vector expansion (56b) for the proper vectors ψ^−_j ∈ Φ_+, the integration in Eq. (74) extends from −∞_{II} < s < +∞, i.e., it extends over the real energy axis on the second sheet, which coincides for s ≥ m^2_0 with the physical values on the lower edge of the first sheet, see Fig. 1. As in the non-relativistic case (47), this indicates that the generalized vectors |[s_R, j]p̂j^−_3 ⟩ ≡ |s^−_R⟩ are Hardy space functionals, i.e., elements of the dual space Φ^×_+. The value s_R in Eq. (74) and in Eq. (73) is the position of the resonance pole in Eq. (67) of the analytically continued S-matrix (which is on the second sheet of the Riemann surface).

So far we have discussed resonance formations (15). We have defined the Gamow vector for resonance formation only and derived the integral representation of the Gamow kets (74) from the S-matirx poles for resonance formations (54) and (15). Breit-Wigner bumps are also (and predominantly) observed in resonance production like a + b −→ c + R −→ c + e + f. (75) If the Gamow vector is the representation of the resonance R per se using the Gamow vector (74) for R in the process (75) should lead to a Breit-Wigner factor in the amplitude of the process (75), and a Breit-Wigner line shape factor in its modulus square. It can indeed be shown [38] that this is the case and that the amplitude for the process (75) contains a Breit-Wigner amplitude in the invariant energy square of the two-particle system e + f, s_{ef} = (p_e + p_f )^2 = (p_{ab} − p_c)^2 = (p_a + p_b − p_c)^2, (76)

given by 1 s_{ef} − s^∗_R = 1 (p_{ab} − p_c)^2 − s^∗_R

(77)

where s_R = (M_R − iΓ_R/2)^2 is the complex mass of the Gamow state vector defined by Eq. (74). This shows that resonance formation and resonance production have their origin in the same physical entity described by the semigroup representation [s_R, j] of the Poincaré transformations and related to the S-matrix pole s_R by Eq. (74) [39].

D. Properties of the relativistic Gamow vector under Poincaré transformations

The vectors (74) which emerged from the resonance pole at s_{Ri} , are defined in complete analogy to the nonrelativistic Gamow vectors (47) except that in place of E, the relativistically invariant energy square s has been used. In the same way as for the non-relativistic case in Eq. (48), one can show that the |[s_R, j]p̂j_3^−⟩ are generalized eigenvectors of the total invariant mass square operator P_μP^μ with complex eigenvalue s_R [82]:

(P_μP^μ)^×|[s_R, j]p̂j_3^−⟩ = s_R|[s_R, j]p̂j_3^−⟩. (78)

Thus one has an association between the “exact” relativistic Breit-Wigner amplitude (8) extended to s = −∞_{II} , and the space of relativistic Gamow vectors, i.e., the space spanned by the vectors (74) with a fixed value of [s_R, j]:

a^{BW}_j (s) = r s − s_R ⇐⇒ {ψ^G_{[sR ,j]}} (79) where ψ^G_{[sR,j]} ≡ ∑ j_3 ∫_{+∞} −∞ d^3p̂ 2p̂^0

|[s_R, j]p̂j_3^−⟩ψ_{j3} (p̂) (80)

for all ψ_{j3} (p̂) ∈ S(R^3) and −j ≤ j_3 ≤ j. Here S(R^3) denotes the set of all smooth, rapidly decreasing functions of p̂ (Schwartz space). The same kind of spaces can be formed with the Lippmann-Schwinger kets: ψ^−_{[s−iϵ,j]} = ∑ j_3 ∫_{+∞} −∞ d^3p̂ 2p̂^0

|[s, j]p̂j_3^−⟩ψ_{j3} (p̂). (81)

We denote these spaces of generalized eigenvectors of P^μP_μ with eigenvalue s or s_R by

{ψ^−_{[s,j]}} = Φ^×_+([s, j]), and {ψ^G_{[sR,j]}} = Φ^×_+([s_R, j]). (82)

The spaces Φ^×_+([s, j]) and Φ^×_+([s_R, j]) of generalized eigenvectors of P^μP_μ with eigenvalue s_R and s respectively have been formed with the kets |[s, j]p̂j_3^−⟩ and |[s_R, j]p̂j_3^−⟩ by Eqs. (80) and (81) in the same way as the representation spaces of an unitary irreducible representation of the Poincaré group [m^2, j] have been formed with the Wigner basis vectors |[m^2, j]p̂j_3⟩ for every fixed real m. But the |[m^2, j]p̂j_3⟩ are ordinary Dirac kets (functionals on the Schwartz space) and are denoted by Φ^×([m^2, j]) and the |[s, j]p̂j_3^−⟩ are Lippmann-Schwinger kets.

Remarkably the Lippmann-Schwinger kets of Eq. (58) and the Gamow kets (74), when mathematically defined as functionals on Hardy spaces Φ_+, do not span a unitary representation space of the whole Poincaré group P ={(Λ, x)|Λ ∈ SO(3, 1), det Λ = +1, Λ^0 ≥ 1, x ∈ R_{1,3}}, (83) but only span a representation space of a Poincaré semigroup:

P_+ = {(Λ, x)|Λ ∈ SO(3, 1), det Λ = +1, Λ^0 ≥ 1, x ∈ R_{1,3}, x^2 = t^2 − x^2 ≥ 0, t ≥ 0}. (84)

This semigroup consists of all proper orthochronous Lorentz transformations and of space-time translations in the forward light cone. This restriction to the forward light cone is an expression of Einstein’s causality [36].

The reason for this is that the extension U^×(Λ, x) ⊃ U^†(Λ, x) of the unitary operator U^†(Λ, x) in H ⊂ Φ^×_+ to the operator U^×(Λ, x) in Φ^×_+ cannot be defined for (Λ, x) outside of P_+, because the restriction U (Λ, x)|_{Φ+} of U (Λ, x) in H is not a bounded operator in the space Φ_+. The transformation formulas of the Lippmann- Schwinger and Gamow kets [36] are otherwise very similar to Wigner’s unitary transformations [16].

