arXiv:hep-ph/0503044 v3 24 Mar 2005

Parma University – Italy

Department of Physics

BRANEWORLD COSMOLOGY AND NONCOMMUTATIVE INFLATION

Thesis for the award of the degree of Doctor of Philosophy

Gianluca Calcagni

March 2005

Abstract

In this work we develop the patch formalism, an approach providing a very simple and compact description of braneworldmotivated cosmologies with nonstandard effective Friedmann equations. In particular, the Hubble parameter is assumed to depend on some power of the brane energy density, H^2 ∝ ρ^q . The high-energy limit of Randall-Sundrum (q = 2) and Gauss-Bonnet (q = 2/3) braneworlds are considered, during an accelerating era triggered by a single ordinary or tachyonic scalar field. We present a slow-roll formalism generalizing the four-dimensional one; full towers of slow-roll parameters are constructed and the dynamics of the inflaton field explored in detail. The inflationary attractor condition, exact cosmological solutions, and perturbation spectra are provided. Using the latest results from WMAP and other experiments for estimates of cosmological observables, it is shown that future data and missions can in principle discriminate between standard four-dimensional and braneworld scenarios. The issue of non-Gaussianity is also studied within nonlinear perturbation theory.

The introduction of a fundamental energy scale reinforces these results. Several classes of noncommutative inflationary models are considered within an extended version of patch cosmological braneworlds, starting from a maximally invariant generalization of the action for scalar and tensor perturbations to a noncommutative brane embedded in a commutative bulk. Slowroll expressions and consistency relations for the cosmological observables are provided, both in the ultraviolet and infrared region of the spectrum. The effects of noncommutativity are analyzed in a number of ways and energy regimes.

Finally, we establish dual relations between inflationary, cyclic/ekpyrotic and phantom cosmologies, as well as between scalar-driven and tachyon-driven cosmologies. The exact dualities relating the four-dimensional spectra are broken in favour of their braneworld counterparts. The dual solutions display new interesting features because of the modification of the effective Friedmann equation on the brane.

PACS numbers: 98.80.Cq, 04.50.+h, 98.70.Vc

Acknowledgments

It is a pleasure to thank Robert Brandenberger, Claudia de Rham, James Gregory, Andrew Liddle, Sabino Matarrese, Yun Soo Myung, Antonio Padilla, Max Pietroni, Toni Riotto, M. Sami, Shinji Tsujikawa, and Filippo Vernizzi for the many e-mail and face-to-face useful discussions we had. Shinji Tsujikawa deserves double acknowledgment for the fruitful, stimulating collaboration we had. Actually that was my first team work, which is not unimportant. Also, he run the codes which produced the figures in Sec. 4.7 and is co-author of part of the material presented in Chapter 4.

Thanks also to the organizers of Gran Sasso Summer School 2002, Cargèse Summer School 2004, Strings 2004, and DESY Theory Workshop 2004 for their kind hospitality, without which I couldn’t have travelled so much and see so many people during my PhD. In this respect I cannot forget the INFN group in Parma, represented by the exquisite understanding of Marisa Bonini.

Last but not least, I am grateful to my advisor Luca Griguolo for his invaluable suggestions and advice during these three years, especially as regards the topics in Chapter 4.

Finally, a tender thought for Arianna, who gave me moral support from the very beginning with her closeness, love, and patience.

Note to the arXiv version

All the 31 figures have been omitted in this version (hep-ph/0503044). The interested reader can refer to my original papers or else contact me for a full pdf copy of my thesis.

Contents

1 Introduction 1 1.1 Brane worlds and cosmological principle . . . . . . . . . . . . 2 1.2 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 Not only extra dimensions . . . . . . . . . . . . . . . . . . . . 4 1.4 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.5 Big bang singularity, phantoms, and cosmological symmetries . 5 1.6 Plan of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Patch cosmology 9 2.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.1.1 Gauss-Bonnet braneworld and energy patches . . . . . 10 2.1.2 Patch cosmology . . . . . . . . . . . . . . . . . . . . . 14 2.2 The inflationary setup . . . . . . . . . . . . . . . . . . . . . . 16 2.2.1 The ordinary scalar field ϕ . . . . . . . . . . . . . . . . 16 2.2.2 The cosmological tachyon T . . . . . . . . . . . . . . . 17 2.3 The slow-roll formalism . . . . . . . . . . . . . . . . . . . . . . 20 2.3.1 H-SR parameters for an ordinary scalar field . . . . . . 20 2.3.2 V-SR parameters for an ordinary scalar field . . . . . . 22 2.3.3 H-SR parameters for a tachyon . . . . . . . . . . . . . 22 2.3.4 V-SR parameters for a tachyon . . . . . . . . . . . . . 24 2.3.5 SR towers and energy dependence . . . . . . . . . . . . 24 2.3.6 All in a patch . . . . . . . . . . . . . . . . . . . . . . . 25 2.3.7 The horizon-flow parameters . . . . . . . . . . . . . . . 26 2.4 e-foldings and inflationary attractor . . . . . . . . . . . . . . . 27 2.5 Exact solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.5.1 Ordinary scalar field models . . . . . . . . . . . . . . . 29 2.5.2 Tachyon field models . . . . . . . . . . . . . . . . . . . 32

3 Cosmological perturbations and braneworld spectra 35 3.1 General spectra and observables . . . . . . . . . . . . . . . . . 37 3.2 Scalar perturbations . . . . . . . . . . . . . . . . . . . . . . . 40 3.2.1 The ordinary scalar field ϕ . . . . . . . . . . . . . . . . 41 3.2.2 The tachyon field T . . . . . . . . . . . . . . . . . . . . 42 3.3 Tensor perturbations . . . . . . . . . . . . . . . . . . . . . . . 43 3.4 Braneworld spectra and consistency relations . . . . . . . . . . 46

v vi Contents

3.4.1 Graviton field . . . . . . . . . . . . . . . . . . . . . . . 46 3.4.2 Ordinary scalar field ϕ . . . . . . . . . . . . . . . . . . 47 3.4.3 Tachyon field T . . . . . . . . . . . . . . . . . . . . . . 47 3.4.4 The consistency relations . . . . . . . . . . . . . . . . . 48 3.5 Degeneracy of consistency equations: testing the braneworld . 49 3.5.1 Theoretical degeneracy . . . . . . . . . . . . . . . . . . 50 3.5.2 Observational degeneracy: theory vs data . . . . . . . 54

4 Noncommutative inflation 57 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.2 General setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 4.2.1 Leading-order noncommutative observables . . . . . . . 59 4.3 Noncommutative models . . . . . . . . . . . . . . . . . . . . . 60 4.3.1 BH models . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.3.2 A new prescription for noncommutativity . . . . . . . . 62 4.3.3 Four-dimensional effective actions and amplitudes . . . 62 4.3.4 The UV region . . . . . . . . . . . . . . . . . . . . . . 65 4.3.5 BH model IR region . . . . . . . . . . . . . . . . . . . 67 4.3.6 New model IR region . . . . . . . . . . . . . . . . . . . 68 4.4 Noncommutative zoology . . . . . . . . . . . . . . . . . . . . . 68 4.4.1 BH1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.4.2 BH2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 4.4.3 New1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 4.4.4 New2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.5 Consistency equations and observations . . . . . . . . . . . . . 73 4.5.1 A first estimate of noncommutative effects . . . . . . . 75 4.6 Large-field noncommutative models . . . . . . . . . . . . . . . 76 4.6.1 The ordinary scalar field ϕ . . . . . . . . . . . . . . . . 77 4.6.2 The tachyon field T . . . . . . . . . . . . . . . . . . . . 79 4.6.3 The difference between ϕ and T . . . . . . . . . . . . . 80 4.6.4 Theoretical structure of the n_s-R plane . . . . . . . . . 80 4.7 Likelihood analysis: noncommutative inflation . . . . . . . . . 81 4.7.1 HF consistency equations . . . . . . . . . . . . . . . . 82 4.7.2 Likelihood contour bounds . . . . . . . . . . . . . . . . 83 4.8 Likelihood analysis: constraints on large-field models . . . . . 85 4.8.1 The ordinary scalar field ϕ . . . . . . . . . . . . . . . . 85 4.8.2 The tachyon field T . . . . . . . . . . . . . . . . . . . . 87 4.8.3 Suppression of CMB low multipoles . . . . . . . . . . . 88

5 Dualities in patch cosmology and other issues 91 5.1 Preliminary remarks . . . . . . . . . . . . . . . . . . . . . . . 94 5.1.1 Broken dualities . . . . . . . . . . . . . . . . . . . . . . 94 5.1.2 Contracting and phantom patches . . . . . . . . . . . . 95 5.2 Patch dualities . . . . . . . . . . . . . . . . . . . . . . . . . . 96

CONTENTS vii

5.2.1 Singular dualities . . . . . . . . . . . . . . . . . . . . . 97 5.2.2 Regular dualities . . . . . . . . . . . . . . . . . . . . . 105 5.3 Relations between ϕ and T cosmologies . . . . . . . . . . . . . 108 5.3.1 Slow-roll correspondence . . . . . . . . . . . . . . . . . 108 5.3.2 q-correspondence . . . . . . . . . . . . . . . . . . . . . 109 5.4 Remarks on cosmologies with q < 0 . . . . . . . . . . . . . . . 110 5.4.1 q-bounce? . . . . . . . . . . . . . . . . . . . . . . . . . 110 5.4.2 q-bump? . . . . . . . . . . . . . . . . . . . . . . . . . . 112 5.4.3 q-inflation? . . . . . . . . . . . . . . . . . . . . . . . . 113

6 Discussion and conclusions 115 6.1 Summary of the results . . . . . . . . . . . . . . . . . . . . . . 115 6.2 Open questions . . . . . . . . . . . . . . . . . . . . . . . . . . 118 6.2.1 Bulk physics . . . . . . . . . . . . . . . . . . . . . . . . 118 6.2.2 More on noncommutativity . . . . . . . . . . . . . . . 119 6.2.3 More on patches and beyond . . . . . . . . . . . . . . . 119

A Exact solutions in the RS braneworld 123

B Inflationary non-Gaussianity 125 B.1 Linear perturbations are Gaussian . . . . . . . . . . . . . . . . 125 B.2 Bispectrum and non-Gaussianity . . . . . . . . . . . . . . . . 128 B.3 Generalized Mukhanov equation and stochastic inflation . . . 131 B.4 Braneworld and tachyon bispectrum . . . . . . . . . . . . . . . 133 B.5 Noncommutative bispectrum . . . . . . . . . . . . . . . . . . . 136

Bibliography 139 viii Contents

Introduction

This to attain, whether heav’n move or earth, Imports not, if thou reckon right; the rest From man or angel the great Architect Did wisely to conceal, and not divulge His secrets to be scanned by them who aught Rather admire; or if they list to try Conjecture, he his fabric of the heav’ns Hath left to their disputes, perhaps to move His laughter at their quaint opinions wide Hereafter, when they come to model heav’n And calculate the stars . . .

— Milton, Paradise lost, VIII, 70-80

Imagine to be a two-dimensional man, like a paper silhouette cut in a sheet, living on the surface of a table. Imagine that the table is your world and all you see and touch and speak with lives in this two-dimensional universe. Things might look quite boring relative to our common 3D vision, but just for some more moments we are sheet-guys who actually do not know what the third dimension is.

Now imagine that, after a life accustomed to flatness, a mad scientist claims the existence of a third, amazing, unprecedented “extra dimension,” transverse to the table surface. In the beginning people do not believe him, wondering: ‘Why should we complicate our world with things we cannot see?’ Some colleague of the scientist’s even shows that his proposal goes against current observations.

Despite all this skepticism, later on the theory is modified, its context changes and widens, and the underlying philosophy enriches with important consequences involving nothing less than our attitude to the interpretation of natural phenomena. People begin projecting experiments and models – and sub-models, and scenarios within scenarios – in order to find whether this extra dimension (an object they really cannot figure out, since their minds think in 2D only) produces some visible effect on the table or not.

1

However, this new enthusiasm triggered in the field is not rewarded by a direct, unequivocal check of the idea.

This analogy, borrowed from Flatland by Reverend Abbott (indeed farsighted a work, being written 120 years ago!), does not differ much from the fair tale of the real world and the 21st-century science. Recently a number of developments in string theory have given new insights to our comprehension of the high-energy physics and the fundamental behaviour of Nature. Although the mathematical structure of the string lore is so elegant that many theorists believe to be on the right path, its complexity and interpretative difficulties make concrete (i.e. liable to experimental pressure) predictions hard to formulate. Nevertheless, important applications have been proposed and almost fully constructed, particularly in cosmology.

One of the basic statements of these theories is that particles are actually microscopic vibrating “strings” which interact in a higher-dimensional spacetime; that is to say, four dimensions are not enough for the physics at the quantum scale. Beside strings, other extended objects (the “D-branes”) appear in the full spectrum and play special roles of interest.

1.1 Brane worlds and cosmological principle

The idea that the world we live in has more dimensions than we can see dates back to the 1920s with the works of Theodor Kaluza [1] and Oskar Klein [2]; however, in order not to violate results coming from gravitational and collider experiments, extra dimensions should be compactified and very tiny (of order of the Planck scale) and so almost unobservable. During recent years new models, exploiting many of the mentioned stringy ingredients, have been explored [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]^1 which require dimensions with compactification scale close to the limit of modern measurements of gravity (around millimeter) or even noncompact dimensions. In these cases, the visible universe is confined into a four-dimensional variety (a brane) embedded in a larger spacetime, thus called braneworld.^2 Besides regaining classical gravity at low energies, these models have many interesting consequences, such as the mass hierarchy problem solution and the concrete possibility to test and bound the theory by means of astrophysical (supernovae) and cosmological observations (cosmic microwave background temperature fluctuations, large-scale structures) and accelerators (high-energy processes available at future LHCs). However, the problems opened by this new trend of research are far from being fully solved.

In the typical cosmological framework, the background metric on the brane is the Friedmann-Robertson-Walker (FRW) metric [with signature

1See [16, 17, 18, 19, 20, 21, 22] for examples of compactifications on a hyperbolic manifold.

2Brane universes in a multidimensional target spacetime were first considered in [23, 24, 25].

1.2. Inflation 3

(+, −, −, −)] ds^2_{FRW} = dt^2 − a^2(t) dx_idx^i , (1.1)

where a(t) is the scale factor on the 4D variety and Latin indices denote spatial coordinates. The FRW metric is the realization of the cosmological principle of the standard big bang model, stating that “the Universe does not possess any privileged direction or point; it is therefore homogeneous and isotropic, at least with good approximation.”^3 If the Universe follows an homogeneous evolution, one can define a measure of time such that identical physical properties in different places imply synchronized local clocks. This is the reason why t is called synchronous time. The spatial comoving coordinates x^i are glued to the elements of the continuous fluid we assume to represent the (brane) universe, so that a coordinate spatial label x corresponds to the fluid element passing on that point at the time t. Physical distances are given by comoving distances times the scale factor a(t).

The Einstein equations are modified in accordance with the gravity model permeating the whole spacetime. This in turn produces the basic FRW equations for the cosmological evolution. For comprehensive reviews on brane worlds, see [26, 27, 28, 29]. In particular, the five-dimensional Randall- Sundrum type 2 model [13, 30, 31, 32, 33, 34, 35, 36] and its Gauss-Bonnet generalization [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54] have received much attention since their birth because of their rich structure in a relatively simple conceptual framework. One of the many aspects of these models is a possibility for the cosmological evolution to change substantially from the standard four-dimensional case, since the extra noncompact dimension can communicate via gravitational interaction with the matter confined in the brane. Gravity is free to propagate in the anti de Sitter (AdS) bulk, which is assumed to be empty in the simplest scenarios.

1.2 Inflation

According to modern data, the large-scale structure of the Universe, as well as the anisotropies of the cosmic microwave background (CMB), can be explained by an early stage of accelerated expansion (inflation) driven by an effective cosmological constant [55, 56, 57, 58, 59]. This mechanism is triggered by the dynamics of a scalar field (generically dubbed “inflaton”) rolling down its potential, and may also provide an explanation for the present phase of acceleration; in the most famous version of inflation, the rolling is slow enough to justify the adoption of the slow-roll (SR) formalism.

Inflation was originally devised for solving a number of problems afflicting the hot big bang model, in particular the flatness or entropy problem (Why the Universe is flat? Why does it have so high an entropy?), the

3Due to the presence of small anisotropies in the microwave relic and the gravitational clustering of matter in the large-scale structures, the cosmological principle gives only an approximated description of the world.

horizon problem (Why distant, causally disconnected regions are in thermal equilibrium?), and the monopole problem (Where are the topological defects emerging from the cosmological phase transitions?). However, the reasons of its success rely on an aspect which is much more than a back bonus. In fact, an immediate consequence of this scenario is that cosmological large-scale structures were originated by the exponential dilatation of quantum fluctuations of the inflaton up to macroscopic scales [60, 61, 62, 63]. The study of microcosm allows us to investigate macrocosm in some sense, so cosmological observations are complementary to those with ground-based accelerators. Moreover, they clarify the composition and geometrical structure of the Universe, as well as those primordial elementary processes constituting the basis of our visible world.

In particular, it is possible to combine the available observables in relations, called consistency equations, that are characteristic of the inflationary paradigm, and verify them through CMB and sky-survey data. These relations do not depend on the form of the inflationary potential but do depend on either the type of scalar field (ordinary or tachyonic) on the brane and the details of the high-energy geometrical model. The consistency equations are a typical result from inflation that other theories of structure formation are not able to reproduce, and reflect the common physical origin of scalar and tensor perturbations; this scalar-tensor entanglement is even more pronounced in the braneworld framework.

Recently, due to many progresses made in understanding the vacuum structure of string theory (in particular, see [64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75]), the eventuality that the scalar field is tachyonic has been explored. With “tachyon” we mean a causal scalar field with an effective Dirac-Born-Infeld (DBI) action emerging from the low coupling limit of nonperturbative string theory.

We leave the reader to textbooks such as [76, 77] for an introduction to standard cosmology. See also [78] for a review of SR inflation.

1.3 Not only extra dimensions

In addition to the brane conjecture, one can insert other exotic ingredients, borrowed from string and M theory, that may give rise to characteristic predictions, although at the price of increasing the number and complexity of concurring models. For instance, the introduction of a stringy spacetime uncertainty relation and the associated noncommutative scale leads to modifications of perturbation spectra at large scales, can generate a blue-tilted spectrum, and modifies the observationally allowed regions in the parameter space. Since the uncertainty relation is saturated when a perturbation with a particular wavelength is generated, the standard evolution of commutative fluctuations is altered and large-scale modes are damped. This might partially explain the low-multipole suppression of the CMB spectrum detected

1.4. Observations 5

by recent data.

1.4 Observations

Early-Universe observations have come to the golden age. The first-year results of the Wilkinson Microwave Anisotropy Probe (WMAP) [79, 80, 81, 82] provided high-precision cosmological data sets from which astroparticle models can be tested. The observations strongly support the inflationary paradigm based on general relativity as a backbone of high-energy physics. In particular, nearly scale-invariant and adiabatic density perturbations generated in single-field inflation exhibit an excellent agreement with the observed CMB anisotropies [83, 84, 85, 86]. Together with the upcoming high-precision data by the Planck satellite [87], it will be possible to discriminate between a host of inflationary models from observations.

1.5 Big bang singularity, phantoms, and cosmological symmetries

Recently a lot of attention has been devoted to the symmetries of the cosmological dynamics. Transformations of the Einstein equations, encoded in the Friedmann relation coupled to the equations of motion for the matter content in the Universe, link standard inflationary cosmologies to other possible phases. These are either contracting periods, ideally embedded in some motivated high-energy pre-inflationary framework, or superaccelerating cosmologies, ä/a > H^2, dominated by a matter component (called phantom) with and effective equation of state p < −ρ. Such scenarios are of particular interest from both a theoretical and observational point of view, since the first one is intertwined with the big bang problem and the resolution of the initial singularity, while phantoms might explain modern data on the latetime evolution of the Universe. Conversely, bouncing events can leave their imprint on the large-scale perturbation spectra, while a phantom component can arise in a stringy or supersymmetric setup.

1.6 Plan of the thesis

The material of this work is arranged as follows.

Chapter 2 We introduce the patch notation, an approach providing a very simple and compact description of braneworld-motivated cosmologies with nonstandard effective Friedmann equations. The particular cases of Randall-Sundrum and Gauss-Bonnet braneworlds are considered. We present a slow-roll formalism generalizing the four-dimensional case; full towers of parameters involving either the inflaton potential or the Hubble parameter are constructed, and the dynamics of standard and tachyonic fields are considered in detail. The inflationary attractor condition and exact cosmological solutions are provided. Through all these features, scalar-driven and tachyon-driven accelerating eras are compared. The original contribution is based on [88].

Chapter 3 This chapter is devoted to cosmological braneworld spectra and the observational imprint on early-Universe structures. An important aspect is the emerging of a set of consistency relations involving some of the most relevant observables, that is the amplitudes and indices of the perturbation spectra generated by quantum fluctuations stretched outside the Hubble horizon during the accelerated expansion. It is shown that, while the degeneracy between 4D and high-energy regimes can come from suitable values of the cosmological observables, exact functional matching between consistency expressions is discarded. Also, it turns out that CMB experiments of this and next generation might be able to discriminate between the standard four-dimensional lore and braneworld scenarios. The original contribution is based on [88, 89, 90, 91].

Chapter 4 We consider several classes of noncommutative inflationary models within an extended version of patch cosmological braneworlds, starting from a maximally invariant generalization of the action for scalar and tensor perturbations to a noncommutative brane embedded in a commutative bulk. Slow-roll expressions and consistency relations for the cosmological observables are provided, both in the ultraviolet and infrared region of the spectrum. The effects of noncommutativity are then analyzed in a number of ways and energy regimes. The original contribution is based on [90, 92, 93].

Chapter 5 In this chapter we address further theoretical issues and establish a triality between inflationary, cyclic/ekpyrotic, and phantom cosmologies in different patches. The exact dualities relating the fourdimensional spectra are broken in favour of their braneworld counterparts; the dual solutions display new interesting features because of the modification of the effective Friedmann equation on the brane. We then give some qualitative remarks on phantomlike cosmologies without phantom matter. The original contribution is based on [94].

Chapter 6 Discussion, conclusions, and future trends.

Appendix A A couple of examples of exact Randall-Sundrum solutions with late-time constant SR parameters is given. The original contribution is based on [95].

Appendix B A digression on CMB non-Gaussianities in the braneworld context. We calculate the bispectrum of single-field braneworld inflation, triggered by either an ordinary scalar field or a cosmological

1.6. Plan of the thesis 7

tachyon, by means of a gradient expansion of large-scale nonlinear perturbations coupled to stochastic dynamics. The resulting effect is identical to that for single-field 4D standard inflation, the nonlinearity parameter being proportional to the scalar spectral index in the limit of collapsing momentum. If the slow-roll approximation is assumed, braneworld and tachyon non-Gaussianities are subdominant with respect to the post-inflationary contribution. However, bulk physics may considerably strengthen the nonlinear signatures. These features do not change significantly when considered in a noncommutative framework. The original contribution is based on [96].

2 Patch cosmology

Yet it is possible to see peril in the finding of ultimate perfection. It is clear that the ultimate pattern contains its own fixity. In such perfection, all things move toward death. — Frank Herbert, Dune

2.1 Motivations

How to deal with the physics of extra dimensions? Are there sensible cosmological setups involving branes and other exotic ingredients? The answer to both questions is not unique, since there are many interconnected approaches by which to treat the braneworld [97]. Here we will adopt the point of view of a cosmological observer living on a brane, which is a convenient place to put ourselves in if we want to predict what phenomena can be observed in the sky.

In particular, we shall consider the patch formulation of brane cosmology, in which the effective Hubble parameter H ≡ ȧ/a experienced by an observer on the brane is assumed to depend on some power of the brane energy density ρ, H^2 ∝ ρ^q . The advantages of this approach are several. First, it provides a concise and versatile formalism to explore different cosmological models and determine their main features, such as exact classes of solutions, the inflationary attractor, and the inflationary imprint on the structure formation of the early Universe. Second, it allows to treat standard and tachyon cosmologies on the same ground, since the equations of the latter are given by a particular limit of braneworld equations.

As the quotation hints, the patch formalism is far from being the ultimate or even the best framework in which to study the cosmology of extra dimensions. Nonetheless, from one side the advantages in using it are compared with the precision of modern observations; from the other side, the small effort in its formulation is well repaid by the insight into a great number of physical properties.

9

This model has been used to describe the post-inflationary evolution and in this case has been dubbed “Cardassian cosmology” [98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112]. Here we will take a rather different perspective, and ask how a period of nonstandard expansion can modify the usual early-Universe picture. Apart by the author, commutative patch cosmology was considered, e.g., in [54, 113, 114, 115].

2.1.1 Gauss-Bonnet braneworld and energy patches

In braneworld scenarios the visible universe is confined into a (3+1)- dimensional variety (a brane) embedded in a larger noncompact spacetime (the bulk). This setup is motivated by M theory as a low-energy product of a dimensionally reduced 11D supergravity to a 10D string theory, down to a 5D effective gravity [3, 4, 5, 6, 7, 116, 117] (see also [118]). The resulting 11D manifold is AdS_5 × X_{CY} , where the brane is located at the fixed point y = y_b of the Z_2 symmetry in the 5D anti de Sitter bulk and the other six dimensions are compactified on a Calabi-Yau 3-fold X_{CY} . The 5D gravitational coupling is related to the 11D one by κ^2_5 ≡ 8π/m^3_5 = κ^2_{11}/V_{CY} , where V_{CY} is the internal volume of the Calabi-Yau space and κ^2_{11} ≡ M^{−9}_s encodes the fundamental string mass.^1 For the case of branes in a 6D bulk, see, e.g., [119, 120, 121].

One of the first problems one has to deal with when constructing such models is how to stabilize the extra dimension. This can be achieved in a number of ways; in the Randall-Sundrum (RS) example, Goldberger and Wise have provided a mechanism according to which a 5D massive scalar is put into the bulk with a potential of the same order of the brane tension λ [122, 123, 124, 125, 126]. If the energy density ρ on the brane is smaller than the characteristic energy of the scalar potential, ρ/V ∼ ρ/λ ≪ 1, then the radion is stabilized and one gets the standard Friedmann equation H^2 ∝ ρ. On the contrary, if the brane energy density is comparable with the stabilization potential, ρ/λ ≳ 1, the bulk backreacts because it feels the presence of the brane matter, the minimum of the potential is shifted, and the well-known quadratic corrections to the Friedmann equation arise [30, 31]:

H^2 = κ^2_4 6λ ρ(2λ + ρ) + E a^4

, (2.1)

where κ^2_4 ≡ 8π/m^2_4 includes the four-dimensional Planck mass m_4 ≈ 10^{19} GeV, and E = const is the dark radiation term which is the timetime component of the five-dimensional Weyl tensor projected on the brane. Gravity experiments impose the bulk curvature scale to be ≲ 1 mm, that is m_5 ≳ 10^8 GeV and λ^{1/4} ≳ 10^3 GeV. We will neglect the dark radiation term since during inflation it is strongly suppressed (see below).

1We use the natural units c = 1, ℏ = 1.

The RS model can be viewed as an intermediate scenario between a “pure Gauss-Bonnet” high-energy regime, H^2 ∝ ρ^{2/3}, and the standard 4D (lowenergy) evolution, H^2 ∝ ρ. The five-dimensional bulk action for the Gauss- Bonnet (GB) braneworld is S = 1 2κ^2_5 ∫ d^5x √ −g_5 [ R − 2Λ_5 + α ( R^2 − 4R_{μν} R^{μν} + R_{μνρσ} R^{μνρσ} )] +S_∂ + S_{matter} . (2.2)

Here, κ_5 is the five-dimensional gravitational coupling, g_5 is the determinant of the 5D metric, R is the 5D Ricci scalar, Λ_5 < 0 is the bulk cosmological constant, and α = 1/(8g^2_s ) > 0 is the Gauss-Bonnet coupling, where g_s is the string energy scale. The action includes a pure geometrical boundary term S_∂ and the matter contribution which is confined on the brane. The gravitational part of the action is a natural generalization in five dimensions of the Einstein-Hilbert action (see [42] for a general discussion), since it is the only extension giving a second-order symmetric divergence-free tensor and field equations that are second-order in the metric [127]. From a fundamental physics point of view, it comes from α^′-leading-order quantum corrections to gravity in the heterotic string effective action [128]. In particular, in the Gauss-Bonnet theory graviton interactions are ghost free and spacetime perturbations are wavelike.

A cosmological solution of the theory can be found via a 5D warped metric such that its projection on the 3-brane is FRW-like, Eq. (1.1). Assuming a perfect fluid^2 matter and a Z_2 symmetry across the brane, the effective Friedmann equation on the brane is [42, 46, 47]

H^2 = c_+ + c_− − 2 8α , (2.3a)

where H is the Hubble parameter and, defining √ α/2 κ^2_5 ≡ δ^{−1}_0 ,

c_± = [√ (1 + 4αΛ_5/3)^{3/2} + (δ/δ_0)^2 ± δ/δ_0 ]_{2/3} ; (2.3b)

δ is the matter energy density which we will assume to be decomposed into a matter contribution plus the brane tension λ: δ = ρ + λ. Expanding Eq. (2.3) to quadratic order in δ one recovers the Friedmann equation of the Randall-Sundrum type 2 scenario with vanishing 4D cosmological constant, provided

κ^4_5 =

6κ^2_4 λ ( 1 + 4 3 Λ_5α ) , λ = 3 2ακ^2_4 [ 1 − ( λκ^4_5 6κ^2_4 )_{1/2}] . 2A 4D perfect fluid with energy density ρ and pressure p is isotropic in its local rest frame, its energy tensor being diagonal and proportional to the pressure p in its spatial projection: T^{00} = ρ, T^{ij} = −p δ^{ij} . In the case of a confined fluid, the 5D energy-momentum tensor is T^{μν} ∝ δ(y_b) diag(ρ, −p, −p, −p, 0)^{μν}, where y_b is the brane position along the extra direction y.

We can now recognize three main energy regimes resulting in particular limits of the Friedmann equation:

1) δ/δ_0 ≫ 1 : In this pure Gauss-Bonnet high-energy regime, we have a nonstandard cosmology

H^2 = ( κ^2_5 16α )_{2/3} ρ^{2/3} ; (2.4)

2) λ/δ_0 ≪ δ/δ_0 ≪ 1 : When the energy density is far below the 5D or string scale but ρ ≫ λ, we have a Hubble parameter

H^2 = κ^2_4 6λ ρ^2 ; (2.5)

3) ρ/δ_0 ≪ δ/δ_0 ≪ 1 : The standard four-dimensional scenario is recovered when the brane grows stiff with respect to its matter content, ρ ≪ λ:

H^2 = κ^2_4 3 ρ . (2.6)

The Friedmann equation (2.3) and its energy approximations are plotted in Fig. 2.1.

Figure 2.1: The Hubble parameter as a function of the energy density in the Gauss-Bonnet scenario and its energy approximations. The solid line is the full Gauss-Bonnet cosmology [Eq. (2.3)], the lower dashed line is the high-energy Gauss-Bonnet regime [Eq. (2.4)], and the upper dashed line is the full Randall-Sundrum regime.

Equations (2.4)–(2.6) are considerably simpler than the full Gauss-Bonnet equation (2.3), and in many practical cases one of the three regimes is assumed. Therefore it can be useful to study a cosmological patch, that is a region of time and energy in which

H^2 = β^2_q ρ^q , (2.7)

where q is constant and β_q > 0 is a constant factor with energy dimension [β_q] = E^{1−2q}. Then, q = 1 in the pure 4D (radion-stabilized) regime, q = 2 in the high-energy limit of the RS braneworld, and q = 2/3 in the high-energy limit of the GB scenario.

The resulting dynamical equations can be applied to any case of interest, let it be a particular limit of either the Gauss-Bonnet braneworld or other scenarios where nonconventional physics modifies the cosmological evolution.

The parameter q, which describes the effective degrees of freedom from gravity, could live in a nonstandard range of values because of the introduction of nonperturbative stringy effects or, just to mention some possibilities, for the presence of a complicated geometrical framework with either compact and noncompact extra dimensions, multiple and/or folding branes configurations, higher-derivative gravities ([129, 130, 131] and references therein), and so on. In the latter example [129], one can consider a class of 4D gravitational actions like

S_g = ∫ d^4x √ gf(R) , (2.8)

where f(R) is an arbitrary function of the Ricci scalar. It turns out that one can construct suitable expressions for f(R) and get Eq. (2.7) in the appropriate limit. The case

f(R) = R − (sinh R)^{−1} , (2.9)

is of particular interest, since in the limit of small curvature R (late times, low energy) one gets H^2 ≈ ρ^{−1} and can explain the present (super?)acceleration of the Universe. To the author’s knowledge, so far this is the only concrete example of cosmologies with negative q. We will come back to this point in Sec. 5.4.

When considering a five-dimensional braneworld, bulk moduli modify the Friedmann equation on the brane. In general, to a given orbifolded 5D spacetime and matter source confined on the brane there will correspond a set of junction conditions determining the matter-gravity interaction at the brane position. Conversely, one can always construct a bulk stress tensor such that Eq. (2.7) holds for some q [132]; this is because the junction conditions have enough (q-dependent) degrees of freedom at a fixed slice in order to arrange a suitable expansion. In fact, the braneworld alone is not sufficient to fully determine the observable physics and some fundamental principle (e.g., AdS/CFT correspondence) should be advocated from the outside in order to sweep all ambiguities away [133]. Dealing not with such elegant principles, we shall keep the following discussion on a phenomenological level.

Anyway, a patch formulation of the cosmological problem provides a compact notation for many situations. If braneworld corrections are important in the early Universe, one can follow the cosmological evolution through each energy patch in a given time interval where the patch approximation is valid, that is, far from transitions between patches; in fact, the Hubble parameter will be a more or less complicated function of the energy density, say Eq. (2.3), with smooth transitions from an energy (and SR) regime to the other. Moreover, the case of Eqs. (2.8) and (2.9) does not lie within the braneworld picture since the only requirement is that there exists some fundamental theory which modifies general relativity at the scales of interest. In this sense the patch formalism is more powerful and unifying than expected from the very simple ansatz Eq. (2.7), in origin devised as a high-energy correction typical of RS and GB braneworlds.

2.1.2 Patch cosmology

In the rest of this work, we investigate the properties of a single flat energy patch with general effective Friedmann equation (2.7). In order to simplify the framework, we make the following assumptions:

1) There is a confinement mechanism such that matter lives on the brane only, while gravitons are free to propagate in the bulk. This is guaranteed as long as ρ < m^4_5;

2) The contribution of the Weyl tensor is neglected.

For a perfect fluid with equation of state p = wρ, assumption 1 allows the continuity equation ρ̇ + 3H(ρ + p) = 0 . (2.10)

This is equivalent to the local covariant conservation of the energymomentum tensor.^3

Assumption 2 closes the system of equations on the brane and sets aside the nonlocal contributions from the bulk. To neglect the projected Weyl tensor implies that there is no brane-bulk exchange. The converse is not true: Given a standard continuity equation on the brane, the Friedmann equation still can get an extra dark-radiation term. In fact, in the case of brane-bulk interaction through a nondiagonal stress-energy bulk tensor, the complete continuity equation is

ρ̇ + 3Hρ(1 + w) + r_B = 0 , (2.11)

where r_B is the 05-component of the bulk tensor [138, 139]. Suppose that the Friedmann equation (2.7) acquires a time-dependent correction

H^2 = ρ^q + χ_B , (2.12)

where we have set β_q = 1 and χ_B(t) is an unspecified function. Then the equation of motion for χ_B reads

χ̇_B + q[3H(1 + w) + r_B /ρ]χ_B = H^2[3qH(1 + w) − 2Hϵ + qr_B/ρ] , (2.13)

where ϵ ≡ − d ln H d ln a = − Ḣ H^2

. (2.14)

We conclude that even when the bulk is empty, r_B = 0, χ_B(t) may not vanish identically. For some studies on brane-bulk interactions, see [138, 139, 140, 141, 142, 143, 144, 145].

The requirement of a negligible Weyl contribution might seem too restrictive and spoiling almost all the interesting features of the model. However, bulk physics mainly affects the small-scale/late-time cosmological structure and can be consistently neglected during inflation. This is a highly nontrivial

3For the case of five-dimensional inflation, see [134, 135, 136, 137].

result which has been confirmed with several methods both analytically and numerically [146, 147, 148, 149, 150, 151]. Intuitively, the RS dark radiation term, which is the simplest contribution of the Weyl tensor, scales as a^{−4} and is exponentially damped during the accelerated expansion. In the following we will set χ_B = 0.

Differentiating Eq. (2.7) with respect to time and using Eq. (2.10), one gets ϵ =^3_2 q(1 + w) . (2.15)

The exponent θ ≡ 2 ( 1 − 1 q ) , (2.16)

is shown in Fig. 2.2; it allows to rewrite Eq. (2.7) as H^{2−θ} = β^{2−θ}_q ρ. Actually the parameter θ can be extended to a function θ(ρ) interpolating between the RS and GB high-energy regimes [54]. This is another (although partial) justification for keeping the discussion in the general case θ ∈ R \ {2}, and not only in the discrete set θ ∈ {0, 1, −1}.

Figure 2.2: The parameter θ(q). The three cosmologies described in the text are: high-energy Gauss-Bonnet [θ(2/3) = −1], standard four-dimensional [θ(1) = 0] and high-energy Randall-Sundrum [θ(2) = 1].

If one imposes the dominant energy condition, ρ ≥ |p| (w ≥ −1), Eq. (2.15) states that the Hubble length^4 R_H ≡ H^{−1} is monotonic during its time evolution, increasing if q > 0 (the lower branch with θ < 2) and decreasing if q < 0 (θ > 2). On the contrary, the particle horizon R_c(t) ≡ a(t) ∫_t t_0 dt ′/a(t^′) [152], which defines the causally connected region centered in the observer, is always increasing in an expanding universe, Ṙ_c = 1 + HR_c > 0, and its comoving counterpart is always increasing also, (R_c/a)^. > 0. We will denote with a subscript 0 any quantity evaluated at the reference initial time t_0. For a constant index w,

ρ = ρ_0 ( a a_0

)_{−3(1+w)} , (2.17)

while the scale factor is

a(t) = a_0 [1 + ϵH_0(t − t_0)]^{1/ϵ} . (2.18)

Thus an expanding (H > 0) solution with q < 0 and satisfying the dominant energy condition represents a superinflationary^5 (Ḣ > 0) expanding universe in a “pre big bang” era with time running from t_0 to eventually t̄ = t_0 −

4The Hubble length is the proper distance from the observer of an object the observer sees moving with the cosmological expansion at the speed of light.

5With standard FRW equations, q = 1, superinflationary models are those with w < −1 [153].

1/(ϵH_0) > t_0, where one encounters a singularity with infinite scale factor and vanishing energy density. Since any patch should be regarded as a model with a limited time interval of validity, its long-range evolution is a true problem only for well-established regimes. Anyway, we will consider only positive q, which is the case of all the known realistic cosmologies, and come back to this issue in Chapter 5.

For q > 0, the Hubble length is always nondecreasing; therefore, ϵ = Ṙ_H ≥ 0. Moreover, we have a precise definition for the beginning of the inflationary era, since ä a = (1 − ϵ)H^2 . (2.19)

A necessary and sufficient condition for inflation to start is ϵ(t) < 1, or, for the barotropic index w = 2 3q ϵ − 1 , (2.20)

w(t) < 2/(3q) − 1. The end of inflation is set by ϵ(t_{end}) = 1.

Whenever cosmological equations can be applied both in the scalar and tachyon case, the inflaton field will be generically indicated as ψ. Table 2.1 summarizes the three main cosmological regimes. For completeness, we have also shown the de Sitter (dS) solution with constant Hubble parameter, when H = β_0 = const, ä/a = β^2_0 > 0, and inflation is driven by a cosmological constant with equation of state w = −1. Also, this case can be obtained via the formal limit q → 0. The de Sitter regime is the idealization of the extreme slow-roll (ESR) approximation, ψ̇ ≈ 0. In this regime, the kinetic term of the scalar action is subdominant with respect to the potential itself and H ≈ β_qV^{q/2}.

Regime q θ β^2_q w_{max} dS 0 ∞ H^2 −1 GB 2/3 −1 (κ^2_5/16α)^{2/3} 0 RS 2 1 κ^2_4/6λ −2/3 4D 1 0 κ^2_4/3 −1/3

Table 2.1: The energy regimes described in the text. The de Sitter case can be seen as the asymptotic cosmology with q → 0. Here, w_{max} is the maximum value for the barotropic index (2.20) allowing inflation.

2.2 The inflationary setup

2.2.1 The ordinary scalar field ϕ

In the following we will consider an expanding four-dimensional FRW flat universe filled with a minimally coupled homogeneous scalar field with energy density and pressure

ρ =^1_2ϕ̇^2 + V (ϕ) , (2.21) p =^1_2ϕ̇^2 − V (ϕ) , (2.22)

and effective equation of motion

ϕ̈ + 3Hϕ̇ + V^′ = 0 , (2.23)

where V (ϕ) is the potential of ϕ, dots stand for synchronous-time derivatives and a prime denotes ϕ derivative. From Eq. (2.15),

Ḣ = −^3_2 qβ^{2−θ}_q H^θϕ̇^2 ; (2.24)

equivalently, we can regard H as a function of ϕ: H^′ H^θ = −^3_2 qβ^{2−θ}_q ϕ̇ , (2.25)

where the last passage is possible if ϕ varies monotonically with time. Equations (2.7), (2.10) and (2.21) then give 2 (3qβ^{2−θ}_q )^2 H^{′2} H^{2θ} − ( H β_q )_{2−θ} + V = 0 . (2.26)

Equations (2.7), (2.25) and (2.26) are the cosmological equations in the Hamilton-Jacobi formulation; they are in agreement with the equations found in the low energy limit [154, 155], in the Randall-Sundrum high-energy limit [156], and in the Gauss-Bonnet high-energy limit [157].

2.2.2 The cosmological tachyon T

The deep interplay between small-scale nonperturbative string theory (especially in the effective Born-Infeld action formulation) and large-scale braneworld scenarios has raised the interest in a tachyon field as an inflationary mechanism [158, 159]. Subsequently, the problem has been studied in a more cosmological fashion [160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201]. Throughout this paper, a “tachyon” is by definition any scalar field T with effective action S = ∫ d^4x L and Lagrangian [67, 160, 202, 203, 204, 205] L = −V (T ) √ − det[g_{μν} − f(T )∂_μT ∂_ν T ] . (2.27)

Here, g_{μν} is the induced four-dimensional FRW metric on the brane, T is a real scalar field with dimension [T ] = E^{−1}, f is a function of T , and V is the potential, which is exact to all orders in the Regge slope α^′ but at the tree level in g_s. Without loss of generality we will assume that f(T ) = 1 and T = T (t) is homogeneous and monotonic, say, Ṫ > 0. In the case of a D − D̄ system, the field T is complex due to the Chan-Paton structure, but many of the following arguments will hold in this case too. Often, the tensor G_{μν} ≡ g_{μν} − ∂_μT ∂_ν T is called the tachyon metric.

We will leave the exact form of the potential unspecified, except in Sec. 2.5; if V were constant, the model would correspond to a brane filled with a Chaplygin gas, p = −V^2/ρ, which at late times behaves as an effective cosmological constant (e.g., [206, 207]). Otherwise, in general the potential will have a maximum at T_0 = 0 and a local minimum V (T_∗) = 0 either at finite T_∗ or at infinity. In the latter case, there are no oscillations and a reheating mechanism appears difficult [168, 175].

The tachyon energy density and pressure read, respectively, ρ = V (T ) c_S , (2.28) p = −V (T )c_S = − V^2(T ) ρ , (2.29)

where c_S ≡ √ −w = √ 1 − Ṫ^2 , (2.30) is the speed of sound. Note that when Ṫ^2 → 1, the tachyon behaves as a pressureless gas. The continuity equation (2.10) gives the equation of motion T̈ 1 − Ṫ^2

+ 3HṪ + U^′ = 0 , (2.31)

where U ≡ ln V (T ) is differentiated with respect to T . Equation (2.15) then gives H^′ H^2

= −^3_2 qṪ . (2.32)

By this equation and Eqs. (2.7) and (2.28), we have 4 (3qβ^{2−θ}_q )^2 H^{′2} H^{2θ} − ( H β_q )_{2(2−θ)} + V^2 = 0 . (2.33)

Equations (2.7), (2.32) and (2.33) are the Hamilton-Jacobi equations for the tachyon; they agree with [157, 161].

We can give a physical interpretation of the tachyon Lagrangian (2.27), that in our case is L = −a^3V √ 1 − 2ϵ/(3q) . (2.34) The first thing to note is that, if V ≠ 0, the Lagrangian is defined only for ϵ < 3q/2. This implies that all the cosmologies with q ≤ 2/3 and a tachyon on the brane with the above nonzero effective Lagrangian experience an accelerated expansion,^6 while those with q > 2/3 can be either accelerating or

6This may be an early-Universe inflationary phase as well as the present acceleration period.

decelerating, depending on the evolution of ϵ. The Gauss-Bonnet high-energy regime is the limiting case; this fact suggested a scenario with an interesting role for the tachyon [48], which however seemed to have some problems [187]. Suppose that q ≤ 2/3 and, at some time t_∗, the accelerated phase stops, ϵ(t_∗) = 3q/2: then the tachyon action vanishes. In a string-theoretical framework, when the tachyon reaches the minimum of the potential, the unstable D-brane on which it lives annihilates and decays into the closed string vacuum. Put into another language, in the limit ϵ → 3q/2, the tachyon metric becomes asymptotically Carrollian, G_{μν} ∼ −a^2 diag(0, 1, 1, 1). This property, called Carrollian confinement [180, 208], holds for other tachyon effective metrics. Since in the Carroll limit there is no signal propagation, again the string interpretation is that no open tachyonic modes can propagate after the condensation (see also [209]).

