arXiv:hep-ph/0502186 v5 9 May 2005

Wave-function renormalization prescription

Yong Zhou Institute of High Energy Physics, Academia Sinica, P.O. Box 918(4), Beijing 100049, China, Email: zhouy@ihep.ac.cn

We introduce two set particle’s Wave-function Renormalization Constants (WRC) and find the hermitian conjugation relationship between them is broken by the imaginary parts of the propagation amplitudes of unstable particles. By introducing the antiparticle’s WRC and the CPT conservation law we obtain a new wave-function renormalization condition which is used to exactly determine the WRC. Besides, we calculate two physical processes to illustrate the consistence of the present wave-function renormalization prescription with the gauge theory in standard model.

PACS numbers: 11.10.Gh

I. INTRODUCTION

The WRC has been present for a long time, but at present it encounters some problems for unstable particles [1, 2, 3]. We begin our discussion from the fermion wave-function renormalization prescriptions. The fermion WRC can be introduced as [2]

Ψ_{0i} = ∑ j Z^{12}_{ij}Ψ_j , Ψ̄_{0i} = ∑ j Ψ̄_jZ̄^12_{ji} , (1)

with

Z^{12}_{ij} = Z^{L 12}_{ij} γ_L + Z^{R 12}_{ij} γ_R , Z̄^{12}_{ij} = Z̄^{L 12}_{ij} γ_R + Z̄^{R 12}_{ij} γ_L , (2)

where i and j are the fermion generations, and γ_L and γ_R are the left- and right- handed helicity operators. Because the bare fermion fields have the relationship Ψ̄_{0i} = Ψ^†_{0i}γ^0, the fermion WRC seem to satisfy the ‘pseudo-hermiticity’ relationship [2, 3]

Z̄^12_{ij} = γ^0Z^12^†_{ij} γ^0 . (3)

It’s well known that the conventional wave-function renormalization prescription for fermions is

Γ̂_{ij}(p) u_j(p)|_{p2=m2j} = 0 , ū_i(p)Γ̂_{ij}(p)|_{p2=m2i} = 0 , lim p^2→m^2_i p/ + m_i p^2 − m^2_i

Γ̂_{ii}(p) u_i(p) = u_i(p) , lim_{p2 →m2} i ū_i(p)Γ̂_{ii}(p) p/ + m_i p^2 − m^2_i

= ū_i(p) , (4)

where Γ̂_{ij} is the renormalized fermion two-point function. At one-loop level it can be written as

Γ̂_{ij}(p) = (p/ − m_i − δm_i)δ_{ij} + p/ (Σ^L_{ij}(p^2)γ_L + Σ^R_{ij}(p^2)γ_R)

+ Σ^S_{ij} (p^2) (m_iγ_L + m_j γ_R) + 1 2 δZ̄_{ij} (p/ − m_j ) + 1 2 (p/ − m_i)δZ_{ij} . (5) Of course there is no problem for stable fermions. But for unstable fermions Eqs.(4) must be revised since the fermion self energy has the imaginary part coming from the loop momentum integrals which makes Eqs.(4) not satisfied. The concrete reasons are: (i) the diagonal fermion self energy cannot be renormalized to zero at the physical mass point due to the existence of the imaginary part of the fermion self energy, (ii) the off-diagonal fermion self energy also cannot be renormalized to zero due to the imaginary part of fermion self energy making Eq.(3) and Eqs.(4) not consistent [2, 3]. So the acceptable fermion wave-function renormalization prescription under the constraint of Eq.(3) should be [4]

R̃e Γ̂_{ij}(p) u_j(p)|_{p2=m2j} = 0 , R̃e ū_i(p)Γ̂_{ij}(p)|_{p2=m2i} = 0 , lim p^2→m^2_i p/ + m_i p^2 − m^2_i

R̃e Γ̂_{ii}(p) u_i(p) = u_i(p) , lim_{p2 →m2} i ū_i(p)R̃e Γ̂_{ii}(p) p/ + m_i p^2 − m^2_i

= ū_i(p) , (6) where R̃e takes the real part of the loop momentum integrals appearing in the self energy but not of the coupling constants appearing there. But such renormalization prescription makes the physical amplitudes gauge-parameter dependent [2, 5].

The prescription to solve this problem is to discard the constraint of Eq.(3) for the external-line unstable particles [2]. Under this prescription the renormalization conditions for the off-diagonal WRC of external-line particles are the same as Eqs.(4), but the ones for the diagonal WRC of external-line particles are different from Eqs.(4). The diagonal fermion two-point function can also be written as Γ̂_{ii}(p) = (p/(a γ_L + b γ_R) + c γ_L + d γ_R) δ_{ij} , (7)

with (see Eq.(5))

a = 1 + Σ^L_{ii}(p^2) + 1 2 δZ̄^L_{ii} + 1 2 δZ^L_{ii} , b = 1 + Σ^R_{ii} (p^2) + 1 2 δZ̄^R_{ii} + 1 2 δZ^R_{ii} , c = m_i ( Σ^S_{ii}(p^2) − 1 − 1 2 δZ̄^R_{ii} − 1 2 δZ^L_{ii} ) − δm_i , d = m_i ( Σ^S_{ii}(p^2) − 1 − 1 2 δZ̄^L_{ii} − 1 2 δZ^R_{ii} ) − δm_i . (8) Therefore after some algebra the fermion propagation becomes [2] − iS_{ij} (p) = p/(a γ_L + b γ_R) − d γ_L − c γ_R p^2a b − c d δ_{ij} . (9)

In the limit p^2 → m^2_i the chiral structure in the numerator has to cancel (a → b and c → d) requires [2]