The semigroup property of the Poincaré transformation of the Lippmann-Schwinger kets was a little surprising since it is a standard assumption that the interacting scattering states furnish a representation of the whole Poincaré group [15].

Unless these in- and out- Lippmann-Schwinger states are mathematically defined, one cannot prove any transformation property at all. One could try to define them, like Dirac kets, as Schwartz space functionals with unitary group transformation property.

But if the |[s, j]p̂j_3^∓⟩ fulfill the Lippmann-Schwinger boundary conditions like Eq. (43) with the ∓iϵ, the ∓iϵ prevents this and the |[s, j]p̂j_3^∓⟩ cannot be given a mathematical meaning that allows transformations under the whole Poincaré group. Defined as functionals on the Hardy spaces Φ_±, the |[s, j]p̂j_3^−⟩ ∈ Φ^×_+ allow transformations under P_+, and the |[s, j]p̂j_3^+⟩ ∈ Φ^×_− allow transformations under P_− (semigroup of the backward light cone) [36]. Though this was surprising for the Lippmann- Schwinger kets, for the Gamow kets (74), one expected this kind of semigroup property from the time asymmetry t ≥ 0 in Eq. (53) of the non-relativistic Gamow vectors (47). The representations [s_R, j] — arrived at here from the pole definition of a resonance and the Hardy space axiom (50) — were contained in a classification of Poincaré semigroup representations [34], where they were also advocated as candidates for unstable relativistic particles.

It will now be shown that the Gamow states ψ^G_{[sR,j]} which are associated to the resonance pole position at a complex value s_R have a well defined value of lifetime. This is in contrast to some statements in the literature (Ref. 49 referring to Ref. 63) that the question as to what is the lifetime of a relativistic unstable particle is not meaningful, and that only the complex pole position s_R is a physically meaningful entity as stated in Ref. 29. We shall show that the “lifetime in the rest frame” is a uniquely defined quantity for all Gamow states ψ^G_{[sR,j]} of the representation space [s_R, j]. This lifetime is obtained from the transformation property of the Gamow kets under Poincaré transformations. It is given by τ = (−2ℏ Im √ s_R)^{−1}.

In order to show this we need the general formula for the transformation of the Gamow kets under the Poincaré transformations (Λ, x) ∈ P_+ which have been derived in Ref. 36. The homogeneous Lorentz transformations (Λ, x = 0) are unitarily represented like in Wigner’s representations. For our purpose here we need only the spacetime evolution which fulfills the forward light cone condition: (Λ, x) = (I, x = (t, x)), t ≥ 0, t ≥ x · v ≡ r c · v c , (85)

where r is the space translation and v the velocity in regular units of [m] and [m/s] respectively. The spacetime translated Gamow ket as obtained in Ref. 36 is given by U^×(I, x)|[s_R, j]p̂j_3^−⟩ = e^{−ix·P ×} |[s_R, j]p̂j_3^−⟩ = e^{−iγ√sR(t−x·v)}|[s_R, j]p̂j_3^−⟩ = e^{−iMR γ(t−x·v)}e^{−(ΓR /2)γ(t−x·v)}|[s_R, j]p̂j_3^−⟩, (86) and here v is the three-velocity of the decaying Gamow state:

p̂ = γv = p √ s_R = γ v c , (87a)

γ(v) = 1 √ 1 − v^2 = √ 1 + p̂^2 = p̂^0. (87b)

In Eq. (86), we have used the parameterization (9c), √ s_R = M_R − iΓ_R/2, because only for this parameterization is the mass in the phase factor and the width in the real exponential.

The Born probability rate to detect the observable |ψ^−⟩⟨ψ^−| in the spacetime translated Gamow state is proportional to |⟨ψ^−|U^×(I, x)|[s_R, j]p̂j_3^−⟩|^2 = |⟨U (I, x)ψ^−|[s_R, j]p̂j_3^−⟩|^2 (88)

with

t ≥ 0 and x^2 = t^2 − x^2 = t^2 − r^2/c^2 ≥ 0. (89)

The r.h.s of Eq. (88) represents the probability rate to detect the untranslated Gamow state with an observable which has been translated from |ψ^−⟩⟨ψ^−| into the forward light cone (89). The l.h.s is the probability looked at from the Schrödinger picture and the r.h.s is the same looked at from the Heisenberg picture. The light cone condition (89) makes two statements:

1.) A state needs to be prepared first (at t = 0) before one can speak of probabilities for observables, and

2.) probabilities cannot propagate with a velocity r/t for which t < r/c or r/t > c (Einstein causality).

Using Eq. (86) for the space time evolution of an unstable state with pole parameter s_R and velocity v = cv, we obtain for the probability (88) |⟨ψ^−|U^×(I, x)|[s_R, j]p̂j_3^−⟩|^2 = e^{−ΓRγ(t−x·v)}|⟨ψ^−|[s_R, j]p̂j_3^−⟩|^2. (90) Thus, the decay rate of a Breit-Wigner resonance with pole position s_R obeys an exponential decay law with time dilation. If one uses the time t^′ = γ(v)(t −^{r·}v_{c2} ) in the rest frame of the decaying particle of velocity v = cv =^c_γ p̂, then from (90)

Decay rate ∼ e^{−ΓR t′} , t^′ = γ(v)(1 − r · v c^2

). (91)

This means the lifetime of a decaying relativistic resonance with pole position s_R is a well defined property and its inverse is given by ℏ/τ = −2Im √ s_R ≡ Γ_R, (92)

where s_R is the complex pole position of the resonance pole. [83]

The decay rate (91) is a probability and the lifetime defined by it is the property of an ensemble and not of an individual quantum systems. The lineshape of a resonance — and therewith its width — is also the property of an ensemble. the lifetime-width relation (92) is therefore a relation between statistical quantities and for an ensemble of decaying states and an ensemble of resonances. It cannot make a statement about individual quantum systems. Usually the ensemble of decaying states used for lifetime measurements is also an ensemble over a wide range of velocities [65], and the decay rate is measured as a function of the distance z traveled with the velocity v =^z_t which is according to Eq. (90) proportional to |⟨ψ^−|U^×(I, t = z v , 0, 0, z)|[s_R, j]p̂j_3^−⟩|^2 = e^{−ΓR zγv} |⟨ψ^−|[s_R, j]p̂j_3^−⟩|^2. The v of the unstable particle (e.g., K^0) is usually determined [65] from the real momenta of the (supposedly) stable decay products (e.g., π^+π^−) by momentum conservation, neglecting the small imaginary part of the momentum p = (M_R −iΓ_R /2)^γ_c v. This may be a conceptual problem but not a practical one for the unstable particles for which τ = ℏ/Γ_R can be measured.