On the other hand, it can be seen that the vanishing of the Lagrangian (2.34) is not the end of the story by reformulating the theory in the canonical formalism [205]. Defining the conjugate comoving momentum density

Π_T ≡ 1 √ −g ∂L ∂Ṫ = V Ṫ √ 1 − Ṫ^2

= ρṪ , (2.35)

the density Hamiltonian H = ρ in the canonical variables is

H = Π_T Ṫ − L = √ Π^2_T + V^2 , (2.36)

which is well defined in the condensation limit. Moreover, in string theory the absence of perturbative open modes translates to the fact that, near the minimum of the potential, the string coupling g_s = O(1), and the effective action description might fail down. Possibly, in a cosmological-brane context the vanishing of the tachyon action is a fictitious effect coming from the simplified FRW equation (2.7) and the associated dynamics. Actually, a more realistic model would have some implemented mechanism by which, and depending on the position of the minimum of the potential, the consequent cosmological evolution would experience a (pre) reheating phase, or a transition to a scalar-driven inflation, in a time interval centered in t_∗. Similar considerations hold when q > 2/3 and the Hubble parameter goes through a boost of the growth rate, recovering late post-inflationary cosmology.

Soon after the first proposal by Gibbons [160], it became clear that the cosmology based upon a rolling tachyon suffers from a number of other problems, including a small number of e-foldings, a difficulty of reheating, and a large amplitude for density perturbations, that can be traced back to some fine-tuning requirements on the parameters of the model [165, 166, 168, 171, 173, 177, 184, 187, 193]. Lately it was shown in [188] that the problem of large density perturbations is solved by considering a small warp factor in a warped metric. In addition, the problem of reheating is overcome by accounting for a negative cosmological constant which may appear by the stabilization of modulus fields [210]. Finally, tachyon inflation can help hybrid inflation to take place with natural initial conditions. By these reasons, it is premature to exclude the tachyon as a candidate for inflation.

2.3 The slow-roll formalism

According to the inflationary idea, an era of accelerated expansion is driven by a scalar field slowly “rolling” down its potential into a local minimum. The use of the slow-roll formalism [211, 212, 213, 214] simplifies the study of many consequences of inflation; however, it can also be considered as an effective notation for some recurrent dimensionless combinations of cosmological quantities, without imposing any condition on their magnitude. We will keep calling these parameters “slow-roll” in this case, too. The most commonly used SR towers rely upon two different quantities, the geometrical Hubble parameter H and the dynamical inflaton potential V . We will name these towers H-SR and V-SR, respectively, and explore some of their properties in the general cosmology (2.7). Other SR towers can be constructed for particular cosmological scenarios or analyses [48, 215, 216, 217, 218, 219, 220]. We will also consider what happens in the case of a tachyonic field.

The notation we will use is the following. A subscript V will denote the V-SR parameters, while the inflaton field will be indicated by its symbol as a subscript. Expressions valid for both the scalar fields will bear no subscript, save eventually V .

2.3.1 H-SR parameters for an ordinary scalar field

The H-SR tower is defined as

ϵ_{ϕ,0} ≡ ϵ , (2.37a) ϵ_{ϕ,n} ≡ n∏ i=1 { − d ln [ (H^′H^{−θ} )^{(i−1)} ] d ln a }_{1/n} , n ≥ 1 , (2.37b)

where (n) is the nth ϕ derivative. For a scalar field, the first three parameters, which are those appearing in all the main expressions for cosmological observables, are

ϵ_ϕ ≡ ϵ_{ϕ,0} = 3q ϕ̇2/2 V + ϕ̇^2/2

, (2.38) η_ϕ ≡ ϵ_{ϕ,1} = − d ln ϕ̇ d ln a = − ϕ̈ Hϕ̇ , (2.39)

ξ^2_ϕ ≡ ϵ^2_{ϕ,2} = 1 H^2 ( ϕ̈ ϕ̇ )_. = ... ϕ H^2ϕ̇

− η^2_ϕ . (2.40)

The condition ϵ ≪ 1 (ESR regime) permits to neglect the first term in the left-hand side of Eq. (2.26), that can be recast as

V (ϕ) = ( 1 − ϵ_ϕ 3q ) ( H β_q )_{2−θ} , (2.41)

while |η_ϕ | ≪ 1 is equivalent to assume the attractor solution ϕ̇ ≈ −V^′/3H from Eq. (2.23). During our calculations, formulas containing the smallest power of any of these parameters will be referred to as “first order SR.” At first order SR it is possible to drop the second derivative in the equation of motion (2.23), the Hubble parameter can be considered almost constant, and the expansion becomes nearly exponential. This approximation is precisely the ESR one.

Consequently, all the dynamical information is encoded in the SR parameters. Equation (2.24) can be rewritten in terms of ϵ, giving

ϕ̇^2 = 2ϵ^ϕ 3q ( H β_q )_{2−θ} . (2.42)

Thus the scalar field behaves almost like an effective cosmological constant in the SR approximation, w ≳ −1.

Noting that Ḧ = −HḢ(θϵ_ϕ + 2η_ϕ ), we have

ϵ̇_ϕ = 2Hϵ_ϕ ( 1 q ϵ_ϕ − η_ϕ ) , (2.43)

η̇_ϕ = H ( ϵ_ϕη_ϕ − ξ^2_ϕ ) . (2.44)

Differentiation with respect to the scalar field yields ϵ^′_{ϕ,n} = ϵ̇_{ϕ,n}/ϕ̇ ; by Eq. (2.42), the resulting prefactor H/ϕ̇ can be expressed as H ϕ̇ = + ( 3qβ^{2−θ}_q 2 H^θ ϵ_ϕ )_{1/2} , (2.45)

where the plus sign has been chosen in order to have a slow rolling down the potential with ϕ̇ > 0. This is always possible by a redefinition ϕ → −ϕ.

A final comment is in order: when defined, a SR tower is dynamical (i.e., does say something about the dynamics of the Hamilton-Jacobi equations) either when constraints on the form and magnitude of the SR parameters are applied, or when distinct SR definitions are related through the Hamilton- Jacobi equations themselves. For example, the H-SR tower relies on the parameter ϵ, which is its fundamental ground; as far as one does not assume any specific link between the Hubble parameter (and its derivatives) and the fields living on the brane, it is clear there will be no knowledge about the evolution of the system. However, when rewriting these H-parameters in terms of ϕ̇ through the second Hamilton-Jacobi equation, these parameters become dynamical. This ambiguity may lead to confusion in some situations; an interesting discussion on related issues can be found in [221].

2.3.2 V-SR parameters for an ordinary scalar field

The H-SR hierarchy is an elegant instrument of analysis coming from the Hamilton-Jacobi formulation of the equations of motion. However, in many cases investigation starts from the inflaton potential V and not from the Hubble parameter, whose shape must be determined by the Hamilton-Jacobi equations which are not always readily solvable. So, it is convenient to define another SR tower and try to relate it to the original one, namely, ϵ_{ϕV ,0} ≡ q 6β^2_q V^{′2} V^{1+q}

, (2.46a) ϵ_{ϕV ,n} ≡ 1 3β^2_q [ V^{(n+1)}(V^′)^{n−1} V^{nq} ]_{1/n} , n ≥ 1 , (2.46b)

where again we have introduced the first parameter by hand. Therefore [222],

ϵ_{ϕV} ≡ ϵ_{ϕV ,0} , (2.47) η_{ϕV} ≡ ϵ_{ϕV ,1} = 1 3β^2_q V^{′′} V^q , (2.48)

ξ^2_{ϕV} ≡ ϵ^2_{ϕV ,2} = 1 (3β^2_q )^2 V^{′′′}V^′ V^{2q} , (2.49)

and their derivatives with respect to the scalar field are ϵ^′_{ϕV} = −q V^′ V [( 1 + 1 q ) ϵ_{ϕV} − η_{ϕV} ] , (2.50) η^′_{ϕV} = − q 2ϵ_{ϕV} V^′ V [ 2ϵ_{ϕV} η_{ϕV} − ξ^2_{ϕV} ] , (2.51)

where V^′ V = − ( 6β^2_q q ϵ_{ϕV} V^{q−1} )1/2 . (2.52)

The conditions ϵ_V ≪ 1 and |η_V | ≪ 1 are necessary to drop the kinetic term in Eq. (2.7) and the acceleration term in Eq. (2.23), but they are not sufficient. In general, this SR formalism requires a further assumption, namely, ϕ̇ ≈ −V^′/3H, which is easy enough to be satisfied. This determines the minus sign in Eq. (2.52), provided ϕ̇ > 0.

2.3.3 H-SR parameters for a tachyon

In the tachyonic case, the first H-SR parameters are [see Eq. (2.14)]

ϵ_T =^3_2 qṪ^2 , (2.53)

η̃_T = − T̈ HṪ − Ṫ H ( V^′ V + 1 1 − Ṫ^2 ) . (2.54)

Equation (2.53) shows that tachyonic inflation is similar to k-inflation [223]. The condition ϵ_T ≪ 1 corresponds to neglect the derivative term in Eq. (2.33) and set H^2 ≈ β^2_q V^q: using Eqs. (2.7), (2.28) and (2.53), one gets

V^2(T ) = ( 1 − 2ϵ_T 3q ) ( H β_q )_{2(2−θ)} . (2.55)

However, the expression for η is not very precise from a dynamical point of view because the equation of motion has now a factor 1/(1 − Ṫ^2), attached to the second derivative, that should be taken into account when neglecting the acceleration term. This suggests to redefine the SR tower by introducing “covariant derivation” with respect to the tachyon metric:

ϵ̄_{T ,0} ≡ ϵ̄ ≡ ϵ , (2.56a)

ϵ̄_{T ,n} ≡ n∏ i=1 − 1 1 − Ṫ^2 d ln [(√ 1−Ṫ^2 V H^′ H^θ )_{(i−1)}]

d ln a

1/n (2.56b)

= n∏ i=1 1 w d ln [(√ ϵ̄_{T ,0} )_{(i−1)}] d ln a 1/n , n ≥ 1 , (2.56c)

where in the last passage we have used Eqs. (2.53) and (2.32). From Eq. (2.56) we have

η̄ ≡ ϵ̄_{T ,1} = − 1 1 − Ṫ^2 T̈ HṪ , (2.57)

ξ̄^2 ≡ ϵ̄^2_{T ,2} = 1 1 − Ṫ^2 1 H^2 ( T̈ Ṫ )_. = 1 (1 − Ṫ^2)^2 ... T H^2Ṫ

− η̄^2 . (2.58)

Since Ṫ ∝ ϵ̄^{1/2}, one can express any T derivative as a time derivative with a purely geometrical factor in front. For example, ϵ̄^′_{T ,n} = ϵ̇_{T ,n} √ 3q/(2ϵ̄). These expressions carry an extra contribution due to the adopted SR definition, by which η̄ ≈ O[ϵ̄(1 + ϵ̄ + · · · )]. If one wants to keep the spirit of the SR expansion, and neglect by definition these next-to-lowest order terms, one may trade Eqs. (2.56) and (2.37) for an intermediate definition, by dropping the overall factor in Eq. (2.56c),

ϵ_{T ,0} ≡ ϵ , (2.59a) ϵ_{T ,n} ≡ n∏ i=1 { − d ln [ (H^′H^{−2})^{(i−1)} ] d ln a }_{1/n} . (2.59b)

Applications of this SR tower will be seen in the following sections. Since η_T = −T̈ /(HṪ ), one gets

ϵ̇_T = −2Hϵ_T η_T , (2.60) η̇_T = H ( ϵ_T η_T − ξ^2_T ) . (2.61)

2.3.4 V-SR parameters for a tachyon

From the SR approximation Ṫ ≈ −U^′/3H and Eqs. (2.53) and (2.60), we can guess the SR parameters as functions of V : ϵ_{T V} ≡ q 6β^2_q U^{′2} V^q , (2.62) η_{T V} ≡ −ϵ_{T V} + 1 3β^2_q U^{′′} V^q . (2.63)

The complete SR tower comes from the Hubble tower by substituting ϵ_T with ϵ_{T V} and putting H = β_qV^{q/2}, thus getting

ϵ_{T V ,0} ≡ ϵ_{T V} , (2.64a) ϵ_{T V ,n} ≡ 1 3β^2_q [ (U^′)^{n−1} V^{nq/2} ( U^′ V^{nq/2} )_{(n)}]1/n , n ≥ 1 . (2.64b)

Different SR parameters can be found in [165, 185]. Note that

ϵ^′_{T V} = qU^′η_{T V} , (2.65) η^′_{T V} = qU^′ ( η_{T V} + ξ^2_{T V} 2ϵ_{T V} ) . (2.66)

2.3.5 SR towers and energy dependence

It is possible to relate the two SR towers by some simple energy-dependent relations. Here we will restrict ourselves to the first three parameters and define f ≡ 1/3q. From Eq. (2.41) we get the exact relation ϵ_{ϕV} = ϵ_ϕ 9 (3 − η_ϕ )^2 (1 − fϵ_ϕ )^{1+q}

. (2.67)

Then, noting that V^′ = ϕ̇H(η_ϕ − 3) and

V^{′′} = H^2[3(ϵ_ϕ + η_ϕ) − η^2_ϕ − ξ^2_ϕ ] , (2.68)

one has η_{ϕV} = (ϵ_ϕ + η_ϕ) −^1_3 (η^2_ϕ + ξ^2_ϕ ) (1 − fϵ_ϕ)^q

. (2.69)

Finally, noting that V^{′′′} = −3(θϵ^2_ϕ + 3ϵ_ϕ η_ϕ + ξ^2_ϕ )H^3 + O(ϵ^3_ϕ), we obtain, to first H-SR order,

ϵ_ϕ ≈ ϵ_{ϕV} , (2.70a) η_ϕ ≈ η_{ϕV} − ϵ_{ϕV} , (2.70b) ξ^2_ϕ ≈ ξ^2_{ϕV} − 3ϵ_{ϕV} η_{ϕV} + (3 − θ)ϵ^2_{ϕV} . (2.70c)

These equations allow us to shift from one hierarchy to the other, according to the most convenient approach. Both the SR towers show an explicit dependence on the energy scale because of the definitions, Eqs. (2.37) and (2.46). Sometimes, this energy dependence can be hidden by proper manipulations of the definitions; however, when differentiating SR parameters, Eqs. (2.43) and (2.50), the resulting SR combinations contain some factor q.

In the tachyon case, from Eqs. (2.55), (2.32) and (2.53) one has

ϵ_{T V} = ϵ_T (1 − 2fϵ_T )^{q/2} [ 1 − η_T 6(1 − 2fϵ_T )

]_2 . (2.71)

Then, using ϵ^′_T = −H √ 2ϵ_T f η_T , (2.72a) ϵ^{′′}_T = H^2 f ( η^2_T + ξ^2_T ) , (2.72b)

η^′_T = H √ 2fϵ_T ( ϵ_T η_T − ξ^2_T ) , (2.72c)

H^′ = − √ ϵ_T 2f H^2 , (2.72d)

we get

η_{T V} = 1 (1 − 2fϵ_T )^{q/2} [ η_T +

2ϵ_T η_T − η^2_T − ξ^2_T 6(1 − 2fϵ_T ) − (24f + 1)ϵ_T η^2_T 36(1 − 2fϵ_T )^2 ] . (2.73)

Hence, to first H-SR order,

ϵ_T ≈ ϵ_{T V} , (2.74a) η_T ≈ η_{T V} , (2.74b) ξ^2_T ≈ ξ^2_{T V} + 3ϵ_{T V} η_{T V} . (2.74c)

2.3.6 All in a patch

We can treat the ordinary scalar and the tachyon on the same ground by introducing the parameter ~θ = θ for the ordinary scalar, (2.75a) ~θ = 2 for the tachyon. (2.75b)

The Hamilton-Jacobi equations (2.41) and (2.55) are equal up to a second- SR-order term. They read

V (ψ) = ( 1 − ϵ 3q ) β^{θ−2}_q H^{2−θ} (ψ) + ( θ − ~θ ) O(ϵ^2) , (2.76) and H^′(ψ) a^′(ψ) = −^3_2 qβ^{2−~θ}_q H^{~θ+1}(ψ) a(ψ) , (2.77) where ψ = ϕ, T .

We can see that one can construct the H-SR tower of the tachyon dynamics from the scalar-field H-SR tower and vice versa. Equation (2.59) is formally the same as Eq. (2.37) when expressed as a function of the velocity field ψ̇: ϵ^n_{ψ,n} = n∏ i=1 −d ln[ψ̇^{(i−1)}] d ln a . (2.78)

Then ϵ = 3qβ^{2−~θ}_q 2 ψ̇2 H^{2−~θ} = 2 3q β^{~θ−2}_q H^{~θ} ( H^′ H )_2 , (2.79a) η = − d ln ψ̇ d ln a = − ψ̈ Hψ̇ , (2.79b)

ξ^2 = 1 H^2 ( ψ̈ ψ̇ )_· . (2.79c)

The evolution equations of the parameters with respect to synchronous time are second-SR-order expressions, ϵ̇ = Hϵ [( 2 − ~θ ) ϵ − 2η ] , (2.80a) η̇ = H ( ϵη − ξ^2 ) . (2.80b)

2.3.7 The horizon-flow parameters

Other definitions of the SR tower may have only implicit energy dependence through Eq. (2.7). For example, it may be convenient to introduce the horizon-flow (HF) parameters [215, 216], defined by

ϵ_0 =

H_{inf} H , ϵ_{i+1} = d ln |ϵ_i| dN , i ≥ 0 , (2.81)

where H_{inf} is the Hubble rate at some chosen time and N ≡ ln(a/a_i) is the number of e-folds; here t_i is the time when inflation begins.^7 As it

7 Note that our definition, which counts N forward in time, is in accordance with [215], where N (t_i) = 0 and goes up to N (t) > 0. This is in contrast with the “backward” definition of [216], where N = ln(a_f /a) is the number of remaining e-folds at the time t before the end of inflation at t_f . In Secs. 2.4 and 4.6 we will adopt the backward notation.

2.4. e-foldings and inflationary attractor 27

was shown in [221], these parameters (and others similarly defined) do not properly encode inflationary dynamics even if they provide a good algorithm for reconstructing the inflationary potentials. In fact, because of the absence of the 1/n power, the definition (2.81) does not permit a power truncation similar to that of the traditional SR towers, unless one imposes a constraint such as ∂^{ī+1}H = 0 and ∂^īH ≠ 0, for some maximum ī.

The evolution equation for the HF parameters is given by

ϵ̇_i = Hϵ_iϵ_{i+1} . (2.82)

The HF parameters are related to the first SR parameters, as

ϵ_1 = ϵ , (2.83a)

ϵ_2 = ( 2 − ~θ ) ϵ − 2η , (2.83b)

ϵ_2ϵ_3 = ( 2 − ~θ )_2

ϵ^2 − 2 ( 3 − ~θ ) ϵη + 2ξ^2 . (2.83c)

2.4 e-foldings and inflationary attractor

The number of e-foldings, defined as N(t) = ∫_{t∗} t H(t^′)dt^′, measures the amount of inflation from the time t, when a perturbation with comoving wave number k(t) = a(t)H(t) crosses the horizon, to the end of inflation at t_∗. A typical “good” number of e-foldings is ≈ 50 − 70 and many inflationary models have quite a larger total N. Sometimes it is useful to perform the integral in the cosmological field; from Eq. (2.79a) one gets N(t) = − 3q 2 ∫_{ψ∗} ψ(t) dψ H^{~θ+1} H^′ = ∫_{ψ∗} ψ(t) dψ ( 3q 2 H^{~θ} ϵ )_{1/2} , (2.84)

where β_q = 1. Since k(ψ) = H(ψ)a(ψ) = a_∗H(ψ) exp[N(ψ)], the logarithmic scale dependence of the field is exactly dψ d ln k = ψ̇ (1 − ϵ)H . (2.85)

The predictiveness of inflation depends on the behaviour of cosmological solutions with different initial conditions. If there exists an attractor behaviour such that the differences of these solutions rapidly vanish, then the inflationary (and post-inflationary) physics will generate observables which are independent of the initial conditions. Let H_o(ψ) > 0 be a generic expanding solution (denoted with the subscript o) of the Hamilton-Jacobi equation (2.76) and consider a linear perturbation δH(ψ) which does not reverse the sign of ψ̇ > 0. From the linearized equation of motion, exactly in the SR parameters, the perturbation is

δH(ψ) = δH(ψ_o) exp {( 3q 2 )_2 ∫_ψ ψ_o dψ [ (2 − θ) ( 1 + θ 3 ϵ )] H^{~θ+1}_o H^′_o } . (2.86)

All linear perturbations are exponentially damped when the integrand is negative definite and, since H^′_o and ψ̇ have opposing signs when q is positive, this occurs when the term inside square brackets is positive. There are three cases:

1) 0 < θ < 2 (q > 1) : It must be ϵ > −3/θ. This condition is always satisfied, because ϵ is positive, and it means that all linear perturbations die away at least exponentially when inflationary solutions approach one another towards the attractor;

2) θ = 0 (q = 1) : The integrand is proportional to H_o/H^′_o < 0, and any linear perturbation is suppressed;

3) θ < 0 (0 < q < 1) : The damping is achieved when ϵ < 3/|θ|, that is for any inflationary solution with q > 2/5.

All these cases enclose previous computations in literature: [155, 181] for the 4D cosmology, [224] for the Randall-Sundrum high-energy regime, and [157] for the full Gauss-Bonnet cosmology. By Eq. (2.84), assuming the slow-roll approximation ϵ ≈ const, the inflationary attractor translates into the condition δH(ψ) ≈ δH(ψ_o) exp [− (3 + θϵ) N] . (2.87)

For a given number of e-foldings and θ > 0 (RS case), we obtain an enhanced damping with respect to the 4D case, while for θ < 0 (GB case) the strength of the attractor is somehow milder. In the case θ > 2 (q < 0), that is when H^′_o and ψ̇ have concording signs, linear perturbations are suppressed when ϵ > −3/θ; both the sides of this inequality are negative and in general this relation will not be true. When it is satisfied, we obtain an accelerating universe with both decreasing Hubble length and energy density, that is a superinflationary universe. For completeness we note that, contrary to what happens in 4D cosmology, for general q it is possible to have both a contracting scale factor and perturbation damping, as it is clear from Eq. (2.86).

We will not address the issue of how efficient inflation can be; this problem has been studied by many authors under several perspectives. For instance, in the 4D regime, a tachyonic inflationary period turns out to be too short, with a number of e-folding N = O(10) and an early nonlinear regime, δρ/ρ ≫ 1 [165, 166, 168]. This has suggested the viability of a short tachyonic inflation as a means to provide natural initial conditions for a standard scalar inflationary period,^8 similarly to what happens in fast-roll inflation [225]. In this sense, a tachyon is not sufficient by itself; nevertheless, the study of its dynamics is worth of investigation, since in other scenarios, such as Randall-Sundrum, things can go better than in the four-dimensional case [177, 184]. It is important to stress again that the analysis of this section is not sufficient to explore all these topics, since we have little constrained the

8Then, this standard inflation lasts a sufficient number of e-folding and dilutes the perturbation structure generated by the tachyonic phase.

physics involved. This would require the knowledge of the potential and, of course, the gravity framework; perhaps, the most dramatic lack is a condition stating when the confinement of the field on the brane is reliable. These considerations are particularly true in the Gauss-Bonnet scenario, in which the damping condition is critical; see, e.g., [48, 187].

As a final remark, we note that Eq. (2.87) roughly encodes the effects coming from extra dimensions in a term proportional to θ inside the exponential. For one noncompact extra dimension, this term contributes at most ±N extra e-foldings, both the sign and magnitude depending on whether the bulk physics in a given energy regime either enhances or opposes the braneworld inflationary expansion. It would be interesting to interpret this result as a general feature of braneworld models and relate the parameter |θ| to the geometrical setup of the system (number of extra dimensions and noncompact directions, number of branes and their configuration, etc.); this check would require concrete gravity models with nonstandard Friedmann equations, which is beyond the scope of the present work.

2.5 Exact solutions

So far we have left undetermined the form of the potential V (ψ). Investigation with a few examples shows that, in general, there exists a mapping between scalar and tachyon potentials, in the sense that, chosen a time dependence for the scale factor a(t), from the Hamilton-Jacobi equations (2.41) and (2.55) there can be found potentials that solve exactly the cosmological equations in the two cases [163, 164, 170]. We are going to see this in some detail in this section. The scheme to follow is: (i) from a(t), find H(t) and the first SR parameter; (ii) from Eqs. (2.41) and (2.55), find V (t); (iii) from Eqs. (2.42) and (2.53), find ψ(t) and the other SR parameters; (iv) substitute t = t(ψ) to find V (ψ). In general, the initial time t_0 will not be the origin of time because each solution will be exact in a given patch and not in the entire arc of time from the big bang singularity to, say, the end of inflation. For immediate reference, we summarize the classes of solutions found for the three main energy regimes in Tables 2.2, 2.3, 2.4 and 2.5. The space of parameters is chosen in order to have positive q, positive potentials,^9 real inflaton fields, and a strictly expanding universe; contracting cases will be discussed briefly.

2.5.1 Ordinary scalar field models

The two classes of models we are going to study have been widely used in literature. Let us start with a power-law scale factor,

a(t) = t^n , H = n t , n > 0 . (2.88)

9Negative potentials have been studied, e.g., in [225, 226]. Note that the equation of motion of the tachyon possesses a symmetry V → −V .

Regime C ϕ(t) B V (ϕ) GB t^{−1/2} ϕ^6 4D ln t/t_0 exp(− √ 2κ^2_4/n ϕ) RS2 t^{1/2} ϕ^{−2}

Table 2.2: Exact cosmological solutions for an expanding scale factor a(t) = t^n and an ordinary scalar field. Here, n > 1/3q > 0 and ϕ_0 = 0. B and C are proportionality coefficients depending on q and n.

Regime γ C ϕ(t) B V (ϕ) GB 3/2 − n t^{n−1/2} [ 1 + Dϕ^{2n/(1−2n)} ] ϕ^{6(n−1)/(2n−1)} GB 1 ln t/t_0 [1 + D exp(−^C_2 ϕ)] exp(−^{3C}_2 ϕ) 4D 1 − n/2 t^{n/2} (1 + Dϕ^{−2}) ϕ^{4(n−1)/n} RS2 1/2 t^{1/2} (1 + Dϕ^{−2n}) ϕ^{2(n−1)}

Table 2.3: Exact cosmological solutions for an expanding scale factor a(t) = exp(pt^n) and an ordinary scalar field, with γ = n/2 + (1 − n)/q. Here, n < 1, sgn(p) = sgn(n), and ϕ_0 = 0. B, C and D are proportionality coefficients depending on q, n and p.

The SR parameters are

ϵ_ϕ = q η_ϕ = √ q ξ_ϕ = 1 n , (2.89)

and the potential is

V (t) = ( 1 − 1 3qn ) ( n β_qt )_{2/q} , n > 1 3q . (2.90)

Now, since ϕ̇^2 = 2n^{1−θ} /(3qt^{2−θ} ), we must discuss the case θ = 0 (q = 1) separately. If 0 < q ≠ 1, then ϕ(t) = 2 θ ( 2 3qn )_{1/2} ( n β_q )_{1/q} t^{θ/2} , (2.91) and V (ϕ) = A_{q,n} ϕ^{−4/(qθ)} , (2.92) where A_{q,n} is a coefficient depending on q and n. Note that the potential is divergent in ϕ = 0 if q > 1.

If q = 1, we obtain the 4D power-law model [227, 228],

ϕ(t) = ϕ_0 + ( 2n 3β^2_1 )_{1/2} ln ( t t_0 ) , (2.93)

V (ϕ) = ( 1 − 1 3n ) ( n β_1t_0

)_2 exp [ − ( 6β^2_1 n )_{1/2} (ϕ − ϕ_0) ] . (2.94)

Regime C T (t) B V (T ) GB t T^{−3} 4D t T^{−2} RS2 t T^{−1}

Table 2.4: Exact cosmological solutions for an expanding scale factor a(t) = t^n and a tachyon field. Here, n > 2/3q. B and C are proportionality coefficients depending on q and n.

Regime C T (t) B V (T ) GB t^{1−n/2} [ 1 + DT^{2n/(n−2)} ]_{1/2} T^{6(n−1)/(2−n)} 4D t^{1−n/2} [ 1 + DT^{2n/(n−2)} ]_{1/2} T^{4(n−1)/(2−n)} RS2 t^{1−n/2} [ 1 + DT^{2n/(n−2)} ]_{1/2} T^{2(n−1)/(2−n)} Table 2.5: Exact cosmological solutions for an expanding scale factor a(t) = exp(pt^n) and a tachyon field. Here, n > 2/3q. B, C and D are proportionality coefficients depending on q and n.

There are no contracting solutions.

Now, consider a scale factor of the form

a(t) = exp(p t^n) , H = pn t^{n−1} , sgn(p) = sgn(n) , (2.95)

with V (t) = ( 1 + n − 1 3qpn t^{−n} ) ( pn β_q )_{2/q} t^{n−2γ} , (2.96)

where 2γ = n + 2(1 − n)/q; again, ϕ̇ = A_{q,p,n}t^{−γ} , with A_{q,p,n} = ( 2(1 − n) (pn)^{1−θ} 3qβ^{2/q}q )_{1/2} , (2.97)

real if q > 0 and n < 1. So,

ϵ_ϕ = 1 − n pn t^{−n} , η_ϕ = γ pn t^{−n} , ξ^2_ϕ = γ p^2n^2 t^{−2n} . (2.98)

Note that the SR parameters decrease in time and inflation does not naturally end. The reality of the coefficient (2.97) guarantees the weak energy condition (ρ + p ≥ 0, ρ ≥ 0) if t_0 >^n √ (1 − n)/(3qpn); from Eq. (2.98) it then follows that we get inflation from the very beginning only if q < 1/3. Same considerations are applied for the tachyonic counterpart, with an additional factor of 2 inside the root and a condition q < 2/3. If γ ≠ 1, then ϕ(t) = A_{q,p,n} 1 − γ t^{1−γ} , (2.99)

V (ϕ) = [ B_{q,p,n} + C_{q,p,n}ϕ^{n/(γ−1)} ] ϕ^{(n−2γ)/(1−γ)} . (2.100)

In particular, q = 2, γ = 1/2 corresponds to the solution for the Randall- Sundrum regime, while for q = 1, γ − 1 = −n/2, one recovers the 4D intermediate inflation of [229, 230].

If γ = 1, then 0 ≠ θ ≠ 1, n = n̄ = θ/(θ − 1) and

ϕ(t) = ϕ_0 + Ā_{q,p} ln ( t t_0 ) , (2.101)

V (ϕ) = { B̄_{q,p} + C̄_{q,p} exp [ − n̄ Ā_{q,p} (ϕ − ϕ^0) ]}

× exp [ − 2(1 − n̄) qĀ_{q,p} (ϕ − ϕ_0) ] . (2.102)

This solution can be applied to just one physically known case, namely, the Gauss-Bonnet regime, with n̄ = 1/2. The contracting solutions are: p < 0, 0 < n ≠ 1 (the case γ = 1 is possible only when 0 ≠ q < 1, q > 2); p > 0, n < 0 (the case γ = 1 is possible only when 1 < q < 2).

2.5.2 Tachyon field models

With the power law (2.88), the tachyon field is

T (t) = ( 2 3qn )_{1/2} t , sgn(n) = sgn(q) , (2.103)

and the SR parameters read

ϵ_T = 1 n , η_T = ξ_T = · · · = 0 ; (2.104)

the potential is V = ( 1 − 2 3qn )_{1/2} ( n β_qt )_{2/q} (2.105) = ( 1 − 2 3qn )_{1/2} ( 2n 3qβ^2_q )_{1/q} T^{−2/q} , n > 2 3q > 0 . (2.106)

In order to connect this cosmological solution with string theory, we must take care both of the maximum and the minimum of the potential. As regards the maximum at T_0 = 0, if q > 0 then the potential (2.106) diverges; as it was shown in [164], it is possible to regularize V and keep an approximated power-law scale factor (2.88). However, the constance of the kinetic term, Ṫ = √ 2/3qn < 1, which does not satisfy the conditions Ṫ (t_0) = 0 and Ṫ (t_∗) = 1, suggests to regard this solution as an “intermediate time” model describing the rolling of the tachyon down its potential, between the very beginning and the asymptotic regime with a pressureless tachyon dust and n = 2/(3q). The power-law scalar model with constant SR parameters, Eq. (2.89), suffers from the same graceful-exit problem.

In the case of an exponential scale factor, Eq. (2.95), the first SR parameters are

ϵ_T = 1 − n pn t^{−n} , η_T = 1 2p t^{−n} , ξ^2_T = 1 2p^2n t^{−2n} , (2.107)

and the potential is

V (t) = [ 1 + 2(n − 1) 3qpn t^{−n} ]_{1/2} ( pn β_q )_{2/q} t^{2(n−1)/q} . (2.108)

Since Ṫ^2 = [2(1 − n)/(3qpn)] t^{−n}, one has a real expanding solution when: p > 0 and 0 < n < 1; p < 0 and n < 0. If n ≠ 2, the solution is

T (t) = 2 2 − n [ 2(1 − n) 3qpn ]_{1/2} t^{1−n/2} , (2.109)

V (T ) = [ B_{q,p,n} + C_{q,p,n}T^{2n/(n−2)} ]_{1/2} T^{4(n−1)/[q(2−n)]} . (2.110)

If n = 2, then Ṫ^2 = −t^{−2}/(3qp) and p < 0. The solution is

T (t) = T_0 + ( −1 3qp )_{1/2} ln ( t t_0 ) , (2.111)

V (T ) = { 1 + 1 3qpt^2_0 exp[−2 √ −3qp (T − T_0)] }_{1/2}

× ( 2pt_0 β_q )_{2/q} exp [ 2 √ −3p q (T − T_0) ] . (2.112)

In the three cosmologies of interest, this solution is contracting. Other exact models can be found in [185, 186].

It is possible to relate the solutions of the exponential model (2.95) to those of the power-law model. In the former case, the dynamical equations are V ∝ (1 + A t^{−n}) t^{2(n−1)/q} and ψ̇ ∝ t^{−λ}, where λ = −(n/2) + (n − 1)/q for the scalar field and λ = −n/2 for the tachyon. In the limit n → 0, that is when the index of the equation of state w → const, both the models formally approach the power-law solution with V ∝ t^{−2/q} and ϕ̇ ∝ t^{−1/q} , Ṫ ∝ const.

3 Cosmological perturbations and braneworld spectra

Philolaus puts fire in the middle, around the centre, which he calls furnace of everything and abode of Zeus and mother of the gods and altar and junction and measure of nature. And then another fire at the top, surrounding the whole.

— Aëtius (ed. H. Diels), Doxographi graeci, II 7,7

The advantage of combining the cosmological patch approach with the SR formalism is to provide, at least in certain situations, a unique treatment of physical phenomena for a number of energy regimes. In this chapter we show an example of this mechanism by discussing the spectra of linear cosmological perturbations generated by an inflationary era.

Quantum fluctuations of the scalar field governing the accelerated era are inflated from Planck (a_i ∼ l_4 ≈ 10^{−35} m) to cosmological scales (a_f ≳ l_4e^{60} ≈ 60 pc) because of the superluminal expansion. They constitute the seeds of both the small anisotropies observed in the microwave sky and the large-scale nonlinear structures around which gravitating matter organizes itself. Such fluctuations are coupled to those experienced by the graviton background. For an introduction of the subject in the general relativistic case, see [77].

In the most common 4D situation, the metric is perturbed by a linear contribution g_{μν} → g_{μν} + δg_{μν} which can be decomposed as

δg_{μν} = A_{(μν)}g_{μν} + V^ig_{0i} + F^{i, j} g_{ij} + h_{μν} , (3.1)

where Greek indices run from 0 to 3, Latin indices are purely spatial, a comma denotes covariant derivative, and {A_{(μν)}}, {V^i, F^i}, and h_{μν} are scalar, vector, and tensor quantities, respectively. The three types of perturbations are independent and can be treated separately. Neglecting vector perturbations, which are damped during inflation, we are left with scalar and tensor perturbations, describing the matter and gravitational sources of the spectrum, respectively.

35

The standard procedure to adopt in order to compute the perturbation spectrum is: (i) Write the linearly perturbed metric in terms of gaugeinvariant scalar or tensor quantities; (ii) Compute the effective action of the scalar field fluctuation and the associated equation of motion; (iii) Write the perturbation amplitude as a function of an exact solution of the equation of motion with constant SR parameters; (iv) Perturb this solution with small variations of the parameters.

The SR formalism gives good control over the theoretical shape and amplitude of cosmological perturbations. Here we shall restrict ourselves to the linear first-order approach [231, 232, 233], although it is possible to extend the discussion to second-order perturbations [234, 235, 236], nonlinear perturbations [155, 237], and even to a nonperturbative setup [238, 239, 240]. The latter case will be considered in Appendix B.

The 5D Einstein equations for a brane with an isotropic fluid embedded in an AdS bulk are very complicated due to both the great number of degrees of freedom for the cosmological perturbations and the nonlocal physics coming from the possibility for Kaluza-Klein (KK) gravitational modes to propagate and interact throughout the whole spacetime. Braneworld calculations for the perturbation spectra are much more involved because of the complicated geometrical tissue and only general formalisms or approximated approaches have been explored so far. For this reason, while the setup has been established [138, 241, 242, 243, 244, 245, 246, 247, 248, 249, 250, 251], a full 5D spectrum amplitude has not been calculated yet for either scalar or tensor modes, except in the case of some particular scenarios, for example, just to mention a few possibilities, those in which the brane is de Sitter [51, 147, 252, 253, 254] or in the large-scale limit [243, 244, 247, 255].

We can carry out our calculation with little effort by making a somewhat drastic simplification. In particular, in Chapter 2 we chose to neglect the projected Weyl tensor. This closes the system of equations allowing us to study brane physics without nonlocal contributions from the bulk. During inflation this is consistent with the suppression of the dark radiation term at the classical level. The good news are that this holds also for the quantum perturbations: if one chooses a conformally flat background, ρ_E = Ea^{−4} = 0, the fluctuation of dark radiation suffers an exponential damping during inflation, δρ_E ∝ a^{−4} ∼ exp(−4Ht). This oversimplified background is justified by noting that any improvement of the physics would only confirm the breaking of degeneracy between standard and braneworld consistency equations [256], which will be one of our main points. The “softness” of this breaking and its evidence will strongly depend on the physics, so we cannot say hardly anything a priori about its size in more complicated scenarios. However, as a last remark, it is important to notice that the effect of this extra physics (fluctuations in Weyl component and anisotropic stress in a high-energy regime) will be more enhanced at small scales, since in a conformally and spatially flat background it only mildly affects the density perturbations and spectrum at large scales, k ≪ aH [146, 147, 148, 149, 150, 151]. Since inflationary dynamics dominates the large-scale perturbation spectrum, in our context we will expect to find results which are close to the “true” answer coming from a complete computation of the full Einstein equations with boundary conditions.

In order to get some general and immediate results we consider two further assumptions:

1) The contribution of the anisotropic stress is neglected; 2) We concentrate on the large-scale limit of the cosmological perturbations.

The first assumption reduces the number of degrees of freedom of gaugeinvariant scalar perturbations in the longitudinal (conformal Newtonian) gauge [245]. As regards the second approximation, the long wavelength region of the spectrum, corresponding to the Sachs-Wolfe plateau, encodes the main physics of the inflationary era.

3.1 General spectra and observables

By definition, the 4D spectral amplitude generated by the kth mode of the perturbation Φ is

A^2_Φ ≡

2k^3 25π^2 ⟨ |Φ_k|^2 ⟩| |_∗ , (3.2)

where angle brackets denote the vacuum expectation value of the perturbation, the subscript k indicates the kth Fourier mode of

Φ(x) = ∫ d^3k (2π)^{3/2}

Φ_k(t)e^{ik·x}, (3.3)

and the expression is evaluated at the horizon-crossing time defined by k(t_∗) = a(t_∗)H(t_∗). The quantity Φ bears no covariant indices and therefore is a scalar.

The vacuum state in which the amplitude (3.2) is evaluated is by definition empty of particles at some initial time t_i with respect to background comoving coordinates. Since this state is an attractor solution of the wave equation in de Sitter space, actually it is independent of the choice of t_i.

In the case of the scalar spectrum (subscript s), Φ = R is the curvature perturbation on comoving hypersurfaces, generated by the scalar field filling the early Universe. Given a field ψ = ϕ, T on the brane, this is

R = −Ψ_4 − H δψ ψ̇ , (3.4)

to linear order, where Ψ_4 = −δa/a is the gauge-invariant potential perturbing the spatial part of the metric. Note that at large scales the curvature perturbation is conserved, Ṙ ≈ H ρ + p δp_{nad} = 0 , (3.5) since the nonadiabatic pressure perturbation δp_{nad} ≡ ṗ [(δp/ṗ) − (δρ/ρ̇)] vanishes identically for a fluid with a well-defined equation of state p = p(ρ), which is the case of the scalar field ψ.

For the gravitational spectrum (subscript t), Φ denotes the coefficient functions of the zero mode h^{(0)}μν (x) of the 4D polarization tensor.

Neglecting the contribution of the Weyl tensor and the total anisotropic stress, the system of equations closes on the brane and the number of gauge degrees of freedom conveniently reduces for longitudinal scalar perturbations; moreover, bulk effects are suppressed in the long wavelength limit, k ≪ aH. In this case one can rely on the 4D Mukhanov equation on the brane [233, 257, 258], ( d^2 dη^2 + k^2 − 1 z d^2z dη^2 ) u_k = 0 , (3.6)

where derivatives are with respect to conformal time^1 η ≡ ∫ dt a = − 1 (1 − ϵ)aH , (3.7)

and u_k are the coefficients of the plane wave expansion of the canonical variable u = −zΦ . (3.8)

The function z depends on the field ψ, h one is considering and contributes to the effective mass of the covariant perturbation induced by the original cosmological friction term in the background equation of motion. For a perfect fluid, the squared function z is

z^2 ≡ ζ_q

(ρ + p)a^2 H^2 = ζ_q (1 + w)a^2 β^{2−θ}_q H^θ , (3.9)

where ζ_q is a proportionality coefficient related to the field Φ.

The region k^2 < d^2_ηz/z characterizes the squeezing phase in which perturbations are described by stationary plane waves with fixed k-independent phase. At k^2 = d^2_ηz/z, that is when k ≈ aH approximately, perturbations freeze out of the horizon and their amplitude remains constant up to the recrossing.

Note that the projection of a nonvanishing Weyl tensor only adds a source term in Eq. (3.6) [151], which can be absorbed in the definition of z [256]. Anyway, the assumptions made above are well motivated and we do not expect to find strange surprises in the dynamical and quantum behaviour of the perturbations as long as we keep the discussion at large scales.

The amplitude (3.2) becomes

A^2_Φ =

2k^3 25π^2

|u_k|^2 z^2

. (3.10)

1Although the symbol η has already been used for the second SR parameter, this one will always bear the subscript of the scalar field in any place where there might be some confusion.

The Mukhanov equation is exactly solvable for cosmologies with constant SR parameters. In this case we will see that d^2_η z/z ∝ η^{−2}. Setting

ν^2 ≡ 1 4 + η^2 1 z d^2z dη^2 , (3.11)

Eq. (3.6) can be rewritten as [ d^2 dη^2 + k^2 −

(ν^2 − 1/4) η^2 ] u_k = 0 . (3.12)

With constant ν, the solution of this equation is |u_k| ∝ (−η)^{1/2}H^{(1)}ν (−kη), where H^{(1)}ν is the Hankel function of the first kind of order ν. Since, as we shall see, ν ≈ 3/2 + O(ϵ) is a combination of SR parameters, this expression describes a cosmological solution with constant SR parameters; in fact, patch power-law inflation has this feature.

In the long wavelength limit, k/(aH) → 0, when the mode with comoving wave number k is well outside the horizon, the appropriately normalized solution becomes

|u_k| = 2^{ν−3/2} √ 2k Γ(ν) Γ(3/2)

(−kη)^{−ν+1/2} , (3.13)

where evaluation at the horizon crossing k = aH is understood. If the SR parameters are small, then they are constant to leading order because their derivatives are higher order. It is then reasonable to solve the Mukhanov equation with exactly constant SR parameters and perturb the obtained solution. Expanding the solution (3.13) to the same SR order of ν one gets |u_k| ≈ [1 − C(ν − 3/2)] (−kη)^{−ν+1/2} √ 2k , ν − 3/2 ≪ 1 , (3.14)

where C = γ + ln 2 − 2 ≈ −0.73 is a numerical constant (γ is the Euler- Mascheroni constant) coming from the expansion

2^x

Γ(x + 3/2) Γ(3/2) ≈ 1 − Cx , x ≪ 1 . To lowest SR order, the resulting amplitude is

A^2_Φ = ( k 5πz )_2

. (3.15)

Finally, we define the spectral indices [212] and their runnings [259] as n_s − 1 ≡ d ln A^2_s d ln k , n_t ≡ d ln A^2_t d ln k , (3.16) α_s ≡ dn_s d ln k , α_t ≡ dn_t d ln k . (3.17)

At lowest SR order one can use the relation d d ln k ≈ d Hdt . (3.18)

The definition (3.16) allows to write down the amplitudes as powers of the comoving scale k of the perturbation within some interval Δk centered on k:

A^2_s(k) ≈ A_1k^{ns−1} , A^2_t (k) ≈ A_2k^{nt} , (3.19)

where A_1 and A_2 are constants. The difference in the condition of scale invariance between scalar and tensor spectra (n_s = 1 and n_t = 0) is just a historical convention.^2

The last observable we define is the tensor-to-scalar ratio r ≡ A^2_t A^2_s

. (3.20)

Very often it is rescaled and dubbed as R ≡ 16r.

