arXiv:hep-ph/0502053 v3 29 Mar 2005

Phase dynamics and particle production in preheating

T. Charters^†, A. Nunes^‡, J. P. Mimoso^§

† Departamento de Mecânica/Secção de Matemática Instituto Superior de Engenharia de Lisboa Rua Conselheiro Emídio Navarro, 1, P-1949-014 Lisbon, Portugal Centro de Física Teórica e Computacional da Universidade de Lisboa Avenida Professor Gama Pinto 2, P-1649-003 Lisbon, Portugal

§‡ Departamento de Física, Faculdade de Ciências da Universidade de Lisboa Centro de Física Teórica e Computacional da Universidade de Lisboa Avenida Professor Gama Pinto 2, P-1649-003 Lisbon, Portugal

†tca@cii.fc.ul.pt,^‡anunes@ptmat.fc.ul.pt,^§jpmimoso@cii.fc.ul.pt

PACS: 98.80.Cq March 29, 2005 Abstract We study a simple model of a massive inflaton field ϕ coupled to another scalar filed χ with interaction term g^2 ϕ^2χ^2. We use the theory developed by Kofman et al. [1] for the first stage of preheating to give a full description of the dynamics of the χ field modes, including the behaviour of the phase, in terms of the iteration of a simple family of circle maps. The parameters of this family of maps are a function of time when expansion of the universe is taken into account. With this more detailed description, we obtain a systematic study of the efficiency of particle production as a function of the inflaton field and coupling parameters, and we find that for g ≲ 3 × 10^{−4} the broad resonance ceases during the first stage of preheating.

1 Introduction

The success of the reheating stage after inflation is crucial to most realizations of the inflationary paradigm. The universe needs to recover a temperature high enough for primordial nuclesynthesis to take place in accordance to the usual pattern of the standard cosmological model. Excluding scenarios designed to avoid the extreme cooling produced by inflation (such as, for instance, the warm inflation scenario), it is important that the necessary post-inflationary reheating be efficiently achieved.

The reheating mechanism was proposed as a period, immediately after inflation, during which the inflaton field ϕ oscillates coherently about its ground state and swiftly transfers its energy into ultrarelativistic matter and radiation, here modelled by another scalar field χ. This processes depends on the coupling between ϕ and χ in the interaction Lagrangian. The classical theory of reheating was developed in [2, 3, 4, 5]. The importance of broad resonance and approximations to deal with non-perturbative effects were introduced in [6, 7, 8, 9, 10]. The theory was put forward in [1, 11, 12], where the analysis included the effects of expansion of the universe, see also [13, 14]. This represented a shift away from the simple picture of static Mathieu resonant bands, due to large phase fluctuations, which behave irregularly in the non-perturbative regime in an expanding universe. Extensions in this setting include, among others, the study of metric perturbations and the application to string or supersymmetric theories [15, 16, 17, 18, 19, 20].

The present understanding of the process (see [21]) distinguishes two parts in it. A preheating mechanism by which fluctuations of the inflaton couple to one (or more [22]) scalar fields, inducing the resonant amplification of perturbations in the latter. Depending on the coupling, efficient energy transfer requires the amplitude of the inflaton oscillation to be rather large, away from the narrow resonance regime where only perturbations with wave numbers in small intervals are unstable. As the amplitude of the perturbed field grows, back reaction effects may have to be considered, since the frequency of the inflaton oscillations is no longer given by its mass, but depends also on the total number density of the perturbed field particles through the coupling term. The first stage of preheating is the period when these back reaction effects are negligible, and the inflaton field dynamics is approximated by its uncoupled equations. Preheating ends when resonant amplification terminates, either because of the decreasing amplitude of the inflaton field or due to the back reaction and rescattering effects of the second stage. After the second stage of preheating, the reheating period corresponds to the decay of the perturbed fields as well as that of the inflaton field that comes out of the preheating period, leaving the universe after thermalization with the temperature required by the subsequent processes, namely nuclesynthesis.