δZ̄^R_{ii} − δZ̄^L_{ii} = δZ^R_{ii} − δZ^L_{ii} = Σ^L_{ii}(p^2) − Σ^R_{ii} (p^2) . (10)

On the other hand, the unit residue condition requires [2] 1 2 (δZ̄^L_{ii} + δZ^L_{ii} ) = −Σ^L_{ii}(m^2_i ) − m^2_i ∂ ∂p^2 [ Σ^L_{ii} + Σ^R_{ii} + 2Σ^S_{ii} ] p^2=m^2_i . (11)

Obviously there is some freedom left in the definition of the diagonal fermion WRC. This freedom can be expressed in term of a set of finite coefficients α_i given by [2] 1 2 (δZ^L_{ii} + δZ^R_{ii} ) = 1 2 (δZ̄^L_{ii} + δZ̄^R_{ii} ) + α_i . (12)

Using Eqs.(10,11,12) the final results are [2]

δZ̄^L_{ii} = −Σ^L_{ii}(m^2_i ) − m^2_i ∂ ∂p^2 [ Σ^L_{ii} + Σ^R_{ii} + 2Σ^S_{ii} ] p^2=m^2_i − α_i 2 , δZ̄^R_{ii} = −Σ^R_{ii} (m^2_i ) − m^2_i ∂ ∂p^2 [ Σ^L_{ii} + Σ^R_{ii} + 2Σ^S_{ii} ] p^2=m^2_i − α_i 2 , δZ^L_{ii} = −Σ^L_{ii}(m^2_i ) − m^2_i ∂ ∂p^2 [ Σ^L_{ii} + Σ^R_{ii} + 2Σ^S_{ii} ] p^2=m^2_i + α_i 2 , δZ^R_{ii} = −Σ^R_{ii} (m^2_i ) − m^2_i ∂ ∂p^2 [ Σ^L_{ii} + Σ^R_{ii} + 2Σ^S_{ii} ] p^2=m^2_i + α_i 2 . (13)

Since α_i are arbitrary coefficients, the definition of fermion WRC of Eqs.(13) has certain indetermination. This indetermination doesn’t affect the neutral current couplings in standard model, but changes the charged current couplings. Generally speaking this indetermination cannot be removed in the physical results, for example in the physical result of W^− → e^−ν̄_e.

Besides the indetermination, there is also an unclear problem in this renormalization prescription. There are two set WRC Z^{12} and Z̄^{12} respectively for the incoming and outgoing particles, but how to determine the WRC of the incoming and outgoing antiparticles hasn’t been clearly discussed. In the present manuscript we introduce four set WRC, two set for particles and two set for antiparticles, and discuss how to exactly determine them. The arrangement of the contents is as follows. We firstly discuss the breaking of the hermitian conjugation relationship between the incoming and outgoing particle’s WRC by the imaginary parts of the propagation amplitudes of unstable particles. Then we discuss how to introduce the antiparticle’s WRC and use them together with the CPT conservation law to obtain a new wave-function renormalization condition to exactly determine the WRC. In section 4 we calculate two physical processes to illustrate that the present wave-function renormalization prescription keeps the physical amplitudes gauge invariant. Lastly we give our conclusion.

II. BREAKING OF THE HERMITIAN CONJUGATION RELATIONSHIP BETWEEN THE INCOMING AND OUTGOING PARTICLE’S WRC

Generally there are two ways to determine the WRC: one is introducing the field renormalization constants which serve as WRC [1, 2, 3, 4], the other is not introducing the field renormalization constants and the WRC are determined by the LSZ reduction formula [6]. At present we only discuss the second prescription.

From the LSZ reduction formula the WRC is the field strength renormalization factor [6]. For example for scalar boson one has [6] ∫ d^4x e^{i pj ·x} · · · ∫ d^4y e^{−i pi·y} <Ω|T {ϕ_j(x) · · · ϕ^†_i(y)}|Ω> ∼ i <Ω|ϕ_j(0)|λ_j> p^2_j − m^2_j + iϵ · · · i <λ_i|ϕ^†_i (0)|Ω> p^2_i − m^2_i + iϵ <j · · · |S| · · · i> , (14) where Ω is the interaction vacuum, T is the time-ordering operator, ϕ_i and ϕ_j are the Heisenberg fields, p_i and p_j are on mass shell, and λ_i and λ_j are the incoming and outgoing particle states of S-matrix elements. We can introduce the WRC as the follows

Z^{12}_i = <Ω|ϕ_i(0)|λ_i> , Z̄^{12}_i = <λ_i|ϕ^†_i (0)|Ω> . (15)

However, the LSZ reduction formula has only been proven for stable particles [6]. Here we will postulate a generalization of the LSZ reduction formula to unstable particles. Under this postulation the following formulas and Eqs.(14,15) also hold true for unstable particles. From Eqs.(14,15) the propagation amplitude of the scalar boson in interaction vacuum is ∫ d^4x e^{i p·x} <Ω|T {ϕ_i(x)ϕ^†_i (0)}|Ω> ∼ i <Ω|ϕ_i(0)|λ_i><λ_i|ϕ^†_i (0)|Ω> p^2 − m^2_i + iϵ = i Z^{12}_i Z̄^{12}_i p^2 − m^2_i + iϵ

. (16)

Form Eq.(16), Eq.(14) can also be written as ∫ d^4x e^{i pj ·x} · · · ∫ d^4y e^{−i pi·y} <Ω|T {ϕ_j(x) · · · ϕ^†_i (y)}|Ω> ∼ i Z^{12}_j Z̄^{12}_j p^2_j − m^2_j + iϵ · · · i Z^{12}_i Z̄^{12}_i p^2_i − m^2_i + iϵ M^{amp}(i · ·· → · · ·j) , (17) where the superscript amp represents the amputated Feynman amplitude. From Eqs.(14,15,17) we obtain the familiar result <j · · · |S| · · · i> = Z̄^{12}_j M^{amp}(i · ·· → · · ·j)Z^{12}_i , (18) where the other external-line particle’s WRC are ignored for convenience. Thus Z^{12} is the incoming particle’s WRC, and Z̄^{12} is the outgoing particle’s WRC.