The result (91) could have been more easily obtained if one applied the time evolution U^×(I, (t, 0)) = e^{−iP ×o t} ≡ e^{−iH× t} to a Gamow ket at rest ψ^G_{[sR,j]}(0) = |[s_R, j]p̂ = 0, j_3^−⟩. For this special case one obtains from Eq. (86) ψ^G_{[sR ,j]}(t)^− ≡ e^{−iH× t}|[s_R, j]p̂ = 0, j_3^−⟩ = e^{−i√sR t}|[s_R, j]p̂ = 0, j_3^−⟩ (93)

for t ≥ 0, where s_R is the pole of the Breit-Wigner resonance in Eq. (79) or (8). From Eq. (93) we see that only for the parameterization of Eq. (9c), √ s_R = (M_R − iΓ_R/2), do we obtain the exponential law in the form ψ^G_{[sR,j]}(t) = e^{−iMRt}e^{−(ΓR /2)t}ψ^G_{[sR,j]}(0). (94) This means the lifetime of an unstable relativistic particle is a well defined quantity and does not depend upon the manner in which the decaying particle is prepared. The lifetime is a property of the quantum mechanical state described by the space {ψ^G_{[sR ,j]}} and the width is a property of the amplitude a^{BW}_{[sR ,j]}(s) which by Eq. (79) corresponds to this space. Both describe a quantum mechanical ensemble and the lifetime width relation (91) is a statement about ensemble parameters.

From the derivation in Eqs. (68) and (69), we see that the Gamow vector (74) can only be obtained if we use for the resonance amplitude the Cauchy kernel (8). Therefore, Γ_Z of Eq. (12) is excluded and none of the other width parameters, e.g., Γ̄_Z of Eq. (9b) will fulfill the lifetime-width relation. A well defined lifetime τ of an unstable relativistic state is precisely the inverse of a well defined width Γ_R for the relativistic resonance characterized by (M_R, Γ_R).

The transformation property under causal Poincaré transformation of the Gamow state vector (74) chooses (M_R, Γ_R) as the mass and width definition of the Z-boson and other relativistic resonances. With this definition in Eq. (14) with Eq. (8) one obtains, from the fits of lineshape (and asymmetries) of the Z-boson, the mass value of Z^0 as M_R = 91.1626 ± 0.0031GeV . This differs significantly from the on-the-mass-shell value M_Z in Ref. 1 and the Table I. The value M_R also differs from the usual pole value M̄_Z defined by Eq. (9b) with Eq. (8).

For the hadron resonances the differences between the two pole values M̄_Δ and M_{ΔR} is minimal. But for the ρ-resonance the difference between M̄_ρ and M_{ρR} are noticeable. It leads for instance to the discrepancy between the quoted values in Refs. 32 and 51 for the ρ-mass as remarked at the end of Sec. II.

E. The expansion of the scattering amplitude in terms of relativistic Breit-Wigner amplitudes as the counterpart to the complex basis vector expansion

In the analysis of the hadron data for the determination of the hadron masses in Table II, one did not only use the resonance amplitude plus background (14) but also included a second resonance, e.g., the ρ − ω interference for the determination of M̄_ρ and Γ̄_ρ in Ref. 32. This means Ref. 32 took for the scattering amplitude of e^+e^− → ρ → π^+π^− — among many other formulas — the ansatz:

a_j(s) = r_ρ s − s_{R1} + r_ω s − s_{R2} + B_j (s) (95)

for |r_ω/r_ρ| ≪ 1, as suggested by the heuristic formula (6). There is no theoretical justification in S-matrix theory for a formula like Eq. (95). One either develops the S-matrix around the pole s_{R1} and obtains a Laurent expansion which is valid in a circle around s_{R1} with a radius that is smaller than the distance to the nearest pole s_{R2} . Or one obtains a Laurent expansion around s_{R2} valid in a radius that does not include s_{R1} . Still Eq. (95) is the phenomenologically favored formula for two resonances in the same partial wave (also in nuclear physics [62]). With the new hypothesis (50) there is no problem to derive a formula like Eq. (95) as an equality between generalized functions.

For this purpose we return to Eq. (64). The integral (65) on the r.h.s of Eq. (64) has been transformed in Ref. 66 into an integral over the scattering energies m^2_0 ≤ s < ∞ (using the van Winter theorem for Hardy functions), and one obtains for all ψ^− ∈ Φ_+: ⟨ψ^−|ϕ^{bg}⟩ = ∫_∞ m^2_0 ds⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩b_j (s). (96) Here b_j (s) for s ≥ m^2_0 is determined from S_{II} (s) for s ≤ m^2_0. It is a slowly varying function if there are no other singularities of the S-matrix S_j (s) [66]. This function b_j(s) is different from zero and corresponds to the background amplitude B_j (s) in Eq. (14). Precisely we choose, because of the convention in Eq. (62), b_j(s) = 1+2iB_j (s) for the elastic and b_j(s) = 2iB_j (s) for the inelastic channels. If one inserts Eq. (96) for Eq. (65) into Eq. (64), inserts Eq. (61) for the l.h.s. of Eq. (64), and uses Eq. (69) for the two pole terms on the r.h.s. of Eq. (64), then one obtains ∫_∞ m^2_0 ds⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩S_j (s) = ∫_∞ m^2_0 ds⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩b_j (s)