We consider a basic model describing the inflaton field ϕ interacting with a scalar field χ in a flat FRW universe L = 1 2 ϕ_{,i}ϕ^{,i} + 1 2 χ_{,i}χ^{,i} − V (ϕ) − V_{int}(ϕ, χ). (1) This is the simplest model that still contains the basic features for the understanding of particle creation in the early universe and one of the few models for which an analytical study can be performed, see also [8, 11, 23]. With this in mind we concentrate on the simplest chaotic model with the potential V (ϕ) = 1/2m^2_ϕϕ^2 and interaction potential V_{int}(ϕ, χ) = g^2ϕ^2χ^2. The evolution of the flat FRW universe is given by

3H^2 = 8π m^2_{pl} ( 1 2 ϕ̇^2 + V (ϕ) + 1 2 χ̇^2 + g^2ϕ^2χ^2 ) (2) where H = Ṙ/R and R is the FRW scalar factor. The equations of motion in a FRW universe for a homogeneous scalar field ϕ coupled to the k-mode of the χ field are given by

ϕ̈ + 3Hϕ̇ + (m^2_ϕ + g^2χ^2_k) ϕ = 0 (3)

χ̈_k + 3Hχ̇_k + ω^2_k(t)χ_k = 0, (4)

where ω^2_k(t) = k^2/R^2 + g^2ϕ^2 .

The rate of production of particles of a given momentum k is determined by the evolution of the perturbed field mode χ_k. The number density n_k(t) of particles with momentum k can be evaluated as the energy of that mode divided by the energy of each particle

n_k(t) = 1 2ω_k(t) ( |χ̇_k|^2 + ω^2(t)|χ_k|^2 ) − 1 2 . (5)

The exponential growth χ_k(t) ∝ e^{μk t} leads to exponential growth of the occupation numbers n_k(t) and the total number density of χ-particles is given by

n_χ(t) = 1 4π^2R^3 ∫ dk k^2n_k(t). (6)

The problem of determining the efficiency of particle production for a given model is thus reduced to the evaluation of μ_k as a function of the parameters of the model. In general this is not an easy task, and most estimates are based on numerical integrations for typical parameter values [8].

However, the theory developed in [1] yields analytic results in Minkowski space time, which provide an approximate simplified model that works rather well in the FRW scenario. The starting point of the theory is the fact that, for the model (3), (4), preheating requires the amplitude of the inflaton field’s oscillations, Φ(t), to verify gΦ(t) > m_ϕ. This means preheating is dominated by broad resonance, and the theory is based on the approximations that hold when gΦ(t)/m_ϕ ≫ 1. The conclusions hold independently of the detailed form of the inflaton potential away from its minimum.

In this paper we extend the formalism of [1] to give a full description of the dynamics of the phase of the field modes χ_k, which in turn determines the evolution of the growth factor μ_k. In Section 2, we consider the case of a non expanding universe and show that the behaviour of the phase can be described in terms of the iteration of a simple family of circle maps. The orbits of this family are of two possible types, depending on the value of the perturbation amplitude, and their asymptotic behaviour, which determines the growth factor, is always independent of the initial condition.

In Section 3 we show that the results that hold for Minkowski space time can be used to model the phase and growth factor evolution in a FRW universe. Expansion may be considered simply by taking the parameters of the Minkowski equations to be prescribed functions of time. Using this model as an alternative to numerical integration of the full equations, we check the estimates given in the literature for the total number density of χ particles created during preheating and for the duration of the first stage of preheating as a function of the interaction parameter g.

2 Phase dynamics in Minkowski space-time

The important differences between the narrow and broad parametric resonance mechanisms in the context of cosmological models with post-inflationary reheating have first been noticed in the analysis of the evolution of the amplitudes of the χ_k modes in a static universe [7, 9, 24]. Although the equations in Minkowski space time lack some of the fundamental ingredients to understand the overall efficiency of the reheating process, they can and indeed they should be considered as a toy model that sheds light on the mechanisms at play when the expansion of the universe and other effects, such as back reaction and rescattering, are taken into account.

This was the approach followed in Kofman et al. [1], where an analytic theory of broad resonance in preheating was established, relying on a detailed study of broad parametric resonance driven by the harmonic oscillations of an inflaton field without expansion of the universe. This study is directed towards the computation of the k-mode growth factors μ_k, and the phase dynamics of the χ_k modes is not explicitly derived. However, Kofman et al. do mention the basic features of this phase dynamics, and they use them to explain the characteristics of mode amplification in an expanding universe, which they dubbed ’stochastic resonance’ in order to stress the difference with respect to the usual resonant bands scenario of the Mathieu equation.

In this section we explicitly compute the phase evolution equations in Minkowski space time and show that phase stochasticity is already present in this model, as one of the two possible dynamical regimes, together with the fixed phase behaviour identified in [1]. In this random phase regime, in the complement of the resonant bands, the growth factor μ_k is effectively zero, but a typical orbit undergoes random sequences of amplitude amplifications and reductions, much like in the case of stochastic resonance. This phenomenon is pointed out frequently in the literature [25, 26, 27] and can be described analytically as one of the consequences of the theory when we consider the global phase dynamics of the χ_k modes [1, 8].