3.2 Scalar perturbations

The scalar field is confined on the brane and the effective action giving the equation of motion reproduces standard four-dimensional cosmology. Quantum fluctuations of the brane field generate scalar perturbations that can be treated in the way sketched above. In this context the scalar perturbation is found to be the same as the one in the usual 4D background.

The main point we rely on is the independence of the behaviour of curvature perturbations from the gravitational part of the action at sufficiently large scales [255, 262]. It is then possible to consider a linearly perturbed effective 4D metric with the same number of gauge degrees of freedom and borrow part of the standard perturbative formalism. The perturbed 5D metric in the longitudinal gauge reads

ds^2_5 ≈ (1+2Φ_5) dt^2−a^2(t)[(1−2Ψ_5)δ_{ij} +2E_{, ij} ] dx^idx^j +2B_{, i}dx^idt−dy^2, (3.21)

where Φ_5, Ψ_5, E, and B are gauge-invariant scalars and y is the extra direction.

In the case of the ordinary scalar quantum field

φ(t, x) = ϕ(t) + δϕ(t, x) , (3.22)

decomposed into the homogeneous background field ϕ(t) = ⟨φ(x)⟩ and its fluctuation δϕ(t, x), the 5D equations of motion in a RS braneworld with

2Scale-invariant spectra are often called Harrison-Zel’dovich [260, 261].

3.2. Scalar perturbations 41

brane-bulk exchange, Eq. (2.11), are

ϕ̈ + 3Hϕ̇ + V^′ + r^B ϕ̇ = 0 , (3.23) δ̈ϕ − a^{−2}∇^2δϕ + 3Hδ̇ϕ + V^{′′}δϕ − (Φ̇_5 + 3Ψ̇_5)ϕ̇ + 2Φ_5V^′ + 2Φ_5 r^B ϕ̇ = 0 .

(3.24)

If the anisotropic stress vanishes, then Φ_5 and Ψ_5 coincide with the gaugeinvariant scalar potentials Φ_4 and Ψ_4, respectively. By setting an empty bulk (r_B = 0), one recovers the ordinary 4D equations. In the large-wavelength limit, k ≪ aH, the four-dimensional perturbed metric induced on the brane is the standard one,

ds^2_4 | |_{brane} ≈ (1 + 2Φ4) dt^2 − a^2(t)(1 − 2Ψ4)δij dx^idx^j . (3.25)

Then one can perform pure four-dimensional calculations, for example by the methods of [233], and obtain the Mukhanov equation (3.6). As one can easily check, the only new ingredient comes from the Friedmann relation (2.7) between the Hubble parameter H and the energy density ρ. Another derivation of the Mukhanov equation is discussed in Appendix B.

This equation can be solved exactly by a cosmology with constant slowroll parameters; from Sec. 2.5 we know we have such solutions at our disposal. Even the full models outside the patch approximation possess exact solutions with constant or almost constant SR parameters, an important feature for constructing perturbation amplitudes. As an example, in Appendix A we see how the exact Randall-Sundrum solutions found in [156] satisfy this requirement asymptotically in time. By perturbing the exact solution with respect to small variations of the SR parameters, one gets the scalar spectral amplitude.

3.2.1 The ordinary scalar field ϕ

The lowest-order scalar amplitude can be directly derived from the fluctuation spectrum of a massless scalar field outside the horizon, by quantizing the classical field (3.22) and imposing equal-time commutation relations in curved (actually, de Sitter) spacetime [263],

[φ(x_1, t), φ(x_2, t)] = 0 = [Π_φ(x_1, t), Π_φ(x_2, t)] , (3.26a) [φ(x_1, t), Π_φ(x_2, t)] = ia^3δ^{(3)}(x_1 − x_2) , (3.26b)

where Π_φ = φ̇ is the conjugate momentum density. The Fourier transform of the fluctuation can be written as a combination of harmonic oscillators,

δϕ_k(t) = w_k(t)a_k + w^∗_k(t)a^†_{−k} , (3.27)

where w_k is a complex function of k = |k| and the creation-annihilation operators satisfy the canonical equal-time commutation relations, [a_{k1} , a^†_{k2} ]_{t1=t2} = δ_{k1k2} , etc. Since δϕ^†_k = δϕ_{−k}, the quantum operator φ(x) is hermitian. Near horizon exit, a = k/H, and with negligible variation of H, the fluctuation amplitude turns out to be

⟨|δϕ_k|^2⟩ = |w_k|^2 =

H^2 2k^3

. (3.28a)

The scalar amplitude is A^2_s = 4 25 H^2 ϕ̇2 P^ϕ , (3.28b) where P_ϕ ≡ k^3 2π^2 ⟨|δϕ_k|^2⟩ = ( H 2π )_2

. (3.29)

Note that this computation does not involve the Friedmann equation, Eq. (2.7), but only the 4D equation of motion (2.23). As a function of the potential, the amplitude (3.28) can be written to lowest SR order as

A^2_s (ϕ) ≈

9β^6_q 25π^2 V^{3q} V^{′2} . (3.30)

3.2.2 The tachyon field T

In a string-theoretical setup, the quantization of the tachyon Lagrangian (2.27) is a delicate and noncompletely explored subject; in particular, it is not clear yet if the promotion of the classical field to a quantum object correctly describes quantum string theory [75]. Nonetheless, one may put aside high-energy motivations for the field theory (2.27) and study its quantum behaviour independently. We start from the commutation relations (3.26), with T instead of ϕ and Π_T given by Eq. (2.35) in the long-wavelength limit. In momentum space, the field fluctuations are quantized as in Eq. (3.27). Now, the equation of motion for the perturbation δT_k is not a simple Klein- Gordon equation as in the scalar case; however, one can check that, near horizon crossing, the two-point function of the fluctuation is

⟨|δT_k|^2⟩ = |w_k|^2 =

H^2 2V k^3

. (3.31)

The computation is performed without adopting any particular gravitation background, except for the hypothesis of quasi de Sitter expansion. In order to absorb the potential into an expression which is dependent only on the Hubble parameter, we must use Eq. (2.7), getting P_T ≡ k^3 2π^2 ⟨|δT_k|^2⟩ = β^{2−θ}_q H^θ 2c_S , (3.32)

where c_S is given by Eq. (2.30). The presence of an extra V -term is also evident when comparing the amplitude A^2_s(T ) ∝ V^{3q+1}/V^{′2} with that in the scalar scenario, Eq. (3.30). Slow-roll corrections to this result can be computed by a more refined treatment including back-reaction from the effective 4D metric. The Mukhanov equation for the tachyon case has been derived in a k-inflationary context; it reads [166, 172, 233, 264] ( d^2 dη^2 + c^2_S k^2 − 1 z d^2z dη^2 ) u_k = 0 . (3.33)

To lowest SR order, it is the same amplitude as that in the nontachyonic case, if expressed as a function of H and its time derivative:

A^2_s ≈ 3qβ^{2−θ}_q 25π^2

H^{2+θ} 2ϵ . (3.34)

This is not surprising, since in the ESR regime the dynamics are almost the same, as explained in Sec. 5.3.

3.3 Tensor perturbations

Tensor perturbations are more difficult to deal with than the scalar ones since gravity is free to propagate in the whole five-dimensional spacetime. In general, the graviton zero-mode, localized on the brane, interacts with KK massive modes generating an infinite tower of coupled differential equations. The key point is the knowledge of the behaviour of gravity modes on the brane, that is, how Kaluza-Klein modes couple with the zero-mode. Many of the problems arise because of the extra degree of freedom provided by the radion and, in general, a complete solution of the Einstein equations with boundary conditions is difficult to achieve.

In some limits the analysis simplifies considerably, for instance in a de Sitter brane (ρ + p = 0) [51, 252]. In this case it is possible to decouple the graviton zero-mode from the massive tower of Kaluza-Klein gravitons, since the maximal symmetry of the dS brane permits a variable separation of the wave equation for the Kaluza-Klein modes, h_{μν} (x, y) → h^{(m)}μν (x)ξ_m(y). The normalization of the bulk-dependent part of the zero-mode (m = 0), calculated on the brane position y_b, determines the mapping function F ≡ ξ_0(y_b)κ_5/κ_4. It turns out that F is a complicated function of the couplings of the theory, the Hubble parameter H, and χ, the inverse of the bulk curvature scale. The effective Newton constant on a GB brane is κ^2_4 = κ^2_5χ/(1 + 4αχ^2), which in RS (α = 0) reduces to χ^2 = λκ^2_4/6. Given the 4D amplitude

A^2_{t(4D)} = κ^2_4 50π^2

H^2 , (3.35)

which is Eq. (3.15) with z_{4D} = √ 2a/κ_4, the braneworld tensor amplitude is

A_t = A_{t(4D)}F (H/χ) , (3.36) with F^{−2}(x) = √ 1 + x^2 − ( 1 − 4αχ^2 1 + 4αχ^2 ) x^2 sinh^{−2} 1 x . In the limit x ≫ 1 (GB high-energy regime),

F^2(x) ≈

1 + 4αχ^2 8αχ^2 1 x ; (3.37)

in the RS case and in the limit ρ ≫ λ,

F^2(x) ≈^3_2 x , (3.38)

while in the low-energy limit one recovers the standard spectrum, F^2(x) ≈ 1.

One way to state the result (3.36) is that, to lowest SR order, the braneworld tensor amplitude is given by the 4D expression (3.35) under the mapping h_0 : H → HF (H/χ) . (3.39) In [253] a perturbed RS de Sitter brane whose Hubble constant is experiencing a discontinuous variation δH = H_1 − H_2 is studied. A 5D spectral amplitude A_{t(5D)}, obtained as an expansion in δH/H ≪ 1, is provided at mildly large scales, k ≪ H^2/δH, and is compared with the 4D braneworld amplitude A_{t,eff} derived from a generalization of the map (3.39) acting on the standard amplitude A_{t(4D)} ∝ H̃, namely,

h_1 : H̃ → H̃F (H̃/χ) . (3.40)

Here, H̃ = H[1 + O(δH/H)] includes the correction to the lowest-order result coming from the 4D zero-mode–zero-mode Bogoliubov coefficients. It turns out that the lowest-order [O(1), superscript (lo)] and next-to-lowest order [O(δH/H), superscript (ntlo)] effective amplitudes match the fivedimensional result,

A^{(lo)}_{t,eff} = A^{(lo)}_{t(5D)} , A^{(ntlo)}_{t,eff} = A^{(ntlo)}_{t(5D)} ; (3.41)

outside the horizon | | | ( A_{t(5D)} − A_{t,eff} ) /A^{(lo)}_{t(5D)} | | | ∼ O[(δH/H)^2], while inside the horizon there can be significant discrepancies.

The case of a continuous smooth variation of the Hubble parameter, which is typical during the inflationary regime long before the reheating, has to be treated separately because of the time dependence of H in the equations of motion of the KK modes. However, one expects the slow-roll generalization of the previous result to display similar features [253], since ϵ = O(δH/H). In fact, in order the variation δH not to be damped by the accelerated expansion, it must occur in a time interval δt ∼ H^{−1}, that is, Ḣ ∼ −δH/δt ∼ −δHH, giving the heuristic correspondence ϵ ∼ δH/H. Thus we can conjecture an analogous mapping (3.40) in the SR expansion such that (3.41) holds, with H̃ = H[1 + O(ϵ)]. We schematically represent it

Figure 3.1: The h-mappings (3.39) and (3.40) between 4D and effective 5D tensor amplitudes.

in figure 3.1. Here f_0 maps any next-to-lowest-order function to its lowest- SR-order form.^3 We remark once again that, while f_0 is trivial and g_0 = 1 was first demonstrated in [252], it would be a nontrivial goal to show that g_1 = 1 for a non-de Sitter inflationary brane or, more generally, to find the region in the space of the effective amplitudes where f_0 is one-to-one.

There is however another possibility. According to Eq. (3.15), the mapping (3.39) can be regarded as acting on z rather than on the Hubble parameter [89]: h : z_{4D} → z = z_{4D} F (H/χ) , (3.42)

for the tensor perturbation. This more elegant formulation has two advantages: first, it encodes all the needed SR information at any order in one single relation, so h_1 and h_2 collapse to each other; secondly, it is reasonably valid in more general braneworld scenarios.

From the above discussion it emerges that another effective prescription is viable for a general braneworld tensor amplitude:

A_t = A_{t(4D)} z_{4D} z , (3.43)

evaluated at the horizon crossing. To be consistent with the patch solution (2.7), we must consider the approximated version F_q of F in the proper energy limits. With Eq. (3.43), one may encode the phenomenology of the transverse direction into the map (3.42) acting on the function z, z_{4D} → z = z_{4D}/F_q.

We can find the patch version of F with a trick, by noting that in four dimensions the graviton background can be formally described by Eq. (3.9) with ζ_1(h) = 1 and a perfect fluid p_h = −ρ_h/3 which does not contribute to the cosmic acceleration, since ä ∝ (1 − ϵ) and ϵ = 1. Generalizing this stationary solution one has w_h = 2/(3q) − 1 and [92] z(h) = √ 2a κ_4F_q

, (3.44a)

F^2_q ≡ 3qβ^{2−θ}_q H^θ ζ_q (h)κ^2_4

. (3.44b)

This is equivalent to take the 4D tensor amplitude and substitute the gravitational coupling with κ^2_4 ∼ (H^2/ρ)_{4D} → H^2/ρ. Although these arguments do not completely justify Eq. (3.44) as the general patch solution for the tensor amplitude, the proposed ingredients do match the results coming from both

3This is equivalent to setting ϵ = η = 0 only in the amplitude A_t, because, for instance, f_0(A_s) ∝ ϵ^{−1/2}.

the 4D and full 5D calculations in Randall-Sundrum and Gauss-Bonnet scenarios. We suggest this picture to be valid in other cases, too; direct contact with explicit gravity models is reduced to a minimum through the coefficients β_q and ζ_q , but only the latter is indispensable for the consistency relations.

From now on we shall drop the argument h of ζ_q, ζ_q = ζ_q(h). In the Randall-Sundrum case ζ_2 = 2/3 [252], while in the Gauss-Bonnet case ζ_{2/3} = 1 [51].

3.4 Braneworld spectra and consistency relations

Let us list the results for the cosmological spectra to next-to-leading SR order. In all the calculations we use Eq. (3.7) together with d^2_η = a^2(Hd_t + d^2_t ) , (3.45) and drop O(ϵ^2) terms in z. In fact, higher-order contributions might be too faint to play an important role in the determination and discrimination of the spectra. Then we do not push the patch SR expansion up to the second order, although some authors have gone in this direction [113, 114, 265, 266].

Note that we do not need to specify β_q since it will not appear in the slowroll expressions for the cosmological observables, except in the amplitudes. In this case, CMB data can constrain the parameters of the gravitational model encoded in β_q.

3.4.1 Graviton field

For the tensor amplitude we have 1 z d^2z dη^2 = (aH)^2 [ 2 + ( 3θ 2 − 1 ) ϵ ] , (3.46)

ν_h = 3 2 + ( 1 + θ 2 ) ϵ , (3.47) and A^2_t = {1 − [(2 + θ)C + 2] ϵ} 3qβ^{2−θ}_q 25π^2

H^{2+θ} 2ζ_q , (3.48a)

n_t = −(2 + θ)ϵ [ 1 + ω_tϵ − 2 ( C + 2 2 + θ ) η ] , (3.48b)

α_t = (2 + θ)ϵ [ 2η − ( 2 − ~θ ) ϵ ] , (3.48c)

where ω_t ≡ ( 2 − ~θ ) C + 6 − ~θ 2 + ~θ . (3.48d)

The O(ϵ^2) part of the tensor index and its running depend on the assumed scalar field model through Eq. (2.80a). In the tachyon case, ω_t = 1.

3.4. Braneworld spectra and consistency relations 47

3.4.2 Ordinary scalar field ϕ

For the ordinary scalar field on the brane, z(ϕ) = aϕ̇ H , (3.49)

with ζ_q(ϕ) = 1 in Eq. (3.9). Then 1 z d^2z dη^2 = (aH)^2 (2 + 2ϵ_ϕ − 3η_ϕ ) , (3.50)

ν_ϕ =^3_2 + 2ϵ_ϕ − η_ϕ , (3.51) and A^2_s (ϕ) = [1 − 2(2C + 1)ϵ_ϕ + 2Cη_ϕ ] 3qβ^{2−θ}_q 25π^2

H^{2+θ} 2ϵ_ϕ , (3.52a)

n_s − 1 = (2η_ϕ − 4ϵ_ϕ ) + 2(5C + 3)ϵ_ϕ η_ϕ − 2Cξ^2_ϕ − 2[(4 − θ) + 2(2 − θ)C] ϵ^2_ϕ , (3.52b) α_s = 2 [ 2(θ − 2) ϵ^2_ϕ + 5ϵ_ϕ η_ϕ − ξ^2_ϕ ] , (3.52c) r = ϵ_ϕ ζ_q [1 − (θ − 2)Cϵ_ϕ − 2Cη_ϕ] . (3.52d)

The expression (3.52a) has the asymptotic form at large scales, k ≪ aH, but is written in terms of quantities evaluated at the horizon crossing of the perturbation. By fixing the term in square brackets equal to 1, one gets the lowest-order expression (3.28) obtained via a de Sitter calculation of the correlation function of the fluctuation δϕ ≈ u/a outside the horizon. With θ = 0, one recovers the four-dimensional results [267, 268, 269].

3.4.3 Tachyon field T

In the Mukhanov equation (3.33),

z(T ) =

(ρ + p)^{1/2}a c_S H = 1 β^{1/q}q aṪ c_S H^{θ/2} , (3.53)

where we have used ρ + p = ρṪ^2. Despite of what happens in the scalar field case, θ appears explicitly in the definition of z. In the extreme SR approximation we can set ζ_q(T ) = 1/c^2_S ≈ 1 in Eq. (3.9).

The solution of (3.33) is again of Hankel type but with a rescaled wave number, k → c_S k. For the tachyon one gets 1 z d^2z dη^2 = (aH)^2 [ 2 + ( 3θ 2 − 1 ) ϵ_T − 3η_T ] , (3.54)

ν_T = 3 2 + ( 1 + θ 2 ) ϵ_T − η_T , (3.55) and A^2_s (T ) = (1 − 2ω_sϵ_T + 2Cη_T ) 3qβ^{2−θ}_q 25π^2

H^{2+θ} 2ϵ_T , (3.56a)

n_s − 1 = [2η_T − (2 + θ) ϵ_T ] + 2 (C + 1 + 2ω_s) ϵ_T η_T − 2Cξ^2_T − (2 + θ)ϵ^2_T , (3.56b) α_s = 2 [ (3 + θ) ϵ_T η_T − ξ^2_T ] , (3.56c) r = ϵ_T ζ_q [ 1 − (2 − θ) ϵ_T 6 − 2Cη_T ] . (3.56d)

Here, ω_s ≡ ( C + 5 6 ) + θ 2 ( C + 1 6 ) . (3.56e)

In the four-dimensional case θ = 0, we recover the results of [185, 264].

3.4.4 The consistency relations

One might find interesting to rewrite the SR expressions (3.52) and (3.56) for the scalar perturbation in a minimal fashion, by substituting θ with

2θ = 2 + θ − ~θ , (3.57)

in Eqs. (3.54), (3.55) and (3.56e); in the ordinary scalar case, ω_s = 2C + 1. Then,

A^2_s (ψ) = (1 − 2ω_sϵ + 2Cη) 3qβ^{2−θ}_q 25π^2

H^{2+θ} 2ϵ , (3.58a)

n_s − 1 = [ 2η − 2 ( 1 + θ ) ϵ ] + 2(C + 1 + 2ω_s )ϵη −2 [( 2 − ~θ ) ω_s + 1 + θ ] ϵ^2 − 2Cξ^2 , (3.58b)

α_s = 2 [ 2 ( ~θ − 2 ) ϵ^2 + ( 3 + 2θ ) ϵη − ξ^2 ] , (3.58c) r = ϵ ζ_q {1 − [(2 + θ)C + 2(1 − ω_s)] ϵ − 2Cη} . (3.58d)

We can collect Eqs. (3.48), (3.52) and (3.56) in the set of consistency equations:

α_s(ϕ) = ζ_qr[4(3 + θ)ζ_qr + 5(n_s − 1)] − ξ^2_ϕ , (3.59a) α_s(T ) = (3 + θ)ζ_q r[(2 + θ)ζ_qr + (n_s − 1)] − ξ^2_T , (3.59b) n_t(ϕ) = ζ_qr[−(2 + θ) + (2 + θ)ζ_qr + 2(n_s − 1)] , (3.59c)

n_t(T ) = ζ_qr [ −(2 + θ) + 2(n_s − 1) +

(2 + θ)(4 + θ) 6 ζ_qr ] , (3.59d)

α_t = (2 + θ)ζ_q r[(2 + θ)ζ_qr + (n_s − 1)] . (3.59e) If |ξ| ≪ min(ϵ, |η|) , (3.60) the set closes and the scalar running depends only on the observables. In fact, this approximation can be put into a milder form when considering different patches, θ and θ^′, with the same inflaton field: namely, that the parameter ξ is almost constant in the energy regime, ξ(θ) ≈ ξ(θ^′); this will be sufficient in order to compare theoretical results with observations. In the case of confrontation between a scalar patch and a tachyon patch, it should be ξ_ϕ (θ) ≈ ξ_T (θ^′). We will see in Sec. 5.3 that SR parameters of the two scenarios, with the same scale factor, approach one another order by order when q increases; therefore, the last approximation is valid at a certain confidence level if q, q^′ ≫ 1. Whichever assumption is chosen to neglect the parameter ξ and write the scalar running in terms of observables, it is important to keep in mind that in general ξ cannot be fairly eliminated, even if this is indeed the case in many reasonable situations. One has ξ = 0 when either ψ ∝ t (e.g., tachyon power-law inflation) or ψ ∝ e^t; however, in many simple models of inflation like the ordinary power-law (a = t^n), the dynamical features of the system are such that |ξ| = O(ϵ, |η|). We will come back to this issue in Sec. 4.7.2.

The consistency equation for the tensor index depends on the chosen scalar action, as first pointed out in [185]. Conversely, Eq. (3.59e) is valid both for the scalar and tachyon field, but in general it is model-dependent [185]. The next-to-lowest-order equations (3.59c) and (3.59d) generalize the lowest-order equation n_t = −(2 + θ)ζ_qr , (3.61)

which is insensitive to the type of scalar field. Since at second order there appear only quantities present in first-order expressions, it is reasonable to consider Eqs. (3.59c) and (3.59d) not as extensions of (3.61) but as the consistency equations.

The consistency equations relate cosmological observables in a way typical of inflationary scenarios, in which the scalar and gravitational spectra are originated by a unique mechanism. When considering them in the braneworld case, they can give different (and testable) signatures of the early-Universe inflationary expansion.

3.5 Degeneracy of consistency equations:

testing the braneworld

In this section we address the issue of possible theoretical degeneracies between next-to-leading-SR-order consistency relations of different inflaton/braneworld models, to be distinguished from observational degeneracies coming from particular values of the observables, for example when the spectrum is nearly scale invariant in the extreme SR approximation. This problem arose for the first time when the degeneracy of the 4D and RS relation between the tensor spectral index and the tensor-to-scalar ratio was discovered

[270, 271]; such a property also holds in induced-gravity braneworld inflation [272] and in generalized Einstein theories including four-dimensional dilaton gravity and scalar-tensor theories [273]. Several works then showed that this degeneracy is most likely incidental (e.g., [89] and references therein). We are going to confirm this result in quite a general manner and pave the way to the classification of eventual future braneworld scenarios.

It is useful to stress that even in the standard general relativistic case the consistency relations are violated in some simple situations, for example, in multi-field inflation [274] (see, e.g., [275] and references therein). In this sense, a deviation from the standard equations would not provide the smoking gun for the existence of extra dimensions.

We claim and next show that, while observational degeneracy of the consistency relations is achievable within the range of cosmological parameters determined by recent experiments, the theoretical structure is unstable against even long-wavelength 5D contributions, via the effective Friedmann equation (2.7).

3.5.1 Theoretical degeneracy

To leading order, the consistency relation for a scalar-driven inflation is the same in 4D and RS scenarios and a discrimination between them, at least by this method, is not possible. However, quasi de Sitter computations show a break of the degeneracy and a possible nonclosed structure [253, 254]. In the GB case even the lowest-order tensor index consistency relation is no longer degenerate [51]. Some evidence of the degeneracy breaking in the case of smoothly varying Hubble parameter is provided by showing that departures from the standard form of the scalar amplitude would spoil the 4D structure of the consistency relations.

4D vs braneworld

One may wonder if there can exist SR perturbation amplitudes that give the same consistency equations for the standard four-dimensional cosmology, thus ruling out the possibility to discriminate between the two scenarios. However, to construct mathematical expressions without any physical content would be of little use since they would not provide a physical explanation why consistency equations should be still degenerate; so the consistency equation approach would still be worth investigation.

After this preamble, it should be noted that it is not possible to construct simple perturbation amplitudes that give degenerate consistency equations and reproduce the extreme SR limit (3.36). The reason is the following. We will concentrate on the ordinary scalar model and the consistency equation involving the scalar running α_s, since it is the most relevant relation from an observational point of view. It is an equation coming from the lowest-SR-order part of the scalar index,

n_s − 1 = 2η − 2 ( 1 + θ ) ϵ , (3.62)

which is generated by the lowest-order part of the scalar amplitude, Eq. (3.34). We recall that each time derivative raises the SR order by one at any step: the time derivative of the functional part of the amplitude gives the linear part of the spectral index, while another derivation gives the running, through Eq. (2.80). Therefore one should change the lowest-order part of the amplitude A_s in order to impose

α_s = α_{s(4D)} ≡ α^{(ϕ, 0)}_s = r [12r + 5(n_s − 1)] , (3.63)

regardless of the next-to-leading-order SR structure. Since the bulk source term of (3.23) has not been taken into consideration, this could be feasible a priori, even if Eq. (3.34) is well supported in many respects.^4 An example of a generalized scalar amplitude is

A^2_s = [1 + f_s(ϵ_ϕ, η_ϕ )]B_sϵ^{−γ} H^c ϕ̇b , (3.64)

where b, c and γ are constants, B_s is a normalization prefactor, and f_s is a linear function of the SR parameters and of any dimensionless combination of cosmological quantities such as m_4, λ, H and its time derivatives. By imposing the amplitude to be dimensionless, if d_s is the dimension of B_s then it must be d_s + c − 2b = 0.

As has been said in Sec. 3.3, the h-mappings are completely well motivated only in the quasi de Sitter case, so in principle a more general highenergy structure for the tensor amplitude than that of Eqs. (3.40) and (3.42) is possible, keeping the functional part constrained by the zero-mode 5D calculation:

A^2_t = [1 + f_t(ϵ_ϕ, η_ϕ)]B_tH^{2+θ} , (3.65)

where f_t (B_t) is the tensor counterpart of f_s (B_s). For reasons of simplicity, we have dropped the H dependence in the SR functions since it gives rise to a polynomial structure for A_s which does not change the main argument [89]. Also, for the above considerations we can ignore these SR functions.

Equation (3.64) generates the spectral index

n_s − 1 = (b + 2γ)η_ϕ − (c + γ)ϵ_ϕ , (3.66)

and the running

α_s = ϵ_ϕ [( 1 + 2c + 2γ b + 2γ ) (n_s − 1) + ( θ − 1 +

2c + 2γ b + 2γ ) (c + γ)ϵ_ϕ ] . (3.67)

4We stress once again that the lowest-order scalar amplitude can be calculated, in the long wavelength part of the spectrum, by a number of different background-independent techniques.

The case γ = b = 0 ≠ c (γ = c = 0 ≠ b) is discarded because it is not possible to absorb the η_ϕ (ϵ_ϕ ) dependence of the running into a cosmological observable. The standard case c = 2b = 4, γ = 0 is trivial.

Using ϕ̇^2 ∝ ρϵ_ϕ, the tensor-to-scalar ratio reads, to lowest SR order,

r ∝ ϵ^{γ+b/2}_ϕ ρ^{[2(2q−1)+b−qc]/2} ; (3.68)

the constant γ ha been introduced for trying to compensate by hand for the ϵ factor of Eq. (3.68). Now, assuming

r ≈ a_rϵ_ϕ , (3.69)

a_r being a constant, in order to satisfy Eqs. (3.63) and (3.69) we must solve the system γ + b 2 = 1 ,

2(2q − 1) + b − qc = 0 , 2 c + γ b + 2γ = 5a_r − 1 ,

(θ − 2 + 5a_r) (c + γ) = 12a^2_r .

For general q there do exist nontrivial solutions, but in GB (a_r = 1) and RS (a_r = 3/2) only the standard case is allowed. These considerations imply that a high-energy relation such that Eq. (3.69) is possible only in the standard case c = 2b = 4, γ = 0. In general, a traditional consistency relation will not be obtained in a braneworld context.

Patch vs patch

Let us now seek what are the necessary conditions for obtaining the same set of consistency equations in two models (ψ, θ) and (ψ^′, θ^′). In the discussion on degeneracy we will not restrict ourselves to the RS and GB scenarios, since other gravity models can generate patches (i.e., effective Friedmann equations with θ) different from θ = 0, ±1.

There are several possible degeneracies which arise particular attention. The first one is exact, that is α_s = α^′_s, α_t = α^′_t, and n_t = n^′_t to next-to-leading SR order; this model correspondence would open up many compelling possibilities, for example to construct a complicated braneworld scenario starting from a simple one. A second, more operative degeneracy is effective, namely, one considers only the scalar running and the lowest-SR-order tensor index. Differences in next-to-leading-order tensor indices and in tensor runnings are neglected since the observational uncertainty on these quantities would blur any theoretical mutual deviation, at least for near-future experiments. When neither exact nor effective degeneracy are achieved, we will say that the two classes of models are definitely nondegenerate. Another choice could be to consider tensor degeneracy, of either lowest or next-to-lowest order, when the tensor index and its running are degenerate; tensor-degenerate models give the same gravitational wave spectrum. This degeneracy is useful when reducing the space of parameters in numerical analyses via the tensor-index consistency equation.

The first degeneracy we investigate is between ordinary-scalar and tachyon-field scenarios. Let a prime denote the tachyon model; in order to get (ϕ, θ) = (T, θ^′), we match Eqs. (3.59a) and (3.59b), giving θ = 14 + 13θ^′ 4(3 + θ^′)

, θ^′ ≠ −3 , (3.70a)

ζ_q =

3 + θ^′ 5 ζ_q′ . (3.70b)

From Eqs. (3.59c) and (3.59d) one gets either θ = 2 = θ^′ or θ = −2 = θ^′; Eq. (3.59e) is automatically degenerate for all θ. Therefore, exact degeneracy is not allowed for finite q. For the effective degeneracy it is sufficient that

(2 + θ)ζ_q = (2 + θ^′)ζ_q′ , (3.71)

from the lowest-order tensor indices; coupling this condition with Eq. (3.70) again gives θ = 2 = θ^′. Therefore, ϕ- and T -models are definitely nondegenerate for finite q. The quantity ζ_q is determined by the specific gravitationalgeometric configuration one is considering, although from our point of view it plays the role of a purely numerical coefficient; it contributes to the normalization of the tensor amplitude through its general definition, Eq. (3.9). By comparing Gauss-Bonnet and 4D scenarios, it is clear that the case ζ_q = ζ_q′ is possible even when θ ≠ θ^′.

Scalar models in different braneworlds are definitely nondegenerate, (ϕ, θ) ≠ (ϕ, θ^′), since it must be θ = θ^′ in the scalar running. The same conclusion holds for tachyon models, (T, θ) ≠ (T, θ^′) if θ ≠ θ^′.

Tensor degeneracy is straightforward: all the previous models are tensor degenerate to lowest SR order when Eq. (3.71) holds. In particular, (i) scalar and tachyon scenarios in a given patch and (ii) 4D and RS models are tensor-degenerate at lowest order. Models with the same inflaton field ψ and ζ_q = ζ_q′ are not tensor-degenerate; obviously, 4D and GB scenarios are not tensor-degenerate. Next-to-leading-order tensor degeneracy is possible only between (ϕ, −2) and (T, −2), when

α_s(ϕ) ≈ ζ_{1/2}r[4ζ_{1/2}r + 5(n_s − 1)] , (3.72a) α_s(T ) ≈ ζ_{1/2}r(n_s − 1) , (3.72b) n_t = 2ζ_{1/2}r(n_s − 1) , (3.72c) α_t = 0 . (3.72d)

As far as the author knows, no gravity model giving an effective Friedmann equation with q = 1/2 has been developed so far. Note that this cosmology gives a scale-invariant spectrum (n_s = 1) in the case of power-law inflation, a = t^n, irrespective of n [113]. Table 3.1 summarizes the various degeneracies for finite q.

Degeneracy (ϕ, θ) − (T, θ^′) (ψ, θ) − (ψ, θ^′) Exact − − Effective − − Tensor n.t.l. SR θ = θ^′ = −2 − Tensor lowest SR Eq. (3.71) Eq. (3.71) with θ ≠ θ^′

Table 3.1: Patch degeneracies for finite q. “n.t.l.” stands for next-to-lowest order.

3.5.2 Observational degeneracy: theory vs data

A new era of high-precision cosmological observations can now constrain the high-energy physics of braneworld models predicting significant deviations from the standard four-dimensional big bang scenario [53, 149, 150, 222, 276, 277, 278, 279]. The first-year data of WMAP [79, 80, 81, 82, 83] confirm the standard scenario of a flat, adiabatic universe with Gaussian,^5 almost scale-invariant anisotropies, with a scalar amplitude A^2_s ≈ 3.5 · 10^{−10} at large scales [82]. Bennett et al. [79] put a bound on the tensor-to-scalar ratio,

r < r_{max} = 0.06 , (3.73)

while the best fit for the scalar index is

n_s ≈ 0.95 . (3.74)

Data analyses carried out for WMAP make use of the consistency equation (3.61) in order to fix the tensor index and its running in the space of parameters, so a direct confrontation between these quantities and an experimental result with an associate error is not possible. The next-to-lowest order consistency relations (3.59c) and (3.59d) indeed break the degeneracy between scalar-field and tachyon-field models. Taking n_t ≈ −0.1, one has | |n^{(θ,ψ)}_t − n^{(θ′,ψ′)}_t /n_t | | ∼ O(r2); testing this effect would require an experimental uncertainty less than 1% for the tensor index, a very difficult goal to hit for the missions of this and next generation.

A more useful quantity might be the scalar running (the consistency equation for the running of the tensor index is degenerate). In terms of SR parameters, this is a second-order quantity but it comes from the lowest-order part of the scalar amplitude. To quantify the effect of the extra dimension, we can use the recent CMB data coming from WMAP. With the upper bound (3.73) and the best fit (3.74), the relative scalar running in two different patches is Δα^{(ψq ψ′q′ )} s ≡ α^{(θ,ψ)}_s − α^{(θ′,ψ′ )}_s (3.75) ∼ O(10^{−2} ) ,

which is comparable both with the error in the estimate of Bridle et al. [83], α_s = −0.04 ± 0.03, coming from the combination of WMAP and 2dFGRS (2

5See Sec. B.1.

Degree Field Galaxy Redshift Survey) data, and with the uncertainty estimate of the Planck mission [87, 280].

This estimate will be highly improved by both the updated WMAP data set and near-future experiments, including the European Planck satellite, for which the forecast precision should be ameliorated by one order of magnitude, Δα_s ∼ O(10^{−3} ) [281].

For lower tensor-to-scalar ratios, the effect quits the window of detectability. For instance, scalar-driven and tachyon-driven scenarios lead to different predictions already in the standard 4D model when r ≈ r_{max},

Δα^{(ϕ0T0 )}_s = 2r [3r + (n_s − 1)] (3.76) ≈ 0.01 ;

however, with a lower tensor-to-scalar ratio r and a scalar spectrum closer to scale invariance, discrimination between the two scenarios becomes harder to carry out via consistency equations. For a scale-invariant spectrum and taking the ratio r = r_{max}/2 = 0.03, which is within the 2σ likelihood bound of [279], from Eq. (3.76) we have Δα^{(ϕ0 T0)}_s ≈ 0.005, while for r = r_{max}/3 = 0.02 we get Δα^{(ϕ0T0 )}_s ≈ 0.002, one order of magnitude smaller than the most optimistic high-ratio case.

Therefore the most direct way to obtain experimental degeneracy is to consider functionally different consistency equations, whatever they are, in the two regimes and small tensor-to-scalar ratios as well as a nearly invariant spectrum, an eventuality which is quite possible in the range of the currently available data. A more refined analysis will be performed in the next chapter.

As a last comment we note that the comparison of the observable quantities n_t, α_t, and α_s must be done with the consistency equations (3.59) and not through the SR parameters expressions, Eq. (3.58). This is because both we are dealing with independent expressions and there is an evident ambiguity in relations between SR parameters and observables when considering energy-scale finite differences of the quantities of interest.

4 Noncommutative inflation

What shall we use to fill the empty spaces? — Roger Waters (Pink Floyd), The wall

4.1 Introduction

The idea that the early Universe experienced a phase of accelerated expansion has come to a crucial point. Born as a panacea for some problems of the standard big bang scenario, the inflationary paradigm has been developed and refined during these years, always successfully explaining the available observational data. The upcoming generation of high-precision cosmological experiments such as WMAP and Planck might definitely operate a selection on the great amount of inflation-inspired models. On the other hand, new theoretical scenarios in which the high-energy physics grows more and more in importance have produced a set of interesting research fields implementing the traditional 4D cosmology: therefore we have string cosmology, braneworld cosmology, noncommutative cosmology, and so on.

In their seminal paper [282], Brandenberger and Ho presented a model of large-scale perturbation spectra, in which a noncommutative geometrical structure is generated by the stringy spacetime uncertainty relation (SSUR)

ΔtΔx_p ≥ l^2_s , (4.1)

where l_s is the string length scale and x_p = a(t)x is a physical space coordinate. It has been argued that this is a universal property for string and brane theory [283, 284, 285]. This picture (henceforth “BH”) has then been further explored in [90, 92, 93, 286, 287, 288, 289, 290, 291, 292, 293, 294, 295, 296] and presents many common features with trans-Planckian scenarios with a modified dispersion relation [297, 298, 299, 300, 301, 302, 303, 304].^1

1A noncommutative spacetime structure may arise also by taking into account an holo-

57

In this chapter we construct another noncommutative model based on the same philosophy of [282] and confront it with BH in its two versions, the first one with the FRW 2-sphere factored out in the action measure and the second one with a unique effective scale factor. Scalar and tensor amplitudes and indices as well as consistency equations are obtained through the slow-roll formalism, both for an ordinary scalar field and a Born-Infeld cosmological tachyon. All the observables turn out to be functions of a noncommutative parameter, called μ, measuring the magnitude of the Hubble energy H at the time of horizon crossing in comparison with the fundamental string mass M_s ≡ l^{−1}_s .

Some works have studied the inflationary perturbations treating μ on either almost [289, 293] or exactly [291, 292] the same ground of the SR parameters, computing ultraviolet amplitudes and indices via a double or SR expansion for small parameters, respectively. Here we will follow a different approach and consider μ as a distinct object with respect to the SR tower; we will keep only the lowest-SR-order part of the observables and regard any μ-term as pertaining these leading-SR-order quantities. We stress that, while the parameter μ accounts for nonlocal effects coming from the string scale l_s, the SR tower is determined by the dynamics of the cosmological inflationary expansion. Therefore, they describe quite distinct physical phenomena. In fact, there is no connection between μ and the recursively-defined SR tower, although even the first SR parameter is introduced by hand; the elements of the tower are built up of time derivatives of H and they all vanish in a dS background, while μ, which contains only the Hubble parameter and the string scale, does not. In particular, the lowest-SR-order spectral amplitudes, equivalent to those obtained in a quasi de Sitter model, will depend on μ. Beside this motivation, such a procedure has additional advantages. For example, we can study regimes with not-so-small μ within the SR approximation; secondly, if one keeps the magnitude of μ unconstrained, one can also explore the infrared region of the spectrum, μ ≫ 1, through appropriate techniques.

These effective noncommutative models can be extended to braneworld scenarios in which the 3-brane experiences a cosmological expansion governed by an effective Friedmann equation. The precise theoretical setup is highly nontrivial even in the commutative case, because of the number of requirements to impose on the background forms and spacetime geometry in order to have a cosmological four-dimensional variety. We will phenomenologically assume to have a 3-brane in which the SSUR (4.1) holds for all the braneworld coordinates {x^ν }, ν = 0, 1, 2, 3, while the extra dimension y along the bulk remains decoupled from the associated *-algebra.

graphic bound on the information contained in frozen perturbation modes per comoving volume [306].

4.2. General setup 59

4.2 General setup

We will keep the general framework of a noncommutative 3-brane in which, either in a limited time interval during its evolution or in a given energy patch, the cosmological expansion satisfies the effective Friedmann equation (2.7). To diagonalize the noncommutative algebra and induce a pure 4D SSUR on the brane one might fix the expectation values of the 11D background fields such that the extra direction commutes, [y, x^ν] = 0. Some other subtleties to deal with are discussed in Sec. 4.3.3.

We identify the noncommutative string mass as the fundamental energy scale of the full theory. Best-fit analyses of BH noncommutative models give estimates for the string scale M_s ∼ 10^{11} − 10^{17} GeV [286, 287]. In typical Hořava-Witten scenarios, the fundamental scale is of order of the GUT scale, M_s ∼ 10^{16} GeV, consistently with our hypothesis.

4.2.1 Leading-order noncommutative observables

Let A_Φ denote a lowest-order perturbation amplitude, A_Φ ∈ {A_t, A_s}; in general, it can be written as

A_Φ(μ_∗, H, ψ) = A^{(c)}_Φ (H, ψ) Σ(μ_∗) , (4.2)

where μ_∗ is a noncommutative parameter to be defined later, A^{(c)}_Φ = A_Φ(Σ=1) is the amplitude in the commutative limit, and Σ(μ_∗) is a function encoding leading-SR-order noncommutative effects. The commutative observables derived in the previous chapter will be denoted by a superscript (c).

It will turn out that, up to O(ϵ^2) terms,

d ln Σ^2 d ln k = σϵ , (4.3)

where σ = σ(μ_∗) is a function of μ_∗ such that σ̇ = O(ϵ). The spectral index is n ≡ d ln A^2_Φ d ln k = n^{(c)} + σϵ ; (4.4)

for the scalar spectrum, n = n_s − 1. The index running is α ≡ dn d ln k = α^{(c)} + d^2 ln Σ^2 d ln k^2

. (4.5)

The last term can be written as

d^2 ln Σ^2 d ln k^2 = σϵ [( 2 − ~θ − σ̄ ) ϵ − 2η ] , (4.6)

with σ̄ ≡ −σ̇/(σHϵ) to first SR order. Because of Eq. (4.2), the tensor-to-scalar ratio is r = r^{(c)} and the consistency equations for the scalar runnings read

α_s(ϕ) = rζ_q {(5 − σ)(n_s − 1) + [4(3 + θ) − σ(7 + θ + σ̄ − σ)] rζ_q } − ξ^2_ϕ , (4.7) α_s(T ) = rζ_q {(3 + θ − σ)(n_s − 1) + [(2 + θ)(3 + θ) − σ(5 + 2θ + σ̄ − σ)] rζ_q} − ξ^2_T . (4.8)

The lowest-SR-order consistency equation for the tensor index is

n_t = [σ − (2 + θ)]ζ_qr , (4.9)

and its running is α_t = rζ_q { (2 + θ − σ)(n_s − 1) + [ (2 + θ − σ)^2 − σσ̄ ] rζ_q } . (4.10)

There is also a next-to-leading order version of Eq. (4.9), which we will not consider here.

4.3 Noncommutative models

Let us introduce the new time variable τ ∈ R^+, τ ≡ ∫ a dt = ∫ da/H. With a constant SR parameter ϵ, an integration by parts with respect to a gives τ = a (1 + ϵ)H ≈ a H . (4.11)

Inequality (4.1) can be rewritten in terms of comoving coordinates as

Δτ Δx ≥ l^2_s , (4.12)

and the corresponding algebra of noncommutative spacetime is time independent, [τ, x] = il^2_s . (4.13) The *-product realizing Eq. (4.13) is defined as (f ∗ g)(x, τ ) = e^{−(il2s/2)(∂x∂τ ′ −∂τ ∂x′ )}f(x, τ )g(x^′, τ^′) | |_{x′ = xτ ′ = τ} . (4.14)

This realization of noncommutativity is in contrast with

[x_μ, x_ν ] = iθ_{μν} , (4.15)

where θ_{μν} is a noncommutative parameter. This type of noncommutative cosmology, which does not preserve the FRW symmetries, has been studied in [307, 308, 309]. Other implementations can be found in [310, 311, 312, 313, 314, 315, 316, 317, 318, 319].

