arXiv:hep-ph/0501068 v3 7 Mar 2005

Fermion field renormalization prescriptions

Yong Zhou Institute of High Energy Physics, Academia Sinica, P.O. Box 918(4),

Beijing 100049, China, Email: zhouy@mail.ihep.ac.cn

We discuss all possible fermion field renormalization prescriptions in conventional field renormalization meaning and mainly pay attention to the imaginary part of unstable fermion Field Renormalization Constants (FRC). We find that introducing the off-diagonal fermion FRC leads to the decay widths of physical processes t → c Z and b → s γ gauge-parameter dependent. We also discuss the necessity of renormalizing the bare fields in conventional quantum field theory.

PACS numbers: 11.10.Gh, 11.55.-m

Generally people think the bare fields need to be renormalized and the introduced FRC is equivalent to the Wavefunction Renormalization Constant (WRC). Although the FRC is present for a long time, its imaginary part for unstable particles hasn’t been exactly defined [1, 2]. Since the FRC can be present in physical amplitudes, its imaginary part may affect the physical results. Thus it is very necessary to investigate the definition of the imaginary part of unstable particles’ FRC. Here we mainly discuss how to introduce the off-diagonal fermion FRC and investigate the gauge dependence of the physical results induced by the off-diagonal fermion FRC. Besides, we discuss the necessity of renormalizing the bare fields in conventional quantum field theory.

The fermion FRC containing off-diagonal part can be introduced as [2]

Ψ_{0i} = ∑ j Z^{12}_{ij}Ψ_j , Ψ̄_{0i} = ∑ j Ψ̄_jZ̄^12_{ji} , (1)

with the fermion FRC

Z^{12}_{ij} = Z^{L 12}_{ij} γ_L + Z^{R 12}_{ij} γ_R , Z̄^{12}_{ij} = Z̄^{L 12}_{ij} γ_R + Z̄^{R 12}_{ij} γ_L , (2)

where γ_L and γ_R are the left- and right- handed helicity operators. The fermion FRC Z^{1/2}_{ij} and Z̄^{1/2}_{ij} must satisfy the ‘pseudo-hermiticity’ relationship [2, 3]

Z̄^12_{ij} = γ^0Z^12^†_{ij} γ^0 , (3)

since the bare fermion fields must satisfy the condition Ψ̄_{0i} = Ψ^†_{0i}γ^0.

Under the requirement of Eq.(3) we investigate what field renormalization prescription is acceptable. Within oneloop accuracy one has Z^{1/2}_{ij} = 1 + δZ_{ij} /2 and Z̄^{1/2}_{ij} = 1 + δZ̄_{ij}/2. Thus the renormalized fermion one-loop self-energy function can be written as j p i = iΓ̂_{ij}(p) = i(p/ − m_i)δ_{ij} + i [ p/γ_LΣ^L_{ij}(p^2) + p/γ_RΣ^R_{ij}(p^2) + (m_iγ_L + m_j γ_R)Σ^S_{ij}(p^2) +δZ̄_{ij} (p/ − m_j )/2 + (p/ − m_i)δZ_{ij}/2 − δm_iδ_{ij} ] . (4)

If we introduce the conventional off-diagonal fermion field renormalization conditions

Γ̂_{ij} (p) u_j(p)|_{p2=m2j} = 0 , ū_i(p)Γ̂_{ij} (p)|_{p2=m2i} = 0 , i ≠ j , (5)

we will encounter a bad thing that there is no solution for Eq.(5) if we keep the ‘pseudo-hermiticity’ relationship of Eq.(3), because the existence of the imaginary parts which come from the loop momentum integrals makes the fermion self-energy functions Σ^L, Σ^R and Σ^S un-Hermitian [2]. The only off-diagonal fermion field renormalization conditions which satisfy Eq.(3) are [4]

R̃e Γ̂_{ij} (p) u_j(p)|_{p2=m2j} = 0 , R̃e ū_i(p)Γ̂_{ij} (p)|_{p2=m2i} = 0 , i ≠ j , (6)

where R̃e takes the real part of the loop momentum integrals appearing in the self energies but not of the coupling constants appearing there which is equivalent to the quasi-real part defined in Ref.[5], because after removing the imaginary part of the loop momentum integrals the fermion self-energy functions Σ^L, Σ^R and Σ^S become Hermitian. The corresponding solutions of Eq.(6) are [4] δZ^L_{ij} = 2 m^2_i − m^2_j