We shall start by recalling the method of Kofman et al. to approximate in the broad resonance regime the solution of equation (4) in Minkowski space-time

χ̈_k + ω^2_k(t)χ_k = 0, (7)

where ω^2_k(t) = a_k + b sin^2(t) and the time variable is now t → m_ϕt. The parameters a_k and b are given by a_k = k^2/m^2_ϕ and b = g^2A^2/m^2_ϕ, where A is the constant amplitude of the field ϕ. Typical values of the parameters are g^2 ≤ 10^{−6}, m = 10^{−6}m_{pl} , A = αm_{pl}, where 0 < α < 1, and thus b ≤ α^2 × 10^6 [1, 21, 28]. In broad resonance, √ b ≫ 1. Let the χ_k(t) be of the form

χ_k(t) = α_k √ 2ω_k(t) exp ( −i ∫_t 0 ω_k(s)ds ) + β_k √ 2ω_k(t) exp ( i ∫_t 0 ω_k(s)ds ) , (8)

where α_k and β_k are constants. Introducing (8) in to (7) we obtain

χ̈_k + ω^2_k(t) [ 1 + 1 4 ( ω^{−1}_k d dt ln ω_k

)_2 + 1 2ω_k d dt ( ω^{−1}_k d dt ln ω_k )] χ_k = 0. (9)

So (8) approximates the solution of (7) provided that | | |ω^{−1}_k d dt ln ω_k | | | ≪ 1, (10) | | | |ω^{−1}k d dt ( ω^{−1}_k d dt ln ω_k )| | | ≪ 1 (11)

hold. These are the adiabatic conditions identified in [29]. In the present case, √ b ≫ 1 and the adiabatic conditions are fulfilled except in the neighbourhood of t_j = jπ, j = 0, 1, . . ., when ϕ(t_j ) = 0 that is, every time the inflaton field crosses zero. Hence, the breakdown of the approximation given by (8) occurs periodically, and an approximate global solution of (7) can be constructed from a sequence of adiabatic solutions

χ^j_k(t; α^j_k, β^j_k) = α^j_k √ 2ω_k(t) exp ( −i ∫_t 0 ω_k(s)ds ) + β^j_k √ 2ω_k(t) exp ( i ∫_t 0 ω_k(s)ds ) , (12) where the parameters (α^j_k, β^j_k) for consecutive j will be determined by the behaviour of he solution of (7) for t close to t_j . In a small neighbourhood of t_j = jπ, j = 0, 1, . . . equation (7) can be approximated by

χ̈_k + (a_k + b(t − t_j)^2)χ_k = 0. (13)

Equation (13) has exact solution in the form of parabolic cylinder functions [30]. The asymptotic behaviour for large t of this solutions is of the form (8), and this provides the relation between the coefficients (α_k, β_k) of this adiabatic approximation on either side of t_j. Following Kofman et al. [1], this relation can be written as [ α^{j+1}_k e^{−iθjk} β^{j+1}_k e^{iθjk} ] = 1 D_κ R^∗_κ D^∗_κ R_κ D_κ 1 D^∗_κ

[ α^j_ke^{−iθjk} β^j_ke^{iθjk} ] , (14)

where θ^j_k = ∫_{tj} 0 ω(s)ds. The complex numbers R_κ and D_κ are given by 1/D_κ = √ 1 + ρ^2_κ exp(iφ_κ) and R_κ/D_κ = −iρ_κ with ρ_κ = exp(−πκ^2/2), κ^2 = a_k/ √ b, and

φ_κ = arg ( Γ ( 1 + iκ^2 2 )) + κ^2 2 ( 1 + ln 2 κ^2 ) . (15)

The parameter κ = k/ √ Agm_ϕ ∈ [0, 1] is the normalised wave vector of the mode, and √ Agm_ϕ the cutoff wave vector introduced in [1]. Since the number density of χ_k particles with momentum k is equal to n_k = |β_k|^2, one can use (14) and (15) to calculate the number density of particles n^{j+1}_k = |β^{j+1}_k |^2 after t_j in terms of n^j_k = |β^j_k|^2. The growth index μ^j_κ, defined by n^{j+1}_k = n^j_k exp(2πμ^j_κ), is given by [1]

μ^j_κ = 1 2π ln ( 1 + 2ρ^2_κ − 2ρ_κ √ 1 + ρ^2_κ sin(−φ_κ + arg β^j_k − arg α^j_k + 2θ^j_k) ) , (16)

or, in terms of the phase ν^j_k = arg β^j_k + θ^j_k of the field χ_k when t = t_j ,

μ^j_κ = 1 2π ln ( 1 + 2ρ^2_κ − 2ρ_κ √ 1 + ρ^2_κ sin(−φ_κ + 2ν^j_k) ) . (17)