According to Eq.(16) one can obtain the WRC from the particle’s propagation amplitude. There are two different ways to do so. One is to treat the real part and the imaginary part of the denominator of the particle’s propagation amplitude differently, i.e. only expanding the real part of the denominator of the particle’s propagation amplitude at p^2 → m^2_i as follows i p^2 − m^2_i − δm^2_i + Σ_{ii}(p^2) p^2 → m^2_i −−−−−−−−→ i (p^2 − m^2_i )(1 + Re Σ^′_{ii}(m^2_i )) + Re Σ_{ii}(m^2_i ) − δm^2_i + i Im Σ_{ii}(p^2) = i(1 + Re Σ^′_{ii}(m^2_i ))^{−1}

p^2 − m^2_i + i ϵ

, (19)

where Σ^′_{ii}(m^2_i ) = ∂Σ_{ii}(m^2_i )/∂p^2, ϵ = (1 + Re Σ^′_{ii}(m^2_i ))^{−1}(Im Σ_{ii}(p^2) − i Re Σ_{ii}(m^2_i ) + i δm^2_i ) is a small quantity. We note that the present problem has nothing to do with the mass renormalization prescriptions. In other words, any mass renormalization prescription can be applied in this problem. Therefore we have from Eqs.(16,19)

Z^{12}_i Z̄^{12}_i = (1 + Re Σ^′_{ii}(m^2_i ))^{−1} . (20)

The other way is to treat the real part and the imaginary part of the denominator of the particle’s propagation amplitude in the same way, as follows i p^2 − m^2_i − δm^2_i + Σ_{ii}(p^2) p^2 → m^2_i −−−−−−−−→ i (p^2 − m^2_i )(1 + Σ^′_{ii}(m^2_i )) + Σ_{ii}(m^2_i ) − δm^2_i = i(1 + Σ^′_{ii}(m^2_i ))^{−1} p^2 − m^2_i + i ϵ_1

, (21) where ϵ_1 = (1 + Σ^′_{ii}(m^2_i ))^{−1}(Im Σ_{ii}(m^2_i ) − i Re Σ_{ii}(m^2_i ) + i δm^2_i ) is also a small quantity. Therefore we have from Eqs.(16,21)

Z^{12}_i Z̄^{12}_i = (1 + Σ^′_{ii}(m^2_i ))^{−1} . (22)

Obviously Eq.(22) is different from Eq.(20) for unstable particles. According to the LSZ reduction formula the WRC is the residue of the propagation amplitude at the physical mass pole, thus the second prescription of Eq.(22) is more natural and reasonable. But we immediately find that there is a contradiction between Eq.(22) and Eqs.(15). According to Eqs.(15) we can obtain the hermitian conjugation relationship between the incoming and outgoing boson’s WRC

Z̄^12_i = <λ_i|ϕ^†_i (0)|Ω> = <Ω|ϕ_i(0)|λ_i>^† = Z^12^†_i . (23)

This means Z^{12}_i Z̄^{12}_i must be a real number, but it is obviously not the case in Eq.(22) for unstable particles. What’s wrong?

So we need to investigate further this problem. For fermion the above discussions become a little more complex. We note that there has been present an early discussion about this problem in Ref.[7]. For the Green function with two fermion external lines we have (like Eq.(14)) ∫ d^4x e^{i pj ·x} · · · ∫ d^4y e^{−i pi·y} <Ω|T {ψ_j(x) · · · ψ̄_i(y)}|Ω> ∼ i <Ω|ψ_j(0)|λ_{js} > p^2_j − m^2_j + iϵ <j_s · · · |S| · ·· i_s> i <λ_{is} |ψ̄_i(0)|Ω> p^2_i − m^2_i + iϵ

, (24)

where the subscript s denotes the helicity of the fermion states, and the other boson WRC and propagators have been ignored for convenience. The fermion WRC can be introduced as follows:

<Ω|ψ_i(0)|λ_{is} > = Z^{12}_i u^s_i , <λ_{is} |ψ̄_i(0)|Ω> = ū^s_i Z̄^{12}_i , (25)

with

Z^{12}_i = Z^{L 12}_i γ_L + Z^{R 12}_i γ_R , Z̄^{12}_i = Z̄^{L 12}_i γ_R + Z̄^{R 12}_i γ_L . (26)

The fermion propagation amplitude thus is ∫ d^4x e^{i p·x} <Ω|T {ψ_i(x)ψ̄_i(0)}|Ω> ∼ ∑ s i <Ω|ψ_i(0)|λ_{is} ><λ_{is} |ψ̄_i(0)|Ω> p^2 − m^2_i + iϵ = i Z^{12}_i ∑ s u^s_i ū^s_i Z̄^{12}_i p^2 − m^2_i + iϵ

. (27)

Since ∑ s u^s_i (p) ū^s_i (p) = p/ + m_i at tree level, Eq.(27) is indeed the fermion propagation amplitude [7]. From Eq.(27), Eq.(24) can also be written as ∫ d^4x e^{i pj ·x} · · · ∫ d^4y e^{−i pi·y} <Ω|T {ψ_j(x) · · · ψ̄_i(y)}|Ω> ∼ i Z^{12}_j u^s_j ū^s_j Z̄^{12}_j p^2_j − m^2_j + iϵ M^{amp}(i_s · ·· → · · ·j_s) i Z^{12}_i u^s_i ū^s_i Z̄^{12}_i p^2_i − m^2_i + iϵ

. (28)

We obtain from Eqs.(24,25,28) [7] <j_s · · · |S| · · · i_s> = ū^s_j Z̄^{12}_j M^{amp}(i_s · ·· → · · ·j_s)Z^{12}_i u^s_i . (29) This is just the usual form of the S-matrix elements containing two external-line fermions.