R̃e [m^2_j Σ^L_{ij} (m^2_j ) + m_im_j Σ^R_{ij}(m^2_j ) + (m^2_i + m^2_j )Σ^S_{ij} (m^2_j )] , i ≠ j , δZ^R_{ij} = 2 m^2_i − m^2_j

R̃e [m_im_j Σ^L_{ij}(m^2_j ) + m^2_j Σ^R_{ij}(m^2_j ) + 2 m_im_j Σ^S_{ij}(m^2_j )] , i ≠ j . (7)

But such fermion field renormalization prescription leads to the physical amplitudes gauge-parameter dependent [2]. Furthermore our calculations show that such fermion field renormalization prescription leads to the physical results gauge-parameter dependent. Consider the physical process of top quark decaying into charm quark and gauge boson Z one has to one-loop level M(t → c Z) = e(4s^2_W − 3) 12s_W c_W (δZ^L_{ct} + δZ̄^L_{ct})c̄ ϵ/^∗γ_L t + e s_W 3c_W (δZ^R_{ct} + δZ̄^R_{ct})c̄ ϵ/^∗γ_R t + M^{amp}(t → c Z) , (8) where e is electron charge, s_W and c_W are the sine and cosine of the weak mixing angle, and M^{amp} is the amplitude of the one-loop amputated diagrams shown in Fig.1. The numerical results have shown that the quasi-real part of

FIG. 1: One-loop amputated diagrams of t → c Z.

M(t → c Z) is gauge-parameter independent [5] R̃eM(t → c Z)|_ξ = 0 , (9) where the subscript ξ represents the gauge-parameter dependent part. But the quasi-imaginary part, which takes the imaginary part of the loop momentum integrals appearing in the amplitude but not of the coupling constants appearing there, of M(t → c Z), isn’t the case. Since there is no quasi-imaginary part in the quark FRC under the conditions of Eq.(7), we only need to calculate the quasi-imaginary part of M^{amp}(t → c Z). After careful calculations we obtain by the cutting rules [5, 6] ĨmM(t → c Z)|_ξ = c̄ ϵ/^∗γ_L t ∑ i V_{2i}V^∗_{3i} e^3(4s^2_W − 3)

384π c_W s^3_W [

x_c − ξ_W − x_{d,i} x_c √ x^2_c − 2(ξ_W + x_{d,i})x_c + (ξ_W − x_{d,i})^2 θ[m_c − m_{d,i} − M_W √ ξ_W ] + x_t − ξ_W − x_{d,i} x_t √ x^2_t − 2(ξ_W + x_{d,i})x_t + (ξ_W − x_{d,i})^2 θ[m_t − m_{d,i} − M_W √ ξ_W ] ] , (10)

where θ is the Heaviside function, V_{2i} andV_{3i} are CKM matrix elements [7], m_c, m_t and m_{d,i} are the masses of charm quark, top quark and down-type i quark, M_W and ξ_W are the mass and gauge parameter of the gauge boson W , and x_c = m^2_c /M^2_W , x_t = m^2_t /M^2_W , x_{d,i} = m^2_{d,i}/M^2_W . We note that the result of Eq.(10) coincides with the results of the conventional loop momentum integral algorithm (see Eqs.(8,9) of Ref.[5]) and the causal perturbative theory [8]. Since there is no tree level contribution, Eqs.(9,10) means the decay width of t → c Z is gauge-parameter dependent under the fermion field renormalization prescription of Ref.[4]. In order to throw off any suspicion we list the result of ĨmM(t → c Z) obtained by the optical theorem in appendix, which also gets to the same conclusion.

Another similar example is the calculation of the decay width of bottom quark decaying into strange quark and photon. To one-loop level one has M(b → s γ) = − e 6 (δZ^L_{sb} + δZ̄^L_{sb})s̄ ϵ/^∗γ_L b − e 6 (δZ^R_{sb} + δZ̄^R_{sb})s̄ ϵ/^∗γ_R b + M^{amp}(b → s γ) , (11) where M^{amp}(b → s γ) is the amplitude of the one-loop amputated diagrams shown in Fig.2. The quasi-real of

FIG. 2: One-loop amputated diagrams of b → s γ.