In Figure 1 we show, for b = 10^3 and a_k = 1, the analytic curve for the growth factor μ^1_κ as a function of the phase ν given by (17) and the numerical curve μ_κ = μ_κ(ν) obtained from the numerical integration of the full equation (7) along half a period of the inflaton field. We see that, as ν varies in [0, π], μ takes positive and negative values. The phase interval for which μ is negative depends slightly on the value of κ. As hinted by Kofman et al. [1], equations (14) and (15) can be used to obtain the dynamics for the phase ν^j_k. In the remaining part of this section we explicitly compute the map ν^{j+1}_k = P_{b,κ}(ν^j_k) and show that it can be approximated by a simple family of circle maps. From (14) one gets

ν^{j+1}_k = θ(b, κ) + arg (√ 1 + ρ^2_κe^{−iφκ} e^{iνjk} − iρ_κe^{−iνjk} ) , (18)

where θ(b, κ) = ∫_π 0 ω(s)ds. An approximate expression for the phase map up to terms of order κ^2 is given by

ν^{j+1}_k = P_{b,κ}(ν^j_k) = 2 √ b + atan √ 2 sin ν^j_k − cos ν^j_k √ 2 cos ν^j_k − sin ν^j_k

+κ^2/2 ( log √ b κ^2

+ 4 log 2 + 1 ) − κ^2 ( c_1 cos ν^j_k^2 + c_2 cos ν^j_k sin ν^j_k + c_3 sin ν^j_k^2 3 − 4 √ 2 cos ν^j_k sin ν^j_k ) , (19)

where c_1 = 2.074 − log 2/κ^2, c_2 = −1.363 + 1.414 log 2/κ^2, and c_3 = −0.147 − log 2/κ^2.

The maps (18), (19) for b = 10^3 and κ = 0.5 are shown in Figure 2, together with the phase map obtained from the numerical integration of the full equations (7) for the same values of the parameters over half a period of the inflaton field.

The properties of the family (18) and its approximation (19) are best understood by looking at the behaviour of the family P_{b,0}(ν) parametrised by √ b, P_{b,0}(ν) = 2 √ b + atan √ 2 sin ν − cos ν √ 2 cos ν − sin ν

(20)

This family of circle maps is periodic with period π in the parameter √ b, and its bifurcation diagram for √ b ∈ [0, π] is shown in Figure 3. We see that the map has two different regimes. For tan 2 √ b ∈ [−1, 1], the map has a strongly attractive fixed point, and the phase converges rapidly to this fixed point (typically in a couple of iterates). For the remaining parameter values, the phase orbit has random oscillations around the mean value that varies between π/8 and π/2 − π/8, or between π/8 + π and 3π/2 − π/8. The fixed point equation

cos 2ν √ 2 − sin 2ν

= tan 2 √ b (21)

is satisfied for two values of ν for each √ b ∈ [−π/8, π/8]∪[π/2−π/8, π/2+π/8], one of which corresponds to an unstable fixed point and the other to the stable fixed point shown in the bifurcation diagram of Figure 3. The derivative of P_{b,0} at the stable fixed point is

P^′_{b,0}(ν̃) = 1 3 − 2 √ 2 sin 2ν̃

≤ 1, (22)

where the stable fixed point ν̃ ∈ [−π/2 − π/8, π/8] ∪ [π/2 − π/8, π + π/8]. The equality P^′_{b,0}(ν̃) = 1 is obtained at the boundaries of the random phase region, but the derivative decreases rather sharply into the stable fixed point region, where P^′_{b,0}(ν̄) < 0.5 for most values.

The asymptotic value of growth factor μ_0 for the k = 0 mode as a function of b can then be computed from equation (17) evaluated at the fixed point or averaged over the random orbits, for values of √ b ∈ [−π/8, π/8] ∪ [π/2 − π/8, π/2 + π/8] or in the complement of this interval, respectively. In Figure 4 we show a plot of the asymptotic value of μ_0 as a function of b computed analytically from equations (20), (17), as described, and numerically from the integration of the full equations (7). We see that the stability regions identified in [1] correspond to the random wandering of the phase ν of the field χ at consecutive t_j = jπ around its average values. The random phase regimes correspond to different probability measures in the phase interval, for all of which the average value of μ is zero.

For other values of κ, the global dynamics shares the qualitative properties of the family P_{b,0}. In Figure 5 we show the same information of Figures 3 and 4 obtained for P_{b,κ} with 300 ≤ √ b ≤ 304 and κ = 1/2.