According to Eq.(27), the fermion propagation amplitude can be written as [7]: i p/ − m_i − δm_i + Σ_{ii}(p/) p^2 → m^2_i −−−−−−−→ iZ^{12}_i (p/ + m_i + ix)Z̄^{12}_i p^2 − m^2_i + iϵ

, (30)

where x is a small quantity which has nothing to do with our present calculations [7] and the fermion self energy is [7] Σ_{ii}(p/) = p/γ_LΣ^L_{ii}(p^2) + p/γ_RΣ^R_{ii}(p^2) + m_iΣ^S_{ii}(p^2) . (31)

Treated the real part and the imaginary part of the denominator of the fermion’s propagation amplitude in the same way, the solution of fermion WRC becomes [7]

Z̄^{L 1}2_i Z^{L 1}2_i = (1 + Σ^R_{ii} (m^2_i ))A , Z̄^{R 1}2_i Z^{R 1}2_i = (1 + Σ^L_{ii}(m^2_i ))A , Z̄^{L 1}2_i Z^{R 1}2_i = Z^{L 1}2_i Z̄^{R 1}2_i , (32)

with A = ( 1 + [ Σ^L_{ii} + Σ^R_{ii} + Σ^L_{ii}Σ^R_{ii} + m^2_i (Σ^{L′}_{ii} + Σ^{R′}_{ii} + Σ^{L′}_{ii} Σ^R_{ii} + Σ^L_{ii}Σ^{R′}_{ii} ) + 2m_i(m_i + δm_i − m_iΣ^S_{ii})Σ^{S′}_{ii} ] p^2=m^2_i )_{−1} . (33)

On the other hand, from Eqs.(25,26) we also obtain

ū^s_i Z̄^{12}_i = <λ_{is} |ψ̄_i(0)|Ω> = <Ω|ψ_i(0)|λ_{is} >^† γ_0 = ū^s_i ( Z^{L 12 †}_i γ_R + Z^{R 12 †}_i γ_L ) . (34)

Then we obtain the hermitian conjugation relationship between the incoming and outgoing fermion’s WRC from Eqs.(34,26)

Z̄^{L 1}2_i = Z^{L 1}2^†_i , Z̄^{R 1}2_i = Z^{R 1}2^†_i . (35)

But we immediately find the present wave-function renormalization prescription breaks this relationship : Eqs.(35) requires Z̄^{L 12}_i Z^{L 12}_i and Z̄^{R 12}_i Z^{R 12}_i to be real numbers, but Eqs.(32) means they are generally not the cases in standard model. For example we calculate the down-type i quark’s self energy to illustrate this problem. In Fig.1 we show the one-loop d_i self-energy diagrams which contain the imaginary-part contribution. At one-loop level Eqs.(32) requires

FIG. 1: One-loop di self-energy diagrams which contain the imaginary-part contribution.

for d_i quark ImZ̄^{L 12}_{d,i} Z^{L 12}_{d,i} = e^2 32πs^2_W x_{d,i} ∑ j |V_{ji}|^2(x_{d,i} − x_{u,j} − ξ_W ) B θ[m_{d,i} − m_{u,j} − √ ξ_W M_W ] , (36)

where e is electron charge, s_W is the sine of the weak mixing angle, V_{ji} is the CKM matrix element [8], M_W and ξ_W are the mass and gauge parameter of gauge boson W , m_{d,i} and m_{u,j} are the masses of d_i quark and up-type j quark, and x_{d,i} = m^2_{d,i}/M^2_W , x_{u,j} = m^2_{u,j}/M^2_W , and B = √ ξ^2_W − 2(x_{d,i} + x_{u,j})ξ_W + (x_{d,i} − x_{u,j})^2 . (37)

Obviously Eq.(36) contradicts Eqs.(35). Furthermore the other wave-function renormalization prescription which treats the real part and the imaginary part of the denominator of the fermion’s propagation amplitude differently (as Eq.(19)) also breaks the hermitian conjugation relationship of Eqs.(35). In this wave-function renormalization prescription the solution of fermion WRC becomes [7]

Z̄^{L 1}2_i Z^{L 1}2_i = (1 + Σ^R_{ii}(m^2_i ))A_1 , Z̄^{R 1}2_i Z^{R 1}2_i = (1 + Σ^L_{ii}(m^2_i ))A_1 , Z̄^{L 1}2_i Z^{R 1}2_i = Z^{L 1}2_i Z̄^{R 1}2_i , (38) with