4.3.1 BH models

In the following we will adopt the short notation

a = a(τ ) , a_± ≡ a(τ ± kl^2_s ) . (4.16)

Consider now the action of a free scalar field Φ(τ, x) living in a (1+1)- dimensional FRW space: S = ∫ dτ dx 1 2 ( a^2∂_τ Φ^†∂_τ Φ − a^{−2}∂_xΦ^†∂_xΦ ) . (4.17)

In the noncommutative models we will study, each conventional product is replaced by the *-product (4.14); thus, the gravitational sector of the theory is not a completely passive spectator but is involved via the *-coupling of the metric with the matter content. The new 2D action reads, noting that a^2 = a ∗ a [282],

S_{BH} = ∫ dτ dx 1 2 ( ∂_τ Φ^† ∗ a^2 ∗ ∂_τ Φ − ∂_xΦ^† ∗ a^{−2} ∗ ∂_xΦ ) . (4.18)

In the comoving momentum space, Φ(τ, x) = ∫ k<k_0 dk √ 2π Φ_k(τ )e^{ikx} , (4.19)

where k_0 is a cutoff realizing the stringy uncertainty relation. The most convenient way to recast the action is to write the scale factor as a Fourier integral, a^2(τ ) = ∫ dω a^2_τ (ω)e^{iωτ} , and perform the *-products of the complex exponentials in the integrand, removing the cutoff in the limit k_0 → ∞ when absorbing the δ^{(3)}-integrals in momentum spaces. The result is S ≈ ∫ k<k_0 dτ dk 1 2 ( β^+_k ∂_τ Φ_{−k} ∂_τ Φ_k − β^−_k k^2Φ_{−k} Φ_k ) , (4.20)

where β^±_k =^1_2 ( a^{±2}_+ + a^{±2}_− ) . (4.21)

Defining two new objects

a^2_{eff} ≡ √ β^+_k β^−_k = a_+a_− , (4.22)

y^2 ≡ √ β^+_k β^−_k = a^2_+ + a^2_− 2a_+a_−

, (4.23)

and the effective conformal time coordinate ~η ≡ ∫ dτ a^2_{eff}

, (4.24) the scalar action becomes S ≈ ∫ k<k_0 d~ηdk 1 2 y^2 ( ∂_{~η}Φ_{−k} ∂_{~η}Φ_k − k^2Φ_{−k} Φ_k ) . (4.25)

To estimate the cutoff k_0, we note that the energy for the mode k with respect to the time variable τ is, by the action (4.20), E_k = ka^{−2}_{eff} . Then, the saturated SSUR (4.12) with Δx ∼ k^{−1} and Δτ ∼ E^{−1}_k yields

k_0 ≡ M_sa_{eff} . (4.26)

4.3.2 A new prescription for noncommutativity

Cyclic permutations of the *-product inside the integral (4.18) leave the action invariant. Therefore, it is natural to see whether a different noncyclic ordering of the factors gives a theory with interestingly new predictions. The other nontrivial noncommutative action one can obtain is

S_{new} = ∫ dτ dx 1 2 ( ∂_τ Φ^† ∗ a ∗ ∂_τ Φ ∗ a − ∂_xΦ^† ∗ a^{−1} ∗ ∂_xΦ ∗ a^{−1} ) . (4.27)

The same computational pattern of the previous section leads to Eq. (4.25) with β^±_k given by

β^±_k = a^{±1} 2 ( a^{±1}_+ + a^{±1}_− ) , (4.28) and a^2_{eff} = a √ a_+a_− , (4.29)

y^2 = a_+ + a_− 2 √ a_+a_−

. (4.30)

In this case there is only a partial smearing of the product of scale factors and one might guess that the resulting noncommutative phenomenology would be less pronounced than that of BH model. In the UV limit it will turn out that, within a given variation of the noncommutative parameter and in some region in the space of parameters, the range of Δα^{(ψq ψ′q′ )}s is slightly smaller than in the BH model but always of the same order of magnitude. In the infrared region, however, the two models are almost undistinguishable; see Sec. 4.4.5.

4.3.3 Four-dimensional effective actions and amplitudes

When going to 3+1 dimensions, the measure z^2_k of the integral will contain the nonlocal effect coming from the SSUR: S ≈ ∫ k<k_0 d~ηd^3k 1 2 z^2_k ( ∂_{~η}Φ_{−k}∂_{~η}Φ_k − k^2Φ_{−k}Φ_k ) . (4.31)

Here we will consider two classes of models. In the first one, we suppose the total measure to be given by the product of the noncommutative (1+1)- measure and the commutative one:

z_k = zy ; (4.32)

then, as we are going to show in a moment, Σ = a^2_{eff} a^2y

(class 1) . (4.33)

These models, in which the FRW 2-sphere is factored out, will be dubbed as “1.” Another interesting prescription consists in replacing the commutative scale factor in the measure with the effective one; then, ay → a_{eff},

z_k = z a_{eff} a , (4.34) and Σ = a_{eff} a (class 2) ; (4.35)

models with this Σ will be named “2.”

Let us now look at cosmological perturbations coming from an inflationary era and assume, as it is the case, that Φ is a generic perturbation satisfying the action (4.31). The spectral amplitude coming from the kth mode of the perturbation is given by Eq. (3.2), where the expression is evaluated at the reference time ~η_∗ to be discussed in a while. Via a change of variable,

u_k = −z_kΦ_k , (4.36)

the action (4.31) gives the Mukhanov equation ( d^2 d~η^2 + k^2 − 1 z_k d^2z_k d~η^2 ) u_k = 0 . (4.37)

Noting that d~η/dη = (a/a_{eff})^2, we get the useful relation ~η ≈ −1 aH ( a a_{eff}

)_2

, (4.38)

in the lowest SR approximation. If the SR parameters are small, then they are constant to leading order because their derivatives are higher order. It is then possible to solve the Mukhanov equation with exactly constant SR parameters and perturb the obtained solution. Such cosmological solutions do exist and can be constructed in a variety of situations [see the discussion below Eq. (4.79)]; among them, a particularly important one is power-law inflation, which we will use when considering the infrared region of the spectrum. Therefore, 1 z_k d^2z_k d~η^2 ≈ (a_{eff} a )_4 1 z d^2z dη^2 = (a_{eff} a )_4 ν2 − 1/4 η^2 ≈ ν^2 − 1/4 ~η^2 , (4.39) where ν = 3/2 + O(ϵ). With constant ν, the solution of this equation is the same as that of the commutative case, namely |u_k| ∝ (−~η)^{1/2}H^{(1)}ν (−k~η). In the long wavelength limit k/(aH) → 0, when the mode with comoving wave number k is well outside the horizon, the appropriately normalized solution becomes, from Eq. (4.38),^2

|u_k|^2 = 1 2k ( −1 k~η )_2 = 1 2k ( aH k )_2 ( a_{eff} a )_4 ; (4.40)

finally, one gets Eq. (4.2) by inserting either definition (4.32) or (4.34) in Eq. (3.2).

Given a noncommutative brane in a commutative bulk, the nonlocal smearing will only affect the pure four-dimensional part of the graviton-zero-mode action, while leaving the pure transversal normalization unchanged; from the discussion in Sec. 3.3, it is then clear that the noncommutative tensor spectral amplitude will be A^2_t = A^{(c)2}_t Σ^2 ∝ ξ^2_0 (y_b)A^2_{t(4D)}. Therefore, for the gravitational spectrum, Φ denotes the coefficient functions of the noncommutative 4D polarization tensor h^{(0)}μν (∗x) and z is given by Eq. (3.44).

The action and Mukhanov equation for a perturbation generated by a tachyon field has an additional factor in front of k^2 in Eqs. (4.31) and (4.37), namely the speed of sound for the perturbation: k^2 → c^2_S k^2. Since the SSUR does not affect products of homogeneous quantities, the noncommutative generalization of the tachyonic scalar amplitude is straightforward [290]. Now, one may ask how the inhomogeneous version of the original Born-Infeld Lagrangian (2.27) is modified when inserting the *-products. Let us recall that noncommutativity naturally arises in string theory when a Neveu-Schwarz– Neveu-Schwarz (NS-NS) B-field is switched on in the low-energy tree-level action. However, this results in a linearization of the tachyonic action and, on the other hand, a large noncommutative parameter may trigger brane decay processes [320]; therefore, the simple noncommutative version of the cosmological tachyon might seem too naïve.

Anyhow, tachyon scenarios are not new to counterintuitive behaviours. In the slow-roll approximation, ϵ ∝ Ṫ^2 ≪ 1, the Lagrangian (2.27) can be linearized and the rescaled field ϕ = √ V T behaves like an ordinary scalar;

nevertheless, the theoretical prediction encoded in the consistency relations is different with respect to that of the genuine scalar scenario, see Eqs. (4.7) and (4.8). Here, there happens something similar, imagining to turn on and increase the B-field smoothly, and the final result differs from the scalar case indeed.

Moreover, the stringy linearization is a feature of realization (4.15) rather than (4.13) and the former may give rise to a different cosmological model in which FRW isotropy is not preserved [308]; also, a priori it would be highly nontrivial to construct a Lorentz-violating cosmological brane model (in fact,

2For the tachyon the comoving momentum is rescaled as k → kc_S, but at lowest SR order c_S ≈ 1.

in the case of a dS brane, maximal symmetry is crucial for coordinateseparating the graviton wave equation [51, 252]).

To further understand the difficulties lying in a full implementation of noncommutative string theory in cosmology, it is important to stress that all that has been said about the algebra (4.15) (i.e. instability and cosmological scenarios) is true only in a purely spatial *-product, θ_{0i} = 0. When trying to introduce noncommutativity in both space and time, as is the case of realization (4.13), it may be difficult to achieve a coherent, well-defined theory. In fact, in the Seiberg-Witten limit reproducing the noncommutative geometry, θ_{μν} and α^′B_{μν} are kept fixed while B_{μν} → ∞ and the Regge slope α^′ → 0. Let E_i = B_{0i} be the electric part of the NS 2-form and assume |E_i| ≠ 0. Then, while the B-field goes to infinity and approaches the critical value E_{cr} = (2α^′)^{−1}, a classical instability develops and the rate of open string pair production diverges [321]; heuristically, the string is tore apart by the increasing electric field strength. For these reasons we regard algebra (4.13) as the starting point of the cosmological setup rather than the ultimate product of some high-energy theory, for the moment leaving the details of the latter aside.

4.3.4 The UV region

In order to correctly evaluate the perturbation spectra, one must determine the time ~η_0 when the kth mode is generated and, later, when it crosses the Hubble horizon. Because of the momentum cutoff (4.26), the analysis for the noncommutative case must be conducted separately in the mildly and strongly noncommutative regions.

From the very beginning, one can define the time ~η_∗ when a perturbation with wave number k crosses the horizon by the formula k_∗ ≡ k(~η_∗) = a(~η_∗)H(~η_∗). This relation provides an operative definition of the number of e-foldings (k ∝ He^N ) and the time variation of k, Eq. (3.18). Of course, this is valid for any cosmology in which time definitions have zero uncertainty, that is for commutative cosmologies and noncommutative cosmologies in the range far from the upper bound (4.26), in the so-called ultraviolet (UV) region, where k_∗ ≪ k_0. In fact, the time of horizon crossing is different from its commutative counterpart ~η_c, since ~η_c < ~η_∗ and the crossing mode is delayed [282]. In [292] this effect is quantified as k_c/k_∗ = exp(~η_c − ~η_∗).

On the contrary, one might define the horizon crossing through the z_k function as k^2_∗ = 1 z_k d^2z_k d~η^2 ≈ 2(aH)^2 , (4.41)

and get an extra factor of 2; due to the structure of the Mukhanov equation, this approach would be valid in any case, let it be the commutative or the noncommutative one.

In the UV region, the cosmological energy scale when the perturbation is generated is much smaller than the stringy scale, H(~η >~η_0) ≤ H(~η_0) ≪ M_s, and noncommutative effects are soft; thus, the smeared versions a_± of a can be approximated by a since

kl^2_s ≪ τ_∗ (UV region) , (4.42)

from Eq. (4.11). It is convenient to define the noncommutative parameter μ ≡ ( kH aM^2_s )_2 , (4.43)

whose time derivative is μ̇ = −4Hμϵ . (4.44) Note that this relation states that μ is almost constant in a rapidly accelerating background, regardless of its magnitude. The analogy with the evolution equations of the SR tower, e.g., Eq. (2.80), suggested the authors of [291, 292] treat μ as a sort of SR parameter, keeping all the parameters at the same truncation level in the expressions of the UV observables.

At horizon crossing,

μ_∗ = μ|_{k=}^√_{2aH} = 2 ( H M_s )_4

, (4.45)

and Eq. (4.44) is valid for μ_∗, too. The ultraviolet region is by definition the region in which H/M_s ≪ 1;^3 it is characterized by long wavelength perturbations generated inside the Hubble radius and, in a CMB spectrum, this would correspond to the portion of the Sachs-Wolfe (inflationary) plateau with not-too-small spherical modes, 10 ≲ l ≲ 100.

In the commutative case, to use one pivot scale instead of the other amounts to different next-to-lowest-order expansions in the SR parameters; the 4D consistency equations are thus unaffected, since the introduction of the optimized pivot scale (4.41) results in a rescaled coefficient C → C+ln √ 2 which is not present in them (see, e.g., [292] and references therein for details). This is also true in the RS scenario [89] as well as in general patch cosmology [90].

In the noncommutative case, the change of the pivot scale doubles the magnitude of the parameter (4.45). The resulting models will display the same theoretical features of the k = aH models, but shifted backward along the energy scale determined by the ratio H/M_s . Observational constraints should take the rescaling of the string mass into account, when changing the pivot scale.

In the limit (4.42), we can Taylor expand the scale factors a_± around τ for small k. To first order in the SR parameters and to all orders in μ, the nonlocal dependence of the scale factor is

a(τ ± kl^2_s ) = a(τ ) {1 ± √ μ + [± √ μ − (1 ± √ μ) ln(1 ± √ μ)] ϵ} + O(ϵ^2) , (4.46)

3Without risk of confusion, we will continue to use the symbol μ to indicate the ratio H/M_s when discussing the UV limit (μ ≪ 1) of spectral quantities.

where the factor in front of ϵ comes from a series whose radius of convergence is μ ≤ 1. More precisely, when μ_∗ ≤ 1 then H/M_s ≲ 0.8 . Since we are interested in lowest-SR-order amplitudes, we can neglect the SR tower and find a_± ≈ (1 ± √ μ) a . (4.47)

The concrete procedure to compute the spectral amplitudes will be to use the horizon-crossing formula (4.41) at ~η_∗ in the UV region, and the saturation time ~η_0 in the infrared (IR) region. In [282] and other papers these instants are dubbed ~η_k and ~η^0_k , respectively, to highlight the dependence on the wave number.

4.3.5 BH model IR region

In the IR region things are quite different: the wave modes are generated outside the horizon and, since they are frozen until they cross the horizon, their magnitude depends on the time when they were generated. This corresponds to the (k-dependent) time ~η_0 when the SSUR is saturated, k(~η_0) = k_0(~η_0), and quantum fluctuations start out with their vacuum amplitude. The effective and smeared scale factors must be evaluated at this instant; the expansion (4.47) is no longer valid since H ≫ M_s in the infrared. To proceed one can explicitly use the exact solution around which the equation of motion for the perturbation has been expanded. The power-law solution a = a_0t^n corresponds to a constant index w, when the scale factor is a(τ ) = α_0τ^{n/(n+1)}, and H = nα_0τ^{−1/(n+1)}/(n + 1), where α_0 = (n + 1)^{n/(n+1)}a^{1/(n+1)}_0 . For an exponential scale factor (de Sitter expansion, n → ∞), a(τ ) = Hτ , in accordance with Eq. (4.11). From Eqs. (4.26) and (4.22),

τ_0 = kl^2_s √ 1 + δ , (4.48)

where τ_0 = τ (~η_0) and δ ≡ ( 2 μ_∗ )_{1/2} = ( M_s H )_2 . (4.49)

In the infrared region,

kl^2_s ≈ τ_0 (IR region) , (4.50) and a = Hkl^2_s √ 1 + δ , (4.51) a_± = Hkl^2_s (√ 1 + δ ± 1 ) , (4.52)

where evaluation at τ_0 is understood. When δ ≫ 1, we recover the UV or quasicommutative region since kl^2_s ≪ τ_0 ≤ τ_∗. Actually, the UV and IR spectra may be joined together in an intermediate region, as it was shown in

[287]; in particular, see their Eq. (12), corresponding in the de Sitter limit to Σ^2 ∼ δ(1 − 3 √ μ_∗/2). We will not be able to recover this spectrum within our formalism; however, we will describe other hybrid regimes by using the methods adopted in the IR region (2 ≤ l ≲ 10) for δ ≫ 1. For future reference, note that δ̇ = 2δHϵ . (4.53)

4.3.6 New model IR region

In the “New” model, the effective scale factor is given by Eq. (4.29). From Eq. (4.26), τ_0 = kl^2_s √ 1 + γ , (4.54) where γ ≡ 1 2 (√ 1 + 4δ^2 − 1 ) . (4.55)

With this definition, the new expressions for a and a_± are identical to Eqs. (4.51) and (4.52), with δ replaced by γ. Equation (4.53) is replaced by

γ̇ =

4γ(γ + 1) 1 + 2γ

Hϵ . (4.56)

In the far IR region, γ ≈ δ^2 ≪ 1, while in the UV limit γ ≈ δ ≫ 1.

Without further justifications, the IR region of the spectrum, H ≫ M_s, may be not very satisfactory from a string-theoretical point of view, either because we are above the fundamental energy scale^4 and due to the abovementioned classical instabilities. As it is done in many other occasions in early-Universe cosmology, we will turn a blind eye to this point and seek what are the observational consequences of the extreme regime of the present noncommutative models.

4.4 Noncommutative zoology

We are ready to collect all the machineries developed so far and inspect the noncommutative models at hand.

4.4.1 BH1

In the BH1 case,

Σ^2 =

2(a_+a_−)^3 a^4(a^2_+ + a^2_−)

. (4.57)

In the UV region,

Σ^2 =

(1 − μ_∗)^3 1 + μ_∗ , σ = 8μ_∗(2 + μ_∗) 1 − μ^2_∗ , σ̄ = 8(μ^2_∗ + μ_∗ + 1) (2 + μ_∗)(1 − μ^2_∗)

. (4.58)

4However, the space-momentum stringy uncertainty relation, implying Δx_p ≥ l_s, is not a universal property of the theory.

For μ ≪ 1 one recovers the nearly commutative, μ-expanded behaviour^5

Σ^2 ≈ 1 − 4μ_∗ , σ ≈ 16μ_∗ , σ̄ ≈ 4 . (4.59)

In the IR region,

Σ^2 = δ^3 (2 + δ)(1 + δ)^2 , σ = 4(2δ + 3) (2 + δ)(1 + δ) , σ̄ = 2δ(2δ^2 + 6δ + 5) (3 + 2δ)(2 + δ)(1 + δ) . (4.60) In the commutative limit (δ ≫ 1), Σ^2 ≈ 1, while in the strongly noncommutative regime (δ ≪ 1), Σ^2 ≈ δ^3/2 and σ ≈ 6 − 5δ, in agreement with [287].^6

4.4.2 BH2

From Eqs. (4.22) and (4.35),

Σ^2 = a_+a_− a^2

. (4.61)

In the UV,

Σ^2 = 1 − μ_∗ , σ = 4μ_∗ 1 − μ_∗ , σ̄ = 4 1 − μ_∗ . (4.62)

For μ ≪ 1, σ ≈ 4μ_∗ and σ̄ ≈ 4. In the IR,

Σ^2 = δ δ + 1 , σ = 2 δ + 1 , σ̄ = 2δ δ + 1

. (4.63)

When δ ≪ 1, σ ≈ 2(1 − δ).

4.4.3 New1

The correction to the commutative amplitude reads

Σ^2 =

2(a_+a_−)^{3/2} a^2(a_+ + a_−)

. (4.64)

In the UV region,

Σ^2 = (1 − μ_∗)^{3/2}, σ = 6μ_∗ 1 − μ_∗ , σ̄ = 4 1 − μ_∗ . (4.65)

In the IR limit,

Σ^2 = ( γ 1 + γ )_{3/2} , σ = 6 1 + 2γ , σ̄ = 8γ(γ + 1) (1 + 2γ)^2

. (4.66)

In the strongly noncommutative limit (γ ≪ 1), Σ^2 = γ^{3/2} and σ = 6 + O(δ^2).

5Throughout the paper we will keep only the leading-order term in the approximated σ̄ since there is a σ factor in front of it in Eqs. (4.7) and (4.8).

6Eqs. (44)–(47) of [282] are not correct, due to a missing power of y in the inserted z^2_k; in Eqs. (23)–(25) of [287] the correct amplitude is recovered.

4.4.4 New2

From Eqs. (4.29) and (4.35),

Σ^2 = √ a_+a_− a . (4.67)

The UV limit gives

Σ^2 = √ 1 − μ_∗ , σ = 2μ_∗ 1 − μ_∗ , σ̄ = 4 1 − μ_∗ . (4.68)

In the IR region,

Σ^2 = ( γ γ + 1 )_{1/2} , σ = 2 1 + 2γ , σ̄ = 8γ(γ + 1) (1 + 2γ)^2

. (4.69)

For γ ≪ 1, σ = 2 + O(δ^2).

4.4.5 Discussion

To summarize, we can compare the considered models in the perturbative limits, that is, the UV commutative limit (μ ≪ 1) and the IR noncommutative limit (δ ≈ √ γ ≪ 1). Trivially, in the nonperturbative or commutative IR region (δ ≈ γ ≫ 1), a ≈ a_± and one recovers the standard spectrum, Σ^2 = 1 and σ = 0; also, by construction, the noncommutative UV region is ill-defined.

In general, we can write the UV commutative limit of the relevant quantities as

Σ^2 ≈ 1 − bμ_∗ , (4.70a) σ ≈ 4bμ_∗ , (4.70b) σ̄ ≈ 4 , (4.70c)

where b is a constant. As anticipated, the structure of the IR amplitudes also permits a perturbative expansion around 1/δ; in this case, spectral amplitudes are evaluated at k ≲ k_0 via the power-law solution. The IR commutative limit is then

Σ^2 ≈ 1 − b √ μ_∗/2 , (4.71a) σ ≈ 2b √ μ_∗/2 , (4.71b) σ̄ ≈ 2 ; (4.71c)

from the previous discussions, it is natural to interpret this as an intermediate momentum region at the edge of the UV regime, around μ ≲ 1 where Eq. (4.47) ceases to be valid, and corresponding to perturbations generated across the Hubble horizon. In fact, what one does is hit this region starting from the low-momentum IR side. The above-mentioned junction spectrum of [287] is located somewhere closer to the infrared.

Table 4.1 shows that all the models display similar asymptotic limits towards different numerical coefficients, the BH ones being larger than the New ones; the coefficient of BH1 is 4 times that of model 2 within each region (UV or IR), while this ratio is reduced to b_1/b_2 = 3 in the New model. Thus, there is less difference between model New1 and model New2 with respect to that occurring between BH1 and BH2, further confirming that the “half-smearing” of the new scenario somehow softens noncommutative effects.

UV IR b Σ^2 σ BH1 4 δ^3/2 6 New1 3/2 δ^3 6 BH2 1 δ 2 New2 1/2 δ 2

Table 4.1: Noncommutative perturbation amplitudes in the UV (first order in μ ≪ 1) and IR (first order in δ ≪ 1) limits.

The intermediate spectrum (4.71) breaks down when Σ^2 < 0, that is when H/M_s > 0.5 (BH1), 0.8 (New1), 1 (BH2) and 1.4 (New2); therefore Eq. (4.71) well describes class 2 models at the UV boundary μ ≲ 1 while it is not particularly reliable for class 1 models.

In the deep UV or commutative limit, the linear approximation (4.70) properly encodes all the phenomenology of the models; however, the exact noncommutative amplitude better describes the behaviour of the cosmological observables in the full span of the UV region. To see this, let us compare the function σ, governing the energy dependence of the spectral index (4.4), with its approximated version σ_{appr} given by Eq. (4.70b); we plot the quantity (σ − σ_{appr})/σ for the UV models in Fig. 4.1. The BH2, New1 and New2 models display the same linear trend in μ_∗, while the BH1 curve is a little below the bisector; the approximation error is up to 50% for μ_∗ ≲ 0.5, corresponding to H/M_s ≲ 0.7, and goes below 10% when H/M_s ≲ 0.5. An

Figure 4.1: The relative approximation error (σ − σ_{appr})/σ vs μ_∗ in the UV sector. The thin line is for BH1, the thick line is a superposition of BH2, New1 and New2.

analogous treatment of Eqs. (4.7) and (4.8) shows that the difference between the μ-exact and the approximated scalar running may be even greater than the WMAP experimental error for this observable, α_s − α_{s,appr} ≳ 10^{−2},

Figure 4.2: The relative approximation error (σ − σ_{appr})/σ vs δ in the IR sector. The thin solid line is for BH1, the thin dashed line is for BH2 and the thick line is a superposition of New1 and New2.

(Non)commutative n_t/r models GB RS 4D Commutative UV (σ = 0) −1 −2 −2 Class 1 IR (σ = 6) 5 2 4 Class 2 IR (σ = 2) 1 −^2_3 0

Table 4.2: The consistency equation (4.9) in the commutative UV and noncommutative IR limit.

for any θ and suitable values for n_s and r in the allowed range. Therefore, the following analysis has been conducted with the full nonlinear amplitude.

Table 4.1 reports the noncommutative high-energy limit in the IR region. In particular, the spectral amplitude of New1 is twice the amplitude of BH1; however, within each class (1 and 2) a unique set of consistency relations is generated. In the perturbative noncommutative limit, δ ≪ 1, the IR version of (σ − σ_{appr})/σ is shown in Fig. 4.2. The relative approximation error is up to 20% for the BH models and δ ≲ 0.5, while it is up to 40% for the New models. The curves of New1 and New2 models coincide.

In standard cosmology, the consistency equation relating the tensor index n_t and r is adopted in order to reduce the space of parameters. The function σ in Eq. (4.9) contains a new theoretical parameter, the string energy scale M_s, which enlarges the standard space of cosmological variables. In principle, this might pose some problems if one wanted a reasonably stringent constraint on the observables, facing an uncertainty similar to that one gets when keeping n_t unfixed [322]. In the UV commutative region σ ≪ 1, however, one can use the known results for the 4D, RS and GB likelihood analyses in order to compare the consistency equations in the allowed range.

The IR noncommutative limit is easier to deal with since the asymptotic form of Eq. (4.9) is independent of the string scale, as it is shown in Table 4.2. Some features are particularly interesting: (i) The infrared RS2 models are the only ones with a negative tensor tilt, other noncommutative realizations giving a tilt sign opposite to that of the commutative case; (ii) 4D class 2 models predict an exactly scale-invariant tensor spectrum to lowest order in SR, setting n_t ∼ O(ϵ^2); (iii) The highest proportionality coefficient is provided by GB class 1 models, allowing a greater tilt given the same tensorto-scalar ratio. Then the perturbation spectra tend to be blue tilted in the IR region relative to the UV commutative case.^7

7It is interesting to note that the sign of the correction to the scalar index (+) and

Figure 4.3: Comparison of BH and New models in the ultraviolet (a) and infrared (b) region (thick line: 1-models; dashed line: 2-models).

Although there are 3 · 2^4 = 48 models at hand and a great amount of information to deal with, some preliminary considerations will permit us to simplify such an intricate taxonomy and draw theoretical curves in a reasonable region in the n_s-r plane. Let us first compare the BH scenario with the New one and define |σ| ≡ (σ_{BH} + σ_{New})/2 and Δ ≡ (σ_{BH} − σ_{New})/|σ|. Figure 4.3(a) shows that in the commutative region BH and New models are considerably different, being Δ^{UV}_1 = 2(μ_∗ + 5)/(7μ_∗ + 5) ∼ 10/11 when μ_∗ → 0 and Δ^{UV}_2 = 2/3. In the limit μ_∗ → 1, Δ^{UV}_1 → Δ^{UV}_2 ; this is a spurious effect due to the breaking of the Taylor expansion (4.47), as one can see by considering the commutative limit of the IR spectra in Fig. 4.3(b). In fact, Δ^{IR}_1 ≠ Δ^{IR}_2 when δ → √ 2 and, as expected, Δ^{IR}_1 → 10/11 and Δ^{IR}_2 → 2/3 when δ → ∞.

All this is in accordance with Table 4.1. However, in the IR noncommutative limit there is little difference between BH and New models, being Δ ≲ 10%. Therefore, we will only show the results of New in the infrared and skip the almost identical counterparts in BH.

A similar inspection shows that class-1 and class-2 models are quantitatively nondegenerate, getting σ_1 = 3σ_2 for New and BH-IR, and σ_1 = 4σ_2 for BH-UV, in agreement with Table 4.1. Note that these results are independent of the bulk physics.

The versatility of the patch formalism allows coupling it to a noncommutative background in a great number of ways. For example, a realistic picture of the cosmological evolution would be to adopt one particular patch regime in a time interval when a given region of the (non)commutative spectrum is generated; one may then associate the IR region of extra-horizon-generated perturbations with the early-Universe high-energy period, when the extra dimension opens up and the Friedmann equation suffers either GB or RS modifications. The consequent evolution is GB-IR → RS-IR/UV → 4D-UV. Another possibility is to consider pure energy patches and study the noncommutative spectrum in GB, RS, and 4D separately.

4.5 Consistency equations and observations

The introduction of the new degree of freedom provided by the noncommutative parameter does not complicate the analysis of Sec. 3.5.1, nor triggers further degeneracies in any of the concrete (non)commutative braneworlds. Let us consider the consistency relations (4.7), (4.8), (4.9) and (4.10) in their closed form, assuming the prior (3.60). Since theoretical degeneracy of consistency relations should be independent of the particular value of horizon-

its running (−) agrees with the results coming from a pure spatial realization of the noncommutative algebra [308, 316].

crossing quantities, we investigate only the IR case with constant σ, that is in the IR limit δ ≪ 1 (σ̄ = 0) .

We do not care for exact degeneracy and consider only effective and tensor degeneracy between two models (ψ, θ, σ) and (ψ^′, θ^′, σ^′), always discarding the commutative case σ = σ^′ = 0. Patch models display lowest-order tensor degeneracy when

(2 + θ − σ)ζ_q = (2 + θ^′ − σ^′)ζ_q′ . (4.72)

If σ ≠ σ^′, this translates into σ_{4D} − σ_{GB} = 1, σ_{4D} = 2σ_{RS} /3, or 2σ_{RS} /3 − σ_{GB} = 1. As regards effective degeneracy:

• ϕ ↔ T : Scalar and tachyon models are never degenerate;

• ϕ ↔ ϕ: Degeneracy is possible only when σ ≠ σ^′ and at least one of the two models is not 4D, RS or GB. In general, it must be θ = (3σ^′ + 10θ^′ − 2σ^′θ^′ − 15)/(2 − θ^′), σ = (σ^′ − 5θ^′ + 5)/(2 − θ^′) and ζ_q = ζ_q′ (2 − θ^′);

• T ↔ T : The degeneracy conditions read θ − σ = θ^′ − σ^′ and ζ_q = ζ_q′ .

Therefore, σ_{4D} − σ_{GB} = 1.

To summarize, among the known braneworld commutative models there are two lowest-SR-order tensor degeneracies, one between scalar and tachyon cosmologies and one between the four-dimensional scenario and the Randall-Sundrum braneworld; when noncommutativity is turned on, these braneworld models can be degenerate with suitable values of the noncommutative parameter, but not in the classes investigated above. This result holds under the standard assumption (3.60), which permits to close the expression for the scalar running. If the inflaton potential does not satisfy such a dynamical constraint, as in the case of power-law ordinary inflation, then the consistency relations (4.7) and (4.8) are modified. For example, we will see that it may be convenient to perform numerical analyses via the horizonflow formalism; when one neglects the third flow parameter ϵ_3 with respect to ϵ_1 = ϵ, it turns out that the scalar and tachyon scenarios are always effectively degenerate if Eq. (4.72) holds, since the scalar running is then given by Eq. (4.10) in both cases [93]. The discussion for the lowest-order tensor degeneracy would thus also apply to the effective degeneracy. Should this be the most realistic scenario, the adoption of one field instead of the other would be important only at second order in this model-independent context, in which nothing about the shape of the potential is said; anyway, the universal equation (4.72) would continue to determine the condition for degeneracy, excluding coincident predictions from the braneworld (non)commutative setups we have considered.

Figure 4.4: Δα_s as a function of r and μ_∗ in the 4D ultraviolet region with n_s = 1. The noncommutative models are BH1 (a), BH2 (b), New1 (c) and New2 (d).

Figure 4.5: Δα_s in Randall-Sundrum BH1 ultraviolet as a function of r. The values for the scalar index are n_s = 0.9 (dashed lines), 1 (solid lines), 1.1 (dot-dashed lines); the values for μ_∗ are 0 (thin lines), 0.2 (thick lines) and 0.4 (very thick lines).

Figure 4.6: Δα_s as a function of r for ultraviolet GB-BH1 (a), 4D-BH1 (b), GB-BH2 (c), 4D-BH2 (d), GB-New1 (e), 4D-New1 (f), GB-New2 (g), 4D- New2 (h). The values for the scalar index are n_s = 0.9 (dashed lines), 1 (solid lines), 1.1 (dot-dashed lines); the values for μ_∗ are 0 (thin lines), 0.2 (thick lines) and 0.4 (very thick lines).

4.5.1 A first estimate of noncommutative effects

Let us compare the running of the scalar index of ordinary-inflaton and tachyon-inflaton fields,

Δα_s ≡ α_s(ϕ) − α_s(T ) . (4.73)

Since the graphic material is very abundant, we give just a selection of it; the full set of bi- and three-dimensional figures of this and other combined analyses are available upon request to the author. Different analyses would point out other important aspects of the models; one may set his/her fancy free by looking at cross comparisons with general relative running Eq. (3.75). It should be noted that observations might not distinguish between the ordinary scalar and the tachyon, Δα_s = 0 (see Sec. 4.7.2). However, the example provided by Eq. (4.73) still gives an idea of the order of magnitude of noncommutative effects that can discriminate between one patch and another.

In Fig. 4.4 the relative running Δα_s(n_s = 1, r, μ_∗) is presented for 4D noncommutative models in the ultraviolet. Two-dimensional slices are then displayed in Figs. 4.5 and 4.6. Figure 4.5 shows that the relative running in Randall-Sundrum is rather modest; on the contrary, in GB and 4D noncommutativity may conspire to bias Eq. (4.73) and, in particular, the scalar running above the current WMAP uncertainty estimates, O(10^{−2} ). Braneworld effects, if any, should become more apparent in Planck data, for which the forecasted error is one order of magnitude smaller, Δα_s ∼ O(10^{−3} ) [281]. In each 2D plot we keep the commutative model as a reference. Note that to increase either n_s or δ (μ^{−1}_∗ ) pushes Δα_s towards positive values. Finally, Figs. 4.7 and 4.8 show some features of the New scenarios in the infrared region.

Figure 4.7: Δα_s as a function of r and δ in the GB infrared region with n_s = 1. The noncommutative models are New1 (a) and New2 (b).

Figure 4.8: Δα_s as a function of r for infrared GB-New1 (a), 4D-New1 (b), GB-New2 (c), 4D-New2 (d). The values for the scalar index are n_s = 0.9 (dashed lines), 1 (solid lines), 1.1 (dot-dashed lines); the values for δ are 0.2 (thin lines), 0.4 (thick lines) and 0.6 (very thick lines).

4.6 Large-field noncommutative models

Even if the dynamical conditions are slightly more precise within the Hubble SR formalism, the V-SR towers of Secs. 2.3.2 and 2.3.4 fit better for numerical analyses like that we are going to carry out in Sec. 4.7. Using the relations of Sec. 2.3.5, the inflationary observables A^2_s , n_s, and R = 16r read, to lowest SR order,

A^2_s(ϕ) =

9β^6_q 25π^2 V^{3q} V^{′2} Σ^2 , (4.74a) n_s − 1 = 2η_ϕ − (4 − σ) ϵ_ϕ (4.74b) = 1 3β^2_q V^q [ 2V^{′′} + (σ − 6) q 2 V^{′2} V ] , (4.74c) R = 16q 6β^2_q ζ_q V^{′2} V^{q+1}

. (4.74d)

For the tachyon, the inflationary observables are

A^2_s (T ) =

9β^6_q 25π^2

V^{3q+1} V^{′2} Σ^2 , (4.75a) n_s − 1 = 2η_T − (2 + θ − σ) ϵ_T (4.75b) = 1 3β^2_q V^q [ 2U^{′′} − (4 + θ − σ) q 2 U^{′2} ] , (4.75c) R = 16q 6β^2_q ζ_q V^{′2} V^{q+2}

. (4.75d)

In this section we consider an important class of inflaton potentials, namely, the large-field models

V (ψ) = V_0ψ^p , ψ = ϕ, T , (4.76)

in which the inflaton field starts with a large initial value and rolls down towards the potential minimum at smaller ψ. The linear potential with p = 1 corresponds to the border of large-field and small-field models. The exponential potential V = V_0 exp (−ψ/ψ_0) , (4.77) characterizes the border of large-field and hybrid models. This case can be regarded as the p → ∞ limit of the polynomial potential (4.76).

Making use of the ESR approximation we obtain N(ϕ) ≈ −3β^2_q ∫_{ϕf} ϕ V^q V^′ dϕ , (4.78)

for the scalar field ϕ, and N(T ) ≈ −3β^2_q ∫_{Tf} T V^{q+1} V^′ dT , (4.79)

for the tachyon field T . Here we make use of the backward definition N = ln(a_f /a) of the number of e-foldings.

The potentials (4.76) and (4.77) cover a number of exact solutions either exactly or approximately. In fact, the commutative solutions of Sec. 2.5 are perfectly viable in the noncommutative case too, since the nonlocal physics does not affect the homogeneous background. The unique apparently subtle point is that in the IR region one explicitly uses the exponential solution to construct the perturbation amplitudes, contrary to the UV case in which it is implicitly assumed in the approximation of constant SR parameters. However, the subtended philosophy is quite the same, that is to find a general solution with constant nonzero SR parameters and then to perturb it with small time variations. Despite these simple considerations, the predictions of these homogeneous models definitely change when spacetime becomes noncommutative.

4.6.1 The ordinary scalar field ϕ

For the scalar potential (4.76) with the ordinary scalar field ϕ, we have

n_s − 1 = − pV^{1−q}_0 6β^2_q p(6q − σq − 4) + 4 ϕ^{2+(q−1)p} , (4.80) R = 16qp^2 6β^2_q ζ_qV^{q−1}_0 ϕ^{(1−q)p−2} . (4.81)

We can estimate the field value at the end of inflation by setting ϵ_ϕ(t_f ) = 1, which yields ϕ^{p(q−1)+2} f ≈ qp^2/(6β^2_q V^{q−1}_0 ).^8 Then the number of e-foldings (4.78) is N = 3β^2_q V^{q−1}_0 p[p(q − 1) + 2] ϕ^{p(q−1)+2} − qp 2[p(q − 1) + 2]

, (4.82)

8One may adopt the criterion η_{ϕV} (t_f ) = 1 to estimate the value ϕ_f , but the difference is small as long as p/N ≪ 1.

which is valid for p ≠ 2/(1 − q). The scalar index and the tensor-to-scalar ratio are

n_s − 1 = − p(6q − σq − 4) + 4 2N(pq − p + 2) + pq , (4.83) R = 16qp ζ_q 1 − n_s p(6q − σq − 4) + 4 . (4.84)

As discussed in Sec. 4.2.1, the tensor-to-scalar ratio R does not involve the parameter σ, since this quantity is invariant by taking the noncommutative effect into account; this is evident when expressing Eq. (4.84) in terms of N. The main change due to spacetime noncommutativity appears for the spectral index n_s.

For the commutative spacetime (σ = 0) one can easily verify that the above results reduce to what was derived in [278] for the 4D and RS scenarios. In these cases scalar perturbations are red tilted (n_s < 1). The spectrum can be blue tilted when noncommutativity is switched on. For example, let us consider the noncommutative limit σ → 6. In this case we have

n_s − 1 =

4(p − 1) 2N(pq − p + 2) + pq for σ → 6 , (4.85)

which means n_s > 1 for p > 1. Therefore it is possible to explain the loss of power in the spectrum at large scales, as we shall see in Sec. 4.8.3.

The exponential potential (4.77) corresponds to the limit p → ∞ in Eqs. (4.83) and (4.84), thereby yielding

n_s − 1 = 4 − (6 − σ)q 2N(q − 1) + q

, (4.86) R = 16q ζ_q[2N(q − 1) + q]

, (4.87)

which is valid for q ≠ 1.^9 This gives the border between large-field and hybrid models R = − 16q ζ_q(6q − σq − 4) (n_s − 1) . (4.88)

In the case of 4D (q = 1) we find that the border of large-field and hybrid models extends to the region of n_s > 1 for σ > 2. Thus, in the regime where the noncommutative effect becomes important (2 ≤ σ ≤ 6), one can obtain a blue-tilted spectrum even in the large-field models, which is not possible in the commutative case.

Note that the border of large-field and small-field models corresponds to p = 1, giving R = − 16 ζ_q (6 − σ)

(n_s − 1) . (4.89)

This border does not extend to the region n_s > 1 for σ < 6.

9The power-law inflation does not end for the 4D case unless the slope of the exponential potential changes.

4.6.2 The tachyon field T

For the scalar potential (4.76) with the tachyon field T , we have

n_s − 1 = − p 6β^2_q V^q_0 pq(4 + θ − σ) + 4 T^{2+qp} , (4.90) R = 16qp^2 6β^2_q ζ_qV^q_0

T^{−2−qp} . (4.91)

Since inflation ends at T^{qp+2}_f ≈ qp^2/(6β^2_q V^q_0 ), the number of e-foldings is estimated as N = 3β^2_q V^q_0 p(pq + 2) T^{pq+2} − qp 2(pq + 2) , p ≠ − 2 q . (4.92)

Then we get

n_s − 1 = − p(6q − σq − 2) + 4 2N(pq + 2) + pq , (4.93) R = 16qp ζ_q 1 − n_s p(6q − σq − 2) + 4 , (4.94)

where we used Eq. (2.16). For the 4D0 spacetime, these results reproduce what was obtained in [185]. The tensor-to-scalar ratio is smaller relative to the case of the ordinary scalar field ϕ, thus preferred observationally [188]. The effect of noncommutativity can lead to a blue-tilted spectrum (n_s > 1) as is similar to the case of the field ϕ.

For the exponential potential (4.77) one gets

n_s − 1 = − 4 + θ − σ 2N + 1

, (4.95) R = 16 ζ_q(2N + 1)

, (4.96)

which is obtained by taking the limit p → ∞ in Eqs. (4.93) and (4.94). This gives the border of large-/hybrid-field models R = − 16 ζ_q(4 + θ − σ)

(n_s − 1) . (4.97)

In the 4D case this border belongs to the region n_s > 1 for σ > 4.

The border of large-/small-field models is R = − 16q ζ_q(6q − σq + 2)

(n_s − 1) , (4.98)

which does not extend to the region n_s > 1 for σ < 6.

4.6.3 The difference between ϕ and T

By Eqs. (4.83) and (4.93) we find that the spectral index n_s of the ordinary field and the tachyon field differs both in the denominator and the numerator. By Eqs. (4.84) and (4.94) the difference for the ratio R only appears in the denominator R = 16qp ζ_q[2N(qp + 2 − b) + qp] , (4.99)

where b = p for ψ = ϕ, and b = 0 for ψ = T . Therefore the tensor-to-scalar ratio in the tachyon case is smaller than in the ordinary scalar field case when p > 0. This property implies that tachyon inflation is less affected by observational pressure as was pointed out in the 4D commutative case [188]. In the next section we shall study this issue in detail in the context of noncommutative inflation.

4.6.4 Theoretical structure of the n_s-R plane

Before considering each noncommutative case, it is important to understand the behaviour of the theoretical curves on the n_s-R plane. The effect of the noncommutative parameter σ has a straightforward geometrical interpretation. Let us define x ≡ n_s −1 and y ≡ R, together with the polar coordinates ϱ ≡ √ x^2 + y^2 and sin ϑ ≡ y/ϱ centered at (1, 0) in the n_s-R plane. From the last section, we know that y = γ(q, p, σ)x , (4.100) γ(q, p, σ) = − 16qp ζ_q[p(6q − σq − c) + 4] , (4.101)

where c = 4 for ψ = ϕ, and c = 2 for ψ = T . Then, ϱ^2 = (1 + γ^2)x^2 and tan ϑ = γ. Since pq > 0 in the cases we consider, ϑ is a decreasing function in terms of σ. Therefore, as σ increases, the theoretical points are rotated clockwise in the ϱ-ϑ plane. This rotation is mainly governed by σ rather than p when p is large, which can be seen from the computation of the logarithmic variation of γ: d ln γ dp = 4 qp^2 d ln γ dσ . (4.102)

This also implies that, for a given σ, the three models p = 2, 4, +∞ lie on a wider range of radii for smaller values of q. As we shall see later, this effect is particularly evident in the Gauss-Bonnet case with respect to the 4D and RS cases in the same (non)commutative class.