Equation (18) provides a good approximation to the exact phase dynamics even for moderate values of b. In Figure 6 we show the approximate phase map (18) and the phase map computed numerically from the full equation (7) for b = 10 and κ = 1/2. This, together with the rapid relaxation rates of the phase dynamics in the fixed point regime, is the reason why equations (17), (18) are still useful to obtain estimates for the growth number in FRW space-time. The existence of two simple regimes for the phase dynamics, one of them characterised by rapid relaxation to a fixed point and the other by random wandering of the phase with a well defined probability density, shows that the system keeps no record of the initial phase and, in this sense, has no memory. This explains why the evolution of the occupation number is independent of the initial phase, while the growth factor per period μ^j_κ depends strongly on the phase ν^j_k. We shall come back to this point later.

3 Dynamics in an expanding universe

In this section we will show that equations (17), (18) can be used to compute the growth factor of the χ field modes during the first stage of the preheating period in a flat FRW.

It is well known [1], that the coherence of the oscillations of the ϕ field is not disturbed until the energy density of the χ field significantly contributes to (2), (3) and back-reaction and rescattering effects start to change the mechanism of the growth of the occupation number of the produced particles. More precisely, Kofman et al. show in [1] that these effects are negligible during the first preheating stage, that ends when the total number density n_χ of χ particles satisfies n_χ(t) ≈ m^2_ϕΦ(t) g , (23)

where Φ(t) is the varying amplitude of the inflaton field ϕ.

In the first stage of preheating, equations (2), (3) decouple from (4), and the evolution of the inflaton field and of the scale factor R(t) is given in good approximation by [1]

ϕ(t) = Φ(t) sin t, Φ(t) = m_{pl} 3(π/2 + t) , R(t) = ( 2t π )_{2/3} . (24)

Equation (4) can be reduced to the form (7) through the change of variable X_k = R^{3/2}χ_k, yielding

Ẍ_k + ϖ^2_k(t)X_k = 0, (25)

where ϖ^2 = k^2 m^2_ϕR(t)^2 + g^2ϕ(t)^2 m^2_ϕ + 1 m^2_ϕ δ and the last term is very small after inflation and will be

disregarded.

We see that the χ_k modes are still governed by an equation of the form (7) like the one we considered in Minkowski space time, but now the parameters a_k and b change with time. By definition, the preheating period ends when gΦ(t)/m_ϕ ≃ 1, and so, during preheating, the rate of variation of those parameters and the oscillations of the inflaton field are much slower than the oscillations of the χ_k modes. As pointed out in [1], the basic assumptions for the approximation developed for Minkowski space time are thus still valid in preheating, and the changes in occupation numbers n_k will occur at t = jπ with exponential growth rate given by (17), provided that the decreasing amplitude of the perturbations and the redshift of the wave numbers are taken into account. Hence, Kofman et al. model particle production in the first stage of preheating through μ^j_{κj} = 1 2π ln ( 1 + 2ρ^2_{κj} − 2ρ_{κj} √ 1 + ρ^2_{κj} sin(−φ_{κj} + 2ν^j_κ) ) , (26)

where κ_j = k/(R(t_j) √ gm_ϕΦ(t_j )).

We may also think of the phase dynamics as being essentially governed by the iteration of equations (18), but now the parameter b decreases in time, crossing the strips associated to the random phase and fixed point regimes, and giving rise to non trivial phase dynamics. Kofman et al. describe the effects of the variation of the inflaton amplitude as implying random phase dynamics, and build their estimates for the total number density evolution n_χ(t) from (26), treating the phase ν^j_κ as a random variable.

We shall extend the approach of [1] to study the phase dynamics in an expanding universe, taking the phase iteration map to be given by

ν^{j+1}_k = θ(b_j , κ_j) + arg (√ 1 + ρ^2_{κj} e^{−iφκ} e^{iνjk} − iρ_{κj} e^{−iνjk} ) , (27)

where √ b_j = gΦ(t_j )/m_ϕ.

Equations (27), (26), provide an alternative to numerical integrations of the full equations do compute the occupation number of a given mode as a function of time. The phase, growth factor and occupation number for a typical orbit (we have taken b_0 = 5 × 10^3 and κ_0 = 0.1) as obtained from the iteration of equations (27), (26) are shown in Figure 7, where the values given by numerical integration of equations (25) for the same initial conditions and parameter values are also plotted. Iteration and integration were carried out until preheating ends with √ b(t_j ) ≈ 1. We see ’reminiscences’ of the phase dynamics of the Minkowski model. In particular, the fixed point regime interval is clearly visible after the first few ϕ oscillations. Also shown are the values of these same quantities averaged over the initial phase ν^0_k. We see that, due to the characteristics of the phase dynamics, the efficiency of particle production is insensitive to the initial phase of the field mode χ_k, in spite of the strong dependence of the growth factor per period on the phase ν^j_k.