A_1 = ( 1 + Re [ Σ^L_{ii} + Σ^R_{ii} + Σ^L_{ii}Σ^R_{ii} + m^2_i (Σ^{L′}_{ii} + Σ^{R′}_{ii} + Σ^{L′}_{ii} Σ^R_{ii} + Σ^L_{ii}Σ^{R′}_{ii} ) + 2m_i(m_i + δm_i − m_iΣ^S_{ii})Σ^{S′}_{ii} ] p^2=m^2_i )_{−1} . (39) Comparing with Eq.(33) one find A_1 is identical to A except for adding an operator Re in A. But Eqs.(38) also contradicts Eqs.(35) in standard model. For example for d_i quark Eqs.(38) require at one-loop level ImZ̄^{L 12}_{d,i} Z^{L 12}_{d,i} = e^2 64πs^2_W x_{d,i} ∑ j |V_{ji}|^2(x_{d,i} + x_{u,j} − ξ_W ) B θ[m_{d,i} − m_{u,j} − √ ξ_W M_W ] ,

ImZ̄^{R 12}_{d,i} Z^{R 12}_{d,i} = e^2 64πs^2_W x_{d,i} ∑ j |V_{ji}|^2(3x_{u,j} + ξ_W − x_{d,i}) B θ[m_{d,i} − m_{u,j} − √ ξ_W M_W ] . (40)

Obviously Eqs.(40) contradict Eqs.(35). Both Eq.(36) and Eqs.(40) show that the hermitian conjugation relationship of Eqs.(35) cannot be satisfied in standard model.

So Eqs.(35) is broken by the imaginary parts of the propagation amplitudes of unstable fermions. According to this point and the above discussion about unstable boson’s WRC we should discard the constraints of Eqs.(23,35) and find new ones.

III. DETERMINATION OF THE WAVE-FUNCTION RENORMALIZATION CONSTANTS

In fact there are also two set WRC for antiparticles. For scalar boson we can introduce them as follows: ∫ d^4x e^{i pi·x} · · · ∫ d^4y e^{−i pj ·y} <Ω|T {ϕ_j(y) · · · ϕ^†_i (x)}|Ω> ∼ i <Ω|ϕ^†_i (0)|λ¯_i> p^2_i − m^2_i + iϵ · · · i <λ¯_j |ϕ_j(0)|Ω> p^2_j − m^2_j + iϵ <ī · · · |S| · · · j̄> , (41) where λ¯_i and λ¯_j are the outgoing and incoming antiparticle’s states of S-matrix elements, and

Z^{12}_ī = <Ω|ϕ^†_i (0)|λ¯_i> , Z̄^{12}_ī = <λ¯_i|ϕ_i(0)|Ω> . (42)

The antiparticle’s propagation amplitude in interaction vacuum thus is ∫ d^4x e^{i p·x} <Ω|T {ϕ_i(0)ϕ^†_i (x)}|Ω> ∼ i <Ω|ϕ^†_i (0)|λ¯_i><λ¯_i|ϕ_i(0)|Ω> p^2 − m^2_i + iϵ = i Z^{12}_ī Z̄^{12}_ī p^2 − m^2_i + iϵ

. (43)

If the charge conjugation is conserved, we will have from Eqs.(15,42)

Z^{12}_i = Z^{12}_ī , Z̄^{12}_i = Z̄^{12}_ī . (44)

On the other hand, if the charge conjugation isn’t conserved, the only variation in standard model is the coupling constants change from real numbers into complex numbers. But in the present problem such variation also disappears, because the Feynman diagrams which generate the matrix elements in Eqs.(15,42) are symmetric in incoming and outgoing states thus the products of all the coupling constants are real numbers like the case of the charge conjugation conservation. So Eqs.(44) also holds true in standard model.

Besides, the particle WRC and the antiparticle WRC can also be related by the CPT conservation law. From Eq.(43), Eq.(41) can also be written as ∫ d^4x e^{i pi·x} · · · ∫ d^4y e^{−i pj ·y} <Ω|T {ϕ_j(y) · · · ϕ^†_i (x)}|Ω> ∼ i Z^{12}_ī Z̄^{12}_ī p^2_i − m^2_i + iϵ · · · i Z^{12}_{j̄} Z̄^{12}_{j̄} p^2_j − m^2_j + iϵ M^{amp}(j̄ · ·· → · · ·ī) . (45) From Eqs.(41,42,45) we obtain <ī · · · |S| · · · j̄> = Z^{12}_{j̄} M^{amp}(j̄ · ·· → · · ·ī)Z̄^{12}_ī . (46) According to the CPT conservation law for bosons <j · · · |S| · · · i> = <ī · · · |S| · · · j̄> , (47) and the fact (i and j are bosons) M^{amp}(i · ·· → · · ·j) = M^{amp}(j̄ · ·· → · · ·ī) , (48) we obtain (see Eqs.(18,46))

Z^{12}_{j̄} = Z̄^{12}_j , Z̄^{12}_ī = Z^{12}_i . (49)

Since i and j are arbitrary bosons, we finally obtain (see Eqs.(44,49,22)) Z̄_i = Z_i = Z̄_ī = Z_ī = (1 + Σ^′_{ii}(m^2_i ))^{−1} . (50)

Similarly we can get the formula for fermion WRC. For the Green function with two anti-fermion external lines we have ∫ d^4x e^{i pi·x} ··· ∫ d^4y e^{−i pj ·y} <Ω|T {ψ_j(y)···ψ̄_i(x)}|Ω> ∼ − i <λ¯_{js} |ψ_j(0)|Ω> p^2_j − m^2_j + iϵ <ī_s ···|S|···j̄_s> i <Ω|ψ̄_i(0)|λ¯_{is} > p^2_i − m^2_i + iϵ

, (51)

where x^0 > y^0, so the time-ordering operator T exchanges the positions of the fermion fields ψ_j (y) and ψ̄_i(x), thus a minus sign appears. Note that the order of the spin structures and the gamma matrices keeps unchanged. The anti-fermion WRC can be introduced as follows:

<Ω|ψ̄_i(0)|λ¯_{is} > = ν̄^s_i Z^{12}_ī , <λ¯_{is} |ψ_i(0)|Ω> = Z̄^{12}_ī ν^s_i , (52)

with

Z^{12}_ī = Z^{L 12}_ī γ_R + Z^{R 12}_ī γ_L , Z̄^{12}_ī = Z̄^{L 12}_ī γ_L + Z̄^{R 12}_ī γ_R . (53)

The anti-fermion propagation amplitude thus is ∫ d^4x e^{i p·x} <Ω|T {ψ_i(0)ψ̄_i(x)}|Ω> ∼ − ∑ s i <λ¯_{is} |ψ_i(0)|Ω><Ω|ψ̄_i(0)|λ¯_{is} > p^2 − m^2_i + iϵ = − i Z̄^{12}_ī ∑ s ν^s_i ν̄^s_i Z^{12}_ī p^2 − m^2_i + iϵ

. (54)

If the charge conjugation is conserved, according to the formula u^s_i (p) = −iγ_2(ν^s_i (p))^∗ we have (see Eqs.(52,25,26))

ν̄^s_i Z^{12}_ī = <Ω|ψ̄_i(0)|λ¯_{is} > = −i <Ω|ψ_i(0)γ_2|λ_{is} >^T γ_0 = −i ( Z^{12}_i γ_2 u^s_i )_T γ_0 = ν̄^s_i ( Z^{L 12}_i γ_R + Z^{R 12}_i γ_L ) , Z̄^12_ī ν^s_i = <λ_{īs} |ψ_i(0)|Ω> = i γ_0 <λ_{is} |γ_2 ψ̄_i(0)|Ω>^T = iγ_0 ( ū^s_i γ_2 Z̄^{12}_i )_T = ( Z̄^{L 1}2_i γ_L + Z̄^{R 1}2_i γ_R ) ν^s_i , (55)

where the transposition operator T only transposes the spin structures and the gamma matrices. From Eqs.(55,53) it is obvious that

Z^{L 12}_ī = Z^{L 12}_i , Z^{R 12}_ī = Z^{R 12}_i , Z̄^{L 1}2_ī = Z̄^{L 1}2_i , Z̄^{R 1}2_ī = Z̄^{R 1}2_i . (56)

Although in standard model the charge conjugation isn’t conserved, Eqs.(55) still keeps unchanged because of the same reason as boson’s: the Feynman diagrams which generate the matrix elements in Eqs.(25,52) are symmetric in incoming and outgoing states thus the products of all the coupling constants are real numbers like the case of the charge conjugation conservation. So Eqs.(56) also hold true in standard model.

Besides, we can also relate the anti-fermion WRC to fermion WRC by the CPT conservation law. From Eq.(54), Eq.(51) can also be written as ∫ d^4x e^{i pi·x} · · · ∫ d^4y e^{−i pj ·y} <Ω|T {ψ_j(y) · · · ψ̄_i(x)}|Ω> ∼ − i Z̄^{12}_{j̄} ν^s_j ν̄^s_j Z^{12}_{j̄} p^2_j − m^2_j + iϵ M^{amp}(j̄_s · ·· → · · ·ī_s) i Z̄^{12}_ī ν^s_i ν̄^s_i Z^{12}_ī p^2_i − m^2_i + iϵ

. (57)

From Eqs.(51,52,57) we obtain

<ī_s · · · |S| · · · j̄_s> = ν̄^s_j Z^{12}_{j̄} M^{amp}(j̄_s · ·· → · · ·ī_s)Z̄^{12}_ī ν^s_i . (58)

From the CPT conservation law for fermions <j_s · · · |S| · · · i_s> = − <ī_s · · · |S| · · · j̄_s> , (59) and Eqs.(29,58) we have ū^s_j Z̄^{12}_j M^{amp}(i_s · ·· → · · ·j_s)Z^{12}_i u^s_i = −ν̄^s_j Z^{12}_{j̄} M^{amp}(j̄_s · ·· → · · ·ī_s)Z̄^{12}_ī ν^s_i . (60) We can decompose M^{amp} into its most general Dirac structure

M^{amp}(i_s(p_i) · ·· → · · ·j_s(p_j )) = a(q^2) q/ γ_L + b(q^2) q/ γ_R + c(q^2) p/ γ_L + d(q^2) p/ γ_R + e(q^2)γ_L + f(q^2)γ_R , M^{amp}(j̄_s(p_j ) · ·· → · · ·ī_s(p_i)) = −a(q^2) q/ γ_L − b(q^2) q/ γ_R − c(q^2) p/ γ_L − d(q^2) p/ γ_R + e(q^2)γ_L + f(q^2)γ_R , (61) with p = p_i + p_j , q = p_i − p_j . (62) Putting Eqs.(61) into Eq.(60) we obtain