+ N=2∑ i=1 ∫_{+∞} −∞_{II} ds⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩ R^{(i)} s − s_{Ri} . (97)

This is an equation valid for all ψ^− ∈ Φ_+ (all outobservables) and all ϕ^+ ∈ Φ_− (all in-states). This means that Eq. (97) is an equation valid for all ⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩ ∈ H^2_− ∩S|_{R+}, i.e., for all functions which are products of Hardy functions in the lower half complex s plane (second Riemann sheet). This is analogous to Eq. (70), which is an equation valid for all ψ^− ∈ Φ_+ (all out-observables). Omitting the arbitrary ψ^− ∈ Φ_+ in Eq. (70) resulted in Eq. (71) as equality between kets in the space Φ^×_+ (functionals on Φ_+), we write it again,

ϕ^+ = ϕ^{bg} + ∑ i |s^−_{Ri} ⟩c_{Ri} . (98) In the same way omitting the arbitrary Hardy function ⟨ψ^−|s^−⟩⟨^+s|ϕ^+⟩ and the integrals in Eq. (97), one obtains the following equation between distributions:

θ(s − m^2_0)S_j (s) = θ(s − m^2_0)b_j(s) + ∑ i R^{(i)} s − s_{Ri} . (99)

Mathematically the two equations, Eqs. (98) and (99), are functional equations: Eq. (98) is a functional equation over the set of all ψ^− ∈ Φ_+ and Eq. (99) is a functional equation over the set of all test functions ⟨ψ^−|s^−⟩⟨^+s|ϕ^−⟩ ∈ H^2_− ∩ S|_{R+}. Physically Eq. (99) expresses the (j-th partial) S-matrix element in terms of a background amplitude (the B(s) in Eq. (14)) and a superposition of (interfering) Breit-Wigner resonance amplitudes, and Eq. (98) expresses the prepared in-state as a superposition of a non-exponential background vector and a superposition of exponentially evolving Gamow vectors. Each term in Eq. (99) has a corresponding term in Eq. (98); in particular to the non-resonant slowly varying background amplitude b_j (s) = 1+2iB_j (s) in Eq. (99) corresponds the non-exponential background vector ϕ^{bg} in Eq. (98) and to each Breit-Wigner amplitude in Eq. (99) corresponds a Gamow ket in Eq. (98). If we use Eq. (62), the functional equation (99) can also be written as

θ(s − m^2_0)a_j(s) = θ(s − m^2_0)B_j (s) + ∑ i r^{(i)} s − s_{Ri} (100)

which is just the mathematically precise version of Eq. (14) with Eq. (8) except that here we considered a second resonance poles. The sum in Eqs. (99) and (100) can actually extend over a finite (or even infinite) number of poles. If one ignores the background vector ϕ^{bg} → 0 one arrives at the Weisskopf-Wigner approximation as used, e.g., for the K^0 system [52] and extensively used in nuclear physics [67].

If the background integral for ⟨ψ^−|ϕ^{bg}⟩ is taken along the negative real axis second sheet as done in Eq. (65) then the first term on the r.h.s of Eq. (98) and the first term on the r.h.s of Eq. (100), the background term, is exactly defined. The sums over i in Eqs. (98) and (100) extend over all resonance poles in the j-th partial wave. But for particular applications one does not have to deform the contour in Fig. 1b all the way to the negative real axis (and then ignore it). From Eqs. (98) and (100), one obtains a practical approximation method if one is only interested in the effect of a few resonances near-by. One deforms the contour of integration only passed these few resonances and consider the far away resonances as part of the background (which one may ignore). In this way one obtains a more practical Weisskopf-Wigner approximation which contains only the near-by resonances in the scattering amplitude (100) and in the prepared state (98).

V. SUMMARY AND CONCLUSION

Quasistable particles are observed in two different ways, in the lineshape as function of (the center-of-mass) scattering energy and in the decay rate (or probability) as function of (rest-frame) time. The lineshape is mostly Lorentzian (Breit-Wigner) and the decay rate is mostly exponential. For the lineshape it is standard to splits the scattering amplitude into an idealized Breit-Wigner resonance amplitude a^R and some background, like in Eq. (14). In contrast, for the decay rate, the overwhelming opinion has been that the decay of unstable particles is non-exponential [12, 54, 68].

This opinion has its origin in a mathematical consequence [12] of the Hilbert space axiom [11] of traditional quantum mechanics, i.e., of Eq. (41) with Φ = H = Hilbert Space (complete with respect to the normtopology). If one does not insist on a linear space with norm-convergence one has many more possibilities. One could choose for Φ the Schwartz spaces. Then one can mathematically define the well accepted Dirac kets as functionals on Φ, as it is done if one cares about mathematics [17]. But these Dirac kets are also insufficient for a theory of scattering and decay. The many useful heuristic notions that had been introduced to describe (resonance) scattering and decay phenomena – like the two in- and out- Lippmann Schwinger kets with ±iϵ [7, 28], the time asymmetric boundary conditions [10], the Gamow states with complex energy and exponential time evolution [5] — do not fit into the traditional framework of quantum mechanics based on axiom (41). Neither does the standard formalism of relativistic quantum field theory which contains the same iϵ in the propagator.

These iϵ in s (or an iϵ^′ in p^0 or in the non-relativistic E) require that the energy wave functions must be better than Schwartz functions; they must also be continuable into the upper or lower complex s-plane. This does not necessarily mean that they need to be smooth Hardy functions as we assert by axiom (50) or by (57) or (63). Axiom (50) or (63) is the mathematical idealization which we made to assure that the triplets of spaces in Eq. (50) are Rigged Hilbert spaces (so that the Dirac formalism applies and the Dirac basis vector expansions (49) or (56) hold as the nuclear spectral theorem). But analyticity is commonly presumed.