The divergence of γ at the asymptote ϑ = π/2 identifies those models generating a scale-invariant scalar spectrum n_s = 1. They are listed in Table 4.3 for fixed σ and q. In particular, ordinary-scalar class 2 models cannot give n_s = 1 if one imposes the condition p(q − 1) + 2 ≠ 0 for inflation to have a natural end. The tachyonic counterparts are those with pq + 2 ≠ 0, and only the 4D2 case is excluded.

Note that class 1 patch models admit only one scale-invariant potential for each inflaton, that is, the linear potential for ϕ and the quadratic one for T . Another frequent case is p = −2 (scalar 4D0, tachyon 4D2 and tachyon GB2), which however does not match with the exact power-law solutions of Sec. 2.5 (RS scalar and 4D tachyon). Anyway our interest in this paper are the models with positive p (p ≥ 2) that lead to natural reheating. σ 0 (Class 0) 6 (Class 1) 2 (Class 2) 4D −2 1 ∞ ϕ RS −1/2 1 −1 GB ∞ 1 3 4D −1 2 −2 T RS −2/5 2 −2/3 GB −2 2 −6

Table 4.3: Values of p for scale-invariant models.

4.7 Likelihood analysis: noncommutative inflation

In this section we study constraints on a number of patch inflationary models in noncommutative spacetime using a compilation of recent high-precision observational data. In particular, we perform likelihood analyses^{10} in terms of inflationary observables using the new consistency relation (4.9) and confront them with large-field inflationary models with potential V ∝ ψ^p in the two classes of IR noncommutative scenarios. In [278, 279] it was shown that the 4D/RS quartic chaotic potential (V ∝ ϕ^4) is under a strong observational pressure and that steep inflation driven by an exponential potential is ruled out. This situation changes if we account for the Gauss-Bonnet curvature invariant in five dimensions. One effect of the GB term is to break the degeneracy of the standard consistency relation [51]. Although this does not lead to a significant change for the likelihood results of the inflationary observables, the quartic potential is rescued from marginal rejection for a wide range of energy scales [53]. Even steep inflation exhibits marginal compatibility for a sufficient number of e-folds (N ≳ 55).

Here we implement both braneworld and noncommutative frameworks as well as the standard 4D commutative/noncommutative paradigm. Our numerical analysis based on recent observational data will show that the general shape of likelihood contours in the n_s-R plane is deformed independently

10The likelihood analysis is one of the so-called “top-down” approaches: one asks what is the probability that a theory predicting a given set of observables would realize the observed experimental data [323].

by braneworld and noncommutative effects. The major modification to the 4D/RS commutative cosmology appears for the upper bound of R = 16r, roughly setting it in a 2σ interval with 0.5 ≲ R_{max} ≲ 0.7. The scalar index always ranges 0.9 < n_s < 1.1 at the 2σ level.

For later convenience we dub the commutative spacetime (σ = 0) as “class 0.” Also, in the figures the 4D case is indicated as “GR” (general relativistic).

4.7.1 HF consistency equations

At first order in the HF parameters defined in Sec. 2.3.7, the spectral indices of scalar and tensor perturbations are given by

n_s − 1 = −(2 + θ − σ)ϵ_1 − ϵ_2 , (4.103) n_t = −(2 + θ − σ)ϵ_1 . (4.104)

The lowest-order ratio of tensor-to-scalar perturbations is R = 16ϵ_1 ζ_q , (4.105)

while the runnings of the spectral indices are given by

α_s = −(2 + θ − σ)ϵ_1ϵ_2 − σσ̄ϵ^2_1 − ϵ_2ϵ_3 , (4.106) α_t = −(2 + θ − σ)ϵ_1ϵ_2 − σσ̄ϵ^2_1 . (4.107)

The resulting (nonclosed) set of consistency equations is

n_t = −(2 + θ − σ) Rζ_q 16 , (4.108)

α_s = Rζ_q 16 { (2 + θ − σ)(n_s − 1) + [ (2 + θ − σ)^2 − σσ̄ ] Rζ_q 16 } − ϵ_2ϵ_3 ,

(4.109)

α_t = Rζ_q 16 { (2 + θ − σ)(n_s − 1) + [ (2 + θ − σ)^2 − σσ̄ ] Rζ_q 16 } . (4.110)

Notably these relations do not depend on which inflaton field one is assuming on the brane, except for the term ϵ_2ϵ_3. This means that the likelihood analysis for the field ϕ in terms of the variables n_s, R, and ϵ_3 with given values of q, σ, and σ̄ is identical to the one for the tachyon T .

With the SR parameters the running of the scalar perturbations splits into Eqs. (4.7) and (4.8); then one would need to perform two separate likelihood analyses. In this sense, the HF parameters are a more convenient choice for numerical purposes than the SR parameters, while the adoption of the SR parameters better highlights the difference between the scalar and tachyon dynamics already to first order.

4.7.2 Likelihood contour bounds

In [287] the CMB spectrum of power-law inflation was divided into three main regions, ultraviolet, intermediate, and infrared. If the IR spectrum corresponds to the scale around 1 < l ≲ 10, then the cosmologically relevant modes with 10 ≲ l ≲ 1000 also belong to the same IR spectrum. This is because the characteristic scale of this spectrum is k_{s3} = 10^{−5}k_{s2}, where k_{s2} is an intermediate scale around which the IR description becomes invalid [see Eq. (12) of [287]]. However, it was assumed that it is the intermediate spectrum that dominates at large scales (1 < l ≲ 10), following the approach of Ref. [286].

In this section we will adopt another perspective, that is, to consider the far IR regime as a dominant contribution to the large-scale spectrum. So we shall assume that the IR spectra Σ^2 ≈ δ^3 [class 1, which is Eq. (23) of [287] in the de Sitter limit] and Σ^2 ≈ δ (class 2) correctly describe the large-scale sector with 1 < l ≲ 10. Since one generally has k_{s2} ≫ k_{s3}, it is natural to use the IR power spectrum over the cosmologically relevant scales with 1 < l ≲ 2000.

We have run the Cosmological Monte Carlo cosmomc code together with the camb program [324, 325, 326], applied to the latest observational data coming from the data set of WMAP [327], 2dF [328], and SDSS [81, 86]. We implement the band powers on small scales (800 ≲ l ≲ 2000) coming from CBI [329], VSA [330], and ACBAR [331] experiments.

The set of inflationary observables is {A^2_s, R, n_s, n_t, α_s, α_t, σ}. The tensor index is absorbed via the consistency equation (4.108) while α_t is ignored since its cosmological impact is too small to be detected in current observations. The actual set of parameters is {A^2_s, ϵ_1, ϵ_2, ϵ_3, σ} or equivalently {A^2_s, n_s, R, ϵ_3, σ}. For several fixed values of σ (σ = 0, 2, 6) we have numerically found that ϵ_3 is poorly constrained and is consistent to be set to zero according to the standard assumption

|ϵ_3| ≪ ϵ_1 . (4.111)

We also ran the numerical code when the SR parameters ϵ, η, and ξ are varied. Since the running α_s is constrained to be |α_s| ≲ 0.03 in order for the Taylor expansion of the power spectrum to be valid [276], one cannot put large values of the prior on ξ^2. Making use of the fact that ξ^2 is of the same order as ϵ_1ϵ_2 and the two HF parameters are constrained to be ϵ_1 ≲ 0.03 and |ϵ_2| ≲ 0.1 [276], we should put the prior around ξ^2 < 0.003. In this case our likelihood analysis shows that ξ^2 vanishes consistently, Eq. (3.60). We found that the likelihood values of inflationary and cosmological parameters are very similar to the case in which the HF parameters are used.

In what follows we shall show the numerical results obtained by using HF parameters, since this is more convenient because of the degeneracy between the ordinary field ϕ and the tachyon field T .

We ran the numerical code for the 4D case by varying A^2_s, n_s, R, and σ with ϵ_3 = 0. We chose the parameter range 0 ≤ σ ≤ 6 and found that

Figure 4.9: Marginalized probability distributions of inflationary parameters (n_s, R, A^2_s , σ) for the 4D case with prior 0 ≤ σ ≤ 6 and ϵ_3 = 0. The likelihood analysis does not choose a preferred value of the noncommutative parameter σ [93].

σ does not show a good convergence. This means that current observations do not choose a preferred commutative or noncommutative model. Then the analysis was performed for three fixed values of σ, including the commutative limit (σ = 0) and two classes of noncommutative IR limits (σ = 6, 2).

In the 4D case the consistency relation (4.108) reads n_t = −(2 − σ)R/16, which means that the ratio n_t/R ranges −1/8 ≤ n_t/R ≤ 1/4. As found in Fig. 4.9, σ does not select a preferred value, since the R = 0 case is not ruled out anyway. Therefore noncommutative inflation is allowed observationally as well as the case of commutative spacetime.

Since the UV commutative case has already been investigated in literature, we will concentrate ourselves to the IR noncommutative region. This choice is also dictated by a technical reason. In the commutative limit σ depends upon both the Hubble parameter, evaluated at the horizon crossing, and the string mass M_s. As we have seen, even if the tensor spectral index is fixed by Eq. (4.108), the introduction of the extra degree of freedom σ results in a poor constraint on the parameter itself. On the contrary, in the far IR region the function σ approaches nonzero constant values as shown in Table 4.1. This allows us to impose the consistency equation (4.108) and concretely reduce the space of parameters, setting a meaningful scheme of analysis for the noncommutative models. Moreover, the amplitude of gravitational waves is strongly damped for angular scales with l ≳ 10 and the relations (4.105) and (4.108) only affect the large scales with l ≲ 10, corresponding to the IR region. In this sense, using a constant σ is a good approximation.

In Fig. 4.10 we plot the 1σ and 2σ observational contour bounds for the 4D case with σ = 0 (GR0), σ = 6 (GR1) and σ = 2 (GR2). Figures 4.11 and 4.12 correspond to the likelihood contours for the RS and GB cases, respectively.^{11} These results hold for both the scalar field ϕ and the tachyon field T because of the use of the HF parameters.

In the 4D case, the class 2 (σ = 2) is rather special since R and n_t vanish. The class 2 contour extends to higher values of R relative to the commutative plot, while the class 1 contour allows larger values of |n_s−1| but with a smaller R_{max}. Thus the noncommutativity of a model is not monotonically measured by σ (with greater σ corresponding to larger effects) and nonlocal features make their appearance in a nontrivial way.

11The likelihood contour for the Gauss-Bonnet case is slightly different from what was obtained in [53]. This is because in that paper the authors considered the exact GB scenario and assumed that the running of the spectral indices is zero, since the expressions of the exact RS and GB regimes are very complicated. This resulted in a lower upper bound for R.

Figure 4.10: The 1σ and 2σ observational contour bounds for the 4D case. Each contour curve corresponds to (a) GR0 (σ = 0), solid line; (b) GR1 (σ = 6), dashed line; (c) GR2 (σ = 2), dotted line. We also show the border of large-field and hybrid inflationary models for (a) GR0, (b) GR1 and (c) GR2 cases. The region on the left of each border corresponds to the parameter space in large-field models. Noncommutative spacetime allows the border extending to the region n_s > 1 [93].

Figure 4.11: The 1σ and 2σ observational contour bounds for the RS case. The meaning of the curves and the borders are the same as in Fig. 4.10 [93].

We can do similar considerations for the RS case (where the maximal elongation is achieved for σ = 6) and for the GB one (where the class 1 behaves in a totally different manner); see Figs. 4.11 and 4.12. Note that the degeneracy between 4D and RS is removed for σ > 0, both from a theoretical and observational point of view.

4.8 Likelihood analysis: constraints on large-field models

We are ready to place constraints on large-field noncommutative inflationary models using the observational contour bounds obtained in Sec. 4.7.2. We plot the theoretical values of n_s and R for N = 45, 50, 55, 60 on the likelihood contours. Typically one can restrict the number of e-folds to N ≲ 65 [332], but it is sufficient to show the values up to N = 60 to judge whether the models we consider are ruled out or not.

4.8.1 The ordinary scalar field ϕ

Let us first study the observational constraints on the large-field models for the ordinary field ϕ. In Figs. 4.13–4.15 the theoretical values (4.83) and (4.84) for the potential (4.76) are plotted in the 4D, RS, and GB cases together with 1σ and 2σ contour bounds. Hereafter we shall consider each case separately in order to clarify the situation.

4D case

It is well known that the commutative 4D case (σ = 0) is observationally disfavoured for the quartic potential (p = 4). In this case the theoretical

Figure 4.12: The 1σ and 2σ observational contour bounds for the GB case. The meaning of the curves and the borders are the same in Fig. 4.10 [93].

Figure 4.13: Observational constraints on large-field models for the 4D ordinary field ϕ together with the 1σ and 2σ contour bounds for three classes of (non)commutative scenarios. The theoretical values correspond to (a) p = 2 (dots) and (b) p = 4 (triangles), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) [93].

Figure 4.14: Observational constraints on large-field models for the RS ordinary field ϕ. Each case corresponds to (a) p = 2 (dots), (b) p = 4 (triangles) and (c) exponential potential with p → ∞ (squares), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) [93].

points are outside of the 2σ contour bound for a number of e-folds N < 60.

In the noncommutative class 1 case (σ = 6) the spectral index n_s is larger than 1 by Eq. (4.85). The tensor-to-scalar ratio R is independent of σ, so this value is the same as the one in the class 0. As one can see in Fig. 4.13, the quartic potential is outside of the 2σ bound for N < 55. Therefore this case is also marginal as in the class 0 case.

The noncommutative class 2 case (σ = 2) corresponds to a scalar spectral index smaller than 1, but it is closer to a scale-invariant spectrum relative to the class 0 case. This shifts the theoretical points inside of the 2σ bound and allows the quartic potential even for N = 45. Then a “mild” spacetime noncommutativity in which σ is close to 2 is favoured for the observational compatibility of the quartic potential. Note that the quadratic potential (p = 2) is allowed in all three models, irrespective of the degree of noncommutativity, as clearly shown in Fig. 4.13.

RS case

In commutative RS spacetime, the quartic potential is under a strong observational pressure as is similar to the 4D0 case, and the steep inflation driven by an exponential potential (p → ∞) is ruled out [278, 279].

This situation is improved in the class 1 noncommutative scenario. Since the spectral index n_s takes a value which is slightly larger than 1 and the 2σ contour bounds extend to the region with R > 0.6, even the steep inflation is allowed (see Fig. 4.14).

Meanwhile in the class 2 case the exponential potential is outside of the 2σ bound unless the number of e-folds N is larger than 60. The quartic potential moves inside of the 2σ bound relative to the class 0 case, thus becoming compatible with observations.

In the RS case “strong” noncommutativity close to σ = 6 is favoured observationally rather than “mild” noncommutativity like σ = 2, in contrast with the 4D case.

Figure 4.15: Observational constraints on large-field models for the GB ordinary field ϕ. Each case corresponds to (a) p = 2 (dots) and (b) p = 4 (triangles), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p). In the GB1 case the quadratic potential is far outside of the 2σ bound [93].

GB case

In the Gauss-Bonnet braneworld cosmology the GB dominant stage with q = 2/3 is followed by the RS stage with q = 2. In Ref. [53] theoretical values of n_s and R were derived for the case where inflation ends in the RS regime. Here we study a situation in which the end of inflation corresponds to the GB regime. In this case we do not have a sufficient amount of e-folds for p > 6, so it is not meaningful to consider steep inflation.

In commutative spacetime the quartic potential is ruled out observationally, while the quadratic potential is inside of the 1σ bound, see Fig. 4.15.

In the class 1 case the spectral index for the quartic model is larger than 1.1 for a number of e-folds N < 65, thus far outside of the 2σ bound. In this sense the effect of “strong” noncommutativity close to σ = 6 is not welcome to save the quartic potential. On the other hand, the quadratic potential is not ruled out due to a little departure from scale invariance.

The class 2 noncommutative scenario exhibits an interesting feature to have n_s close to 1 even for the quartic potential. As seen in Fig. 4.15 the quartic potential is within the 2σ bound for N > 50, thereby compatible with observations. This situation is similar to the 4D case.

4.8.2 The tachyon field T

Let us next consider the observational constraint on the tachyonic large-field models.

4D case

The 4D commutative case was already investigated in [185, 188]. Since the tensor-to-scalar ratio is smaller relative to the normal scalar field case, this leads to the compatibility with observations. Even steep inflation is deep within the 2σ contour bound.

Because of this small value of R, the class 1 and class 2 noncommutative scenarios are also allowed as shown in Fig. 4.16. The class 1 scenario corresponds to a spectral index n_s larger than 1, but this does not deviate from a scale-invariant spectrum. All cases with p = 2, p = 4 and p = ∞ are inside of the 2σ contour bound.

Figure 4.16: Observational constraints on large-field models for the 4D tachyon field T together with the 1σ and 2σ contour bounds for three classes of (non)commutative scenarios. Each case corresponds to (a) p = 2 (dots), (b) p = 4 (triangles) and (c) exponential potential with p → ∞ (squares), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) [93].

Figure 4.17: Observational constraints on large-field models for the RS tachyon field T . Each case corresponds to (a) p = 2 (dots), (b) p = 4 (triangles) and (c) exponential potential with p → ∞ (squares), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) [93].

RS case

The RS case exhibits larger values of the tensor-to-scalar ratio compared to the 4D case. However, the quadratic and quartic potentials are always within the 2σ bound. The exponential potential is also allowed for the e-folds with N ≳ 50. See Fig. 4.17.

GB case

By Eq. (4.102) each inflationary model (p = 2, 4, ∞) in the GB case (q = 2/3) lies on a wider range of radii ϱ relative to the 4D and RS cases. In spite of this property, even steep inflation is compatible with observations in both commutative and noncommutative spacetimes. In summary, tachyon inflation is allowed irrespective of the slope of the potential due to a small tensor-to-scalar ratio in all patch cosmologies we have considered. See Fig. 4.18.

4.8.3 Suppression of CMB low multipoles

In [286, 287, 288] it was shown that it is possible to explain the loss of power at low multipoles at least partially using the modified spectrum in the UV regime (τ ≫ kl^2_s ). Here we will consider the situation in which the spectrum on cosmologically relevant scales is generated in the IR noncommutative regime.

Figure 4.18: Observational constraints on large-field models for the GB tachyon field T . Each case corresponds to (a) p = 2 (dots), (b) p = 4 (triangles) and (c) exponential potential with p → ∞ (squares), respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) [93].

Figure 4.19: The CMB angular power spectrum showing the effects of suppression of power at low multipoles. Curve (a) is the 4D commutative model with (n_s, R) = (0.967, 0.132) corresponding to the quadratic potential. Curves (b) and (c) are the 4D1 noncommutative scenario with (n_s, R) = (1.018, 0.144) and (n_s, R) = (1.049, 0.263), respectively. Note that these values are achieved for the quadratic and quartic potentials in the 4D1 case, respectively [93].

As seen in the likelihood contours, the best-fit value of n_s is smaller than 1 and is insensitive to which prescription we adopt for the spacetime (non)commutative structure. The loss of power on large scales is difficult to be explained in the standard concordance scenario. If we take the effect of spacetime noncommutativity into account, it is possible to have a suppression of power due to a blue-tilted spectrum. For example, the potential (4.76) gives rise to the blue spectrum for the 4D1 noncommutative case. Of course, the large spectral index n_s ≳ 1.05 is ruled out as seen in Fig. 4.13, but the quadratic potential (p = 2) gives the observationally allowed value around n_s ∼ 1.02. The quartic potential (p = 4) corresponds to a marginal compatibility with observations, but it is welcome to explain the loss of power on the largest scales.

In Fig. 4.19 we plot the CMB angular power spectra for several different cases. The spectrum exhibits some suppression around 1 < l ≲ 10 in noncommutative spacetime relative to the commutative one. The quartic potential leads to a stronger suppression compared to the quadratic one, but the smaller-scale spectrum tends to show some disagreement with observations for larger n_s. Anyway, it is intriguing that single-field noncommutative inflation leads to a blue-tilted spectrum suitable for explaining the suppression of low multipoles, since this is difficult to be achieved in commutative spacetime, even with a very blue-tilted spectrum n_s ≳ 3 [333], unless we introduce another scalar field as in the case of hybrid inflation (see also [334]). Another mechanism generating a blue spectrum at large scales can be found in [335].

5 Dualities in patch cosmology and other issues

Tirem-me daqui a metafísica!

— Fernando Pessoa, Lisbon revisited (1923)

Spare me metaphysics!

The ultimate theory of everything, if any, is a long-living mirage that physicists and mathematicians have been pursuing for years in the attempt to solve many fundamental problems rooted in our modern view of the Universe. One of the open issues is how to reconcile general relativity and quantum physics, two separate branches that experiments and observations have widely accepted as meaningful descriptions of natural phenomena, at least each in its own range of influence. The marriage between the two would require deep modifications of both and, although great progress has been made in this direction thanks to string theory, a happy ending to the story is still missing. In particular, the mostly successful big bang model of cosmological evolution, which manages to glue gravitation and microphysics together in a very nontrivial way, sits on the paradox of the initial singularity: the original point from which all came decrees the failure of general relativity as a self-contained framework, since the relevant cosmological quantities diverge by definition when going back to the first instant of the past. At present we know that quantum effects can resolve such a point into a finite speck and smooth out the worried infinities [336, 337, 338, 339, 340, 341, 342, 343, 344, 345, 346, 347, 348, 349].

From a philosophical perspective, the big bang has raised many questions about the nature of time and its birth, leading to the (indeed not new^1) hypothesis that the Universe may experience a cyclic succession of expansions and contractions in which the big bang singularity is just a transitory phase

1For instance, as regards the Theravada Buddhist tradition see Buddhaghosa, Visuddhimagga, 13.404-409.

(a bounce) in a wider process of evolution; see [350, 351, 352, 353, 354, 355, 356] for old attempts to implement this idea. At a semiclassical level, the structure of the perturbations generated through the bounce can be more complicated than the standard one in a monotonically expanding universe; for example, vector modes cannot be neglected during the contracting phase in contrast to their decaying behaviour in the post big bang phase [357]. General phenomenology of cyclic models and bouncing cosmological perturbations have been studied, e.g., in [358, 359, 360, 361, 362, 363, 364, 365]; the case of a bouncing closed universe has been investigated in [366, 367, 368, 369, 370, 371].

Moreover, bouncing flat cosmologies may require a violation of the null energy condition, according to which light rays are focused by matter:

ρ + p ≥ 0 , (5.1)

where ρ and p are the energy density and pressure of a perfect fluid describing the matter content of the early Universe [358, 360, 363, 372, 373, 374]. Until now, we have adopted the standard lore of well-established energy conditions. What about abandoning the old path in favour of more speculative scenarios? In particular, can some of the most popular objections against embarrassing forms of matter be circumvented? Recently, many people have been considering scenarios in which the dark energy content of the observable Universe is of a nonconventional nature, namely, violating the null energy condition (5.1). The field associated to an equation of state p = wρ with w < −1 is called “phantom” [375] and its properties can give rise to a new sort of singularity as well as to an explanation of current observations of dark energy [376, 377, 378, 379, 380, 381, 382, 383, 384, 385, 386, 387, 388, 389, 390, 391, 392, 393, 394, 395, 396, 397, 398, 399, 400, 401, 402, 403, 404, 405, 406, 407, 408, 409, 410, 411, 412, 413, 414, 415, 416, 417, 418, 419, 420, 421, 422, 423, 424, 425, 426, 427, 428, 429, 430, 431, 432]. For such a scalar field, the violation of the null energy condition is achieved by a kinetic term with negative sign and this may lead to unitarity problems when quantizing the field (also: particles with negative energy propagate forward in time). However, negative kinetic energies arise in supersymmetric models and higher-derivative-gravity theories [433, 434], while string models can describe brane physics in which the effective 4D null energy condition is not preserved [435]; also, anti de Sitter configurations do violate the dominant energy condition.

An interesting singularity-free setup, alternative to inflation and motivated by string theory, is the ekpyrotic scenario, which explains the largescale small anisotropies of the cosmic microwave background via a collision between wrinkling branes [436, 437, 438, 439, 440, 441, 442, 443, 444, 445, 446, 447, 448, 449, 450]. A general-relativistic treatment of ekpyrotic/cyclic scenarios predicts a scale-invariant scalar spectrum (with scalar index n_s −1 ≈ 0) and a blue-tilted tensor spectrum n_t ≈ 2, while standard inflation generates almost scale-invariant spectra. In the latter case, this is a consequence of the SR approximation, stating that both the parameter (2.14) and its time derivative must be sufficiently small.^2 Conversely, the cyclic model achieves scale invariance when ϵ̄ ≡ ϵ_{cyclic} ≫ 1.

The search of viable bouncing mechanisms has led to explore several possibilities that involve, for instance, varying couplings [451], noncommutative geometry [452], quantum gravity and cosmology [453, 454, 455, 456] (see also [457]). In particular, a Randall-Sundrum modification of the Friedmann equations has been considered [458], in which a phantom component may help to tear apart black holes during the bounce [459, 460]. Also, the big bang singularity can be avoided by the combined effect of Gauss-Bonnet and induced gravity terms [461].

Recently, two remarkable dualities were discovered in flat cosmology, one relating inflationary to ekpyrotic/cyclic spectra [462, 463, 464, 465, 466, 467] and the other connecting inflationary to phantom spectra [405, 467, 468, 469, 470, 471]. More precisely, given an inflationary model there exist both cyclic and phantom cosmologies with the same spectra and such that

ϵ̄ = 1/ϵ , (5.2a) ϵ̂ = −ϵ , (5.2b) ϵ̄ = −1/ϵ̂ , (5.2c)

where ϵ̂ ≡ ϵ_{phantom}. Other dualities can be found in [472, 473]. In four dimensions, these dualities (inflation-contraction, inflation-phantom, and contraction-phantom) are exact for arbitrary (even varying) ϵ, in the sense that not only the dynamics but also the cosmological spectrum of scalar perturbations is preserved. The issue has then been generalized to the braneworld context [94, 474]. Since braneworld spectra are broken under duality, and mapped into a quantitatively different contractinglike or phantomlike spectra, these transformations are not symmetries in the strict meaning of the word.

In this chapter we shall investigate the above-mentioned triality for a general commutative patch and show that Eq. (5.2) no longer realizes exact correspondences between cyclic, inflationary, and phantom patches. According to the new relations we will establish, any expanding universe is mapped to either a contracting or phantom universe which no longer display exactly the same scalar perturbations. In addition, it will turn out that the generalized version of the 4D contracting (phantom) mapping gives rise to a phantom (contracting) dual solution when flipping the sign of q.

By considering the general invariance of the patch Hamilton-Jacobi equations we will be able to construct dual solutions with regular behaviour, that is not suffering sudden future singularities, between different patches, which we will call cross dualities (Sec. 5.2). Then, we shall clarify the relation between patch cosmologies dominated by an ordinary scalar field and the tachyonic ones (Sec. 5.3).

2In the following we will refer to ϵ as the “SR parameter” even when the slow-roll approximation ϵ ≪ 1 is not applied.

Another interesting insight comes from the comparison of (q > 0, w < −1) and (q < 0, w > −1) patches. To see this, take the case of a normal scalar field, Eq. (2.21); an ESR expansion of the energy density yields ρ^q ∝ qϕ̇^2_{eff}/2+V_{eff} , where the effective theory includes the dimensional contribution of β_q. If q < 0, the kinetic term has the same wrong sign of phantom models. From a mathematical point of view, the phantom universe displays interesting properties such as the presence of a finite-time singularity when w is constant [big smash or big rip [375, 378, 385], see Eq. (2.17) with w < −1] and, as said before, a correspondence resembling the scale-factor duality of prebig-bang cosmology which is a symmetry of the low-energy string effective action and is obtained with the mapping a(t) → a^{−1}(−t) [475, 476] (for some reviews on string and pre-big-bang cosmology, see [477, 478, 479]). Even expanding patch cosmologies with negative q have a finite-time singularity with divergent scale factor, although the density evolution shows the opposite trend. This fact, together with the noncanonical effective theory which seems to characterize such models, invites to investigate if there is some relation between q < 0 patch cosmologies and scenarios with phantom fluids, which we will do in Secs. 5.2.1 and 5.4. At last, inspired by a modified version of the phantom duality we shall outline some proposals for (i) a new bouncing scenario, (ii) the generation of features in the power spectrum breaking scale invariance, and (iii) an alternative to standard inflation.

5.1 Preliminary remarks

5.1.1 Broken dualities

We can see that the dualities (5.2a) and (5.2b) are broken in their simplest form when considering nontrivial patches. A first evidence comes from the equations of motion for scalar perturbations, which in four dimensions are invariant under the mapping ϵ → ϵ^{−1} for dominant and subdominant modes, separately [462, 463, 464]. The effective 4D equations of motion of the (Fourier-transformed) scalar-perturbation modes in the longitudinal gauge are the Mukhanov equation (3.6) and ( d^2 dη^2 + k^2 − 1 ϑ d^2ϑ dη^2 ) v_k = 0 , (5.3)

where v ≡ −Φ_4/ϕ̇ is a gauge-invariant variable [Φ_4 is the Newtonian potential that appears in Eq. (3.25)] and ϑ ≡ z^{−1}. We can express ϑ in terms of the slow-roll parameter (2.14) and its variation γ ≡ d ln ϵ/dN with respect to N ≡ ln a_f H_f aH , (5.4)

where the subscript f denotes evaluation at the end of the inflationary or ekpyrotic phase; the standard forward definition of the number of e-foldings,

5.1. Preliminary remarks 95

N = ln(a/a_i), is related to this quantity by dN = (ϵ − 1)dN. Neglecting O(γ^2) and O(dγ/dN ) terms, one finds 1 ϑ d^2ϑ dη^2 ≈ ( 1 + θ 2 ) ( 1 + θ 2 ϵ ) ϵ (ϵ − 1)^2 + ϵ^2 − 1 2(ϵ − 1)^2 γ . (5.5)

In general relativity, a first step towards the duality ϵ ↔ ϵ^{−1} is to note that the equation of motion for v is invariant under the mapping (5.2a). However, when θ ≠ 0 this duality is explicitly broken by the term inside the second round brackets, which by the way contributes to the only piece surviving for a constant ϵ (γ = 0). In the case of a standard tachyonic field, Eq. (5.5) has an extra term proportional to γ(3 + θϵ)(ϵ − 1)ϵ/(3q − 2ϵ), which breaks the invariance even in four dimensions.

5.1.2 Contracting and phantom patches

We can make the previous argument more rigorous by means of the Hamilton- Jacobi formulation of the cosmological dynamics. First we extend the setup of Chapter 2 to the case of phantom fields. For an homogeneous scalar field ϕ with potential V , ρ(ϕ) = ℓ 2 ϕ̇^2 + V (ϕ) , (5.6)

while for a DBI tachyon

ρ(T ) = V (T ) √ 1 − ℓṪ^2

. (5.7)

Here ℓ = 1 for ordinary causal fields and ℓ = −1 for phantoms. To avoid confusion, we will call “standard (phantom) ordinary scalar” the ϕ field with ℓ = 1 (ℓ = −1), “standard (phantom) tachyon” the T field with ℓ = 1 (ℓ = −1) and “scalar” (or, sometimes, “inflaton”) the field satisfying the continuity equation (2.10), regardless of its action.

So far we considered expanding cosmologies, H > 0. It is now time to extend the equations and discussion to the general case H ∈ R. The Hamilton-Jacobi equations (2.76) and (2.77) become

V (ϕ) = ( 1 − ϵ_ϕ 3q ) |H|^{2−θ} , (5.8) V^2(T ) = ( 1 − 2ϵ_T 3q ) H^{2(2−θ)}, (5.9)

H^′(ψ)a^′(ψ) = − 3q 2 ℓ|H(ψ)|^{~θ}H(ψ)a(ψ) , (5.10) where we have set β_q = 1; the absolute value of H is necessary and sufficient to preserve the invariance under time reversal of the original equations of motion. The Hamilton-Jacobi equation (5.10) can be recast as

y^′(ψ)a^′(ψ) = −y(ψ)a(ψ) , (5.11)

Figure 5.1: The function y(H) in the GB (upper curve) and RS (lower curve) expanding braneworlds. The image of H is y ≥ 1 in the first case and 0 ≤ y < 1 in the second one.

where the variable y(ψ) is

y(ϕ) ≡ H^{2ℓ/3}(ϕ), θ = 0 , (5.12) y(ψ) ≡ exp [ α|H(ψ)|^{−~θ} ] , ~θ ≠ 0 , (5.13)

and the coefficient α ≡ −2ℓ/(3q~θ) is α = −1/3 and α = 1 for a RS and GB braneworld without phantoms, respectively. Then, sgn(dy) = sgn(dH) when q > 0. Figure 5.1 shows the function y(H) for the RS and GB case.

It is convenient to define the new parameter ε ≡ ϵ q|H|^{~θ} = 3 2 ℓ ( a a^′ )_2

; (5.14)

then one can express the spectral amplitudes as A^2_s(ϕ) ∝ H^2/ε, A^2_s(T ) ∝ H^θ/ε, and get the spectral indices from the evolution equation ε̇ = 2Hε(ϵ−η), which reproduces the 4D one when ε = ϵ. From now on we will set ~θ = θ for lighter notation.

Equation (2.14) defines the time variation of the Hubble radius R_H = H^{−1}; this parameter can also be expressed either via derivatives of the inflaton field or through the continuity and Friedmann equations: ϵ = − a a^′ H^′ H (5.15) = − (ln y)^{′2} θ ln y , (5.16) = 3 2 q(1 + w) − q̇ q ln H^2 2H . (5.17)

In the last formula, we have considered the general case of time-dependent q(t). When q = const (which we shall assume throughout the chapter except when stated otherwise), then ϵ > 0 when sgn(q) = sgn(w+1), while phantom matter with q > 0 (or ordinary matter with q < 0) reverses the sign of ϵ.

5.2 Patch dualities

The Hamilton-Jacobi equations encode all the dynamical information for the cosmological evolution. If two different models (ψ,θ) and (ψ^′,θ^′) display the same set of equations, then we will say there is a duality between them. Let us now consider what transformations are symmetries of Eq. (5.11). In general, a symmetry transformation can be written as

ā(ψ) = f_1(ψ) , (5.18a) ȳ(ψ) = f_2(ψ) , (5.18b)

provided that [ln f_1(ψ)]^′[ln f_2(ψ)]^′ = −1. In Eq. (5.18b) all the elements of ȳ, including θ, are evaluated in the dual patch. Since in principle it is not possible to set β = 1 = β̄ consistently, one should restore the dimensional factors in the previous and following expressions, noting that [β] = E^{(θ+2)/(θ−2)}.

5.2.1 Singular dualities

A simple realization of Eq. (5.18) is

ā(ψ) = [y(ψ)]^{p(ψ)} , (5.19a) ȳ(ψ) = [a(ψ)]^{1/p(ψ)} . (5.19b)

In order to satisfy the above integrability condition, the function p(ψ) must be either a constant or p(ψ) = p_0 ln a(ψ) ln y(ψ)

, (5.20)

where p_0 is an arbitrary real constant. For constant p = p_0,

ā(ψ) = [y(ψ)]^{p0}, (5.21a) ȳ(ψ) = [a(ψ)]^{1/p0}, (5.21b)

also considered in [474].^3 The set of equations describing the dual solution can be obtained from Eqs. (5.21a), (5.13) and (5.14):

ā(ψ) = exp ( −p_0 ∫_ψ dψ a a^′ ) , (5.22) |H̄(ψ)| = [ ᾱp_0 ln a(ψ)

]_{1/}¯_θ , (5.23) ε̄(ψ) ε(ψ) = 9ℓℓ̄ 4p^2_0

. (5.24)

The right-hand side of Eq. (5.23) is positive when sgn(θ) = sgn(1 − a) and q > 0. Then a < 1 for RS and tachyon scenarios and a > 1 for the GB braneworld. Equation (5.24) reproduces Eq. (5.2a) in the ordinary scalar case with θ = 0 and p_0 = 3/2, although the 4D auxiliary variable y, Eq. (5.12), is constructed in a different way. In the case of cyclic duality (ℓ̄ = ℓ = 1), the mapping (5.21) relates a standard accelerating (ϵ < 1) expanding universe with a standard decelerating (ϵ̄ > 1) contracting phase with the typical properties of cyclic cosmology.

3Their results are in agreement with ours when the duality transformations act on scaling solutions of a single patch with L = H^{θ/2}.

The transformation (5.21) connects the scale factor of the expanding cosmology to that of a dual cosmology when expressed in terms of the scalar field. In the dual model, the scalar field acquires a different time dependence relative to its expanding counterpart. The time variable can be written as an integral over ψ, t = ∫_ψ dψ H a^′ a ; (5.25)

the time variable t̄ of the dual solution is then

t̄ = 2ℓp^0 3 ∫_ψ dψ a^{3ℓ̄/(2p0)} H^′ H , (5.26)

in the 4D→4D case,

t̄ = 2ℓp^0 3 ∫_ψ dψ (ln a)^{1/θ̄}(ln H)^′ , (5.27)

for the pure braneworld dual of the 4D scenario, while for a general cross duality with θ̄ ≠ 0 ≠ θ, using Eqs. (5.13) and (5.11),

t̄ = − p^0 (ᾱp_0)^{1/θ̄} ∫_ψ dψ (ln a)^{1/θ̄} (ln a)^′

. (5.28)

Everywhere we have omitted sgn(H̄) which is implicit in the time-reversal symmetry of the dual solution. The dual evolution of the scalar field will be denoted as ψ̄(t) ≡ ψ(t̄). For q̄ = q = 1 and p_0 = 3/2, these relations reproduce the already known four-dimensional standard triality.

The exact inversion of the SR parameter ϵ̄ϵ = 1 is achieved in any dimension by the stationary cosmology a(t) = t. Otherwise, the fixed points of the transformation (5.21) are those with

ε_{self-dual} ≡ 3 2p_0

. (5.29)

In general, we define a self-dual solution as the set of roots of Eq. (5.29). In four dimensions with p_0 = 3/2, Eq. (5.29) reduces to the self-dual condition ϵ = 1. From the dual of the SR parameter as given by Eq. (5.14), it is clear that dual cosmologies superaccelerate either in the phantom case with q̄ > 0 or in the ordinary one for q̄ < 0.

Let us discuss what is the structure of the cyclic duality in a patch framework with positive q and p_0. For clarity, we compare the cases θ = 0, ±1. By definition, standard inflation is characterized by a monotonically varying scalar field which can be assumed to be increasing with time, ψ̇ = Ha/a^′ > 0. A parity transformation ψ → −ψ always achieves this condition. Therefore a^′ > 0 (since H > 0) and H^′ < 0. On the contrary, the dual scale factor is a decreasing function of ψ̄ since ā^′/ā ∝ −a/a^′ < 0.

In the four-dimensional ordinary scalar case, the expanding (H̄ > 0) dual solution has ˙ϕ̄ = aH/H^′ < 0, ā^′ < 0, and H̄^′ > 0; also, from Eq. (5.15) ϵ̄ > 0. Under the time reversal t ∈ [0, +∞[ → t ∈ ] −∞, 0] , ˙ψ̄(t) → − ˙ψ̄(−t) , ā(t) → ā(−t) , H̄(t) → −H̄(−t) , ϵ̄(t) → ϵ̄(−t) , the dual cosmology becomes contracting while keeping the condition ˙ϕ̄ > 0 and ϵ̄ > 0 (i.e., it does not superaccelerate). In a general expanding patch, the dual time evolution of the scalar field is ˙ψ̄ ∝ (ln a)^{−1/θ}, which shows that in the RS, GB, and tachyon scenarios the evolution of the dual cosmology is not regular because of the factor ln a.

To be consistent with the image of y and Eqs. (5.21) and (5.23), we require a < 1 in the RS scenario and a > 1 in the GB one. In this case the above considerations hold with the same signs as in 4D and we get contracting solutions after a time reversal. Let t_∗ be the time when a(t_∗) = 1; then ∞ > H > H_∗ = H(t_∗) and the dual RS scale factor ā ranges from ā_∗ = exp[−1/(2H_∗)] to 1. In the GB case, ∞ > H_∗ > H > 0 and ∞ > ā > exp(3H_∗/2). As a matter of fact, in the example below the range of the GB power-law dual solution is modified according to the sign of the scalar field (negative for an expanding cosmology) but the underlying message in unchanged: Because of the different range of the variables involved in the mapping (5.21), the dual cosmology is only a portion of a contracting cosmology evolving from the infinite past to the origin. For this reason one might consider Eq. (5.21) as an “incomplete” mapping; rather, the restriction on the range of a makes these solutions “complete” although very peculiar, since the dual Hubble parameter indeed goes from infinity to zero but in a finite time interval.

Note that these features are not an effect of the patch approximation we have used for simplifying the cosmological evolution. For θ = 1, Eq. (5.13) is a good approximation of the exact Randall-Sundrum case, where [467]

y^2_{RS} ≡ ρ ρ + 2λ . (5.30)

In order to make it manifest, we restore the dimensional factors and temporarily redefine the variable y_{temp} ≡ y^{p0} with p_0 = 3/2; then, in the patch approximation δ ≡ λ/ρ ≪ 1,

y_{temp} = exp ( −κ^2_4 6β_2H ) ≈ 1 − √ λκ^2_4 6H^2

= 1 − δ , (5.31)

which reproduces Eq. (5.30) in the high-energy RS limit. Note that even in the exact RS scenario ϵ is not exactly inverted under the transformation

(5.21), since ϵ ∝ [(1 + y^2_{RS})/(1 − y^2_{RS})](y^′_{RS}/y_{RS})^2. The dual Hubble parameter through ā = y_{RS} is H̄(ϕ) = √ 2λa(ϕ) 1 − a^2(ϕ)

, (5.32)

which is positive as far as a < 1. It agrees with Eq. (5.23) in the above limit a = ȳ_{temp} ≈ 1 − δ̄, as H̄ ≈ (2δ̄)^{−1}. Also, ˙ϕ̄ = −ℓ √ 8λa^′ 1 − a^2

. (5.33)

Equations (5.30), (5.32) and (5.33) fully confirm what we have said about the structure of the dual solution, since the image of y_{RS} is the same as that of y for q = 2.

Self-dual solutions and power-law expansion: ordinary scalar case The self-dual solutions of the three scenarios with an ordinary scalar field are

a(t) = exp [−p_0 exp (−t/p_0)] , θ = −1 , (5.34) a(t) = exp( √ 2p_0t/3) , θ = 1 , (5.35) a(t) = t^{2p0/3} , θ = 0 . (5.36)

As an example of the duality, let us consider the power-law inflation,

a(t) = t^n , ϵ = 1/n . (5.37)

The ordinary scalar field associated with this expansion is such that ϕ̇^2 ∝ t^{θ−2}. In four dimensions, the exact cosmological solution corresponding to this scale factor is

ϕ(t) = ϕ_0 ln t , V (ϕ) = V_0e^{−2ϕ/ϕ0} , (5.38)

where ϕ_0 = √ 2n/3. The scale factor and Hubble parameter read a(ϕ) = e^{nϕ/ϕ0} , H(ϕ) = ne^{−ϕ/ϕ0} , (5.39) respectively. From Eq. (5.26) with p_0 = 3/2, the (time reversed) cyclic-dual solution is ā(t) = (−t)^{1/n}, ϵ̄ = n , ϕ(t) = − 2 3ϕ_0 ln(−t) , (5.40)

after a redefinition nt̄ → t. The dual of the potential can be obtained by taking the dual of Eq. (5.8).

In the Randall-Sundrum scenario, the power-law expansion is realized by

ϕ(t) = ϕ_0t^{1/2}, V (ϕ) = V_0ϕ^{−2}, (5.41)

Figure 5.2: The normalized RS scalar field ϕ as a function of time. The solid horizontal line divides the solutions of the duality (5.21) with p_0 = 3/2 (region ϕ < 1) and p_0 = −3/2 (region ϕ > 1).

Figure 5.3: The Randall-Sundrum solutions dual to RS power-law inflation for n = 5, 10, 30 (increasing thickness). From top to bottom, each panel corresponds to the ϕ behaviour of the dual scale factor, the Hubble parameter and SR parameter under the duality (5.21) with p_0 = 3/2 (region ϕ < 1) and p_0 = −3/2 (region ϕ > 1).

where ϕ_0 = √ 4/3. Then, after a redefinition ϕ/ϕ_0 → ϕ,

a(ϕ) = ϕ^{2n}, H(ϕ) = nϕ^{−2}, (5.42)

and Eq. (5.28) gives t = 1 + ϕ^2(ln ϕ^2 − 1); the dual RS cosmology under the mapping (5.21) has

ā = exp[p_0(1 − ϕ^2)/(3n)] , (5.43a) |H̄| = −p_0[3n ln ϕ^2]^{−1}, (5.43b) ϵ̄ = −3n(p_0ϕ^2 ln ϕ^2)^{−1}, (5.43c)

where we have chosen the normalization of the scale factor such that ā(1) = 1. A changing in the sign of p_0 results in different dual solutions. Figure 5.2 shows the time behaviour of ϕ in the two separate regions 0 < ϕ < 1 and ϕ > 1; the quantities of Eq. (5.43) with p_0 = 3/2 are depicted in the left side (ϕ < 1) of Fig. 5.3, while the cyclic duals with p_0 = −3/2 are in the right portion (ϕ > 1). Time flows from ϕ = 1, where the vertical line in each panel separates the two dual solutions.