We shall now use equations (27), (26) above to look at the total number density n_χ(t) and check the estimates given in [1]. We consider the contributions to n_χ(t) of every mode such that k ∈ [0, k_∗(0) = √ gΦ(0)m_ϕ] at t = 0, and compute for each j the leading mode’s growth factor, μ^j_l , given by

μ^j_l = max_κ2_{∈[0,1]} 1 2π ∑ ν^0∈[0,2π]

μ^j_{κj} (P^{(j)}_{bj ,κj} (ν^0))

, (28)

with b_j = 5 × 10^3(Φ(t_j )/Φ(0))^2, κ^2_j = κ^2Φ(0)/ ( Φ(t_j )R^2(t_j ) ) , and P^{(j)}_{bj,κj} the j-th iterate of the map (27), where the parameters κ and b must be updated at each iteration. Then, whereas the estimate in [1] is

n_χ(t) =

(gm_ϕΦ(0))^{3/2} 64π^2R^3(t) √ 0.13πt exp(2 × 0.13t), (29)

we have

n_χ(t_j ) =

(gm_ϕΦ(0))^{3/2}

64π^2R^3(t) √ π^2 ∑_j i=1 μ^i_l exp ( 2π j∑ i=1 μ^i_l ) , (30)

or n_χ(t_j ) =

(gm_ϕΦ(0))^{3/2}

64π^2R^3(t) √ π^2 ∑_j i=1 μ^i_∗ exp ( 2π j∑ i=1 μ^i_∗ ) , (31)

if instead of actually determining the leading mode we assume that it corresponds to k_∗/2. The curves corresponding to equations (29), (30), (31) are shown in Figure 8. We can still improve on the estimates given by (30) or (31). Since

n_χ(t) =

(gm_ϕΦ(t))^{3/2} 64π^2R^3(t)

∫_1 0 κ^2n_κ(t)dκ, (32)

we may use (27), (26) to compute this integral numerically from n_k(t_j ) = 1/2 exp ( 2π ∑_j i=1 μ^i_{κi} ) . The result is also shown in Figure 8, and we see that for this value of g the estimates of [1] are very accurate.

Finally, we have used again (27), (26) together with (32) to obtain a systematic study both of the behaviour of n_χ(t) as a function of the parameter g, and of the duration of the first stage of preheating as defined by (23), as a function of g. The results for g in the range 10^{−4} ≤ g ≤ 10^{−1} are shown in Figure 9, where we have also plotted the result of the estimates of [1] for these quantities. We see that the duration of the first stage of preheating depends rather irregularly on the parameter g, and that the estimates of [1] (full line in the figure) provide a good lower bound for most values of g. The least squares linear fit (slashed line) yields a slightly larger value for the typical duration of the first stage. On the other hand, the value of g below which preheating always ceases during the first stage was found to be g = 3 × 10^{−4}, as predicted in [1].

4 Conclusion

In the simplest preheating scenario, where the coherent oscillations of the uncoupled inflaton field drive the amplification of the mode amplitudes of a field χ, we consider first the broad resonance regime in Minkowski space-time and use the theory of scattering in parabolic potentials developed in [1] to obtain the map whose iteration governs the phase dynamics of the modes χ_k. It is well known that the phase dynamics, the consecutive values of the phase of the χ_k fields at the times t_j when the inflaton amplitude goes through zero, determine the growth rates of the modes. In this work we show that the features of this phase dynamics are given by the properties of a simple family of circle maps. The orbits of this family of maps are of two types, rapid convergence to fixed point solutions, and random oscillations around an average value. Hence, the ’stochastic resonance’ identified in [1] in the dynamics of an expanding universe is also present in the absence of expansion. The fixed phase and stochastic regimes occur in consecutive intervals of the value of the forcing amplitude. In the first case, the fixed point is always associated with a positive value of the growth factor μ_j = 1/(2π) log ( n^{j+1}/n^j ) that controls the growth of the number of particles n^j in each mode for t = t_j . Thus, in this case, the average growth of the occupation numbers of the modes is exponential. In the second case, we show that the phase sampling is always such that the average growth factor is zero.

We then consider the case of an expanding universe, with the assumptions that hold in the first stage of preheating, and show that the equations for the phase dynamics and the growth number derived for Minkowski space time still provide a good approximation of the true solutions, once the decay of the inflaton amplitude is taken into account. Moreover, the qualitative behaviour of the phase and growth number evolution is reminiscent of the behaviour found in the case without expansion, in the sense that it can be interpreted as a random phase regime followed by a slowly varying phase regime where occupation number growth is approximately exponential. These two regimes occur as the inflaton decay slows down and the perturbation amplitude crosses more and more slowly the intervals that give rise to fixed phase behaviour.