Thus Dirac formalism and the ±iϵ of the propagator suggest the Hardy space axiom (50). With the Hardy space axiom the (non-relativistic and) relativistic interaction incorporating “in-” and “out-” plane wave states [15] are given a mathematical meaning, they are the functionals |[s, j]p̂j_3n^±⟩ ∈ Φ^×_±. Since these kets are now mathematically defined one can apply mathematics to show that they do not furnish a unitary (Wigner) representation of the Poincaré transformations, as often assumed [15]. But — independently of whether the imaginary part of energy is infinitesimal or finite — they furnish only a semigroup representation in the forward (−) and backward (+) light cone respectively [36]. This is the relativistic analogue of the time-evolution semigroup solutions for the Schrödinger or Heisenberg equation which follow from Eq. (50) in the non-relativistic case [14]. The time asymmetry given by the semigroup may be disturbing until one realizes that it expresses Einstein causality of the Born probabilities [36].

In relativistic quantum field theory the iϵ rule of the propagator is a consequence of the assumption that the local (anti) commutator for space like separations vanishes (“local commutativity”), believed to be an expression of “microscopic causality”. In our theory the iϵ suggested the new axiom (50) from which the semigroup and therewith Einstein causality follows as a mathematical result [84]. But the new axiom (50) led to further conclusions which go far beyond the infinitesimal imaginary part ±iϵ in energy.

The Lippmann-Schwinger kets (58) can be analytically continued into the entire complex semiplane (except at singularities) and the contour of integration for the Smatrix element (Born probability amplitude) (59) and (61) can be deformed as shown in Fig. 1. The pole term (68) is then related to a functional (72) and a Gamow ket (74), which associates to the relativistic Breit-Wigner amplitude (8) an irreducible representation space of the Poincaré semigroup in the forward light cone, (79) and (80). The Gamow kets (74) are the singularities of the analytically continued scattering states, but they are not analytic continuations of scattering states or a continuous superposition thereof. In addition to the resonance states ψ^G there is the background continuum, ϕ^{bg}, (65) and (96) corresponding to the background term B(s) in the scattering amplitude. Possible major or minor deviations from the exponential decay law are described by ϕ^{bg}, whereas the Gamow state ψ^G has purely exponential space-time evolution (90).

The new mathematical theory thus establishes an exact correspondence between a Breit-Wigner amplitude for each resonance pole and the Gamow vector, a^{BW} ⇐⇒ ψ^G, and between the background amplitude B and the vector ϕ^{bg}. This is expressed for the relativistic case by the term by term correspondence between Eq. (98) and Eq. (100). The a^{BW} ⇔ ψ^G describes the quasistable particle per se, and the Breit-Wigner lineshape and the exponential decay are just two different manifestations of the same physical entity, the quasistable relativistic particle.

In the non-relativistic case the exact form of the amplitude describing the resonance per se was never in doubt, it was given by the Lorentzian (3), and from it the Gamow vector (47) had been obtained [14]. The exact lifetime-width relation τ = ℏ/Γ of Eq. (53) is a direct consequence of the new axiom (44) and (45).

For the relativistic case one did not have a Weisskopf- Wigner approximation to go by, and the predominant opinion had been that relativistic resonances should not be characterized by two parameters like (M, Γ) but had a complicated line shape and an energy dependent width Γ(s). But since different hadrons of the same multiplet could have values for the width that varied by orders of magnitude (e.g., the Ω^− and the Δ in the decouplet), the idea that two real parameters (M, Γ) or one complex parameter s_R characterizes the relativistic quasistable states was never completely abandoned. When one noticed that the complex pole was the only gauge parameter independent definition of the Z-boson (and W ) mass [47, 48] the pole of the S-matrix at a complex value s_R became the favorite choice for the definition of a relativistic resonance. This was discussed in Sec. II, where the relativistic Breit-Wigner amplitude (8) was identified as the part of the relativistic partial wave amplitude that describes the resonance per se. Only this Cauchy kernel (8) for the resonance — together with axiom (50) — allows the construction of the Gamow vector (73).

The resonance amplitude defines only the complex value s_R, not a mass M and a width Γ separately. From this it had been concluded in the past that the real and imaginary parts of s_R separately have no physical significance [29] and any of the parameterizations (9) should be equally valid. However using the exponential time evolution of the Gamow kets derived in Eq. (90) we see that if the width is to be the total initial decay rate Γ = ℏR(0) then of the many possible parameterizations of s_R one can only use Eq. (9c) because only Γ_R = ℏ/τ .

In order to arrive at the conclusion (90) we had to attribute to relativistic resonances the same spacetime properties as to relativistic stable particles, and define for each pole position s_R of S_j (s) relativistic Gamow kets (74) which transform irreducibly under Poincaré transformations into the forward light cone. These relativistic Gamow vectors furnish a representation space of the causal Poincaré semigroup that is like the pole characterized by [s_R, j]. The vectors in this space [s_R, j] of decaying states evolve exponentially (92). Thus, each Gamow state ψ^G_{[sR ,j]} given by Eq. (80) has a well defined lifetime (92) which is relativistically invariant and equal to the “lifetime in the rest frame”.

If there are two (or more) resonance poles in the same partial wave then the scattering amplitude contains a sum of the two (or more) Breit-Wigner amplitudes (99). This is what field theory for stable particles would suggest but it cannot be derived from the analyticity of the S-matrix alone. The derivation requires the new hypothesis (50) or equivalently the Hardy property of the functions in Eqs. (57). Corresponding to the sum of two (or more) Breit-Wigner amplitudes (99) one derives a superposition of two (or more) interfering Gamow vector (98) for the prepared state. Resonances are also observed in production processes (75), Gamow vectors therefore also emerge as intermediate states of production amplitudes [38, 39].

The background amplitude B_j (s) in Eq. (100), describes the “contact terms” [49] for direct production of the final state that does not go through resonance formation as, e.g., given by Eq. (16). To this background amplitude B_j (s) in Eq. (100) corresponds a background vector ϕ^{bg} in the complex basis vector expansion (98). This background vector is a continuous superposition of Lippmann-Schwinger scattering states (96).