In the allowed region ϕ < 1 with p_0 > 0 (no phantoms, ϵ̄ > 0), the dual scale factor ā(ϕ) increases from ā(1) to ā(0) in a finite time interval, while the dual Hubble parameter goes from infinity to zero in the meanwhile. Solutions with ϕ > 1 and p_0 < 0 behave much better, since they extend not only up to the infinite future, but also are nonsingular at the origin, a very promising feature in classical bouncing models.

One gets the RS contracting solution simply by reversing the time direction [so that the dual scale factor ā(ϕ) decreases from ā(0) or ā(∞) to ā(1)] and flipping the sign of H̄. The dual slow-roll parameter does not change under time reversal and keeps being positive.

By inverting Eq. (5.28) in the region ϕ > 1, one gets the time dependence of the scale factor as ā(t) ∝ exp[t/W (t/e)], where W (x) is the product log function solving the nonlinear equation x = W e^W .

In the Gauss-Bonnet case we have

ϕ(t) = −2nt^{−1/2}, V (ϕ) = V_0ϕ^6, (5.44)

Figure 5.4: The normalized GB scalar field ϕ as a function of time. The solid horizontal line divides the solutions of the duality (5.21) with sgn(p_0) = ±1 at the infinite future ϕ = 1.

Figure 5.5: The Gauss-Bonnet solutions dual to GB power-law inflation for n = 5, 10, 30 (increasing thickness). From top to bottom, each panel corresponds to the ϕ behaviour of ln ā(ϕ), H̄(ϕ), and ϵ̄(ϕ) under the duality (5.21) with p_0 = 3/2 (region ϕ < 1) and p_0 = −3/2 (region ϕ > 1).

together with a(ϕ) = ϕ^{−2n}, H(ϕ) = nϕ^2, (5.45)

where −ϕ/2n → ϕ. Equation (5.28) gives t̄ in terms of ϕ: it turns out that t = 4t̄/9 = ∫ dϕ ϕ(ln ϕ)^{−1} = −Ei[ln ϕ^2], where Ei is the exponential integral function plotted in Fig. 5.4. From Eqs. (5.21a), (5.23) and (5.24), the dual GB cosmology is

ā = exp[p_0n(ϕ^2 − 1)] , (5.46a) |H̄| = −(n/p_0) ln ϕ^2, (5.46b) ϵ̄ = −(p_0nϕ^2 ln ϕ^2)^{−1}, (5.46c)

and again the cyclic solution with ordinary matter evolves with ā < ∞ for all t and p_0 > 0. On the contrary, in the branch with p_0 < 0 the dual scale factor ā does not collapse to zero at the origin and diverges in the infinite future (see Fig. 5.5). Under time reversal the cyclic solution evolves from ϕ = 1 to ϕ = 0.

Things do not change when exploring cross dualities. We can try to see what happens, say, for the GB dual of a RS cosmology (θ = 1, θ̄ = −1). Starting from Eq. (5.42), one gets Eq. (5.46) with p_0 → −p_0, modulo an irrelevant positive constant. The image of the function ϕ(t̄) is either {ϕ < 1} or {ϕ > 1}. Dual potentials can be obtained via the dual of Eq. (5.8) or (5.9). Figure 5.6 shows the potential corresponding to the cosmology Eq. (5.46). Depending on the choice of the parameters n and p_0, the function V̄ (ϕ) has a number of local minima and maxima, can assume negative values, and also be unbounded from below.

The properties of cosmological potentials change very interestingly when going from the 4D picture to the braneworld. Take as examples fast-roll inflation with a standard scalar field and negative potentials [225, 226]. Fastroll inflation occurs by definition when the kinetic energy of the scalar field

Figure 5.6: Gauss-Bonnet potential dual to GB power-law inflation under the mapping (5.21), for some values of n and p_0. The region with ϕ < 1 (ϕ > 1) corresponds to duals with p_0 > 0 (p_0 < 0).

is small with respect to the potential energy, ϕ̇^2 ≫ V (ϕ). In this case one obtains a stiff equation of state (p = ρ) and a regime described by

a ∼ t^{1/3}, ϕ̇^2 ∼ t^{−2}, ϕ ∼ ln t , (5.47)

from the Klein-Gordon and Friedmann equations. This implies that at early times the kinetic term dominates over any monomial potential energy V = ϕ^m. In particular, under these conditions the behaviour of the singularity will depend on the kinetic energy regardless of the choice of the potential. In a generic patch with θ ≠ 0, the fast-roll regime is given by

a ∼ t^{1/(3q)}, ϕ̇^2 ∼ t^{θ−2}, ϕ ∼ t^{θ/2}. (5.48)

Thus the scalar field evolves quite differently in the RS (θ = 1) and GB (θ = −1) case. Near the origin, t ∼ 0, the fast-roll regime is achieved for any θ ≠ 0 when m = 2 and for θ > 4/(2 − m) when m > 2. Therefore the behaviour of the singularity may depend nontrivially on both the contributions of the energy density for suitable (and still simple) potentials on a brane (see also [54]).

Another result in four dimensions is that potentials with a negative global minimum do not lead to an AdS spacetime. According to the Friedmann equation H^2 = ρ, the energy density cannot assume negative values; therefore at the minimum V_{min} < 0 the scalar field does not oscillate and stop but increases its kinetic energy until this dominates over the potential contribution. Then one can describe the instability at the minimum in the fast-roll approximation through the only kinetic term; the Hubble parameter vanishes and becomes negative [so that (ϕ̇^2/2)^· > 0], and the Universe undergoes a bounce.

In a braneworld scenario this might not be the case. In fact, in the RS brane the Friedmann equation is H^2 = ρ[1 + ρ/(2λ)]. If the negative minimum is larger than the brane tension, |V_{min}| ≳ λ, then, after an eventual fast-roll transition, the quadratic correction dominates near the minimum and H^2 ≈ ρ^2. The scalar field can relax without spoiling the constraints from the equations of motion.

All that we have said can be investigated in greater detail by means of phase portraits in the three-dimensional space (ϕ, ϕ̇, H). Here we shall not explore the subject further and limit ourselves to the above qualitative comments, whose aim was to stress that complicated dual potentials cannot be discarded by general classical or semiclassical considerations. Rather, from one side they should be studied case by case; from the other side, one or more local features encountered by the scalar field during its evolution could induce interesting phenomena at the quantum level, for instance triggering premature reheating or a series of quantum tunnelings.

Self-dual solutions and power-law expansion: tachyon case

In the tachyonic case, from Eq. (5.23) we have H̄^2 = (−2q ln a)^{−1}, with p_0 = 3/2 for convenience; in order to have a real Hubble parameter with positive q, the dual solution corresponds to the time region with a < 1. The tachyon solution (θ = 2) to Eq. (5.29) is a(t) = exp^3 √ 9t^2/(8q).

Power-law inflation is achieved with a tachyon profile

T (t) = T_0t , V (T ) = V_0T^{θ−2}, (5.49) and a(T ) = (T/T_0)^n, H(T ) = nT_0/T, (5.50) for all q, where T_0 = √ 2/(3qn). Defining z ≡ (T/T_0)^2, Eq. (5.28) gives ż ∝ −(− ln z)^{−1/2}, and we get a real dual solution provided 0 < z < 1. Since z is a monotonic function of time (see Fig. 5.7 for z < 1), we express the dual quantities in terms of z itself:

ā = exp[−z/(2qn^2)] , (5.51a) |H̄| = (−q̄n ln z)^{−1/2}, (5.51b) ϵ̄ = qn(−z ln z)^{−1}. (5.51c)

Consistently with Eq. (5.24), the dual Hubble radius decreases with time and in fact the dual cosmology decelerates (ϵ̄ > 1). Figure 5.8 shows the behaviour of the found solution, together with the dual with p_0 = −3/2.

Figure 5.7: Numerical plot of the function z(t̄) describing the tachyonic cosmologies dual to power-law tachyon inflation. The solid line divides the solutions of the two dualities at z = 1.

Phantom and q-duality

Another duality relates standard solutions to phantom (l̂ = −1) superinflationary (ϵ̂ < 0) cosmologies through Eq. (5.21). For p_0 = −3/2, one has

â(ψ) = y^{−1}(ψ) , (5.52a) ŷ(ψ) = a(ψ) . (5.52b)

The mapping (5.52) together with Eq. (5.25) gives t̂ = −t̄, and we can get the phantom dual solution from the cyclic-dual one: ψ̂(t) = ψ̄(−t) , (5.53a)

â(t) = ā^{−1}(−t), (5.53b) Ĥ(t) = H̄(−t) , (5.53c)

ϵ̂(t) = −ϵ̄(−t) . (5.53d)

Figure 5.8: Tachyon cosmology dual to power-law tachyon inflation for arbitrary positive values of q and n. Each panel corresponds to the behaviour of ā(z), H̄(z), and ϵ̄(z) (from top to bottom).

One may realize a similar evolution with superaccelerating scale factor by preserving the null energy condition (ℓ ≡ 1) and flipping the sign of q. The mapping we impose is then

q_∗ = −q , (5.54a) θ_∗ = 4 − θ , (5.54b) ϵ_∗ = −ϵ . (5.54c)

The effect of this correspondence is also clear from Eqs. (5.14) and (5.23). Actually, the choice of the sign of q determines whether the dual solution is superaccelerating or not. Since the region with q < 0 generates a phantom cosmology, the name “cyclic” often adopted for the transformation (5.21) with p_0 > 0 is therefore misleading in a braneworld scenario with q < 0. Same considerations hold for the “phantom” mapping, which in this case would generate a solution without phantoms.

Sometimes we will say that cosmologies with q < 0 mimic scenarios with phantom matter; by this we refer to the above matching of the Hamilton- Jacobi equations and do not mean that there is an effective equivalence between the two, since in the first case the energy density decreases when the scale factor expands, while in the phantom case the energy density increases with a.

5.2.2 Regular dualities

It is not yet clear whether the dual solutions constructed so far, especially those with p_0 > 0, describe reasonable (not to mention viable) scenarios. At this point there are two possibilities. The first one is to accept these nonsuperaccelerating cosmologies and try to explain them by means of some deeper and still missing theoretical ingredient. The second one is to consider their exotic behaviour as a signal that we cannot impose p_0 > 0 (or even p = const) consistently in pure high-energy braneworlds (at least in the RS and GB cases), while the 4D cosmology can be dual to another 4D cosmology. This is due to the fact that the functions a(ψ) and y(ψ) live in different real image sets. Then a new path to follow is to find some mechanism which “regularizes” the dual solutions at the asymptotic past and future. The only degree of freedom we could exploit is given by the parameter p, which by this line of reasoning must depend on ψ. Therefore we are forced to assume Eq. (5.20), which generates the transformation

ā(ψ) = [a(ψ)]^{p0} , (5.55a) ȳ(ψ) = [y(ψ)]^{1/p0} . (5.55b)

For θ̄ ≠ 0 ≠ θ, the other dual quantities read

H̄(ψ) = (p_0ᾱ α )_{1/}¯_θ

H^{θ/θ̄} (ψ) , (5.56a)

ε̄(ψ) = ℓℓ̄ p^2_0 ε(ψ) ⇒ (5.56b)

ϵ̄(ψ) = θ θ̄p_0 ϵ(ψ) > 0 , (5.56c)

while t̄ = p_0 ( α p_0ᾱ

)_{1/}¯_θ ∫_ψ dψ (ln a)^′ H^{θ/θ̄} , (5.57)

so that ψ̄(t) = ψ(t) when θ̄ = θ.

In 4D (θ̄ = θ = 0), H̄(ψ) = H^{ℓℓ̄/p}0 (ψ) , (5.58a) t̄ = p_0 ∫_ψ dψ(ln a)^′/H^{ℓℓ̄/p0} , (5.58b) ϵ̄ = ℓℓ̄ϵ/p^2_0. (5.58c) The cross duality between the general-relativistic framework (θ = 0) and a high-energy braneworld (θ̄ ≠ 0) is, after a time redefinition, H̄(ψ) = [ln H(ψ)]^{−1/θ̄}, (5.59a) ϵ̄(ψ) = −ϵ(ψ)[p_0θ̄ ln H(ψ)]^{−1}, (5.59b) t̄ = p_0 ∫_ψ dψ (ln H)^{1/θ̄}(ln a)^′ . (5.59c)

Clearly, the effect of Eqs. (5.55), (5.56) and (5.57) results in a rescaling of time when θ̄ = θ, as one can verify by making the substitution

p_0 → p_0 ln ϕ^2 ϕ^2

, (5.60)

in the RS and GB power-law duals, Eqs. (5.43) and (5.46). In this case (which includes tachyon-tachyon dualities) duals without phantoms are achieved as long as p_0 > 0.

When θ̄ ≠ θ, this transformation relates the dynamics of different braneworld scenarios. According to the cross duality between RS and GB standard inflation, the dual solution does not superaccelerate if, and only if, p_0 < 0. The power-law case is trivial since the dual GB solution is ā = ϕ^{−2n̄} , H̄ = ϕ^2 , ϵ̄ = n̄^{−1} , (5.61) where n̄ ≡ −np_0 and ϕ(t) ∝ t^{−1/2}.

In the power-law case the mapping (5.55) can be realized also by

ā(ψ) = [ln y(ψ)]^s , (5.62a)

ȳ(ψ) = exp ( 1 sθ ∫_ψ dψ H H^′ ) , (5.62b)

where s is a real constant, giving a power-law dual ā = t^{|s|}. Note the domain range of the dual scale factor. The dual parameter ϵ̄ is

ϵ̄ = α ᾱθ̄θs^2 |H̄|^{θ̄} |H|^θ 1 ϵ , (5.63)

which shows how in general the mapping (5.62) is not equivalent to Eq. (5.55). This can be seen also by considering the action of the former in four dimensions, where the dual Hubble parameter reads

H̄ = exp [ − 3ℓ̄ 2s ∫_ϕ dϕ ln H (ln H)^′ ] . (5.64)

The 4D dual of the power-law solution (5.39) is ā = ϕ^s, H̄ = exp(−ϕ^2/s), and ϵ̄ = 2ϕ^2/s^2, with potential V̄ = (1 − ϵ̄/3) exp(−sϵ̄). If s < 0, there is an instability as ϕ → ∞, while for positive s the potential has a local minimum at ϵ̄_∗ = 3 + 1/s [being V^{′′}(ϵ̄_∗) ∝ s] and vanishes at large ϕ.

One can devise other transformations of the Hamilton-Jacobi equation than Eqs. (5.21), (5.55) and (5.62). The last example we give is the following:

ā(ψ) = exp ( − 1 r ∫_ψ dψ a^′ ) , (5.65a)

ȳ(ψ) = exp[ra(ψ)] , (5.65b)

where r is a real constant. For θ̄ ≠ 0 ≠ θ, the basic equations are |H̄| = ( ᾱ ra )_{1/}¯_θ , ϵ̄ = − r θ̄ a^{′2} a , ˙ψ̄ = −ra^′ ( ᾱ ra )_{1/}¯_θ . (5.66)

The RS→RS dual (r < 0) has

ā ∼ exp t^{1−n}, (5.67a) H̄ ∼ t^{−n}, (5.67b) ϵ̄ ∼ t^{n−1}. (5.67c)

The RS→GB dual (r > 0) has

ā ∼ exp t^{(1−n)/(1−2n)}, (5.68a) H̄ ∼ t^{n/(1−2n)}, (5.68b) ϵ̄ ∼ t^{(1−n)/(1−2n)}. (5.68c)

The GB→GB dual (r > 0) has

ā ∼ exp t^{(1+n)/(1+2n)}, (5.69a) H̄ ∼ t^{−n/(1+2n)}, (5.69b)

ϵ̄ ∼ t^{−(1+n)/(1+2n)}. (5.69c)

In the limit n → ∞, the GB dual of both RS and GB cosmology is ā ∼ exp √ t, that is the Randall-Sundrum self-dual solution with respect to Eq.

(5.21) and p_0 = 3/2.

5.3 Relations between ϕ and T cosmologies

5.3.1 Slow-roll correspondence

Because of the nonstandard kinetic term in the equation of motion for the tachyon, there is no field redefinition connecting Eqs. (3.23) and (2.31); in other words, the scalar and tachyon fields are dynamically inequivalent. However, we have seen that in the extreme slow-roll approximation the two descriptions are not distinguishable to lowest SR order, since, near a local extremum V ≈ const, one can rescale T such that ϕ = √ V T and V (ϕ) ≈ V (T ) [see Eq. (2.76)]. For this reason, any cosmological observable generated by an inflationary mechanism with sufficiently slow rolling will be rather insensitive to which of the equations of motion is governing the dynamics. As another example, we consider inflationary non-Gaussianity in Appendix B. In general, this first-order correspondence between scalar-filled and tachyon-filled backgrounds allows to relate cosmologies with different index q [162]. Thus, one might expect similar predictions for first-order quantities when there is no brane-bulk exchange; however, second-order effects may not be irrelevant when comparing the theory with observations, as it has been seen in Secs. 3.5.2 and 4.5.1. Outside the SR regime, the tachyon dynamics may lead to qualitatively different scenarios [186].

Also, there is a sort of triality among the Mukhanov equations for the scalar, tachyon, and tensor amplitudes: in fact, ν_ϕ = lim_{θ→2} ν_T and ν_h = lim_{η→0} ν_T . The first condition is a consequence of the definitions of the SR towers; the second one states that, when ϵ_T ∝ Ṫ^2 ≈ const, the quantum field u_k(δT ) evolves like its gravitational counterpart u_k(h).

It is worth noting that in higher-derivative theories the scalar and the tachyon may behave in a radically different way. The expression (2.7) is not the most general outcome from alternative gravitational theories. An example outside the braneworld framework is given by the four-dimensional gravitational action (2.8) with f(R) = ln R [129]. In the high-energy limit the Friedmann evolution reads

H^2 ≈ e^ρ , (5.70)

5.3. Relations between ϕ and T cosmologies 109

where we have absorbed some dimensional positive factors. The SR parameter (2.14) is ϵ = − ρ̇ 2H = 3 2 (1 + w) ln H^2 . (5.71)

Notably, the exponential behaviour of Eq. (5.70) does not completely spoil the patch equations we constructed above. Indeed, for an ordinary scalar field we have ϕ̇ = − 2H^′ 3H^2 ln H^2

, (5.72)

while the Hamilton-Jacobi equations read

V (ϕ) = ln H^2 − ϵ_ϕ 3 ln H^2

, (5.73a)

H^′(ϕ)a^′(ϕ) = −^3_2 ln H^2(ϕ)H^3(ϕ)a(ϕ) . (5.73b)

Therefore Eq. (5.73b) reproduces Eq. (2.77) when q = q(t) = ln H^2 and ~θ = 2 are independent quantities; the extra logarithmic term makes the dynamics deviate from the general patch. For the tachyon, the Hamilton- Jacobi system is

V^2(T ) = (ln H^2)^2 −^2_3 ϵ_T , (5.74a) H^′(T )a^′(T ) = −^3_2 [ln H^2(T )]^2H^3(T )a(T ) . (5.74b)

Equation (5.74a) does not reproduce the normal-scalar potential (5.73a) even at first order in ϵ.

5.3.2 q-correspondence

Another useful correspondence appears when taking the limit q → ∞ (θ → 2), which is another way to look at the parameter (2.75). Then, the SR towers (2.37) and (2.59) acquire the same dependence on the Hubble parameter; this fact, together with Eq. (2.78), tells us that the inflaton field formally tends to an evolution equation ψ̇ ∼ H^′/(qH^2).

Here “formally” means that, from a dynamical point of view, this limit is trivial because it forces the inflaton field to a static background ψ ≈ const [Eq. (2.86) guarantees that perturbations are frozen]. Nonetheless, if one keeps nonvanishing slow-roll parameters, it can help to derive and check tachyon H-SR tower and formulas from those of the scalar case; see Eqs. (2.43) and (2.60). In fact, general SR combinations will contain θ factors and remain asymptotically finite, a fact which we have translated into the adoption of ~θ; a cross comparison of the slow-roll equations in Chapters 2 and 3 nicely shows this feature. In [113] it was noted that the asymptotic cosmology θ = 2 gives the largest scalar spectrum and smallest scalar spectral index for a power-law inflationary expansion.

Looking at the exact solutions of Sec. 2.5, when going to the limit q → ∞ in the kinetic term ψ̇, scalar solutions approach the tachyonic ones within a given background scale factor; in particular, the parameter defined in the end of Sec. 2.5.2 λ → −n/2, and Eq. (2.98) matches Eq. (2.107). Using this trick, dynamically inequivalent setups are connected when considering the formal time evolution of the inflaton field with respect to the asymptotic gravitational background. In the holographic language [480, 481, 482], this is equivalent to consider the static solution as the common fixed point of the scalar and tachyon theories, with β-function given by β ∼ ψ̇ and in the limit in which the horizon-flow tower of the scalar theory approaches the H-SR tower and becomes dynamical.

We conclude with an interesting remark. The above dualities connect not only different braneworlds with the same type of scalar field but also patches with different scalars. If one wishes to construct cosmologies with a DBI tachyon, it is sufficient to start from a generic scenario (ψ, q, ~θ) and hit the dual (T, q̄, 2) via either Eq. (5.21), (5.55), (5.62) or (5.65). In particular, with Eq. (5.55)

H̄(T ) = [H(ψ → T )]^{θ/2}, θ ≠ 0 , (5.75) H̄(T ) = [ln H(ψ → T )]^{−1/2}, θ = 0 , (5.76)

in agreement with the previous results on power-law standard and tachyon inflation.

5.4 Remarks on cosmologies with q < 0

Let us come back to nonstandard cosmologies with negative q and make some considerations on their features. If the bulk moduli vary with time, the resulting Friedmann evolution on the brane changes accordingly and can be written as in Eq. (2.7) but with a time-dependent exponent q(t), at least in a small time interval and under particular energy approximations. The SR parameter ϵ would not be constant even in the case of constant index of state w, see Eq. (5.17). We stress once again that it is left to see whether such a moduli evolution can be consistently implemented in string theory. A sensible treatment of the moduli sector is crucial for a clear understanding of string cosmology; concrete examples have been constructed, e.g., in [210, 483, 484, 485, 486, 487]. Nonetheless, a few preliminary remarks might trigger some research in this direction.

5.4.1 q-bounce?

In the end of Sec. 5.2 we have seen that there is a formal duality, similar to the “phantom” duality, relating standard expanding solutions with q > 0 to superaccelerating cosmologies with q < 0. Now it would be interesting to see what are the properties of these solutions and whether they can play some role in bouncing scenarios, as true phantom components may do. For this reason, let us assume that (i) the moduli variation is such that a contracting

Figure 5.9: Inflationary expansion with a short q → −q → q transition. The physical Hubble length |R_H | (upper panel) and the comoving one |R_H |/a (lower panel) are plotted in arbitrary units of time. k denotes the comoving wave number of a perturbation exiting the horizon during the q-transition. For t < 0 a standard contracting behaviour is represented.

period with q < 0 is smoothly followed by a standard q > 0 expansion, and (ii) some stabilization mechanism is effective after the shift in the moduli space, so that the cosmological expansion on the brane can be described by one of the previous models (4D, RS, GB) at sufficiently late times. In the simplest toy model, we can consider a sharp transition from −q to q at the big bang, with 0 < q = const ≪ 1 around the bounce.

The contracting phase is deflationary since ä > 0 and is actually superaccelerating if the brane content is not phantomlike. The absolute value of the Hubble rate decreases to zero while the energy density ρ(t) approaches the singularity at ρ(0) = ∞; in a standard contracting phase (Fig. 5.9 for t < 0) it is the Hubble radius that decreases.

Note that at neither this nor any other stage we are saying anything about “the creation of the Universe,” since all these considerations regard the cosmological evolution from a brane-observer point of view rather than the global spacetime structure. Although the back-reaction on the brane is governed by the moduli evolution, the braneworld as a geometrical object does not undergo any dramatical transition and is considered to be present at any time in order to make sense of the modified Friedmann equation before, during, and after the bounce. Genuine braneworld creation has been considered in [488, 489].

There are several advantages in constructing a model of bounce with varying q. First, it avoids the reversal problem due to the monotonicity of the Hubble parameter in general relativity [439]. Second, one does not encounter the classical instabilities of background contracting solutions with w = const found in [362, 462]. In this case, from the continuity equation the energy density scales as ρ = a^{−3(1+w)}, up to some constant factor. In a contracting universe, if w ≲ −1 the energy density of the scalar field is nonincreasing, while an extra matter or radiation component increases with time. Therefore solutions with w ≲ −1 are not attractors as regards the isotropic cosmological evolution, while solutions with w > 1 (≫ 1 in cyclic or ekpyrotic scenarios) are stable.

Put into another way, for constant w one has R_H ∼ t and a ∼ t^{1/ϵ}. When 0 < ϵ < 1, a grows more rapidly than the Hubble radius and quantum fluctuations can leave the horizon; for q > 0, ϵ > 1, and H < 0, a necessary condition for getting a scale-invariant spectrum is that R_H shrinks more rapidly than a, that is ϵ > 1. When q < 0, the scale factor shrinks as the Hubble radius decreases and vice versa, and no apparent critical index of state is required.

Since there is no concrete model motivating a patch transition, this scenario is not less arbitrary than those invoking an ad hoc phantom matter. Matter with w < −1 has been advocated both in the context of bouncing cosmologies and for explaining modern data on cosmic acceleration. Although it has been criticized in many respects [384, 401, 490, 491] and is not strictly necessary to bring current observations to account [492, 493, 494, 495], a phantom component still can be embedded in string theory [435, 496] and has attractive features; for instance, in a cyclic phantom universe black holes are tore apart and are prevented to cannibalize the cosmological horizon during one of the contracting phases [459, 497, 498]. Of course this is not the case for q-cosmologies in which the null energy condition, determining the evolution of the black hole mass, is preserved.

Another clear shortcoming is that there is no apparent reason why the scale factor should reverse its evolution exactly during the q-bounce. Therefore there is no immediate relation between solutions with negative q and bouncing models of the early Universe. Anyway Eq. (2.7) is only a particular case of a wider and more realistic class of cosmological evolutions, to which the RS scenario itself does belong. If the nonstandard behaviour of the 4D Friedmann equation arises as a correction to the linear term, then it is natural to write it down as a polynomial (rather than a monomial) in ρ:

H^2 = b_1ρ^{q1} − b_2ρ^{q2} , (5.77)

where q_1, q_2, b_1, b_2 are constants; one can always set one of the b_i’s to 1 in appropriate units. In the RS two-brane case q_1 = 1, b_1 = 1, and q_2 = 2, while b_2 = −(2λ)^{−1} in the type 2 model (matter on the brane with positive tension) and b_2 = (2|λ|)^{−1} in the type 1 model (matter on the brane with negative tension). If b_1, b_2 > 0, then a bounce occurs at

ρ_b ≡ (b_2/b_1)^{1/(q1−q2)} . (5.78)

Under the additional assumption that sgn(q_1) ≠ sgn(q_2), a period of nonphantom superacceleration may dominate at some point of the evolution, according to the sign of the coefficients. But about this we will say no more.

5.4.2 q-bump?

Another possibility arises when the evolution of the moduli in the bulk is such that q changes from positive to negative to again positive values in some interval Δt = t_e − t_i. In the case the transition q → −q → q happens during the inflationary period, some interesting features in the power spectrum may be generated. A bump in the power spectrum would occur for those perturbations crossing the horizon during the patch transition. In the toy model, q(t) is a step function with sharp transitions and the characteristic time of the event is small with respect to the total duration Δt_{inf} of the accelerated expansion, Δt/Δt_{inf} ≪ 1; in Fig. 5.9 the interval Δt is exaggerated. Perturbations leaving the horizon during this period will break scale invariance in a comoving wave number interval Δk = k(t_e) − k(t_i).

To get some idea of the properties of the arising feature it is more convenient to consider a smoothly varying q, for example with a Gaussian profile centered at some time t_0,

q(t) = q_0 − q_1e^{−(t−t0)2/σ2} , (5.79)

where q_1 > q_0 > 0 and Δt ∼ σ is the region of validity of the approximation.

Let us recall that the expressions for the squared scalar and tensor amplitudes and their ratio are (β_q = 1) A^2_s(ψ) ∝ qH^{2+θ}/ϵ , A^2_t ∝ |q|H^{2+θ}/ζ_q , r = |ϵ|/ζ_q , (5.80) where ζ_q is a O(1) coefficient depending on the concrete gravity model and it has been assumed to be positive without loss of generality. Equation (5.80) is valid to lowest SR order; in fact, around q ∼ 0 the parameter ϵ ∼ 0 and the SR approximation still holds. The scalar and tensor indices are, near k_0 = k(t_0),

n_s − 1 ≈ −(2 + θ)ϵ + (1 − ϵ)γ , (5.81) n_t ≈ −(2 + θ)ϵ . (5.82)

A negative q ≈ q_0 − q_1 corresponds to θ > 2 and a very blue-tilted gravitational wave spectrum, an effect that has been found in ekpyrotic models also [448, 463, 464, 465, 466]. However, models with γ > 4ϵ have even a bluetilted scalar spectrum; if k_0 ≪ 10, that is at long wavelengths, this might fit with the loss of power in the CMB quadrupole region found in recent data. Note that the divergence θ → ∞ at the bounce is typical of purely adiabatic perturbations. In general relativity, the consistent introduction of entropy perturbations, generated by the mixing modes of a multicomponent fluid, compensates the curvature divergence [360] and a similar mechanism might operate in this case, too.

5.4.3 q-inflation?

Because of its features one might think to regard an expanding q < 0 era as a substitute of standard inflation. For example, we can devise a superaccelerating universe filled by a not-slow-rolling scalar field with a generic potential. The expansion inflates the fluctuations of the field (thus explaining the large-scale anisotropies) until the moduli evolution changes the sign of q and gracefully exits to a normal, decelerating expansion. A few properties of expanding q-models were already outlined in Chapter 2.

One of the most important strongholds of inflation is its capability to select a de Sitter vacuum from a non fine-tuned set of initial conditions. This property is encoded in the definition of the inflationary attractor of Sec. 2.4.

If there exists an attractor behaviour such that cosmological solutions with different initial conditions (i.c.) rapidly converge, then the (post-)inflationary physics will generate observables which are independent of such conditions. When θ > 2 (q < 0) in Eq. (2.86), H^′_o and ψ̇ have concording signs. In this case, linear perturbations are suppressed when |ϵ| < 3/θ; in the large θ limit, that is when q is close to vanish in the realistic case of smoothly varying moduli, this condition leads to a trivial de Sitter expansion H = β_0 insensitive of the matter content. Solutions with a greater SR parameter would depend on the initial conditions in an unpleasant way.

The condition |ϵ| < 3/2, though more stringent than those of standard inflationary scenarios with positive ϵ (4D and RS: ∀ϵ; GB: ϵ < 3), does not severely constrain the dynamics of the scalar field in order to have a sufficiently flat potential, provided not a too negative q. However, it is important to stress that this new picture might not replace inflation because of this possible fine tuning, |q| ≪ 1. Therefore it is not clear whether the dependence on i.c. would survive or not after the bump, although a sufficient amount of q-inflation might have erased any memory of the i.c. at this time.

6 Discussion and conclusions

And I said to my spirit, When we become the enfolders of those orbs and the pleasure and knowledge of every thing in them, shall we be filled and satisfied then?

And my spirit said No, we level that lift to pass and continue beyond. — Walt Whitman, Leaves of grass (1855 edition)

6.1 Summary of the results

In this work we have considered an inflationary period started by a single scalar field, with either an ordinary or Born-Infeld action, slowly “rolling” down its potential and driving an early-Universe period of accelerated expansion. Quantum fluctuations of this scalar field generate the perturbation structure explaining the small anisotropies of the cosmic microwave background. By means of the slow-roll formalism, several consistency relations have been derived and used to compare theoretical predictions and modern experimental data. Cosmological models with a variety of different high-energy ingredients have also been confronted, using a modified effective Friedmann equation (describing the cosmological evolution on the brane) and/or a maximally symmetric realization of noncommutative spacetime. In the latter case, spacetime is assumed to have a “fine-grained” structure at quantum scale, which rather surprisingly modifies the large-scale spectrum of primordial perturbations. Modifications of the Friedmann equation were assumed to be valid within finite time intervals or, equivalently, in particular energy regimes (or “patches”) experienced by the inflaton field during the early cosmological evolution. Thanks to the patch approach, we have obtained a Hamilton-Jacobi and SR formulation of the cosmological evolution which is valid for many known gravitational theories either in a particular energy limit or time interval.

Despite all the shortcomings of this approximated treatment of extradimensional physics, it gives several important first-impact informations.

Different braneworld models are treated in a simple, unified way. The fourdimensional scenario as well as tachyon inflation are automatically included, without performing separate analyses of the cosmological dynamics. We have achieved the following results for commutative inflation:

– Previous assessments on tachyon and normal scalar inflation have been extended to the patch context, in particular regarding the inflationary attractor, exact solutions, perturbation spectra, non-Gaussianities, Hamilton-Jacobi formulation, and dualities.

– The consistency relations describing the inflationary spectra are definitely broken in the presence of extra dimensions and can discriminate between standard four-dimensional and braneworld scenarios. We have also provided many elements useful for probing the viability of braneworld models through the latest observational data of the cosmic microwave background.

– We have generalized the four-dimensional triality between inflationary, cyclic, and phantom cosmologies to the patch case. The simple 4D relations between the SR parameters of models with an ordinary scalar field are broken and extended consequently. The self-dual solutions and the duals of power-law inflation have been provided in the presence of either a normal scalar field or a Born-Infeld tachyon. The structure of the triality is deeply modified: The cosmologies dual to inflation either display singularities within finite time intervals or are not singular at the origin. This last feature is appealing as regards the construction of nonsingular bounces. Finally, starting from a new version of the “phantom” duality, we have set some remarks on cosmologies with q < 0.

– Under certain assumptions, it can be shown that the linear cosmological spectrum comes from the first term of a gradient perturbative expansion of a nonlinear curvature perturbation satisfying a generalized Mukhanov equation of motion. The bispectrum of this quantity, which involves it at second order, governs the non-Gaussian signature eventually detectable in the CMB. By neglecting the projected Weyl tensor on the brane, we have found that the pure inflationary contribution to the nonlinearity parameter f_{NL} is proportional to the braneworld scalar spectral index and therefore unobservable, in agreement with past 4D calculations.

In Chapter 4 we have considered several classes of noncommutative inflationary models within an extended version of patch cosmological braneworlds, starting from a maximally invariant *-generalization of the action for scalar and tensor perturbations. The noncommutative cosmological model by Brandenberger and Ho has been developed from both the theoretical and experimental point of view, showing that new compelling features arise when considering the presence of a noncommutative scale. A full analysis of these models and their observational consequences have been interpreted in the light of WMAP data (in collaboration with Shinji Tsujikawa). The main results are:

6.1. Summary of the results 117

– Class 1 and class 2 models are appreciably distinct from each other in the full span of the spectrum.

– BH and New models give almost the same predictions in the IR region of the spectrum.

– The relative running (4.73) is generally more pronounced in the GB scenario than in 4D, while in RS the effect is less evident. Either increasing n_s or going to the commutative limit, H/M_s → 0, the relative running Δα_s tends towards positive values.

– The consistency relation n_t ∝ R, Eq. (4.108), greatly differs from one noncommutative model to another. The perturbations are always bluetilted for the class 1 scenario, thus giving positive values of n_t/R. This unusual property comes from the fact that the mechanism for generating fluctuations is different from the standard case due to the stringy uncertainty relation in momentum space.

– Expressing the inflationary observables {A^2_s , R, n_s, n_t, α_s, α_t} in terms of the horizon-flow parameters, the likelihood analysis of these quantities is the same for both types of scalar fields. One can find some difference in the n_s-R plane by the noncommutative modification of consistency relations. The main change appears in the maximum value of R (= R_{max}) and it ranges in the region 0.5 ≲ R_{max} ≲ 0.7.

– We have also placed constraints on the large-field monomial potentials V = V_0ψ^p (including the exponential potential V = V_0e^{−ψ/ψ0} by taking the limit p → ∞) in the 4D, RS, and GB cases in (non)commutative spacetime. For the ordinary scalar field ϕ:

. The quartic potential is rescued from the marginal rejection in the noncommutative class 2 4D case (σ = 2).

. Steep inflation driven by an exponential potential is excluded in the commutative RS scenario, but is allowed in the noncommutative class 1 RS case (σ = 6). The quartic potential is compatible with observations both in the class 1 and class 2 RS cases, but it is not so in the RS commutative case.

. The quartic potential exhibits a compatibility with observations for the class 2 GB case, while it does not in the other two cases (GB0 and GB1).

For the tachyon field T :

. A scale-invariant spectrum (n_s = 1) is generated for p = 2 in the noncommutative class 1 case irrespective of the kind of patch cosmologies.

. Even steep inflation is allowed due to small values of the tensor-to-scalar ratio in the three patch classes.

All these properties have been investigated both analytically and numerically.

– We have also pointed out a possibility to explain the suppression of CMB low multipoles using a blue-tilted spectrum generated in the IR regime. Although noncommutativity can provide a better fit of the spectrum for low multipoles, it is not easy to fully explain the loss of power. Anyway, this spectral region chiefly suffers from cosmic variance and the experimental data at large scales (l = 3, 4) are not determined with sufficient accuracy.

– Inflationary non-Gaussianity does not change significantly when considered in a noncommutative framework.

6.2 Open questions

The patch formalism will prove adequate for developing new scenarios with a modified Friedmann equation, different from those constructed so far. However, it is important to stress what are the assumptions and eventual shortcomings of this approach in order to push forward our knowledge and walk through a path that – for myself, I do not even say has been taken yet – people have begun to catch a glimpse of.

6.2.1 Bulk physics

With no reference to the gravitational sector, two important assumptions, intimately connected with the evolution of the matter content, emerge; namely, to consider an empty bulk and neglect the Weyl tensor contribution. In particular, there is no source term in the continuity equation (2.10). In the Randall-Sundrum model, several works have shown that bulk physics mainly affects the small-scale or late-time cosmological structures, i.e., that part of the spectrum which is dominated by post-inflationary physics [146, 147, 148, 149, 150, 151]. However, it is possible that a nonzero branebulk flux would modify the inflationary spectra. For instance, production of particles when the inflaton does not lie in its vacuum state can generate a non-Gaussianity signature during the accelerated expansion [499, 500, 501]. CMB observations strongly constrain the maximum number density of these particles and the n-point correlation functions of the resulting perturbations; with a brane-bulk exchange mechanism and interactions at the KK energy scale, this number density, as well as the predicted non-Gaussianity, may vary nontrivially. Thus, the adoption of a modified continuity equation may lead to a richer scenario. See, e.g., [139, 140, 141, 142, 143, 144, 145] for Randall- Sundrum cosmologies with nondiagonal bulk stress-energy tensor and [502] for a six-dimensional example (but see also [503]).

Future studies of patch cosmology with implemented bulk contributions will be crucial for several reasons. For example, one should consider the contribution of the nonlocal physics of the bulk in order to set a truly consistent picture of braneworld cosmologies and dualities.

In the typical inflationary context, Eq. (2.7) encodes the most part of the braneworld effective evolution; in fact, the simplest contribution of the projected Weyl tensor is ∝ a^{−4} and is damped away during the accelerated expansion. However, the dark radiation term is no longer negligible in a shrinking universe and should be taken into account when relating an inflationary evolution to its contracting dual.

Also, a way to generate a stronger non-Gaussian signal in the braneworld context might be to include the Weyl contribution, but as we have seen in Sec. 2.1.2 we should expect it to play a negligible role in the long wavelength limit. Nevertheless, this issue will deserve further attention for at least two good reasons. The first is that Weyl damping was considered and shown only in the case of linear perturbations, while the stochastic Langevin equation for the curvature invariant holds at all orders. The second is that bulk physics intrinsically provides a noise source to the Mukhanov equation through an infinite tower of Kaluza-Klein scalar modes dominating at short wavelengths [151]. Therefore, while Eq. (B.30) would keep being valid, an important contribution to the stochastic noise term (B.37b) might be lacking in the present analysis. In this case the consistency equations, included Eq. (B.50) even in the squeezed limit, would be spoiled anyway [256].

6.2.2 More on noncommutativity

Noncommutative models are far from being completely explored. For instance, one could impose also the extra dimension(s) to be noncommutative and extend the algebra (4.13) or other realizations to the transverse direction(s). A brane with finite thickness would emerge because of the minimum length scale l_s; in this case our analysis could be thought as performed on mean-valued quantities along the brane thickness. For example, ρ → ⟨ρ⟩ ∼ ∫ brane ρ dy, p → ⟨p⟩, and so on. The subject requires further in-

vestigation and a good starting point might be the cosmological thick brane setup [504, 505, 506, 507, 508, 509, 510, 511, 512, 513].

An interesting possibility is to choose another vacuum state rather than the adiabatic vacuum with which the perturbation spectrum is usually calculated. This scheme has been outlined in [297] and developed in [293, 301]. Another important aspect is the extension of SR calculations to next-to-leading order; the use of the gravitational version of the function z(~η), Eq. (3.44), would permit to compute higher-order expressions for both the tensor amplitude and the consistency equation for the tensor index.

6.2.3 More on patches and beyond

Beside Weyl physics, other possible ingredients have been left aside in this work. One of them is the influence of quantum correction to the braneworld model, embodied in an induced gravity term in the 4D brane action [272, 461, 514, 515, 516, 517, 518, 519, 520, 521].

In parallel, it would be interesting to explore two other directions. The first, most important issue should be to find new cosmological scenarios with θ ≠ 0, ±1, 4 and exploit the compact formalism provided by the patch formulation of the cosmological dynamics. Certainly there could be a lot of work for M/string theorists in this sense. In particular, we would like to motivate q < 0 scenarios within string theory, super or quantum gravity, since at this stage they are rather speculative.

A priori, it would be useful to investigate whether some regions of the line of patches θ are excluded or not by observations. A clear answer in this respect would constrain any new braneworld scenario with a nonstandard Friedmann equation with θ ≠ 0, ±1. In the 4D case (θ = 0), we have addressed a similar question for the noncommutative quantity σ and performed a likelihood analysis with a very large prior (|σ| < 100) [93]. The parameter did not show a good convergence, as the tensor index n_t can be made smaller by choosing a smaller R in Eq. (4.108). Since the same result holds when varying θ and assuming the set {n_t, ζ_qR} to be constrained by Eq. (4.108), one has to consider fixed values of any extra parameter which modifies the four-dimensional scenario. Then we have not been able to say anything about the viability of a general patch cosmology.

The second direction is related to the dual picture and goes towards a study of the cosmological perturbations through the bounce, by further modeling the too simple step-function transitions we presented. A more concrete model would try to provide a smooth big crunch/big bang phase and allow a nonsharp transition in q.

In order to fully resolve the singular bounce we should rely on a description more general than classical gravity. To find reasonable solutions of the big bang singularity and embed a bouncing picture in a well-established (stringy) theoretical framework will perhaps be one of the most promising lines of research in the following years, not only for the immediate cosmological implications (observability of pre-inflationary physics and comprehension of the high-energy early Universe) but also because it might lead to a better understanding of the still controversial but intriguing landscape of vacua [522, 523].

Let us conclude with a fundamental question which lay hidden in these lines and nevertheless should be answered: What about cosmic confusion? Can we rely on the consistency equations and CMB observations as a smoking gun for both braneworld and noncommutative scenarios? In the context of the patch formalism the answer, presumably, is no. As it typically happens in cosmology, other completely different frameworks could mimic the features we have exploited, and even simple 4D multifield configurations produce a nonstandard set of consistency relations [275, 524, 525]. Some general relativistic models may predict a set of values for the observables {n_t, R, n_s, α_s, . . . } close to that of a braneworld within the experimental sensitivity. Even noncommutativity may not escape this “cosmic degeneracy” since, for example, a blue-tilted spectrum can be achieved by 4D hybrid inflation. So we can talk about clues but not proofs for high-energy cosmologies when examining the experimental data.

The subject has to be further explored in a more precise way than that provided by the patch formalism in order to find out more characteristic and sophisticated predictions, extending the discussion also to the small-scale region of the spectrum. Nonambiguous physical evidences for extra dimensions or other aspects of string/M theory would open up a new season (we would daresay “era”) for our modern view of the high-energy and geometrical structure of spacetime and would dramatically boost the theoretical research for a viable, completely consistent theory. Therefore I do believe it will be important to capitalize at least part of our efforts in the inspection of models giving reliable predictions to be tested in the near future. Whatever the final answer turns out to be, there is hope of tracking down braneworld signatures through the inflationary physics and related experiments.