M(b → s γ) is gauge-parameter independent [5] R̃eM(b → s γ)|_ξ = 0 . (12) There is no quasi-imaginary part in M(b → s γ) [5], but under the conditions of Eqs.(7) we obtain by the cutting rules ĨmM(b → s γ) = −s̄ ϵ/^∗γ_L b ∑ i V_{i3}V^∗_{i2} e^3 192π s^2_W [

x_s − ξ_W − x_{u,i} x_s √ x^2_s − 2(ξ_W + x_{u,i})x_s + (ξ_W − x_{u,i})^2 θ[m_s − m_{u,i} − M_W √ ξ_W ] + x_b − ξ_W − x_{u,i} x_b √ x^2_b − 2(ξ_W + x_{u,i})x_b + (ξ_W − x_{u,i})^2 θ[m_b − m_{u,i} − M_W √ ξ_W ] ] , (13)

where m_s, m_b and m_{u,i} are the masses of strange quark, bottom quark and up-type i quark, and x_s = m^2_s/M^2_W , x_b = m^2_b /M^2_W , x_{u,i} = m^2_{u,i}/M^2_W . Obviously this result also means the fermion field renormalization prescription of Ref.[4] leads to the physical result gauge-parameter dependent. On the other hand, the result of ĨmM(b → s γ) obtained by the optical theorem (listed in the appendix) also leads to the same conclusion.

Now we encounter a serious problem that the only acceptable fermion field renormalization prescription which contains off-diagonal fermion FRC is un-acceptable. The main ruination is the constraint of Eq.(3) which is broken by the singularities of Feynman amplitudes [5]. One way to solve this problem is to introduce two set FRC Z and Z̄, Z is for the incoming fermion fields and out-going anti-fermion fields, Z̄ is for the out-going fermion fields and incoming anti-fermion fields [1, 2]. Z and Z̄ are introduced as Eqs.(1), but they haven’t any relationship between each other. Such prescriptions can make the decay widths of t → c Z and b → s γ gauge-parameter independent [5], but Z and Z̄ aren’t the FRC in conventional meaning because they doesn’t satisfy the necessary field renormalization conditions of Eq.(3). In other words, such prescriptions shouldn’t be classified as field renormalization prescription.

The other way to solve this problem is not to introduce the off-diagonal fermion FRC. The diagonal fermion field renormalization conditions can be introduced as follows

Γ̂_{ii}(p) u_i(p)|_{p2=m2i} = 0 , ū_i(p)Γ̂_{ii}(p)|_{p2 =m2i} = 0 , lim p^2→m^2_i p/ + m_i p^2 − m^2_i

Re Γ̂_{ii}(p) u_i(p) = u_i(p) , lim_{p2 →m2i} ū_i(p)Re Γ̂_{ii}(p) p/ + m_i p^2 − m^2_i

= ū_i(p) . (14)

Note that the on-shell mass renormalization prescription has been used in Eq.(14). But such renormalization prescription discard the gauge-dependent imaginary part of self-energy functions thus will lead to the physical amplitudes gauge-parameter dependent [2].

In fact, we don’t need to renormalize the bare fields in conventional quantum field theory. In a quantum field theory the Hamiltonian can be divided into freedom part and interaction part:

H = H_0 + H_{int} . (15)

The interaction picture field is defined as a free field: ∂ϕ_I (x) ∂t = i[H_0, ϕ_I] . (16)

The Heisenberg field which contains interactions can be expressed in terms of ϕ_I:

ϕ_H (t, x) = U^†(t, t_0)ϕ_I (t, x)U (t, t_0) , (17)

with the unitary matrix

U (t, t_0) = T { exp[−i ∫_t t_0 dt^′H_{int}(t^′)] } , (18)

where T is the time-ordering operator and t_0 is a reference time. Since ϕ_I doesn’t contain interactions, it doesn’t need to be renormalized. Only the Heisenberg field needs to be renormalized. But it is well known that the conventional Hamiltonian is expressed in terms of ϕ_I and the conventional perturbative expansion prescription (i.e. Feynman diagram expansion prescription) uses ϕ_I to calculate the S-matrix elements. So it doesn’t need to renormalize the bare fields in conventional quantum field theory. On the other hand, according to the LSZ reduction formula the WRC, i.e. the field strength renormalization factor [9]:

Z^{12} = < Ω | ϕ_H (0) | λ_0 > , (19)

with Ω the interaction vacuum and λ_0 the in-/out- particle state of S-matrix elements with zero space momentum, which is a Heisenberg field expectation between the interaction vacuum and the in-/out- particle state of S-matrix elements, thus one can obtain the WRC from the corrections to the external-line particles of S-matrix elements. Doing so implies the interaction picture field is equivalent to the in-/out- particle state of S-matrix elements. This is an acceptable hypothesis because the in-/out- particle state in physical experiments is far away from the interaction region thus is an asymptotic free particle state [10].

In summary, we have shown that, to one-loop order, the only acceptable fermion field renormalization prescription which contains off-diagonal fermion FRC leads to the decay widths of t → c Z and b → s γ gauge-parameter dependent. We advocate not to renormalize the bare fields in conventional quantum field theory because the bare fields conventionally used in Hamiltonian and perturbative calculations of S-matrix elements are free fields not containing interactions. The WRC can be obtained from the corrections to the external-line particles of S-matrix elements according to LSZ reduction formula. This problem will be investigated in future.

We note that our conclusion is also suitable for boson and can be tenable for any other quantum field theory beyond SM. Acknowledgments

The author thanks professor Xiao-Yuan Li for his useful guidance and Dr. Yu-qi Li for the fruitful discussions with him.

Appendix

Because their are some differences between the cutting rules and the optical theorem [5], we list the results of ĨmM(t → c Z) and ĨmM(b → s γ) obtained by the optical theorem in this appendix. Under the fermion field renormalization prescription of Ref.[4] we obtain ĨmM(t → c Z)^{op}|_ξ = c̄ ϵ/^∗γ_L t ∑ i V_{2i}V^∗_{3i} e^3(4s^2_W − 3)(x_t − ξ_W − x_{d,i}) 384π c_W s^3_W x_t × √ x^2_t − 2(ξ_W + x_{d,i})x_t + (ξ_W − x_{d,i})^2 θ[m_t − m_{d,i} − M_W √ ξ_W ] , (20)

where the superscript op denotes the result is obtained by the optical theorem. Obviously Eq.(20) is also gaugeparameter dependent. Similarly, for the process of b → s γ we obtain under the fermion field renormalization prescription of Ref.[4] ĨmM(b → s γ)^{op} = −s̄ ϵ/^∗γ_L b ∑ i V_{i3}V^∗_{i2} e^3(x_b − ξ_W − x_{u,i}) 192π s^2_W x_b × √ x^2_b − 2(ξ_W + x_{u,i})x_b + (ξ_W − x_{u,i})^2 θ[m_b − m_{u,i} − M_W √ ξ_W ] . (21)

Eq.(21) is also gauge-parameter dependent.

[1] W.F.L. Hollik, Fortsch. Phys. 38 (1990) 165, Fortsch. Phys. 34 (1986) 687. [2] D. Espriu and J. Manzano, Phys. Rev. D 63 (2001) 073008;

D. Espriu, J. Manzano and P. Talavera, Phys. Rev. D66 (2002) 076002.

[3] K.I. Aoki, Z. Hioki, M. Konuma, R. Kawabe, T. Muta, Prog. Theor. Phys. Suppl. 73 (1982) 1. [4] A. Denner, Fortschr. Phys. 41 (1993) 307. [5] Yong Zhou, hep-ph/0412204.

[6] R.E. Cutkosky, J. Math. Phys. 1 (1960) 429. [7] N.Cabibbo, Phys. Rev. Lett. 10, 531 (1963);

M.Kobayashi and K.Maskawa, Prog. Theor. Phys. 49 (1973) 652. [8] Andreas Aste, Annals of Physics 257 (1997) 158;

G. Scharf, “Finite Quantum Electrodynamics, the Causal Approach,” 2nd ed., Springer, Berlin/Heidelberg/New York, 1995.

[9] H.Lehmann, K.Symanzik and W.Zimmermann, Nuovo Cimento 1 (1955) 1425. [10] F.J. Dyson, Phys. Rev., 75 486, 1736 (1949).