The approximation in which the background continuum (96) is neglected, is a Weisskopf-Wigner approximation. In this approximation the scattering amplitude is a (finite) superposition of Breit-Wigner resonances, and the prepared state is a (finite) superposition of Gamow vectors, both of which have been well documented experimentally.

To obtain all these new results one had to pay a price. This is the new hypothesis (50) which requires that the energy distributions in the prepared state and the energy resolutions of the detected observables are described by much nicer energy wave functions (57), than the Lebesgue-square integrable functions of Hilbert space quantum mechanics. As far as the preparation apparatus (accelerator) and the registration apparatus (detector) are concerned, the hypothesis that Eq. (57a) is analytic in the lower complex semiplane and that Eq. (57b) is analytic in the upper complex semiplane is just another acceptable mathematical idealization (because the apparatuses can probably not distinguish between a smooth function and a smooth function that can be analytically continued into the complex semiplane). But a mathematical theorem (Paley-Wiener theorem, see appendix of Ref. 14) leads to different asymmetric time dependence for the Fourier transforms of the two different kinds of Hardy function. Like the Stone-von Neumann theorem for the unitary group evolution of the Hilbert space the Paley-Wiener theorem is the mathematical underpinning for the time asymmetric semigroup evolution (85), (86), and, in general, for the semigroup representations of the spacetime transformations. It follows as a mathematical consequence from the new Hardy space axiom (50) [36], which is the only modification of the standard axioms needed to obtain a consistent time asymmetric quantum theory that incorporates causality and many popular heuristic concepts.

The analyticity in energy is the property of the Hardy function that is needed to unify the theoretical description of scattering resonances and decaying states and to explain such heuristic notions like Lippmann-Schwinger kets, Gamow vectors, Breit-Wigner amplitudes, and their interrelation. For the relativistic case it leads to a unique definition of resonance mass and of resonance width, which for the Z-boson gives the mass value (23), which is none of the two quoted in Ref. 1.

Acknowledgments

We had many discussions and received valuable advises and suggestions from many colleagues: D. Dicus, S. Weinberg, P. Kielanowski, G. Lopez Castro, J. Pestieau, G. Höhler, W. Hollik, M. Gadella, and S. Wickramasekara. We are particularly grateful to H. Kaldass who provided the calculations for resonance production. This work was supported in part by US NSF (042 1936) and the Welch Foundation.

[1] Particle Data Group, S. Eidelman et al., Phys. Lett.

B592, 1 (2004).

[2] LEP Collaborations, LEP Electroweak Working Group, and the SLD Heavy Flavour and Electroweak Groups, CERN-EP-99-15; CERN-EP-2002-091.

[3] T. Riemann, in Lecture notes in Physics, edited by A.

Bohm, H. D. Doebner, and P. Kielanowski (Springer, Berlin, 1998), Vol.504, p.157.[For details]; T. Riemann, Phys. Lett. B293, 451 (1992); S. Kirsch and T. Riemann, Comput. Phys. Commun. 88, 89 (1995).

[4] E. Merzbacher, Quantum Mechanics (Wiley, New York, 1970), Chap. 18; C. Cohen-Tannoudji, B. Diu, and F. Laloe, Quantum Mechanics (Wiley, New York, 1977), Vol. I p.340, Vol. II, p.1345, p.1353-54; T. D. Lee, Particle Physics and Introduction to Field Theory (Harwood Academic, New York, 1981), Chap. 13. [The irreversible nature of quantum mechanical decay has been mentioned in these and other textbooks and lecture notes] [5] G. Gamow, Z. Phys. 51, 204 (1928); J. J. Thomson, Proceedings. London Math. Soc. 15, 197 (1884).

[6] P. A. M. Dirac, The Principles of Quantum Mechanics (Oxford University Press, Oxford, 1958), 4th Ed.

[7] B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950); M. Gell-Mann and H. L. Goldberger, Phys. Rev. 91, 398 (1953); W. Brenig and R. Hagg, Fortschr. Phys. 7, 183 (1959); R. G. Newton, Scattering Theory of Waves and Particles (Springer-Verlag, New York, 1982), 2nd ed., Chap. 7.

[8] R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948). [9] M. Gell-Mann and J. B. Hartle, in Physical Origins of Time Asymmetry, edited by J. J. Halliwell et al. (Cambridge University Press, Cambridge, 1994); M. Gell- Mann, J. B. Hartle, UCSBTH-95-28, University of California at Santa Barbara, 1995; gr-qc/9509054. [and references thereof] [10] R. Peierls, Proc. R. Soc. London, Ser. A 166, 277 (1938);

R. Peierls, in Proceedings of the 1954 Glasgow Conference on Nuclear and Meson Physics, edited by E. M. Bellamy et al. (Pergamon Press, New York, 1995).

[11] J. von Neumann, Mathematica Foundations of Quantum Mechanics (Princeton University Press, Princeton, 1955).

[12] L. A. Khalfin, Sov. Phys. JETP 6, 1063 (1958); L. Fonda, G. C. Ghirardi, and A. Rimini, Rep. Prog. Phys. 41, 587 (1978).

[13] G. C. Hegerfeldt, Phys. Rev. Lett. 72, 596 (1994); A.

Bohm, N. L. Harshman, H. Walther, Phys. Rev. A66, 012107 (2002).

[14] A. Bohm, S. Maxson, M. Loewe, and M. Gadella, Physica A 236, 485 (1997); A. Bohm, J. Math. Phys. 22, 2813 (1981).

[15] S. Weinberg, The Quantum Theory of Fields (Cambridge University Press, Cambridge, 1995), Vol. 1.

[16] E. P. Wigner, Ann. Math 40, 149 (1939); V. Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. USA 34, 211 (1984).

[17] R. F. Streater and A. S. Wightman, PCT, Spin & Statistics, and All That (Benjamin, New York, 1986).

[18] P. Kielanowski, quant-ph/0312178. [“Physical Principles and Properties of Unstable States”] [19] M. Veltman, Physica 29, 186 (1963).

[20] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory (Perseus Books, Cambridge,

1995).