−a(q^2)(m_j A_L − m_iA_R)Z^{L 12}_i Z̄^{L 12}_j + b(q^2)(m_iA_L − m_j A_R)Z^{R 12}_i Z̄^{R 12}_j + c(q^2)(m_j A_L + m_iA_R)Z^{L 12}_i Z̄^{L 12}_j +d(q^2)(m_iA_L + m_j A_R)Z^{R 12}_i Z̄^{R 12}_j + e(q^2)A_LZ^{L 12}_i Z̄^{R 12}_j + f(q^2)A_RZ^{R 12}_i Z̄^{L 12}_j = a(q^2)(m_j B_L − m_iB_R)Z̄^{L 12}_ī Z^{L 12}_{j̄} − b(q^2)(m_iB_L − m_j B_R)Z̄^{R 12}_ī Z^{R 12}_{j̄} − c(q^2)(m_j B_L + m_iB_R)Z̄^{L 12}_ī Z^{L 12}_{j̄} −d(q^2)(m_iB_L + m_j B_R)Z̄^{R 12}_ī Z^{R 12}_{j̄} − e(q^2)B_LZ̄^{L 12}_ī Z^{R 12}_{j̄} − f(q^2)B_RZ̄^{R 12}_ī Z^{L 12}_{j̄} , (63) with A_L = ū^s_j (p_j)γ_L u^s_i (p_i) , A_R = ū^s_j (p_j)γ_R u^s_i (p_i) , B_L = ν̄^s_j (p_j )γ_L ν^s_i (p_i) , B_R = ν̄^s_j (p_j )γ_R ν^s_i (p_i) . (64) Using the fact that A_L = −B_L , A_R = −B_R , (65) we easily obtain from Eq.(63) Z^{L 12}_i = Z̄^{L 12}_ī , Z^{R 12}_i = Z̄^{R 12}_ī , Z̄^{L 1}2_j = Z^{L 1}2_{j̄} , Z̄^{R 1}2_j = Z^{R 1}2_{j̄} . (66) Combining Eqs.(56,66,32) we finally obtain Z̄^L_i = Z^L_i = Z̄^L_ī = Z^L_ī = (1 + Σ^R_{ii}(m^2_i ))A , Z̄^R_i = Z^R_i = Z̄^R_ī = Z^R_ī = (1 + Σ^L_{ii}(m^2_i ))A . (67) We note that there is a similar reasoning in Ref.[7].

Now we have exactly determined the diagonal boson and fermion WRC. All of the one-loop results of the WRC are listed in the appendix. There are also off-diagonal WRC, but they are different from the diagonal WRC in the meaning of the LSZ reduction formula. We note that the off-diagonal WRC should be determined by the prescription in Ref.[2, 7].

IV. GAUGE INVARIANCE OF PHYSICAL AMPLITUDES UNDER THE PRESENT WAVE-FUNCTION RENORMALIZATION PRESCRIPTION In order to investigate whether the present wave-function renormalization prescription is rational, we calculate two physical processes to see whether the physical amplitudes keep gauge invariant under the present wave-function renormalization prescription.

Firstly we discuss the physical process W^+ → u_id̄_j, i.e. the gauge boson W decaying into up-type i and down-type j quarks. At one-loop level Eqs.(67) are equivalent to Eqs.(4.10) of Ref.[2] if set α_i = 0. Using the Nielsen identities [9] Espriu et al have proved that the physical amplitude M(W^+ → u_id̄_j) is gauge independent under the present wave-function renormalization prescription [2].

Secondly we discuss the physical process Z → d_id̄_i, i.e. the gauge boson Z decaying into a pair of down-type i quarks. Our numerical calculations have manifested the real part of the physical amplitude is gauge-parameter independent. So in the follows we only need to discuss the gauge dependence of the imaginary part of the physical amplitude. At one-loop level we have

M(Z → d_id̄_i) = e(2c^2_W + 1) 12c_W s_W ( δZ_Z + δZ̄^L_{di} + δZ̄^L_{d̄i} ) A_L − e s_W 6c_W ( δZ_Z + δZ̄^R_{di} + δZ̄^R_{d̄i} ) A_R + M^{amp}(Z → d_id̄_i) , (68)

where c_W is the cosine of the weak mixing angle, and A_L = ū(p_{di} )ϵ/γ_Lν(p¯_{di} ) , A_R = ū(p_{di} )ϵ/γ_Rν(p¯_{di} ) . (69) In Fig.2 we show the one-loop gauge-parameter dependent diagrams of Z → d_id̄_i which are used to calculate the gauge-parameter-dependent imaginary part of M^{amp}(Z → d_id̄_i). Using the cutting rules [10] we obtain

FIG. 2: One-loop gauge-parameter-dependent diagrams of Z → did̄i which contain imaginary-part contribution.

ImM^{amp} (Z → d_id̄_i)|_ξ = A_L(2c^2_W + 1) [ e^3 1152π c^3_W s^3_W

(1 − 4c^2_W ξ_W )^{3/2}θ[M_Z − 2 √ ξ_W M_W ] − e^3 192π c_W s^3_W x_{d,i} ∑ j |V_{ji}|^2(x_{d,i} − x_{u,j} − ξ_W ) B θ[m_{d,i} − m_{u,j} − √ ξ_W M_W ]

− e^3 576π c^3_W s_W ( (ξ_W − 1)^2c^4_W − 2(ξ_W − 5)c^2_W + 1 ) C θ[M_Z − M_W − √ ξ_W M_W ] ]

+ A_R [ − e^3 576π c^3_W s_W

(1 − 4c^2_W ξ_W )^{3/2}θ[M_Z − 2 √ ξ_W M_W ] + s_W e^3 288π c^3_W ( (ξ_W − 1)^2c^4_W − 2(ξ_W − 5)c^2_W + 1 ) C θ[M_Z − M_W − √ ξ_W M_W ] ] , (70) where the subscript ξ takes the gauge-parameter-dependent part, M_Z is the mass of gauge boson Z, B has been shown in Eq.(37), and C = √ (ξ_W − 1)^2c^4_W − 2(ξ_W + 1)c^2_W + 1 . (71)

We note that the result of Eq.(70) coincides with the results of the conventional loop momentum integral algorithm [10] and the causal perturbative theory [11].

Then we calculate the WRC of gauge boson Z and d_i quark. In Fig.3 we show the one-loop gauge-parameter-dependent Z self-energy diagrams which are used to calculate the gauge-parameter-dependent imaginary part of δZ_Z . Using Eqs.(50) and the cutting rules we obtain

FIG. 3: One-loop gauge-parameter-dependent Z self-energy diagrams which contain imaginary-part contribution.