Appendix A

Exact solutions in the RS braneworld

Hawkins and Lidsey [156] have found several exact solutions for the Randall- Sundrum single brane inflation. Here we will consider just two of them and show that at sufficiently late times they approach the 4D power-law solution with constant SR parameters, thus providing a reasonable background around which to construct lowest-order perturbation amplitudes [95]. The first model has

a(τ ) = ( τ + √ τ^2 − 1 )_p , (A.1)

ϕ(τ ) = 1 γ ln ( τ + √ τ^2 − 1 ) , (A.2)

where p > 1/3, γ = √ 4π/(pm^2_4), and τ = √ 4πλ/(3p^2m^2_4) (t − t_0) is the rescaled time, with t_0 being an arbitrary integration constant. Using the notation v_τ = dv/dτ for the variable v, we have H̃ ≡ a^τ a = p √ τ^2 − 1

. (A.3)

The slow-roll parameters are

ϵ = η = 1 p τ √ τ^2 − 1

, (A.4)

ξ^2 = 1 p^2 τ^2 + 1 τ^2 − 1

. (A.5)

In the second model,

a(τ ) = (4τ^2 − 1)^{p/2} , (A.6) cosh[γϕ(τ )] = 2τ , (A.7) H̃ = 4pτ 4τ^2 − 1

, (A.8)

124 A. Exact solutions in the RS braneworld

and ϵ = 1 p ( 1 + 1 4τ^2 ) , (A.9) η = 1 p 4τ^2 − 1 4τ^2 + 1

, (A.10)

ξ^2 = 1 p^2 ( 1 + 1 4τ^2 ) ( 4τ^2 − 1 4τ^2 + 1

)_2 . (A.11)

In the limit τ → ∞, these solutions tend to power-law inflation [228], with H = p/t and ϵ = η = ξ = 1/p. This occurs both when the brane tension is very large and at late times. Actually one can fix the integration constant t_0 such that ϕ(t = 0) = 0, whence t_0 ∼ −m_4/ √ λ; with this choice, one can show that the approximation with constant SR parameters is valid at large times, for instance when t ≳ 10^3 t_4, where t_4 = m^{−1}_4 ≈ 5.4 · 10^{−44}s is the Planck time. Thus we have shown that there exist exact solutions with late time constant SR parameters. Anyway, the reader can convince oneself that the approximation is good by checking the behaviour of the scale factor a near the origin of time (first model: τ ≈ 1; second model: τ ≈ 1/2). In both cases, again, one obtains a power law (a ≈ τ^p and a ∼ t^{p/2}, respectively) which, combined with the asymptotic behaviour of ϕ(τ ), generates constant SR parameters.

Appendix B

Inflationary non-Gaussianity

After a brief introduction to the issue of Gaussianity, in this section we achieve three goals. The first is to demonstrate the validity of the Mukhanov equation for the braneworld, at least at large scales (Sec. B.3); not only the method we shall adopt gives independent support to other proofs (e.g., [151, 256]), but is valid beyond the linear order in perturbation theory. The second outcome is the bispectrum of perturbations generated by either a cosmological tachyon or scenarios, such as high-energy braneworlds, with a modified Friedmann equation (Sec. B.4). Finally, in Sec. B.5 these results are extended to the case of a maximally symmetric noncommutative spacetime.

B.1 Linear perturbations are Gaussian

Once one knows the spectrum A^2_Φ (also denoted P_Φ, depending on the numerical coefficient in the definition) for a given scalar or tensor perturbation Φ, one can ask what are the probability distributions P [Φ] and P [Φ_k] of the fluctuations in real and Fourier space, respectively. In the latter,

Φ(x) = ∫ d^3k (2π)^{3/2}

Φ_k(t)e^{ik·x}, (B.1)

where the Fourier coefficients describe the fluctuation Φ̂_k ∝ δψ̂_k for each wave number (hats indicate quantum operators).

In the vacuum state |0_k⟩, the components of the field Φ̂_k do not have definite values. Rather, we can expand the vacuum state into a combination of eigenstates of the fluctuation:

|0_k⟩ = ∑ u c_u|0_k⟩_u , (B.2)

Φ̂_k|0_k⟩_u = Φ^u_k|0_k⟩_u , ∀ k , (B.3)

where the sum is over the ensemble of all the possible universes u. The probability to find a given distribution P [Φ^u_k] of fluctuations will be given by the squared coefficient |c_u|^2 in the vacuum expansion. As we can observe only our Universe, in order to proceed we must assume that the Universe we live in corresponds to a particular choice ū in the ensemble. Since in this case, at variance with the usual quantum experiments in laboratory, to choose an eigenstate is not equivalent to perform a measure, there arises the problem to understand what mechanism has forced the vacuum state into one of the eigenstates it is made of. The issue of the cosmic choice, intimately related with the quantum to classical transition of cosmological perturbations, is still unclear in many respects; some authors have considered it as a decoherence process, that is, a destruction of interference terms in density matrices [526, 527, 528, 529].

Let us admit to have a set of well-defined Fourier eigenvalues Φ^ū_k for a fixed universe choice; ignoring henceforth the superscript ū, they can be written as Φ_k = |Φ_k|e^{iϑk} = ℜ(Φ_k) + i ℑ(Φ_k) . (B.4)

In order to describe the statistical behaviour of cosmological perturbations, we recall some results on random fields [530, 531]:

1) If a random field Φ(x) can be expressed as a Fourier superposition of coefficients Φ_k such that ℜ(Φ_k) and ℑ(Φ_k) are statistically independent and with the same distribution for all k, then the probability distribution P [Φ] of the field is Gaussian. This is equivalent to state that the phases ϑ_k are randomly distributed.

2) The statistical properties of homogeneous and isotropic Gaussian random fields with zero mean, ⟨Φ(x)⟩ = 0, are completely described by the two-point correlation function

P_Φ(x, x^′) ≡ ⟨Φ(x)Φ(x^′)⟩_{t=t}′ (B.5) = P_Φ(ϱ) , (B.6)

where ϱ = |x − x^′|, or, equivalently, by the power spectrum

P_Φ(k) ∝ k^3⟨Φ_kΦ_{−k}⟩_t , (B.7)

where ⟨fg⟩_t ≡ ⟨f(t)g(t)⟩. Here, angle brackets indicate the mean on a collection of universes or, in the case of a quantum operator, its mean value in the vacuum state. For Gaussian random fields, the (2n + 1)- point correlation functions^1 vanish identically, while the 2n-point correlation functions can be expressed through the only power spectrum.

3) A Gaussian field is ergodic, that is its spatial means in a given realization ū are equal to the expectation values on the entire ensemble, if, and only if, its spectrum is continuous.

When applying these theorems to the above cosmological quantum fluctuations, one gets the following results:

1And the connected part of the 2n-point correlation functions [532].

B.1. Linear perturbations are Gaussian 127

1) The real and imaginary part of each coefficient, Eq. (B.4), behave like two independent harmonic oscillators for each k, as shown by the equation of motion for the fluctuation. This is clearer for the gauge-invariant fluctuation u_k, which is an oscillator in conformal time with squared mass (k^2 − d^2_ηz/z). In the vacuum state they have the same probability distribution, given by the ground-state wave eigenfunction of an harmonic oscillator: a Gaussian. Another way to see this is to note that under this condition the phases ϑ_k are mutually independent, randomly distributed in the interval 0 ≤ ϑ_k < 2π, and such that ϑ_{−k} = −ϑ_k. If the phase of each mode is random, then the central limit theorem guarantees that the superposition (B.1) is Gaussian if the number of modes is large. That is, one has ⟨Φ^∗_{−k}Φ_k⟩_t = ⟨Φ^2_k⟩_t = 0, and the probability to have a fluctuation Φ(x, t) at the point x is

P [Φ] = e^{−Φ2 /(2σ2Φ)} √ 2πσ^2_Φ

, (B.8)

where σ^2_Φ ≡ ⟨Φ^2(x)⟩_t = ∫_∞ 0 dk k P_Φ(k) , (B.9)

is the variance of the distribution. In the approximation of linear theory, cosmological fluctuations have a Gaussian probability distribution.

2) By the cosmological principle, the resulting distribution is homogeneous and isotropic, implying that the coefficients Φ_k as well as the spectrum P_Φ depend only upon the absolute value k. The two-point correlation function depend only on ϱ (Wiener-Khintchine theorem):

P_Φ(ϱ) = ∫_∞ 0 dk k P_Φ(k) sin(kϱ) kϱ . (B.10)

Also, cosmological fluctuations are completely described by the power spectrum.

3) The definition of the perturbation amplitude (B.7) has the ergodic property, therefore being consistent with the initial assumption for the cosmic choice for any continuous transfer function describing the time evolution of the perturbation. Then, the statistical properties of the perturbations are evaluated in the ensemble of spatial points in the sky vault.

The Gaussianity of the statistical distribution for the perturbations is a direct consequence of (i) neglecting second-order terms in the equation of motion and (ii) taking the cosmological principle for granted. Actually both these are approximations, although very good according to experiments, of the theoretical setup and the real world, respectively. When going beyond the linear theory and accepting some deviation from perfect isotropy, as CMB probes do indicate, small departures from the Gaussian distribution will appear and provide new interesting features to explore.

B.2 Bispectrum and non-Gaussianity

According to the inflationary paradigm, small quantum fluctuations of the inflaton field are amplified to cosmological scales by the accelerated expansion. These perturbations then leave their imprint into the cosmic microwave background as thermal anisotropies. Two main physical observables are generated by this mechanism, namely, the scalar spectrum, which is (the Fourier transform of) the two-point correlation function of scalar perturbations, and the bispectrum, coming from the three-point function [533, 534, 535]. For the curvature perturbation on comoving hypersurfaces R, this reads

⟨R(k_1)R(k_2)R(k_3)⟩ = −(2π)^3δ^{(3)} (k_1 + k_2 + k_3) × ∑ i<j 2f_{NL}(k_i, k_j )⟨|R_L(k_i)|^2⟩⟨|R_L(k_j )|^2⟩ ,

(B.11)

where ⟨|R_L(k)|^2⟩ is the power spectrum of the linear Gaussian part R_L of the curvature perturbation with comoving wave number k, sum indices run from 1 to 3, and f_{NL} is the nonlinearity parameter.^2 If f_{NL} is momentum independent, one can write the gravitational potential in terms of R_L: in real space, R(x) = R_L(x) − f_{NL} [ R^2_L(x) − ⟨ R^2_L(x) ⟩] , (B.12)

which gives Eq. (B.11) with f_{NL} shifted outside the summation over the k_i’s. When the statistical distribution is Gaussian, f_{NL} = 0, the three-point function vanishes. In terms of the CMB temperature fluctuation ΔT (ê)/T , measured along the direction ê, the limit of the bispectrum at zero angular separation is the skewness, S_3(ê) ≡ ⟨(ΔT/T )^3⟩. For practical purposes, this is a less sensitive probe for non-Gaussianity than the bispectrum [535].

So far in this work we have restricted the discussion of cosmological perturbations to the power spectrum, implicitly assuming to deal with all the relevant informations that can be extrapolated from the sky. In many respects, the measured two-point correlation function is able, all by itself, to both describe the microwave sky in great detail and place observational constraints on the features of early-Universe models such as inflation.

However, the experiments of the last generation have radically changed the general attitude towards cosmology and made possible what is now recognized as a “precision era.” The physical scenarios explaining the large-scale structure of the Universe can be refined by more and more accurate observational inspections. Therefore it is natural to consider the bispectrum, too, and ask what signatures of non-Gaussianity we might expect from a given theoretical model (see [539] for a comprehensive review).

2Our definition of the nonlinearity parameter (sometimes dubbed f^R_{NL} in literature) is −2 · 3/5 that of [536, 537] (there denoted Φ_3), −3/5 times that of [535], and 3/5 times that of [235, 538]. The factor of 3/5 comes from the definition of f_{NL} through the peculiar gravitational potential Ψ_4, which is Ψ_4 = −3R/5 during matter domination.

B.2. Bispectrum and non-Gaussianity 129

A non-Gaussian spectrum can arise according to a number of different mechanisms: just to mention some, late-time nonlinear evolution of cosmic structures [540], multifield inflation or inflation with scalar spectators [541, 542, 543, 544, 545, 546, 547, 548], curvaton scenario [549, 550, 551], nonvacuum inflation [499, 500, 501], higher-dimension operators in the inflaton Lagrangian [552], DBI-like inflaton [553],^3 ghost inflaton [554], and, more commonly, self-interacting inflaton [555, 556, 557, 558, 559]. Non-Gaussianity was also considered in generalized Brans-Dicke gravity [560] and D-D̄ brane inflation [201].

In four dimensions, it turns out that the inflationary contribution to the nonlinear parameter is 4f_{NL} ≈ n_s − 1 = O(ϵ) for a single ordinary scalar field [235, 538]. It would be interesting to see how this result is modified for braneworld cosmologies and tachyon-driven scenarios. Intuitively, we do not expect a dramatic quantitative change in the effect since the patch formalism does not interfere with SR expansions except for the value of the coefficients in front of the SR parameters themselves. We have verified this guess in two ways.

A preliminar confirmation comes from the stochastic approach of Gangui et al. [536]. This approach permits to estimate the order of magnitude of the effect by just considering second-order fluctuations of a self-interacting inflaton field and no gravitational fluctuations. This might seem too crude an approximation, since one should go up to second order in perturbation theory in order to fully take gravitational back-reaction into account and treat the bispectrum consistently. Surprisingly, the inflaton perturbation really encodes the main feature of the model apart from the resulting incorrect combination of SR parameters.

Stochastic inflation is an approximated method according to which the solutions of the equation of motion for the scalar perturbation in the long wavelength limit k ≪ aH are connected to those in the k ≫ aH limit at the Hubble horizon [561, 562, 563, 564, 565, 566]. The scalar field (or other derived quantities) is separated into a “classical” or coarse-grained contribution ψ^{(c)}, encoding all the modes larger than the Hubble horizon, and a quantum or fine-grained part ψ^{(q)} taking into account the in-horizon modes. Therefore, the classical part is the average of the scalar field on a comoving volume with radius ∼ (aH)^{−1}. With this decomposition, the equation of motion for ψ becomes a Langevin equation with a stochastic noise source generated by the fine-grained contribution of the quantum fluctuations (see [567] for an extension to stochastic inflation with colored noise).

Actually, we have performed the calculation of [536] with the general FRW equation (2.7) and the V-SR tower both for the scalar field and the tachyon. So, f_{NL} = O(ϵ) for a generic braneworld filled with a scalar field ψ. As we shall see, the key assumption giving rise to this behaviour is the validity of the standard continuity equation, Eq. (2.10). The presence of a brane-bulk

3This model is quite distinct from the DBI cosmological tachyon. While the former predicts a strong non-Gaussian signature, the latter is more similar to standard inflation.

flow would introduce genuinely novel features and considerably complicate the set of dynamical equations. Also, in the presence of extra dimensions the gravitational contribution may lead to a nontrivial behaviour of secondorder perturbations, since to this order the interplay between extra-horizon scales and small scales may become quite delicate. This would impose a more rigorous treatment and a full second-order calculation in order to carefully evaluate non-Gaussianity produced during inflation, e.g., like that performed in [235] for the four-dimensional case.

A very powerful approach in this sense is the space-gradient formalism of [238, 239, 262, 568], a development of the separate universe method [255] (see also the earlier works [237, 569, 570, 571, 572]). We shall follow the notation of the cited papers closely, and skip details that can be found there unaltered by brane or tachyon physics. To begin with, it is convenient to work in the induced metric [573]

ds^2_4 | | |_{brane} = N^2(t, x)dt^2 − a^2(t, x)dxidx^i, (B.13)

where N is the lapse function and a(t, x) is a locally defined scale factor; in the synchronous gauge we used so far, N = 1. The Hubble parameter reads H = ȧ/(Na), where dots will denote derivatives with respect to t. Also, we define Π ≡ ψ̇/N. The SR parameters (2.79a) and (2.79b) are rewritten as (β_q units) ϵ = − Ḣ NH^2 = 3q 2 H^{~θ} Π^2 H^2

, (B.14) η = − Π̇ NHΠ , (B.15)

while their evolution equations are ϵ̇ = NHϵ [( 2 − ~θ ) ϵ − 2η ] , (B.16) η̇ = NH ( ϵη − ξ^2 ) , (B.17)

ξ^2 = 1 NH^2 ( Π̇ NΠ )_· . (B.18)

In the separate universe approach, the physical quantities such as H(t, x), the scalar field ψ(t, x), cosmological perturbations and observables are defined on an inhomogeneous background and evolve separately through the dynamical equations at each point once the initial conditions have been specified. Then we can transform time derivatives into spatial gradients like ∂_iH H = −ϵ H Π ∂_iψ , ∂_iϵ = 2ϵ [( θ − θ 2 ) ϵ − η ] H Π ∂_iψ , (B.19)

where the index i runs from 1 to 3, θ = 1 for the ordinary scalar field, and θ = θ/2 for the tachyon.

B.3. Generalized Mukhanov equation and stochastic inflation 131

At large scales, second-order gradient terms can be neglected and the gradient generalization of the Bardeen potential [574] is conserved [262]: ζ_i ≡ X_i − NH ∂_iρ ρ̇ , (B.20)

ζ̇_i = 0 , (B.21)

where X_i ≡ ∂_i ln a. In the braneworld case, the long wavelength limit was advocated for consistently neglecting the projected Weyl tensor; this in turn is deeply intertwined with the other fundamental constraint, that is a standard continuity equation ρ̇ + 3HNρ(1 + w) = 0 . (B.22) For a scalar field, the curvature perturbation ζ on hypersurfaces with constant energy density coincides with the curvature perturbation R on comoving hypersurfaces, which as a vector quantity reads R_i ≡ X_i − H Π ∂_iψ . (B.23)

In the linear approximation, Eq. (B.23) is the spatial gradient of R, Eq. (3.4). The spatial gradient of the Mukhanov-Sasaki variable u corresponds to the linear limit of Q_i ≡ −zζ_i = −zR_i = ã ( ∂_iψ − Π H X_i ) , (B.24)

where z is given by Eq. (3.9) and ã ≡ zH/Π. In the generalization to the nonsynchronous gauge N ≠ 1, z = aΠ c_S H^θ = a ( 2ϵ 3qc^2_S H^θ )_{1/2} , (B.25)

where the speed of sound c_S is c_S = 1 for the ordinary scalar field and c_S = √ 1 − 2ϵ_T /(3q) for the tachyon. For the ordinary scalar field, ã = a.

From Eqs. (B.19), (B.24) and (B.25) we get

∂_iz = −Q_i + ã∂_iψ[1 + θϵ − η + (θ − 1)ς^2] , (B.26)

where the quantity ς^2 ≡ q NH ċ_S c_S = 4qϵ_T η_T 3q − 2ϵ_T , (B.27)

is second order in the SR parameters.

B.3 Generalized Mukhanov equation and stochastic inflation

The evolution equation for Q_i can be computed within the multifield framework of [238]. Here we consider the same calculation for a single field ψ in a patch given by Eq. (2.7); the results will match each other in the 4D case. The first time derivative of Eq. (B.24) is

Q̇_i = ż z Q_i = NHQ_i [ 1 + θϵ − η + (θ − 1)ς^2 ] . (B.28)

Another derivation gives Q̈_i − z̈ z Q_i = 0 . (B.29)

However, it is more convenient to keep the decaying mode implicitly dropped in the recursion of Eq. (B.28); then the equation of motion can be recast as

Q̈_i − F Q̇_i + ΩQ_i = 0 , (B.30)

where F ≡ Ṅ N − NH , (B.31) Ω ≡ F ż z − z̈ z (B.32)

= 2 + ( 3θ − 1 ) ϵ − 3η − 4θϵη + ( 1 + θ − ~θ ) θϵ^2 + η^2 + ξ^2 + (θ − 1)g_ς ς^2. (B.33)

The extra tachyonic term is

g_ς ≡ 3 + (θ − 1)ϵ_T − 2η_T + ( θ 2 − 1 ) ς^2 +

(ς^2)^. ς^2

. (B.34)

The expression for Ω is in accordance with the computation in the linear theory [88] and, as that, is exact in the SR parameters. The expression found in [238, 568] (θ = 0, θ = 1) is recovered via Eq. (2.68).

Equation (B.30) is equivalent to a generalized Mukhanov equation (with the Laplacian term dropped) when expressed via conformal time dη = Ndt/a; since d^2_t = (N/a)^2d^2_η + (N/a)F d_η and Ω = −(N/a)^2d^2_η z/z, one has ( d^2 dη^2 − 1 z d^2z dη^2 ) Q_i = 0 . (B.35)

In the linear approximation and in momentum space, Eqs. (B.30) and (B.35) hold for Q_i ≈ ∂_iu → ik_iu_k. From the de Sitter calculations of Sec. 3.2, the mean value of the quantum field u_k is √ ⟨|u_k|^2⟩ = aH √ 2(kc_s)^3

. (B.36)

The equation of motion for u_k can be written as an equation for the coarsegrained part of u_k sourced by a stochastic noise term. The coarse-grained part of the Mukhanov variable is u^{(c)}_k = u_kW(kR), where W is the Fourier transform of a window function W (|x − x^′|/R) falling off at distances larger than R. The scale R is of order of the comoving Hubble radius, R = h(aH)^{−1}, with h > 1 so as to encompass the whole horizon. With h sufficiently larger than 1 we can safely discard the k^2 term in the Mukhanov equation.

The final result is then extended to the nonlinear gradient variable Q_i at large scales, getting

Q̈_i − F Q̇_i + ΩQ_i = ξ_i(t, x) , (B.37a)

ξ_i(t, x) = ∫ d^3k (2π)^{3/2} ik_ie^{ik·x} [ Ẅ + Ẇ(2d_t − F ) ] u_kα(k) + c.c. ,

(B.37b)

where the superscript (c) in Q_i is understood and α(k) is a complex stochastic quantity such that the ensemble average ⟨α(k)α^∗(k^′)⟩ = δ^{(3)}(k − k^′); it simulates the continuous crossing of modes outside the horizon and their addition to the coarse-grained part. As it stands, Eq. (B.37) properly encodes the full stochastic contribution. This would not be the case if we started from Eq. (B.29), where the velocity degree of freedom associated with the decaying mode has been absorbed (see the discussion in [238] for more details).

Equation (B.37) is the nonlinear extension of the Langevin-type equation we used in the first-SR-order heuristic computation in synchronous gauge:

ψ̇^{(c)}(t) = − U^′ 3H − ψ̈(c)(t) 3Hc^2_S + ξ(x, t) ≈ − U^′ 3H + ξ(x, t) , (B.38)

where U(ϕ) = V (ϕ) and U(T ) = ln V (T ). In this and the other equation one can see that there are basically two sources of nonlinearity. The first one is the back-reaction of the field fluctuations on the background encoded in the noise term, the second one is the self-interaction of the scalar field represented by the potential contribution Ω [or −U^′/(3H)]. Therefore, a priori the statistical distribution of Q^{(c)}_i (ψ^{(c)}) will be non-Gaussian, even if quantum fluctuations are random.

B.4 Braneworld and tachyon bispectrum

In order to compute the scalar spectrum and bispectrum, we fix the gauge to the time slicing with respect to which the kth mode crosses the horizon simultaneously for all spatial points [565]. Then t = ln(aH), NH = (1−ϵ)^{−1}, and R = he^{−t}. In this gauge, the gradient curvature perturbation and ∂_iz are, respectively,

Q_i = ã∂_iψ(1 − ϵ) , (B.39) ∂_iz ≈ [( 1 + θ ) ϵ − η ] Q_i (B.40) = −^1_2 (n_s − 1)Q_i , (B.41) where in the last passage we have used Eq. (3.62). At first SR order,

F ≈ −1 , Ω ≈ 2 + 3 ( θ + 1 ) ϵ − 3η . (B.42)

Equation (B.37) can be expressed as a Langevin differential equation in the curvature perturbation:

R̈_i + ( 2 ż z − F ) Ṙ_i = −1 z ξ_i(t, x) . (B.43)

To lowest SR order and neglecting the R̈_i term,

Ṙ_i ≈ − 1 3z ξ_i(t, x) , (B.44)

where c_S ≈ 1 inside ξ_i and z. The power spectrum is given by the solution of the linearized equation (B.44): at first order in a perturbative expansion,

Ṙ^{(1)}_i ≈ − ξ^{(1)i} 3z^{(0)}

, (B.45)

where z^{(0)} is z defined on the homogeneous background. The time integration of ξ/z from the initial time t_i to t is proportional to A_s(k)B(kR), where B(kR) = ∫_t t_i dt ′(aH)^{−1}[Ẅ + Ẇ(2d_t′ + 1)](aH) = [1 + (kR)^2/3]W(kR) − [1 + (kR_i)^2/3]W(kR_i) to lowest SR order. Here we have used a Gaussian window function

W = exp(−k^2R^2/2) , Ẇ = (kR)^2W , Ẅ = [(kR)^2 − 2]Ẇ , (B.46)

and the lowest-SR-order eigenvalue equation d_tu_k = u_k. In the limit of asymptotic past (t_i → −∞) and future (t → +∞), B(kR) → 1. The integration over k yields R_L ≡ R^{(1)} = ∂^{−2}∂^iR^{(1)}_i and the lowest-order amplitude (3.34), after a computation almost identical to that of [568].

At second order in the perturbation, −3Ṙ^{(2)}_i = ξ^{(1)}_i (z^{−1})^{(1)} + ξ^{(2)}_i /z^{(0)}. Since ξ^{(2)}_i = O(ϵ^2), the only surviving term at lowest SR order is, by the first-order version of Eq. (B.41),

Ṙ^{(2)}_i ≈ −(z^{−1})^{(1)} ξ^{(1)i} 3 = − ( − ∂^{−2}∂^j∂_j z^{(1)}

z^{(0)} ) ξ^{(1)}_i 3z^{(0)}

(B.47)

= −^1_2 (n_s − 1)R^{(1)}Ṙ^{(1)}_i , (B.48)

After computing the nonlinear term R^{(2)} = −^1_2 (n_s − 1)[R^{(1)}]^2, one is ready to write down the curvature perturbation at second order,^4

R ≈ R^{(1)} +^1_2 R^{(2)} , (B.49)

4In [575] various definitions of the second-order curvature perturbation are reviewed.

and the bispectrum (B.11). Actually, the integration of the window function inside the noise term corresponds to a nonlinearity parameter with nontrivial momentum dependence, for which Eq. (B.12) does not hold. When one of the momenta is negligible relative to the others, that is in the squeezed limit k_3 ≪ k_1, k_2, by Eqs. (B.48) and (B.11) we get

4f_{NL} = (n_s − 1) + 4f(k_1, k_2, k_3) ≈ n_s − 1 . (B.50)

Although we have not written explicitly the momentum structure f(k), we can draw some important conclusions.

(i) Tachyon and ordinary inflation generate the same non-Gaussian signature in the limit of collapsing momentum dependence and at first SR order. Outside this approximation the nonlinearity parameter f_{NL} acquires explicit dependence on the type of scalar field and braneworld through the parameter z: 4f_{NL} = (n_s − 1) + 4f^{(θ,ψ)}(ϵ, η; k_1, k_2, k_3). This is in agreement with the correspondence between lowest-SR-order tachyon and ordinary observables.

(ii) Written in terms of n_s, braneworld non-Gaussianity does not differ from the 4D picture, except perhaps in higher-order contributions. What changes is the inflationary model one has to impose in order to predict a given scalar spectral index. In this sense, we could regard Eq. (B.50) as a first-SR-order consistency equation joining the traditional set we explored until now, since both n_s and f_{NL} (through the bispectrum) are observables [576, 577].^5

(iii) On the other hand, one should note that the post-inflationary era greatly enhances non-Gaussianity, up to f^{post}_{NL} = O(1) [578, 579, 580]^6 or even f^{post}_{NL} ∼ 50 from a suitable preheating phase [581]. As explained in [539], the true observed nonlinearity parameter is not the bare inflationary result (B.50). In addition to the post-inflationary contribution, one must consider angular averaging. The total observed f_{NL} is in fact, and at least, f^{obs}_{NL} = O(1) + f_{NL}. Therefore the nonlinear effect of braneworld or 4D inflation, if the SR approximation holds as we required, is always subdominant.

Although these features can be obvious when inspecting patch cosmology, here we have derived them quantitatively.^7 Moreover, the gradi-

5A small non-Gaussian component comes also from the 3-point functions involving the graviton zero-mode. Using the z function (3.44) for braneworld tensor perturbations, one finds a contribution proportional to the tensor amplitude and spectral index n_t, in accordance with the 4D result [538]. However, since the tensor amplitude is much smaller than the scalar one, we can neglect this term with respect to the scalar bispectrum.

6This is basically due to the fact that at second order the longitudinal gauge condition

Φ^{(1)}_4 − Ψ^{(1)}_4 = 0 is modified as Φ^{(2)}_4 − Ψ^{(2)}_4 = 4 ( Ψ^{(1)}_4

)_2 at large scales, thus providing a nontrivial second-order correction to the Sachs-Wolfe effect [235].

7The authors of [577] drew similar conclusions, claiming that Eq. (B.50) is a modelindependent consistency equation under the assumption of single-field inflation and in the squeezed limit. However, a proper treatment of the second-order nonlinear Bardeen potential seems missing there, as already emphasized in [539] (Sec. 8.4.1). Reference [576] deals with the de Sitter case only.

ent+stochastic approach can be the basis for next-to-leading-order SR and perturbation calculations as well as for numerical simulations [238].

According to the 1st-year WMAP analysis, the power spectrum fully characterizes the statistical properties of CMB anisotropies: that is, f_{NL} vanishes consistently. More precisely, the constrain on the nonlinearity parameter is −58 < f_{NL} < 134 [80], which does not discard not only inflationary non- Gaussianity, but also other models predicting a more robust effect, f_{NL} ≫ 1. See also [582, 583] for other analyses. The next-year WMAP data and the Planck satellite should significantly improve the accuracy of the measure, with the inclusion of polarization anisotropies: f^{min}_{NL} (WMAP) ∼ 11 − 15, f^{min}_{NL} (Planck) ∼ 3 − 5 [584].

B.5 Noncommutative bispectrum

Until now we have considered a commutative background throughout the whole spacetime. We can make a step further and phenomenologically assume to have a 3-brane in which the stringy spacetime uncertainty relation (4.12) is realized, where now τ = ∫ dtNa. The separate universe approach does not contrast with a noncommutative background. To understand this point, we can use the linear picture of [255], and in particular their Fig. 1. The basic idea is that a comoving large-scale perturbation is independently specified in two comoving locally homogeneous regions separated by a distance λ, if the size λ_s ≳ H^{−1} of these regions is small with respect to λ. Perturbations are defined on a given background, that is a region of scale λ_0 much larger than our present horizon. Then the required hierarchy of scales is λ_0 ≫ λ ≫ λ_s ≳ H^{−1}. In the presence of a nonlocal algebra, the string scale can play the role of natural marker in the hierarchy. For instance, setting λ_s ∼ l_s we just consider the IR region of *-models. If λ_s ≳ H^{−1} > l_s, the previous argument is unchanged.

Since the *-product (4.14) does not involve homogeneous quantities (i.e., it preserves the FRW maximal symmetry), the Mukhanov equation for a noncommutative 4D [282] or braneworld [92] scenario is, at linear order and large scales, Eq. (4.37). In the separate universe approach, a_± acquires a spatial dependence like the other quantities, a_±(τ ) → a_±(x, τ ).^8 The measure z_k is given by the product of z and a correction factor f_z depending on the particular noncommutative model one is assuming. The de Sitter solution of Eq. (4.37) is Eq. (4.40), i.e. the commutative solution (B.36) multiplied by f^2_a ≡ (a_{eff}/a)^2, which is the relative rescaling of commutative to noncommutative conformal time.

The above discussion on conserved nonlinear perturbations is not mod-

8Note that the correct procedure is first to smear the scale factor in a sufficiently small homogeneous neighbourhood, a(τ ) → a_±(τ ), and then to extend it to very large scales a_±(τ ) → a_±(x, τ ). The “top-down” smearing a(x, τ ) → a_±(x, τ ) does not lead to Eq. (4.37).

B.5. Noncommutative bispectrum 137

ified by the introduction of a fundamental length scale. Therefore we are tempted to directly generalize Eq. (4.37) with the gradient variable Q_i. Since the mass term d^2_{~η}z_k/z_k now depends on k, we define the Fourier mode of Q_i as Q(k) = ∫ d^3x (2π)^{3/2} e^{−ik·x}∂^{−2}∂^iQ_i(x) ≡ −z_kR(k) . (B.51)

Then Eq. (4.37) holds for u_k → Q(k). One gets the t-version Eq. (B.30) by using the effective time dt̃ = d~ηa_{eff}/N = dt/f_a and setting Ñ = N without loss of generality:

d^2_{t̃} Q(k) − F̃ d~_tQ(k) + Ω̃Q(k) = 0 , (B.52)

where F and Ω are

F̃ = f_aF − ḟ_a , (B.53)

Ω̃ = F̃ d^{t̃}z^k z_k − d^2_{t̃} z_k z_k = − ( N a_{eff}

)_2 d^2_{~η} z_k z_k = f^2_a (Ω − ω) , (B.54) ω ≡ [ 2 ż z ( ḟ_a f_a + ḟ_z f_z ) − F ḟ_z f_z ] + ( f̈_z f_z + 2 ḟ_a f_a ḟ_z f_z ) . (B.55)

In the commutative limit, F̃ → F , ω → 0, and Ω̃ → Ω. The term in square brackets in Eq. (B.55) contains the O(ϵ) contribution of Ω̃, since ḟ_a/f_a = O(ϵ) = ḟ_z /f_z . In the infrared limit (strongly noncommutative regime), ω and its components loose their momentum dependence. The Langevin equation for the curvature perturbation reads

d^2_{t̃} R(k) + ( 2f_a ż_k z_k − F̃ ) d~_tR(k) = − 1 z_k ξ(t̃, k) . (B.56)

The noncommutative version of Eq. (B.26) gets an extra term from the redefinition of z; in momentum space and at first SR order, z_k ≈ −Q(k) + ã_kψ_k[1 + θϵ − η + ḟ_z /(NHf_z )].

With the gauge choice ~η ≈ −(aHf^2_a )^{−1} = −e^{−t̃}, by definition one has ∂_it̃ = 0 on surfaces of constant noncommutative time. Then NHf_a = 1 − 2ḟ_a 1 − ϵ = 1 + O(ϵ) , F̃ = −1 + O(ϵ^2) , d~_tu_k = u_k . (B.57)

Neglecting the second-derivative term in Eq. (B.56), one has d~_tR(k) ≈ − 1 3z_k ξ(t̃, k) . (B.58)

With the procedure of the last section, at lowest SR order and first perturbative order, one obtains the noncommutative power spectrum (4.2), which is the commutative amplitude corrected by a factor Σ^2 = (f^2_a /f_z )^2. Actually, if one wanted to go to coordinate space the integration over momenta should be performed up to the UV cutoff k_0, while the characteristic scale R should be pushed towards the asymptotic limit R ∼ k^{−1}_0 at the infinite future. However, the approximation k_0 → ∞ fits well at this stage of accuracy.

The gauge-fixed variables Q and z_k are

Q(k) = ã_kψ_k(1 − ϵ + 2ḟ_a) , (B.59) z_k ≈ [ ( 1 + θ ) ϵ − η + f_a ḟ_z f_z − 2ḟ_a ] Q(k) = − 1 2 (n_s − 1)Q(k). (B.60)

At first SR order, the spectral index (3.62) has acquired an extra term σϵ = d ln Σ^2 d ln k = 2 NH ( 2 ḟ_a f_a − ḟ_z f_z ) ≈ 2f_a ( 2 ḟ_a f_a − ḟ_z f_z ) . (B.61)

A computation of the second-order curvature perturbation, by Eq. (B.60), gives again Eq. (B.50), with the spectral index now depending on the noncommutative parameter σ.

Bibliography

[1] T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math.Phys.), 966 (1921). [2] O. Klein, Z. Phys. 37, 895 (1926); translated in Surveys High Energy Phys. 5, 241 (1986).

[3] P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996) [hep-th/9510209]. [4] P. Hořava and E. Witten, Nucl. Phys. B475, 94 (1996) [hep-th/9603142]. [5] A. Lukas, B.A. Ovrut, K.S. Stelle, and D. Waldram, Phys. Rev. D 59, 086001 (1999) [hep-th/9803235].

[6] A. Lukas, B.A. Ovrut, and D. Waldram, Phys. Rev. D 60, 086001 (1999) [hepth/9806022].

[7] A. Lukas, B.A. Ovrut, and D. Waldram, Phys. Rev. D 61, 023506 (2000) [hepth/9902071].

[8] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B 429, 263 (1998) [hep-ph/9803315].

[9] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B 436, 257 (1998) [hep-ph/9804398].

[10] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Rev. D 59, 086004 (1999) [hep-ph/9807344].

[11] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, and N. Kaloper, Phys. Rev. Lett. 84, 586 (2000) [hep-th/9907209].

[12] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hep-ph/9905221]. [13] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [hep-th/9906064]. [14] D. Cremades, L.E. Ibáñez, and F. Marchesano, Nucl. Phys. B643, 93 (2002) [hepth/0205074].

[15] C. Kokorelis, Nucl. Phys. B677, 115 (2004) [hep-th/0207234]. [16] N. Kaloper, J. March-Russell, G.D. Starkman, and M. Trodden, Phys. Rev. Lett.

85, 928 (2000) [hep-ph/0002001].

[17] G.D. Starkman, D. Stojkovic, and M. Trodden, Phys. Rev. D 63, 103511 (2001) [hep-th/0012226].

[18] G.D. Starkman, D. Stojkovic, and M. Trodden, Phys. Rev. Lett. 87, 231303 (2001) [hep-th/0106143].

[19] P.K. Townsend and M.N.R. Wohlfarth, Phys. Rev. Lett. 91, 061302 (2003) [hepth/0303097].

[20] N. Ohta, Phys. Rev. Lett. 91, 061303 (2003) [hep-th/0303238]. [21] N. Ohta, Prog. Theor. Phys. 110, 269 (2003) [hep-th/0304172].

140 BIBLIOGRAPHY

[22] C.-M. Chen, P.-M. Ho, I.P. Neupane, N. Ohta, and J.E. Wang, J. High Energy Phys. 10 (2003) 058, [hep-th/0306291].

[23] K. Akama, Lect. Notes Phys. 176, 267 (1982) [hep-th/0001113]. [24] V.A. Rubakov and M.E. Shaposhnikov, Phys. Lett. 125B, 136 (1983). [25] M. Visser, Phys. Lett. 159B, 22 (1985).

[26] V.A. Rubakov, Phys. Usp. 44, 871 (2001) [hep-ph/0104152]. [27] R. Maartens, Living Rev. Relativity 7, 1 (2004) [gr-qc/0312059]. [28] P. Brax, C. van de Bruck, and A.-C. Davis, Rept. Prog. Phys. 67, 2183 (2004) [hep-th/0404011].

[29] C. Csáki, hep-ph/0404096.

[30] P. Binétruy, C. Deffayet, and D. Langlois, Nucl. Phys. B565, 269 (2000) [hepth/9905012].

[31] P. Binétruy, C. Deffayet, U. Ellwanger, and D. Langlois, Phys. Lett. B 477, 285 (2000) [hep-th/9910219].

[32] C. Csáki, M. Graesser, C. Kolda, and J. Terning, Phys. Lett. B 462, 34 (1999) [hep-ph/9906513].

[33] J.M. Cline, C. Grojean, and G. Servant, Phys. Rev. Lett. 83, 4245 (1999) [hepph/9906523].

[34] É.É. Flanagan, S.-H.H. Tye, and I. Wasserman, Phys. Rev. D 62, 044039 (2000) [hep-ph/9910498].

[35] R. Maartens, D. Wands, B.A. Bassett, and I.P.C. Heard, Phys. Rev. D 62, 041301 (2000) [hep-ph/9912464].

[36] E.J. Copeland, A.R. Liddle, and J.E. Lidsey, Phys. Rev. D 64, 023509 (2001) [astro-ph/0006421].

[37] J.E. Kim, B. Kyae, and H.M. Lee, Phys. Rev. D 62, 045013 (2000) [hepph/9912344].

[38] J.E. Kim, B. Kyae, and H.M. Lee, Nucl. Phys. B582, 296 (2000); B591, 587(E) (2000) [hep-th/0004005].

[39] S. Nojiri and S.D. Odintsov, J. High Energy Phys. 07 (2000) 049 [hep-th/0006232]. [40] I.P. Neupane, J. High Energy Phys. 09 (2000) 040 [hep-th/0008190]. [41] S. Nojiri, S.D. Odintsov, and S. Ogushi, Phys. Rev. D 65, 023521 (2002) [hepth/0108172].

[42] C. Charmousis and J.-F. Dufaux, Class. Quantum Grav. 19, 4671 (2002) [hepth/0202107].

[43] J.E. Lidsey, S. Nojiri, and S.D. Odintsov, J. High Energy Phys. 06 (2002) 026 [hep-th/0202198].

[44] Y.M. Cho, I.P. Neupane, and P.S. Wesson, Nucl. Phys. B621, 388 (2002) [hepth/0104227].

[45] S. Nojiri, S.D. Odintsov, and S. Ogushi, Int. J. Mod. Phys. A 17, 4809 (2002) [hep-th/0205187].

[46] S.C. Davis, Phys. Rev. D 67, 024030 (2003) [hep-th/0208205]. [47] E. Gravanis and S. Willison, Phys. Lett. B 562, 118 (2003) [hep-th/0209076]. [48] J.E. Lidsey and N.J. Nunes, Phys. Rev. D 67, 103510 (2003) [astro-ph/0303168].

BIBLIOGRAPHY 141

[49] J.P. Gregory and A. Padilla, Class. Quantum Grav. 20, 4221 (2003) [hepth/0304250].

[50] M.H. Dehghani, Phys. Rev. D 70, 064009 (2004) [hep-th/0404118]. [51] J.-F. Dufaux, J.E. Lidsey, R. Maartens, and M. Sami, Phys. Rev. D 70, 083525 (2004) [hep-th/0404161].

[52] M. Minamitsuji and M. Sasaki, hep-th/0404166.

[53] S. Tsujikawa, M. Sami, and R. Maartens, Phys. Rev. D 70, 063525 (2004) [astroph/0406078].

[54] M. Sami, N. Savchenko, and A. Toporensky, Phys. Rev. D 70, 123528 (2004) [hepth/0408140].

[55] A.H. Guth, Phys. Rev. D 23, 347 (1981). [56] K. Sato, Mon. Not. R. Astron. Soc. 195, 467 (1981). [57] A. Albrecht and P.J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982). [58] A.D. Linde, Phys. Lett. 108B, 389 (1982). [59] A.D. Linde, Phys. Lett. 129B, 177 (1983). [60] S.W. Hawking, Phys. Lett. 115B, 295 (1982). [61] A.A. Starobinsky, Phys. Lett. 117B, 175 (1982). [62] A.H. Guth and S.-Y. Pi, Phys. Rev. Lett. 49, 1110 (1982). [63] J.M. Bardeen, P.J. Steinhardt, and M.S. Turner, Phys. Rev. D 28, 697 (1983). [64] A. Sen, J. High Energy Phys. 08 (1998) 012 [hep-th/9805170]. [65] A. Sen, in Progress in string theory and M-theory, proceedings of the NATO Advanced Study Institute, Cargèse, 1999, edited by L. Baulieu et al. (Kluwer Academic, 2001), NATO Science Series C 564, 187 [hep-th/9904207].

[66] A. Sen, J. High Energy Phys. 10 (1999) 008 [hep-th/9909062]. [67] A. Sen, J. High Energy Phys. 12 (1999) 027 [hep-th/9911116]. [68] J.A. Harvey, D. Kutasov, and E.J. Martinec, hep-th/0003101. [69] A.A. Gerasimov and S.L. Shatashvili, J. High Energy Phys. 10 (2000) 034 [hepth/0009103].

[70] D. Kutasov, M. Mariño, and G. Moore, J. High Energy Phys. 10 (2000) 045 [hepth/0009148].

[71] D. Kutasov, M. Mariño, and G. Moore, hep-th/0010108. [72] A. Sen, J. High Energy Phys. 04 (2002) 048 [hep-th/0203211]. [73] A. Sen, J. High Energy Phys. 07 (2002) 065 [hep-th/0203265]. [74] A. Sen, Mod. Phys. Lett. A 17, 1797 (2002) [hep-th/0204143]. [75] A. Sen, Int. J. Mod. Phys. A 18, 4869 (2003) [hep-th/0209122]. [76] P. Coles and F. Lucchin, Cosmology – The Origin and Evolution of Cosmic Structure (Wiley, Chichester, 1995).

[77] A.R. Liddle and D.H. Lyth, Cosmological Inflation and Large-Scale Structure (Cambridge University Press, Cambridge, England, 2000).

[78] J.E. Lidsey, A.R. Liddle, E.W. Kolb, E.J. Copeland, T. Barreiro, and M. Abney, Rev. Mod. Phys. 69, 373 (1997) [astro-ph/9508078].

[79] C.L. Bennett et al., Astrophys. J. Suppl. Ser. 148, 1 (2003) [astro-ph/0302207].

142 BIBLIOGRAPHY

[80] E. Komatsu et al., Astrophys. J. Suppl. Ser. 148, 119 (2003) [astro-ph/0302223]. [81] D.N. Spergel et al., Astrophys. J. Suppl. Ser. 148, 175 (2003) [astro-ph/0302209]. [82] H.V. Peiris et al., Astrophys. J. Suppl. Ser. 148, 213 (2003) [astro-ph/0302225]. [83] S.L. Bridle, A.M. Lewis, J. Weller, and G. Efstathiou, Mon. Not. R. Astron. Soc.

342, L72 (2003) [astro-ph/0302306].

[84] V. Barger, H.-S. Lee, and D. Marfatia, Phys. Lett. B 565, 33 (2003) [hepph/0302150].

[85] W.H. Kinney, E.W. Kolb, A. Melchiorri, and A. Riotto, Phys. Rev. D 69, 103516 (2004) [hep-ph/0305130].