[21] M. Consoli and A. Sirlin, Physics at LEP, CERN 86-02, Vol. 1, 63 (1986); D. Y. Bardin, A. Leike, T. Riemann, and M. Sachwitz, Phys. Lett. B 206, 546 (1988).

[22] A. Sirlin, Phys. Rev. Lett. 67, 2127 (1991); Phys. Rev.

Lett. B 267, 240 (1991).

[23] S. Willenbrock and G. Valencia, Phys. Lett. B 259, 373 (1991); R.G. Stuart, Phys. Lett. B 262, 113 (1991); 272, 353 (1991); A. Leike, T. Riemann, and J. Rose, Phys. Lett. B 273, 513 (1991); T. Bhattacharya and S. Willenbrock, Phys. Rev. D 47, 4022 (1993); H. G. J. Veltman, Z. Phys. C 62, 35 (1994); M. Passera and A. Sirlin, Phys. Rev. Lett. 77, 4146 (1996).

[24] C. W. Oates, K. R. Vogel, and J. L. Hall, Phys. Rev.

Lett. 76, 2866 (1996).

[25] U. Volz, M. Majerus, H. Liebel, A. Schmitt, and H.

Schmoranzer, Phys. Rev. Lett. 76, 2862 (1996). [26] H. Frauenfelder, The Mossbauer Effect (Benjamin, New York, 1962), Sec. 4.2. [Agreement of τ and ℏ/Γ within 10% had been established earlier. This accuracy, however, is not better than expected from the Wesskopf-Wigner approximation [27, 28].]

[27] V. Weisskopf and E. P. Wigner, Z. Phys. 63, 54 (1930);

65, 18 (1930).

[28] M. L. Goldberger and K. M. Watson, Collision Theory (Wiley, New York,1964), Chap. 8.

[29] R. G. Stuart, Phys. Rev. D 56, 1515 (1997). [30] G. Hoehler, European Physical Journal C 3, 624 (1998). [31] A. Bernicha, G. Lopez Castro, and J. Pestieau, Nucl.

Phys. A 597, 623 (1996).

[32] A. Bernicha, G. Lopez Castro, and J. Pestieau, Phys.

Rev. D 50 4454 (1994).

[33] A. Bohm and N. L. Harshman, Nucl. Phys. B 581, 91 (2000).

[34] L. S. Schulman, Ann. Phys. N. Y. 59, 201 (1970). [35] A. Bohm and H. Kaldass, Phys. Rev. A 60, 4606 (1999). [36] A. Bohm, H. Kaldass, and S. Wickramasekara, Fortschr.

Phys. 51, 569 (2003); 51, 604 (2003). [where the detailed derivations are given.]

[37] A. Bohm, Quantum Mechanics: Foundations and Applications 3rd edition, 3rd printing, (Springer, New York, 2001), Chap. XVIII.

[38] H. Kaldass, in Group Theoretical Methods in Physics, Proceedings of the XXV International Colloquium on Group Theoretical Physics, held at Cocoyoc, Mexico, 2-6 August 2004, edited by G. S. Pogosyan, L. E. Vicent, and K. B. Wolf (World Scientific, Singapore, 2005), p. 333 [to appear]; hep-th/0503023.

[39] H. Kaldass, hep-th/0504182 [40] A. H. Rosenfeld, Rev. Mod. Phys. 39, 1 (1967). [41] R. H. Dalitz, R. G. Moorhouse, Proc. R. Soc. London, Ser. A 318, 279 (1970).

[42] B. H. Bransden and R. G. Moorhouse, The Pion- Nucleaon System (Princeton University Press, Princeton, 1973).

[43] G. Höhler, πN Newsletter 9, 1 (1993).

[44] R. J. Eden, P. V. Landshoff, D. I. Olive, J. C. Polkinghorne, The Analytic S-matrix (Cambridge University Press, Cambridge, 1966); G. F. Chew, The Analytic S- Matrix (W. A. Benjamin, New York, 1966).

[45] A. Sirlin, in Proceedings of the Fourth International Symposium on Radiative Corrections (RADCOR98), Barcelona, Spain, 1998, edited by J. Sola (World Scientific, Singapore, 1999).

[46] M. Passera and A. Sirlin, Phys. Rev. D 58, 113010 (1998).

[47] A. Freitas, W. Hollik, W. Walter, and G. Weiglein, Phys.

Lett. B 495, 338 (2000); Nucl. Phys. B 632, 189 (2002). [48] P. Gambino and P. A. Grassi, Phys. Rev. D 62, 076002 (2000).

[49] R. G. Stuart, Nucl. Phys. B 498, 28 (1997). [50] P. A. Grassi, B. A. Kniehl, and A. Sirlin, Phys. Rev. D 65, 085001 (2002).

[51] G. Colangelo, J. Gasser, and H. Leutwyler, Nucl. Phys.

B 603, 125 (2001).

[52] T. D. Lee, R. Oehme, and C. N. Yang, Phys. Rev 106, 340 (1957).

[53] E. B. Norman, S. B. Gazes, S. G. Crane, and D. A. Bennett, Phys. Rev. Lett. 60, 2246 (1988).

[54] S. R. Wilkinson et al., Nature (London) 387, 466 (1997);

C. F. Barucha el al., Phys. Rev. A 55, R857 (1997). [55] A. Bohm and S. Wickramasekara, in Lecture Notes in Physics, edited by F. Benatti et al. (Springer, Berlin, 2003), Vol.622, p.315.

[56] A. Bohm, M. Gadella, and G. B. Mainland, Am. J. Phys.

57, 1103 (1989).

[57] R. de la Madrid and M. Gadella, Am. J. Phys. 70, 626 (2002).

[58] A. Bohm, Phys. Rev. A 60, 861 (1999).

[59] I. Antoniou, M. Gadella, and G. P. Pronko, J. Math.

Phys. (N. Y. ) 39, 2459 (1998); A. Bohm et al., J. Math. Phys. (N. Y. ) 38, 6072 (1997).