We use this approximation to obtain a systematic study of the behaviour of the total number density of created particles over time, and of the end of the first stage of preheating as a function of the ϕ − χ coupling parameter g. Comparison with the estimates presented in [1] show an overall good agreement.

5 Acknowledgements

The authors are grateful to David Wands for helpful discussions. We also acknowledge the financial support of Fundação para a Ciência e a Tecnologia under the grant number POCTI/FNU/49511/2002.

References

[1] L. Kofman, A. D. Linde and A. A. Starobinsky, “Towards the theory of reheating after inflation,” Phys. Rev. D 56 (1997) 3258 [arXiv:hep-ph/9704452].

[2] A. D. Dolgov and A. D. Linde, “Baryon Asymmetry In Inflationary Universe,” Phys. Lett. B 116 (1982) 329.

[3] L. F. Abbott, E. Farhi and M. B. Wise, “Particle Production In The New Inflationary Cosmology,” Phys. Lett. B 117 (1982) 29.

[4] J. H. Traschen and R. H. Brandenberger, “Particle Production During Out-Of-Equilibrium Phase Transitions,” Phys. Rev. D 42 (1990) 2491.

[5] A. D. Dolgov and D. P. Kirilova, “Production Of Particles By A Variable Scalar Field,” Sov. J. Nucl.

Phys. 51 (1990) 172 [Yad. Fiz. 51 (1990) 273].

[6] L. Kofman, A. D. Linde and A. A. Starobinsky, “Reheating after inflation,” Phys. Rev. Lett. 73 (1994) 3195 [arXiv:hep-th/9405187].

[7] D. Boyanovsky, H. J. de Vega, R. Holman and J. F. J. Salgado, “Analytic and numerical study of preheating dynamics,” Phys. Rev. D 54 (1996) 7570 [arXiv:hep-ph/9608205].

[8] H. Fujisaki, K. Kumekawa, M. Yamaguchi and M. Yoshimura, “Particle Production and Gravitino Abundance after Inflation,” Phys. Rev. D 54 (1996) 2494 [arXiv:hep-ph/9511381].

[9] Y. Shtanov, J. H. Traschen and R. H. Brandenberger, “Universe reheating after inflation,” Phys.

Rev. D 51 (1995) 5438 [arXiv:hep-ph/9407247].

[10] J. Berges and J. Serreau, Phys. Rev. Lett. 91 (2003) 111601 [arXiv:hep-ph/0208070]. [11] P. B. Greene, L. Kofman, A. D. Linde and A. A. Starobinsky, “Structure of resonance in preheating after inflation,” Phys. Rev. D 56 (1997) 6175 [arXiv:hep-ph/9705347].

[12] D. I. Kaiser, “Resonance structure for preheating with massless fields,” Phys. Rev. D 57 (1998) 702 [arXiv:hep-ph/9707516].

[13] M. Yoshimura, “Catastrophic particle production under periodic perturbation,” Prog. Theor. Phys.

94, 873 (1995) [arXiv:hep-th/9506176].

[14] H. Fujisaki, K. Kumekawa, M. Yamaguchi and M. Yoshimura, “Particle production and dissipative cosmic field,” Phys. Rev. D 53, 6805 (1996) [arXiv:hep-ph/9508378].

[15] A. B. Henriques and R. G. Moorhouse, Phys. Rev. D 62 (2000) 063512 [Erratum-ibid. D 65 (2002) 069901] [arXiv:hep-ph/0003141].

[16] A. B. Henriques and R. G. Moorhouse, Phys. Lett. B 492 (2000) 331 [Erratum-ibid. B 528 (2002) 306] [arXiv:hep-ph/0007043].

[17] B. A. Bassett and F. Viniegra, “Massless metric preheating,” Phys. Rev. D 62 (2000) 043507 [arXiv:hep-ph/9909353].

[18] I. Tkachev, S. Khlebnikov, L. Kofman and A. D. Linde, “Cosmic strings from preheating,” Phys.

Lett. B 440 (1998) 262 [arXiv:hep-ph/9805209].

[19] Z. Chacko, H. Murayama and M. Perelstein, “Preheating in supersymmetric theories,” Phys. Rev.

D 68 (2003) 063515 [arXiv:hep-ph/0211369].

[20] R. Allahverdi, Phys. Rev. D 62 (2000) 063509 [arXiv:hep-ph/0004035].