Im δZ_Z |_ξ = − e^2 96π c^2_W s^2_W

(1 − 4c^2_W ξ_W )^{3/2}θ[M_Z − 2 √ ξ_W M_W ] + e^2 48π c^2_W ( (ξ_W − 1)^2c^4_W − 2(ξ_W − 5)c^2_W + 1 ) C θ[M_Z − M_W − √ ξ_W M_W ] . (72)

The d_i self-energy diagrams used to calculate the gauge-parameter-dependent imaginary part of d_i WRC have been shown in Fig.1. Using Eqs.(67) and the cutting rules we obtain Im δZ̄^R_{di} |_ξ = Im δZ̄^R_{d̄i} |_ξ = 0 , Im δZ̄^L_{di} |_ξ = Im δZ̄^L_{d̄i} |_ξ = e^2 32π s^2_W x_{d,i} ∑ j |V_{ji}|^2(x_{d,i} − x_{u,j} − ξ_W ) B θ[m_{d,i} − m_{u,j} − √ ξ_W M_W ] . (73)

Put Eqs.(70,72,73) into Eq.(68) we finally obtain

ImM(Z → d_id̄_i)|_ξ = 0 . (74)

This means the present wave-function renormalization prescription keeps the physical amplitude of Z → d_id̄_i gaugeparameter independent.

Through the two examples we can see the present wave-function renormalization prescription is consistent with the gauge theory in standard model. We note that other possible wave-function renormalization prescriptions, e.g. the prescriptions in Ref.[4], cannot guarantee to keep the physical amplitudes gauge invariant.

V. CONCLUSION

We have discussed how to determine the WRC under the postulation of a generalization of the LSZ reduction formula to unstable particles. We introduce two set particle’s WRC, and find the hermitian conjugation relationship between them is broken by the imaginary parts of the propagation amplitudes of unstable particles. By introducing two set antiparticle’s WRC and the CPT conservation law we find a new wave-function renormalization condition which is used to exactly determine the boson and fermion WRC. Besides, we calculate two physical processes to illustrate the consistence of the present wave-function renormalization prescription with the gauge theory in standard model.

Acknowledgments

We thank Prof. Xiao-yuan Li for his useful guidance and Prof. Cai-dian Lu for his devoted help.

Appendix

In this appendix we list all of the one-loop results of boson and fermion WRC. For boson we have from Eqs.(50)

Z̄_i = Z_i = Z̄_ī = Z_ī = 1 − ∂ ∂p^2 Σ_{ii}(m^2_i ) . (75)

For vector boson Σ_{ii} is the transverse part of its self energy, i.e. Σ^T_{ii} in the following equation: i, μ k i, ν = −ig^{μν} (k^2 − m^2_i ) − i(g^{μν} − k^μk^ν k^2

)Σ^T_{ii}(k^2) − i k^μk^ν k^2

Σ^L_{ii}(k^2) . (76)

For fermion we have from Eqs.(67)

Z̄^L_i = Z^L_i = Z̄^L_ī = Z^L_ī = 1 − Σ^L_{ii}(m^2_i ) − m^2_i ∂ ∂p^2 ( Σ^L_{ii}(p^2) + Σ^R_{ii}(p^2) + 2Σ^S_{ii}(p^2) ) p^2=m^2_i ,

Z̄^R_i = Z^R_i = Z̄^R_ī = Z^R_ī = 1 − Σ^R_{ii}(m^2_i ) − m^2_i ∂ ∂p^2 ( Σ^L_{ii}(p^2) + Σ^R_{ii}(p^2) + 2Σ^S_{ii}(p^2) ) p^2=m^2_i . (77)

[1] D. Espriu and J. Manzano, Phys. Rev. D 63 (2001) 073008;

B.A. Kniehl, A. Sirlin, Phys. Lett. B 530 (2002) 129; F. Kleefeld, AIP Conf. Proc. 660 (2003) 325.

[2] D. Espriu, J. Manzano and P. Talavera, Phys. Rev. D66 (2002) 076002. [3] K.I. Aoki, Z. Hioki, M. Konuma, R. Kawabe, T. Muta, Prog. Theor. Phys. Suppl. 73 (1982) 1;

W.F.L. Hollik, Fortsch. Phys. 38 (1990) 165, Fortsch. Phys. 34 (1986) 687. [4] A. Denner, Fortschr. Phys. 41 (1993) 307. [5] Y. Zhou, hep-ph/0501068.

[6] H. Lehmann, K. Symanzik and W. Zimmermann, Nuovo Cimento 1 (1955) 1425. [7] Y. Zhou, J. Phys. G, 29 (2003) 1031. [8] N.Cabibbo, Phys. Rev. Lett. 10, 531 (1963);

M.Kobayashi and K.Maskawa, Prog. Theor. Phys. 49 (1973) 652. [9] N.K. Nielsen, Nucl. Phys. B101 (1975) 173;

O. Piguet, K. Sibold, Nucl. Phys. B253 (1985) 517; E. Kraus, K. Sibold, Nucl. Phys. Proc. Suppl. 37B (1994) 120.

[10] R.E. Cutkosky, J. Math. Phys. 1 (1960) 429;

Y. Zhou, hep-ph/0412204.

[11] Andreas Aste, Annals of Physics 257 (1997) 158;

G. Scharf, “Finite Quantum Electrodynamics, the Causal Approach,” 2nd ed., Springer, Berlin/Heidelberg/New York, 1995.