[60] M. Gadella, Lett. Math. Phys. 41, 279 (1997). [61] A. S. Wightman, in Relations de Dispersion et Particules Élémentaires, edited by C. De Witt and R. Omnès (Hermann, Paris, 1960), p.159-226; H. Joos, Fortschr. Phys. 10, 65 (1962); A. J. Macfarlane, Rev. Mod. Phys. 34, 41 (1962).

[62] P. von Brentano, Phys. Rep. 264, 57 (1996). [and references thereof. This paper uses finite complex effective Hamiltonian omitting the background ϕ^{bg} and/or bj (s).]; A. M. Nathan, G. T. Garvey, P. Paul, and E. K. Warburton, Phys. Rev. Lett. 35, 1137 (1975).

[63] J. Schwinger, Ann. Phys. N. Y. 9, 103 (1960). [64] Warren Nagourney, Jon Sandberg, and Hans Dehmelt, Phys. Rev. Lett. 56, 2797 (1986); J. C. Bergquist, Randall G. Hulet, Wayne M. Itano, and D. J. Wineland, Phys. Rev. Lett. 57, 169 (1986).

[65] L. K. Gibbons et al., Phys. Rev. D 55, 6625 (1997); Ph.D.

thesis, University of Chicago (1993), RX-1487. [see Eq. (2.2).]

[66] M. Gadella, Int. J. Theor. Phys. 36, 2271 (1997). [67] L. S. Ferreira and E. Maglione, Int. J. Theor. Phys. 42, 2117 (2003); L. S. Ferreira, in Resonances, edited by E. Brandas et al. (Springer, Berlin, 1989), Vol.352.

[68] A. Martin in Unstable Particles in Z^0 Physics, edited by Maurice Lévy et al. (Plenum Press, New York, 1991).

[69] In Ref. 2 it is actually the values of MZ ≡ M̄Z + 0.0341GeV , not the values of M̄Z which are listed for the “S-matrix fits” and in Ref. 2 one calls these shifted values MZ ≡ M̄Z +34.1MeV , but not M̄Z of Table I, the S-matrix parameters.

[70] If the exponential law is fulfilled then the lifetime τ (defined as the average lifetime of the ensemble of the N decaying particles) is τ =^1_R independently of any quantum theory. If the exponential law is not fulfilled then the initial decay rate is not necessarily the inverse lifetime.

[71] If the number of decay products ΔN(t) = Δ( ∑ η Nη (t)) counted in the time interval Δt is proportional to the number NR (t) of decaying objects: ΔN(t) = RNR (t)Δt where R is a constant in time then NR(t) = NR (0)e^{−Rt}.

[72] Under the standard assumption that Λη are projection of positive operators in H or ψη ∈ H, the Hamiltonian is self-adjoint and bounded from below.

[73] The Hilbert space axiom [11] is even stronger: {ϕ} = {ψ} = H and since H^× = H there are no kets in H^× that are not already in H.

[74] All that one needs to know about Hardy functions to follow this paper is, that Hardy functions are boundary values of analytic functions in the lower (or upper) complex semiplane which vanish sufficiently fast at infinity, and that the mathematical properties used in the derivations of the following sections are correct. For the definitions and other properties of Hardy class functions see Appendix of Ref. 14 and references thereof.

[75] H is the self-adjoint closure of H, and H^× in Eqs. (48) and (53) is the dual of H which is the uniquely defined extension of H = H^† to Φ^×_− [55].

[76] The miss-match in the ± labels is due to the most conventional notations in physics for the in(+) and out(−) vectors, and in mathematics for the Hardy spaces. Except for this miss-match in notation, the mathematics fits wonderfully for the physics; an example of what Wigner called the “miracle of the appropriateness of the language of mathematics for the formulation of physics”.

[77] The time asymmetry t ≥ 0 has its mathematical origin in the Paley-Winter theorem for Hardy spaces, whereas the reversible unitary group evolution −∞ < 0 < +∞ for the Hilbert space follows from the Stone-von Neumann theorem. For more on time asymmetry see, e.g., Refs. 4, 9, 58.

[78] Higher order poles can also be included [59] but for the sake of simplicity we restrict ourselves here to first order resonances.

[79] Here [s, j] labels the irreducible representations of Poincaré transformation. Instead of the total momentum p = (p^0, p) = p1 +p2 = p3 +p4 , we choose to label the basis kets of the representation [s, j] by the three space components of the four-velocity [35] p̂ ≡^{p√}_s = γv =^1√_{1−v2} v

and p̂0 (p̂) ≡^{p0}√_s = γ, where v denotes the three velocity.

The invariant integration measure^{d3p̂}_{2p̂0} in Eqs. (56a) and (56b) had to be chosen correspondingly, and there is no difference between using the p̂ as labels of the kets or using the momentum p as the degeneracy labels in an irreducible representation [s, j].

[80] With the choice of the integration in Eq.

(56b) the “normalization” of the basis kets is ⟨^−p̂^′j^′_3n^′[s^′, j^′] | p̂j3n[s, j]^−⟩ = 2p̂^0 (p̂)δ^3(p̂^′ − p̂)δ(s^′ − s)δ_j′_{3j3} δ_j′_j . When we make the analytic continuation in s the momenta also become complex. But we choose only those complex mass representations of Poincaré transform for which the four-velocity p̂ =^{p√}_s remains real (“minimally complex representations ”) which agree with those of Ref. 34.

[81] s = (p^0 ± iϵ^′)^2 − p^2 = s ± i2p^0 ϵ^′ − p^2 = s ± iϵ − p^2. [82] (P^μPμ)^× ⊃ (P^μPμ)^† is the uniquely defined extension of the self adjoint operator (P^μPμ)^† in H to the conjugate space Φ^×_+ ⊃ H.

[83] The time of life of an individual trapped ion can also be observed and the lifetime defined by the exponential law (90) turns out to be the ensemble average over these times of the life of the individual excited ion states [64].

[84] From the connection between local commutativity and the semigroup representations of the Poincaré transformations via the iϵ rule one can also understand why a system of axioms that contains the Poincaré group representation and local commutativity [17] would probably be condemned to triviality.