[21] A. R. Liddle and D. H. Lyth, “Cosmological inflation and large-scale structure,” Cambridge, UK:

Univ. Pr. (2000) 400 p [22] B. A. Bassett and F. Tamburini, “Inflationary reheating in grand unified theories,” Phys. Rev. Lett.

81 (1998) 2630 [arXiv:hep-ph/9804453].

[23] D. I. Kaiser, “Post inflation reheating in an expanding universe,” Phys. Rev. D 53 (1996) 1776 [arXiv:astro-ph/9507108].

[24] S. Biswas, P. Misra and I. Chowdhury, “The CWKB method of particle production in periodic potential,” Gen. Rel. Grav. 35 (2003) 1 [arXiv:gr-qc/0205076].

[25] F. d. R. De Melo, R. H. Brandenberger and A. J. Maia, “Exponential growth of particle number far from the parametric resonance regime,” Int. J. Mod. Phys. A 17 (2002) 4413 [arXiv:hep-ph/0110003].

[26] B. A. Bassett, F. Tamburini, D. I. Kaiser and R. Maartens, “Metric preheating and limitations of linearized gravity. II,” Nucl. Phys. B 561 (1999) 188 [arXiv:hep-ph/9901319].

[27] F. Finelli and R. H. Brandenberger, “Parametric amplification of metric fluctuations during reheating in two field models,” Phys. Rev. D 62 (2000) 083502 [arXiv:hep-ph/0003172].

[28] A. D. Linde Phys. Lett. 108B, 389 (1982) [29] F. W. J. Olver, “Error bounds for the Liouville-Green (or WKB) approximation”, Proc. Cambridge Philos. Soc., 57, 790, (1961).

[30] M. Abramowitz and I. Stegun, “Handbook of Mathematical Functions,” (Dover, NY, 1972), pg. 686.

Figure 1: For b = 10^3 and a_k = 1 (hence κ^2 = 10^{−3/2}) the analytic curve for the growth factor as a function of the phase given by equation (17) (solid line), and the numerical curve obtained from the integration of the equations of motion along half a period of the inflaton field (dashed line).

Figure 2: For b = 10^3 and κ = 0.5 the maps (18) (solid line) and (19) (dashed line). Also shown is the phase map obtained from the numerical integration of the full equations (7) (full circle) for the same values of the parameters.

Figure 3: Bifurcation diagram of the family of circle maps (20) for √ b ∈ [0, π].

Figure 4: The asymptotic value of μ_0 as a function of b for √ b ∈ [10π, 11π] computed analytically from equations (20), (17) (full line) and numerically from the integration of the full equations (7) (dotted line). We have taken j_{max} = 200, and the two lines almost overlap. Also shown (in grey) are all the values of μ^j_0, j = 100, 101, . . ., 200.

Figure 5: (a) Bifurcation diagram for the map P_{b,κ} with √ b ∈ [300, 304] and κ = 1/2. (b) The asymptotic value of μ_κ as a function of √ b for the same values of the parameters computed analytically from equations (18), (17) (full line), and numerically from the integration of the full equations (7) (dotted line). We have taken j_{max} = 200, and the two lines almost overlap. Also shown (in grey) are all the values of μ^j_κ , j = 100, 101, . . ., 200.

Figure 6: The approximate phase map(solid line) and the phase map computed numerically from equations (7) (dotted line) for b = 10 and κ = 1/2.

Figure 7: For b_0 = 5 × 10^3 and κ_0 = 0.1, the phase (a), growth factor (b) and occupation number (c) with initial conditions corresponding to n^0_k = 1/2 and ν^0_k = 0. The values obtained from the iteration of equations (27), (26) are plotted as full circles, and the values given by numerical integration of equations (25) for the same initial conditions and parameter values are plotted as open circles. Iteration and integration were carried out until the end of preheating when √ b(t_j) ≈ 1. Also shown are the values of these same quantities averaged over the initial phase ν^0_k (full triangles for the iterated maps (27), (26) and open triangles for the numerical values).

Figure 8: For b_0 = 5 × 10^3 (hence g = 0.3 × 10^{−3}) the curves corresponding to equations (29) (full line), (30) (dotted line), (31) (slash-and-dot line) and (32) (slashed line). The evolution was computed until the end of preheating when √ b_{30} ≃ 1.

Figure 9: Duration of the first stage of preheating j_1 as a function of g for 10^{−4} ≤ g ≤ 10^{−1} (dots). The linear least square approximation (slashed line), are also shown the estimate given in [1] (full line) and the cut-off curve defined by b_j = 1 (dotted line). The values of j_1 that lie above the cut-off curve b_j = 1 were not considered in the least square approximation .