[86] M. Tegmark et al., Phys. Rev. D 69, 103501 (2004) [astro-ph/0310723]. [87] http://astro.estec.esa.nl/SA-general/Projects/Planck/ [88] G. Calcagni, Phys. Rev. D 69, 103508 (2004) [hep-ph/0402126]. [89] G. Calcagni, J. Cosmol. Astropart. Phys. 06 (2004) 002 [hep-ph/0312246]. [90] G. Calcagni, Phys. Lett. B 606, 177 (2005) [hep-ph/0406057]. [91] G. Calcagni, to appear in Proceedings of Cargèse Summer School 2004, NATO Science Series C [hep-th/0409088].

[92] G. Calcagni, Phys. Rev. D 70, 103525 (2004) [hep-th/0406006]. [93] G. Calcagni and S. Tsujikawa, Phys. Rev. D 70, 103514 (2004) [astro-ph/0407543]. [94] G. Calcagni, Phys. Rev. D 71, 023511 (2005) [gr-qc/0410027]. [95] G. Calcagni, J. Cosmol. Astropart. Phys. 11 (2003) 009 [hep-ph/0310304]. [96] G. Calcagni, astro-ph/0411773. [97] S. Kanno and J. Soda, hep-th/0407184.

[98] K. Freese and M. Lewis, Phys. Lett. B 540, 1 (2002) [astro-ph/0201229]. [99] K. Freese, Nucl. Phys. B (Proc. Suppl.) 124, 50 (2003) [hep-ph/0208264]. [100] P. Gondolo and K. Freese, Phys. Rev. D 68, 063509 (2003) [hep-ph/0209322]. [101] S. Sen and A.A. Sen, Astrophys. J. 588, 1 (2003) [astro-ph/0211634]. [102] J.M. Cline and J. Vinet, Phys. Rev. D 68, 025015 (2003) [hep-ph/0211284]. [103] Z.-H. Zhu and M.-K. Fujimoto, Astrophys. J. 581, 1 (2002) [astro-ph/0212192]. [104] Y. Wang, K. Freese, P. Gondolo, and M. Lewis, Astrophys. J. 594, 25 (2003) [astro-ph/0302064].

[105] Z.-H. Zhu and M.-K. Fujimoto, Astrophys. J. 585, 52 (2003) [astro-ph/0303021]. [106] A.A. Sen and S. Sen, Phys. Rev. D 68, 023513 (2003) [astro-ph/0303383]. [107] T. Multamäki, E. Gaztañaga, and M. Manera, Mon. Not. R. Astron. Soc. 344, 761 (2003) [astro-ph/0303526].

[108] W. Godłowski, M. Szydłowski, and A. Krawiec, Astrophys. J. 605, 599 (2004) [astro-ph/0309569].

[109] Z.-H. Zhu and M.-K. Fujimoto, Astrophys. J. 602, 12 (2004) [astro-ph/0312022]. [110] Z.-H. Zhu, M.-K. Fujimoto, and X.-T. He, Astrophys. J. 603, 365 (2004) [astroph/0403228].

[111] M. Amarzguioui, Ø. Elgarøy, and T. Multamäki, astro-ph/0410408. [112] J. Ponce de Leon, gr-qc/0412027.

BIBLIOGRAPHY 143

[113] K.H. Kim and Y.S. Myung, astro-ph/0406387.

[114] K.H. Kim and Y.S. Myung, J. Cosmol. Astropart. Phys. 12 (2004) 004 [astroph/0408278].

[115] H. Kim, K.H. Kim, H.W. Lee, and Y.S. Myung, astro-ph/0409106. [116] S. Kobayashi and K. Koyama, J. High Energy Phys. 12 (2002) 056 [hep-th/0210029]. [117] R. Arnowitt, J. Dent, and B. Dutta, Phys. Rev. D 70, 126001 (2004) [hepth/0405050].

[118] K. Maeda and N. Ohta, Phys. Lett. B 597, 400 (2004) [hep-th/0405205]. [119] C.P. Burgess, J.M. Cline, N.R. Constable, and H. Firouzjahi, J. High Energy Phys.

01 (2002) 014 [hep-th/0112047].

[120] B. Cuadros-Melgar, Class. Quantum Grav. 21, 2669 (2004) [hep-th/0303131]. [121] P. Wang and X.-H. Meng, hep-th/0406170.

[122] W.D. Goldberger and M.B. Wise, Phys. Rev. Lett. 83, 4922 (1999) [hepph/9907447].

[123] W.D. Goldberger and M.B. Wise, Phys. Lett. B 475, 275 (2000) [hep-ph/9911457]. [124] T. Tanaka and X. Montes, Nucl. Phys. B582, 259 (2000) [hep-th/0001092]. [125] S. Mukohyama and L. Kofman, Phys. Rev. D 65, 124025 (2002) [hep-th/0112115]. [126] J. Lesgourgues and L. Sorbo, Phys. Rev. D 69, 084010 (2004) [hep-th/0310007]. [127] D. Lovelock, J. Math. Phys. 12, 498 (1971). [128] D.J. Gross and J.H. Sloan, Nucl. Phys. B291, 41 (1987).

[129] G. Allemandi, A. Borowiec, and M. Francaviglia, Phys. Rev. D 70, 043524 (2004) [hep-th/0403264].

[130] G. Allemandi, A. Borowiec, and M. Francaviglia, Phys. Rev. D 70, 103503 (2004) [hep-th/0407090].

[131] S. Carloni, P.K.S. Dunsby, S. Capozziello, and A. Troisi, gr-qc/0410046. [132] D.J.H. Chung and K. Freese, Phys. Rev. D 61, 023511 (2000) [hep-ph/9906542]. [133] S. Nojiri and S.D. Odintsov, hep-th/0409244.

[134] Y. Himemoto and M. Sasaki, Phys. Rev. D 63, 044015 (2001) [gr-qc/0010035]. [135] Y. Himemoto, T. Tanaka, and M. Sasaki, Phys. Rev. D 65, 104020 (2002) [grqc/0112027].

[136] Y. Himemoto and M. Sasaki, Prog. Theor. Phys. Suppl. 148, 235 (2003) [grqc/0302054].

[137] M. Minamitsuji, Y. Himemoto, and M. Sasaki, Phys. Rev. D 68, 024016 (2003) [gr-qc/0303108].

[138] C. van de Bruck, M. Dorca, R.H. Brandenberger, and A. Lukas, Phys. Rev. D 62, 123515 (2000) [hep-th/0005032].

[139] C. van de Bruck, M. Dorca, C.J.A.P. Martins, and M. Parry, Phys. Lett. B 495, 183 (2000) [hep-th/0009056].

[140] D. Langlois, L. Sorbo, and M. Rodríguez-Martínez, Phys. Rev. Lett. 89, 171301 (2002) [hep-th/0206146].

[141] E. Kiritsis, G. Kofinas, N. Tetradis, T.N. Tomaras, and V. Zarikas, J. High Energy Phys. 02 (2003) 035 [hep-th/0207060].

144 BIBLIOGRAPHY

[142] E. Leeper, R. Maartens, and C.F. Sopuerta, Class. Quantum Grav. 21, 1125 (2004) [gr-qc/0309080].

[143] P. Binétruy, M. Bucher, and C. Carvalho, Phys. Rev. D 70, 043509 (2004) [hepth/0403154].

[144] P.S. Apostolopoulos and N. Tetradis, Class. Quantum Grav. 21, 4781 (2004) [hepth/0404105].

[145] N. Tetradis, Class. Quantum Grav. 21, 5221 (2004) [hep-th/0406183]. [146] C. Gordon and R. Maartens, Phys. Rev. D 63, 044022 (2001) [hep-th/0009010]. [147] D.S. Gorbunov, V.A. Rubakov, and S.M. Sibiryakov, J. High Energy Phys. 10 (2001) 015 [hep-th/0108017].

[148] K. Ichiki, M. Yahiro, T. Kajino, M. Orito, and G.J. Mathews, Phys. Rev. D 66, 043521 (2002) [astro-ph/0203272].

[149] B. Leong, A. Challinor, R. Maartens, and A. Lasenby, Phys. Rev. D 66, 104010 (2002) [astro-ph/0208015].

[150] K. Koyama, Phys. Rev. Lett. 91, 221301 (2003) [astro-ph/0303108]. [151] K. Koyama, D. Langlois, R. Maartens, and D. Wands, J. Cosmol. Astropart. Phys.

11 (2004) 002 [hep-th/0408222].

[152] W. Rindler, Mon. Not. R. Astron. Soc. 116, 663 (1956). [153] F. Lucchin and S. Matarrese, Phys. Lett. 164B, 285 (1985). [154] A.G. Muslimov, Class. Quantum Grav. 7, 231 (1990). [155] D.S. Salopek and J.R. Bond, Phys. Rev. D 42, 3936 (1990). [156] R.M. Hawkins and J.E. Lidsey, Phys. Rev. D 63, 041301 (2001) [gr-qc/0011060]. [157] X.-H. Meng and P. Wang, Class. Quantum Grav. 21, 2527 (2004) [hep-ph/0312113]. [158] A. Mazumdar, S. Panda, and A. Pérez-Lorenzana, Nucl. Phys. B614, 101 (2001) [hep-ph/0107058].

[159] S.H.S. Alexander, Phys. Rev. D 65, 023507 (2002) [hep-th/0105032]. [160] G.W. Gibbons, Phys. Lett. B 537, 1 (2002) [hep-th/0204008]. [161] M. Fairbairn and M.H.G. Tytgat, Phys. Lett. B 546, 1 (2002) [hep-th/0204070]. [162] S. Mukohyama, Phys. Rev. D 66, 024009 (2002) [hep-th/0204084]. [163] A. Feinstein, Phys. Rev. D 66, 063511 (2002) [hep-th/0204140]. [164] T. Padmanabhan, Phys. Rev. D 66, 021301 (2002) [hep-th/0204150]. [165] D. Choudhury, D. Ghoshal, D.P. Jatkar, and S. Panda, Phys. Lett. B 544, 231 (2002) [hep-th/0204204].

[166] A. Frolov, L. Kofman, and A. Starobinsky, Phys. Lett. B 545, 8 (2002) [hepth/0204187].

[167] G. Shiu and I. Wasserman, Phys. Lett. B 541, 6 (2002) [hep-th/0205003]. [168] L. Kofman and A. Linde, J. High Energy Phys. 07 (2002) 004 [hep-th/0205121]. [169] H.B. Benaoum, hep-th/0205140.

[170] M. Sami, Mod. Phys. Lett. A 18, 691 (2003) [hep-th/0205146]. [171] M. Sami, P. Chingangbam, and T. Qureshi, Phys. Rev. D 66, 043530 (2002) [hepth/0205179].

[172] J. Hwang and H. Noh, Phys. Rev. D 66, 084009 (2002) [hep-th/0206100].

BIBLIOGRAPHY 145

[173] Y.-S. Piao, R.-G. Cai, X. Zhang, and Y.-Z. Zhang, Phys. Rev. D 66, 121301(R) (2002) [hep-ph/0207143].

[174] X. Li, D. Liu, and J. Hao, hep-th/0207146.

[175] J.M. Cline, H. Firouzjahi, and P. Martineau, J. High Energy Phys. 11 (2002) 041 [hep-th/0207156].

[176] B. Wang, E. Abdalla, and R.-K. Su, Mod. Phys. Lett. A 18, 31 (2003) [hepth/0208023].

[177] M.C. Bento, O. Bertolami, and A.A. Sen, Phys. Rev. D 67, 063511 (2003) [hepth/0208124].

[178] J. Hao and X. Li, Phys. Rev. D 66, 087301 (2002) [hep-th/0209041]. [179] J.M. Cline and H. Firouzjahi, Phys. Lett. B 564, 255 (2003) [hep-th/0301101]. [180] G.W. Gibbons, Class. Quantum Grav. 20, S321 (2003) [hep-th/0301117]. [181] Z.-K. Guo, Y.-S. Piao, R.-G. Cai, and Y.-Z. Zhang, Phys. Rev. D 68, 043508 (2003) [hep-ph/0304236].

[182] Y.-S. Piao, Q.-G. Huang, X. Zhang, and Y.-Z. Zhang, Phys. Lett. B 570, 1 (2003) [hep-ph/0212219].

[183] L.R.W. Abramo and F. Finelli, Phys. Lett. B 575, 165 (2003) [astro-ph/0307208]. [184] M.C. Bento, N.M.C. Santos, and A.A. Sen, Int. J. Mod. Phys. D 13, 1927 (2004) [astro-ph/0307292].

[185] D.A. Steer and F. Vernizzi, Phys. Rev. D 70, 043527 (2004) [hep-th/0310139]. [186] V. Gorini, A. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Rev. D 69, 123512 (2004) [hep-th/0311111].

[187] B.C. Paul and M. Sami, Phys. Rev. D 70, 027301 (2004) [hep-th/0312081]. [188] M.R. Garousi, M. Sami, and S. Tsujikawa, Phys. Rev. D 70, 043536 (2004) [hepth/0402075].

[189] G. Felder and L. Kofman, Phys. Rev. D 70, 046004 (2004) [hep-th/0403073]. [190] Z.-K. Guo and Y.-Z. Zhang, J. Cosmol. Astropart. Phys. 08 (2004) 010 [hepth/0403151].

[191] C. Kim, H.B. Kim, Y. Kim, O-K. Kwon, and C.O. Lee, J. Korean Phys. Soc. 45, S181 (2004) [hep-th/0404242].

[192] A. DeBenedictis, A. Das, and S. Kloster, Gen. Relativ. Gravit. 36, 2481 (2004) [gr-qc/0402047].

[193] J. Raeymaekers, J. High Energy Phys. 10 (2004) 057 [hep-th/0406195]. [194] H. Yavartanoo, hep-th/0407079.

[195] A. Ghodsi and A.E. Mosaffa, hep-th/0408015. [196] P. Chingangbam and T. Qureshi, hep-th/0409015. [197] S.K. Srivastava, gr-qc/0409074.

[198] P. Chingangbam, S. Panda, and A. Deshamukhya, hep-th/0411210. [199] M.R. Garousi, M. Sami, and S. Tsujikawa, hep-th/0412002. [200] E. Elizalde and J. Quiroga Hurtado, gr-qc/0412106.

[201] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamäki, and A. Väihkönen, hepth/0502185.

[202] M.R. Garousi, Nucl. Phys. B584, 284 (2000) [hep-th/0003122].

146 BIBLIOGRAPHY

[203] E.A. Bergshoeff, M. de Roo, T.C. de Wit, E. Eyras, and S. Panda, J. High Energy Phys. 05 (2000) 009 [hep-th/0003221].

[204] J. Klusoň, Phys. Rev. D 62, 126003 (2000) [hep-th/0004106]. [205] G. Gibbons, K. Hori, and P. Yi, Nucl. Phys. B596, 136 (2001) [hep-th/0009061]. [206] R. Jackiw, Lectures on Fluid Dynamics. A Particle Theorist’s View of Supersymmetric, Non-Abelian, Noncommutative Fluid Mechanics and D-Branes (Springer- Verlag, New York, 2002) [physics/0010042].

[207] A. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Lett. B 511, 265 (2001) [gr-qc/0103004].

[208] G. Gibbons, K. Hashimoto, and P. Yi, J. High Energy Phys. 09 (2002) 061 [hepth/0209034].

[209] M. Gutperle and A. Strominger, J. High Energy Phys. 04 (2002) 018 [hepth/0202210].

[210] S. Kachru, R. Kallosh, A. Linde, and S.P. Trivedi, Phys. Rev. D 68, 046005 (2003) [hep-th/0301240].

[211] P.J. Steinhardt and M.S. Turner, Phys. Rev. D 29, 2162 (1984). [212] A.R. Liddle and D.H. Lyth, Phys. Lett. B 291, 391 (1992) [astro-ph/9208007]. [213] E.W. Kolb and S.L. Vadas, Phys. Rev. D 50, 2479 (1994) [astro-ph/9403001]. [214] A.R. Liddle, P. Parsons, and J.D. Barrow, Phys. Rev. D 50, 7222 (1994) [astroph/9408015].

[215] D.J. Schwarz, C.A. Terrero-Escalante, and A.A. García, Phys. Lett. B 517, 243 (2001) [astro-ph/0106020].

[216] W.H. Kinney, Phys. Rev. D 66, 083508 (2002) [astro-ph/0206032]. [217] R.M. Hawkins and J.E. Lidsey, Phys. Rev. D 68, 083505 (2003) [astro-ph/0306311]. [218] E. Ramírez and A.R. Liddle, Phys. Rev. D 69, 083522 (2004) [astro-ph/0309608]. [219] E. Ramírez and A.R. Liddle, astro-ph/0412556. [220] E. Ramírez and A.R. Liddle, astro-ph/0502361. [221] A.R. Liddle, Phys. Rev. D 68, 103504 (2003) [astro-ph/0307286]. [222] J.E. Lidsey and R. Tavakol, Phys. Lett. B 575, 157 (2003) [astro-ph/0304113]. [223] C. Armendáriz-Picón, T. Damour, and V. Mukhanov, Phys. Lett. B 458, 209 (1999) [hep-th/9904075].

[224] Z.-K. Guo, H.-S. Zhang, and Y.-Z. Zhang, Phys. Rev. D 69, 063502 (2004) [hepph/0309163].

[225] A. Linde, J. High Energy Phys. 11 (2001) 052 [hep-th/0110195]. [226] G. Felder, A. Frolov, L. Kofman, and A. Linde, Phys. Rev. D 66, 023507 (2002) [hep-th/0202017].

[227] L.F. Abbott and M.B. Wise, Nucl. Phys. B244, 541 (1984). [228] F. Lucchin and S. Matarrese, Phys. Rev. D 32, 1316 (1985). [229] J.D. Barrow, Phys. Lett. B 235, 40 (1990). [230] J.D. Barrow and P. Saich, Phys. Lett. B 249, 406 (1990). [231] J.M. Bardeen, Phys. Rev. D 22, 1882 (1980).

[232] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984).

BIBLIOGRAPHY 147

[233] V.F. Mukhanov, H.A. Feldman, and R.H. Brandenberger, Phys. Rep. 215, 203 (1992).

[234] S. Matarrese, S. Mollerach, and M. Bruni, Phys. Rev. D 58, 043504 (1998), [astroph/9707278].

[235] V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto, Nucl. Phys. B667, 119 (2003) [astro-ph/0209156].

[236] K.A. Malik and D. Wands, Class. Quantum Grav. 21, L65 (2004) [astroph/0307055].

[237] M. Sasaki and T. Tanaka, Prog. Theor. Phys. 99, 763 (1998) [gr-qc/9801017]. [238] G.I. Rigopoulos and E.P.S. Shellard, astro-ph/0405185. [239] D.H. Lyth, K.A. Malik, and M. Sasaki, astro-ph/0411220. [240] D. Langlois and F. Vernizzi, astro-ph/0503416.

[241] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 62, 024012 (2000) [grqc/9910076].

[242] R. Maartens, Phys. Rev. D 62, 084023 (2000) [hep-th/0004166]. [243] K. Koyama and J. Soda, Phys. Rev. D 62, 123502 (2000) [hep-th/0005239]. [244] D. Langlois, Phys. Rev. Lett. 86, 2212 (2001) [hep-th/0010063]. [245] D. Langlois, R. Maartens, M. Sasaki, and D. Wands, Phys. Rev. D 63, 084009 (2001) [hep-th/0012044].

[246] R. Maartens, in Reference Frames and Gravitomagnetism, edited by J. Pascual- Sanchez et al. (World Scientific, Singapore, 2001), p. 93 [gr-qc/0101059].

[247] G.F. Giudice, E.W. Kolb, J. Lesgourgues, and A. Riotto, Phys. Rev. D 66, 083512 (2002) [hep-ph/0207145].

[248] A.G. Casali, E. Abdalla, and B. Wang, Phys. Rev. D 70, 043542 (2004) [hepth/0403155].

[249] C. Deffayet, hep-th/0409302.

[250] K. Koyama, J. Cosmol. Astropart. Phys. 08 (2004) 012 [astro-ph/0407263]. [251] H. Yoshiguchi and K. Koyama, hep-th/0411056.

[252] D. Langlois, R. Maartens, and D. Wands, Phys. Lett. B 489, 259 (2000) [hepth/0006007].

[253] T. Kobayashi, H. Kudoh, and T. Tanaka, Phys. Rev. D 68, 044025 (2003) [grqc/0305006].

[254] D. Seery and A. Taylor, astro-ph/0309512.

[255] D. Wands, K.A. Malik, D.H. Lyth, and A.R. Liddle, Phys. Rev. D 62, 043527 (2000) [astro-ph/0003278].

[256] C. de Rham, hep-th/0411021.

[257] V.F. Mukhanov, JETP Lett. 41, 493 (1985). [258] V.F. Mukhanov, Phys. Lett. B 218, 17 (1989).

[259] A. Kosowsky and M.S. Turner, Phys. Rev. D 52, 1739 (1995) [astro-ph/9504071]. [260] E.R. Harrison, Phys. Rev. D 1, 2726 (1970). [261] Ya.B. Zel’dovich, Astron. Astrophys. 5, 84 (1970).

[262] G.I. Rigopoulos and E.P.S. Shellard, Phys. Rev. D 68, 123518 (2003) [astroph/0306620].

148 BIBLIOGRAPHY

[263] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England, 1982).

[264] J. Garriga and V.F. Mukhanov, Phys. Lett. B 458, 219 (1999) [hep-th/9904176]. [265] K.H. Kim, H.W. Lee, and Y.S. Myung, Phys. Rev. D 70, 027302 (2004) [hepth/0403210].

[266] H. Wei, R.-G. Cai, and A. Wang, Phys. Lett. B 603, 95 (2004) [hep-th/0409130]. [267] D.H. Lyth and E.D. Stewart, Phys. Lett. B 274, 168 (1992). [268] E.D. Stewart and D.H. Lyth, Phys. Lett. B 302, 171 (1993) [gr-qc/9302019]. [269] E.J. Copeland, E.W. Kolb, A.R. Liddle, and J.E. Lidsey, Phys. Rev. D 49, 1840 (1994) [astro-ph/9308044].

[270] G. Huey and J.E. Lidsey, Phys. Lett. B 514, 217 (2001) [astro-ph/0104006]. [271] G. Huey and J.E. Lidsey, Phys. Rev. D 66, 043514 (2002) [astro-ph/0205236]. [272] M. Bouhmadi-López, R. Maartens, and D. Wands, Phys. Rev. D 70, 123519 (2004) [hep-th/0407162].

[273] S. Tsujikawa and B. Gumjudpai, Phys. Rev. D 69, 123523 (2004) [astroph/0402185].

[274] M. Sasaki and E.D. Stewart, Prog. Theor. Phys. 95, 71 (1996) [astro-ph/9507001]. [275] D. Wands, N. Bartolo, S. Matarrese, and A. Riotto, Phys. Rev. D 66, 043520 (2002) [astro-ph/0205253].

[276] S.M. Leach and A.R. Liddle, Phys. Rev. D 68, 123508 (2003) [astro-ph/0306305]. [277] M. Bastero-Gil, K. Freese, and L. Mersini-Houghton, Phys. Rev. D 68, 123514 (2003) [hep-ph/0306289].

[278] A.R. Liddle and A.J. Smith, Phys. Rev. D 68, 061301 (2003) [astro-ph/0307017]. [279] S. Tsujikawa and A.R. Liddle, J. Cosmol. Astropart. Phys. 03 (2004) 001 [astroph/0312162].

[280] E.J. Copeland, I.J. Grivell, and A.R. Liddle, Mon. Not. R. Astron. Soc. 298, 1233 (1998) [astro-ph/9712028].

[281] J.R. Bond, C. Contaldi, A. Lewis, and D. Pogosyan, Int. J. Theor. Phys. 43, 599 (2004) [astro-ph/0406195].

[282] R. Brandenberger and P.-M. Ho, Phys. Rev. D 66, 023517 (2002) [hep-th/0203119]. [283] T. Yoneya, in Wandering in the Fields, edited by K. Kawarabayashi and A. Ukawa (World Scientific, Singapore, 1987), p. 419.

[284] M. Li and T. Yoneya, Phys. Rev. Lett. 78, 1219 (1997) [hep-th/9611072]. [285] T. Yoneya, Prog. Theor. Phys. 103, 1081 (2000) [hep-th/0004074]. [286] Q.-G. Huang and M. Li, J. High Energy Phys. 06 (2003) 014 [hep-th/0304203]. [287] S. Tsujikawa, R. Maartens, and R. Brandenberger, Phys. Lett. B 574, 141 (2003) [astro-ph/0308169].

[288] Q.-G. Huang and M. Li, J. Cosmol. Astropart. Phys. 11 (2003) 001 [astroph/0308458].

[289] Q.-G. Huang and M. Li, astro-ph/0311378.

[290] D. Liu and X. Li, Phys. Rev. D 70, 123504 (2004) [astro-ph/0402063]. [291] H. Kim, G.S. Lee, and Y.S. Myung, hep-th/0402018.

BIBLIOGRAPHY 149

[292] H. Kim, G.S. Lee, H.W. Lee, and Y.S. Myung, Phys. Rev. D 70, 043521 (2004) [hep-th/0402198].

[293] R.-G. Cai, Phys. Lett. B 593, 1 (2004) [hep-th/0403134]. [294] Y.S. Myung, Phys. Lett. B 601, 1 (2004) [hep-th/0407066]. [295] D. Liu and X. Li, Phys. Lett. B 600, 1 (2004) [hep-th/0409075]. [296] K. Bamba and J .Yokoyama, Phys. Rev. D 70, 083508 (2004) [hep-ph/0409237]. [297] U.H. Danielsson, Phys. Rev. D 66, 023511 (2002) [hep-th/0203198]. [298] R. Easther, B.R. Greene, W.H. Kinney, and G. Shiu, Phys. Rev. D 66, 023518 (2002) [hep-th/0204129].

[299] J. Martin and R.H. Brandenberger, Phys. Rev. D 68, 063513 (2003) [hepth/0305161].

[300] S. Cremonini, Phys. Rev. D 68, 063514 (2003) [hep-th/0305244]. [301] G.L. Alberghi, R. Casadio, and A. Tronconi, Phys. Lett. B 579, 1 (2004) [grqc/0303035].

[302] S. Koh, S.P. Kim, and D.J. Song, J. High Energy Phys. 12 (2004) 060 [grqc/0402065].

[303] S. Shankaranarayanan and L. Sriramkumar, Phys. Rev. D 70, 123520 (2004) [hepth/0403236].

[304] L. Sriramkumar and T. Padmanabhan, gr-qc/0408034. [305] R. Easther, W.H. Kinney, and H. Peiris, astro-ph/0412613. [306] C. Hogan, astro-ph/0406447.

[307] C.-S. Chu, B.R. Greene, and G. Shiu, Mod. Phys. Lett. A 16, 2231 (2001) [hepth/0011241].

[308] F. Lizzi, G. Mangano, G. Miele, and M. Peloso, J. High Energy Phys. 06 (2002) 049 [hep-th/0203099].

[309] O. Bertolami and L. Guisado, Phys. Rev. D 67, 025001 (2003) [gr-qc/0207124]. [310] F. Lizzi, G. Mangano, G. Miele, and G. Sparano, Int. J. Mod. Phys. A 11, 2907 (1996) [gr-qc/9503040].

[311] F. Lizzi, G. Mangano, and G. Miele, Mod. Phys. Lett. A 16, 1 (2001) [hepth/0009180].

[312] S. Alexander, R. Brandenberger, and J. Magueijo, Phys. Rev. D 67, 081301 (2003) [hep-th/0108190].

[313] M. Fukuma, Y. Kono, and A. Miwa, Nucl. Phys. B682, 377 (2004) [hepth/0307029].

[314] M. Fukuma, Y. Kono, and A. Miwa, Nucl. Phys. B703, 293 (2004) [hepth/0312298].

[315] H. García-Compeán, O. Obregón, and C. Ramírez, Phys. Rev. Lett. 88, 161301 (2002) [hep-th/0107250].

[316] S.A. Alavi and F. Nasseri, astro-ph/0406477.

[317] G.D. Barbosa and N. Pinto-Neto, Phys. Rev. D 70, 103512 (2004) [hep-th/0407111]. [318] G.D. Barbosa, hep-th/0408071. [319] L.O. Pimentel and C. Mora, gr-qc/0408100.

[320] K. Dasgupta, G. Rajesh, and S. Mukhi, J. High Energy Phys. 06 (2000) 022 [hepth/0005006].

150 BIBLIOGRAPHY

[321] C. Bachas and M. Porrati, Phys. Lett. B 296, 77 (1992) [hep-th/9209032]. [322] G. Efstathiou, Mon. Not. R. Astron. Soc. 332, 193 (2002) [astro-ph/0109151]. [323] A. Aguirre and M. Tegmark, hep-th/0409072.

[324] A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538, 473 (2000) [astroph/9911177].

[325] A. Lewis and S. Bridle, Phys. Rev. D 66, 103511 (2002) [astro-ph/0205436]. [326] http://camb.info/ [327] http://lambda.gsfc.nasa.gov/ [328] W.J. Percival et al., Mon. Not. R. Astron. Soc. 327, 1297 (2001) [astro-ph/0105252]. [329] T.J. Pearson et al., Astrophys. J. 591, 556 (2003) [astro-ph/0205388]. [330] K. Grainge et al., Mon. Not. R. Astron. Soc. 341, L23 (2003) [astro-ph/0212495]. [331] C.L. Kuo et al., Astrophys. J. 600, 32 (2004) [astro-ph/0212289]. [332] A.R. Liddle and S.M. Leach, Phys. Rev. D 68, 103503 (2003) [astro-ph/0305263]. [333] Y.-S. Piao, S. Tsujikawa, and X. Zhang, Class. Quantum Grav. 21, 4455 (2004) [hep-th/0312139].

[334] M. Liguori, S. Matarrese, M. Musso, and A. Riotto, J. Cosmol. Astropart. Phys.

08 (2004) 011 [astro-ph/0405544].

[335] M. Yamaguchi and J. Yokoyama, Phys. Rev. D 70, 023513 (2004) [hep-ph/0402282]. [336] R. Brandenberger and C. Vafa, Nucl. Phys. B316, 391 (1989). [337] A.A. Tseytlin and C. Vafa, Nucl. Phys. B372, 443 (1992) [hep-th/9109048]. [338] N. Kaloper, R. Madden, and K.A. Olive, Nucl. Phys. B452, 677 (1995) [hepth/9506027].

[339] R. Easther, K. Maeda, and D. Wands, Phys. Rev. D 53, 4247 (1996) [hepth/9509074].

[340] J.E. Lidsey, Phys. Rev. D 55, 3303 (1997) [gr-qc/9605017].

[341] A. Lukas, B.A. Ovrut, and D. Waldram, Phys. Lett. B 393, 65 (1997) [hepth/9608195].

[342] J.C. Fabris, R.G. Furtado, P. Peter, and N. Pinto-Neto, Phys. Rev. D 67, 124003 (2003) [hep-th/0212312].

[343] G.T. Horowitz and J. Polchinski, Phys. Rev. D 66, 103512 (2002) [hep-th/0206228]. [344] M. Fabinger and J. McGreevy, J. High Energy Phys. 06 (2003) 042 [hepth/0206196].

[345] S. Tsujikawa, Class. Quantum Grav. 20, 1991 (2003) [hep-th/0302181]. [346] T. Hertog and G.T. Horowitz, J. High Energy Phys. 07 (2004) 073 [hep-th/0406134]. [347] N. Turok, M. Perry, and P.J. Steinhardt, Phys. Rev. D 70, 106004 (2004) [hepth/0408083].

[348] G.J. Russo and P.K. Townsend, hep-th/0408220. [349] T. Hertog, hep-th/0409160.

[350] R.C. Tolman, Phys. Rev. 37, 1639 (1931). [351] R.C. Tolman, Phys. Rev. 38, 1758 (1931).

[352] G. Lemaître, Ann. Soc. Sci. Bruxelles, Ser. 1 53, 51 (1933).

BIBLIOGRAPHY 151

[353] R.C. Tolman, Relativity, Thermodynamics and Cosmology (Clarendon Press, Oxford, 1934).

[354] M.J. Rees, Observatory 89, 193 (1969).

[355] R.H. Dicke and P.J.E. Peebles, in General Relativity: An Einstein Centenary Survey, edited by S.W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979), p. 504.

[356] Ya.B. Zel’dovich and I.D. Novikov, Relativistic Astrophysics, Vol. 2, The Structure and Evolution of the Universe (University of Chicago Press, Chicago, 1983).

[357] T.J. Battefeld and R. Brandenberger, Phys. Rev. D 70, 121302(R) (2004) [hepth/0406180].

[358] P. Peter and N. Pinto-Neto, Phys. Rev. D 65, 023513 (2002) [gr-qc/0109038]. [359] C. Cartier, R. Durrer, and E.J. Copeland, Phys. Rev. D 67, 103517 (2003) [hepth/0301198].

[360] P. Peter, N. Pinto-Neto, and D.A. Gonzalez, J. Cosmol. Astropart. Phys. 12 (2003) 003 [hep-th/0306005].

[361] J. Khoury, P.J. Steinhardt, and N. Turok, Phys. Rev. Lett. 92, 031302 (2004) [hep-th/0307132].

[362] J.K. Erickson, D.H. Wesley, P.J. Steinhardt, and N. Turok, Phys. Rev. D 69, 063514 (2004) [hep-th/0312009].

[363] L.E. Allen and D. Wands, Phys. Rev. D 70, 063515 (2004) [astro-ph/0404441]. [364] N. Pinto-Neto, Int. J. Mod. Phys. D 13, 1419 (2004) [hep-th/0410225]. [365] P. Creminelli, A. Nicolis, and M. Zaldarriaga, hep-th/0411270. [366] N. Kanekar, V. Sahni, and Y. Shtanov, Phys. Rev. D 63, 083520 (2001) [astroph/0101448].

[367] J. Hwang and H. Noh, Phys. Rev. D 65, 124010 (2002) [astro-ph/0112079]. [368] C. Gordon and N. Turok, Phys. Rev. D 67, 123508 (2003) [hep-th/0206138]. [369] J. Martin and P. Peter, Phys. Rev. D 68, 103517 (2003) [hep-th/0307077]. [370] J. Martin and P. Peter, Phys. Rev. Lett. 92, 061301 (2004) [astro-ph/0312488]. [371] B.K. Tippett and K. Lake, gr-qc/0409088.

[372] R. Brustein and R. Madden, Phys. Lett. B 410, 110 (1997) [hep-th/9702043]. [373] R. Brustein and R. Madden, Phys. Rev. D 57, 712 (1998) [hep-th/9708046]. [374] P. Peter and N. Pinto-Neto, Phys. Rev. D 66, 063509 (2002) [hep-th/0203013]. [375] R.R. Caldwell, Phys. Lett. B 545, 23 (2002) [astro-ph/9908168]. [376] T. Chiba, T. Okabe, and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000). [astroph/9912463] [377] A.E. Schulz and M. White, Phys. Rev. D 64, 043514 (2001) [astro-ph/0104112]. [378] B. McInnes, J. High Energy Phys. 08 (2002) 029 [hep-th/0112066]. [379] D.F. Torres, Phys. Rev. D 66, 043522 (2002) [astro-ph/0204504]. [380] B. McInnes, in On the Nature of Dark Energy, proceedings of the XVIIIth Colloquium of the Institut d’Astrophysique de Paris, Paris, 2002, edited by P. Brax, J. Martin, and J.-P. Uzan (Institut d’Astrophysique de Paris, Paris, 2002), p. 265 [astro-ph/0210321].

[381] V. Sahni and Y. Shtanov, J. Cosmol. Astropart. Phys. 11 (2003) 014 [astroph/0202346].

152 BIBLIOGRAPHY

[382] S.M. Carroll, M. Hoffman, and M. Trodden, Phys. Rev. D 68, 023509 (2003) [astroph/0301273].

[383] J. Hao and X. Li, Phys. Rev. D 67, 107303 (2003) [gr-qc/0302100]. [384] G.W. Gibbons, hep-th/0302199.

[385] R.R. Caldwell, M. Kamionkowski, and N.N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003) [astro-ph/0302506].

[386] X. Li and J. Hao, Phys. Rev. D 69, 107303 (2004) [hep-th/0303093]. [387] S. Nojiri and S.D. Odintsov, Phys. Lett. B 562, 147 (2003) [hep-th/0303117]. [388] A. Feinstein and S. Jhingan, Mod. Phys. Lett. A 19, 457 (2004) [hep-th/0304069]. [389] S. Nojiri and S.D. Odintsov, Phys. Lett. B 565, 1 (2003) [hep-th/0304131]. [390] P. Singh, M. Sami, and N. Dadhich, Phys. Rev. D 68, 023522 (2003) [hepth/0305110].

[391] J. Hao and X. Li, Phys. Rev. D 68, 043501 (2003) [hep-th/0305207]. [392] P.F. González-Díaz, Phys. Rev. D 68, 021303 (2003) [astro-ph/0305559]. [393] J. Hao and X. Li, Phys. Rev. D 68, 083514 (2003) [hep-th/0306033]. [394] S. Nojiri and S.D. Odintsov, Phys. Lett. B 571, 1 (2003) [hep-th/0306212]. [395] D. Liu and X. Li, Phys. Rev. D 68, 067301 (2003) [hep-th/0307239]. [396] Y.-S. Piao and E Zhou, Phys. Rev. D 68, 083515 (2003) [hep-th/0308080]. [397] J. Hao and X. Li, Phys. Rev. D 70, 043529 (2004) [astro-ph/0309746]. [398] E. Elizalde and J. Quiroga Hurtado, Mod. Phys. Lett. A 19, 29 (2004) [grqc/0310128].

[399] H. Štefančić, Phys. Lett. B 586, 5 (2004) [astro-ph/0310904]. [400] V.B. Johri, Phys. Rev. D 70, 041303 (2004) [astro-ph/0311293]. [401] J.M. Cline, S. Jeon, and G.D. Moore, Phys. Rev. D 70, 043543 (2004) [hepph/0311312].

[402] P.F. González-Díaz, Phys. Lett. B 586, 1 (2004) [astro-ph/0312579]. [403] Y.-S. Piao and Y.-Z. Zhang, Phys. Rev. D 70, 063513 (2004) [astro-ph/0401231]. [404] O. Bertolami, A.A. Sen, S. Sen, and P.T. Silva, Mon. Not. R. Astron. Soc. 353, 329 (2004) [astro-ph/0402387].

[405] J.M. Aguirregabiria, L.P. Chimento, and R. Lazkoz, Phys. Rev. D 70, 023509 (2004) [astro-ph/0403157].

[406] J.D. Barrow, Class. Quantum Grav. 21, L79 (2004) [gr-qc/0403084]. [407] J. Hao and X. Li, Phys. Lett. B 606, 7 (2005) [astro-ph/0404154]. [408] Z.-K. Guo, Y.-S. Piao, and Y.-Z. Zhang, Phys. Lett. B 594, 247 (2004) [astroph/0404225].

[409] M. Bouhmadi-López and J.A. Jiménez-Madrid, astro-ph/0404540. [410] E. Elizalde, S. Nojiri, and S.D. Odintsov, Phys. Rev. D 70, 043539 (2004) [hepth/0405034].

[411] S. Nojiri and S.D. Odintsov, Phys. Lett. B 595, 1 (2004) [hep-th/0405078]. [412] L.P. Chimento and R. Lazkoz, Mod. Phys. Lett. A 19, 2479 (2004) [gr-qc/0405020]. [413] A. Gruzinov, astro-ph/0405096.

BIBLIOGRAPHY 153

[414] P.H. Frampton and T. Takahashi, Astropart. Phys. 22, 307 (2004) [astroph/0405333].

[415] L.P. Chimento and R. Lazkoz, astro-ph/0405518.

[416] S.D.H. Hsu, A. Jenkins, and M.B. Wise, Phys. Lett. B 597, 270 (2004) [astroph/0406043].

[417] P.F. González-Díaz and J.A. Jiménez-Madrid, Phys. Lett. B 596, 16 (2004) [hepth/0406261].

[418] S.K. Srivastava, astro-ph/0407048. [419] S. Nojiri, hep-th/0407099.

[420] A. Vikman, Phys. Rev. D 71, 023515 (2005) [astro-ph/0407107]. [421] E. Babichev, V. Dokuchaev, and Yu. Eroshenko, Class. Quantum Grav. 22, 143 (2005) [astro-ph/0407190].

[422] P.H. Frampton, astro-ph/0407353.

[423] P.F. González-Díaz and C.L. Sigüenza, Nucl. Phys. B697, 363 (2004) [astroph/0407421].

[424] P. Wu and H. Yu, astro-ph/0407424.

[425] B. Feng, M. Li, Y.-S. Piao, and X. Zhang, astro-ph/0407432 [426] F.C. Carvalho and A. Saa, Phys. Rev. D 70, 087302 (2004) [astro-ph/0408013]. [427] P.F. González-Díaz, hep-th/0408225.

[428] W. Fang, H.Q. Lu, Z.G. Huang, and K.F. Zhang, hep-th/0409080. [429] S.K. Srivastava, hep-th/0411221.

[430] S. Nojiri, S.D. Odintsov, and S. Tsujikawa, hep-th/0501025. [431] J. Santos and J.S. Alcaniz, astro-ph/0502031. [432] R. Curbelo, T. Gonzalez, and I. Quiros, astro-ph/0502141. [433] H.P. Nilles, Phys. Rep. 110, 1 (1984). [434] M.D. Pollock, Phys. Lett. B 215, 635 (1988).

[435] S. Kachru and L. McAllister, J. High Energy Phys. 03 (2003) 018 [hep-th/0205209]. [436] J. Khoury, B.A. Ovrut, P.J. Steinhardt, and N. Turok, Phys. Rev. D 64, 123522 (2001) [hep-th/0103239].

[437] R. Kallosh, L. Kofman, and A. Linde, Phys. Rev. D 64, 123523 (2001) [hepth/0104073].

[438] R. Kallosh, L. Kofman, A. Linde, and A. Tseytlin, Phys. Rev. D 64, 123524 (2001) [hep-th/0106241].

[439] J. Khoury, B.A. Ovrut, N. Seiberg, P.J. Steinhardt, and N. Turok, Phys. Rev. D 65, 086007 (2002) [hep-th/0108187].

[440] R. Brandenberger and F. Finelli, J. High Energy Phys. 11 (2001) 056 [hepth/0109004].

[441] J. Khoury, B.A. Ovrut, P.J. Steinhardt, and N. Turok, Phys. Rev. D 66, 046005 (2002) [hep-th/0109050].

[442] D.H. Lyth, Phys. Lett. B 526, 173 (2002) [hep-ph/0110007]. [443] S. Tsujikawa, Phys. Lett. B 526, 179 (2002) [gr-qc/0110124]. [444] P.J. Steinhardt and N. Turok, Phys. Rev. D 65, 126003 (2002) [hep-th/0111098].

154 BIBLIOGRAPHY

[445] J. Martin, P. Peter, N. Pinto-Neto, and D.J. Schwarz, Phys. Rev. D 65, 123513 (2002) [hep-th/0112128].

[446] R. Durrer and F. Vernizzi, Phys. Rev. D 66, 083503 (2002) [hep-ph/0203275]. [447] J. Martin, P. Peter, N. Pinto-Neto, and D.J. Schwarz, Phys. Rev. D 67, 028301 (2003) [hep-th/0204222].

[448] S. Tsujikawa, R. Brandenberger, and F. Finelli, Phys. Rev. D 66, 083513 (2002), [hep-th/0207228].

[449] A.J. Tolley, N. Turok, and P.J. Steinhardt, Phys. Rev. D 69, 106005 (2004) [hepth/0306109].

[450] P.J. Steinhardt and N. Turok, astro-ph/0404480.

[451] J.D. Barrow, D. Kimberly, and J. Magueijo, Class. Quantum Grav. 21, 4289 (2004) [astro-ph/0406369].

[452] M. Maceda, J. Madore, P. Manousselis, and G. Zoupanos, Eur. Phys. J. C 36, 529 (2004) [hep-th/0306136].

[453] P. Singh and A. Toporensky, Phys. Rev. D 69, 104008 (2004) [gr-qc/0312110]. [454] J.E. Lidsey, D.J. Mulryne, N.J. Nunes, and R. Tavakol, Phys. Rev. D 70, 063521 (2004) [gr-qc/0406042].

[455] M. Bojowald, R. Maartens, and P. Singh, Phys. Rev. D 70, 083517 (2004) [hepth/0407115].

[456] G. Date and G.M. Hossain, Phys. Rev. Lett. 94, 011302 (2005) [gr-qc/0407074]. [457] S.K. Srivastava, hep-th/0404170.

[458] Y. Shtanov and V. Sahni, Phys. Lett. B 557, 1 (2003) [gr-qc/0208047]. [459] M.G. Brown, K. Freese, and W.H. Kinney, astro-ph/0405353. [460] Y.-S. Piao and Y.-Z. Zhang, gr-qc/0407027.

[461] G. Kofinas, R. Maartens, and E. Papantonopoulos, J. High Energy Phys. 10 (2003) 066 [hep-th/0307138].

[462] S. Gratton, J. Khoury, P.J. Steinhardt, and N. Turok, Phys. Rev. D 69, 103505 (2004) [astro-ph/0301395].

[463] J. Khoury, P.J. Steinhardt, and N. Turok, Phys. Rev. Lett. 91, 161301 (2003) [astro-ph/0302012].

[464] L.A. Boyle, P.J. Steinhardt, and N. Turok, Phys. Rev. D 70, 023504 (2004) [hepth/0403026].

[465] Y.-S. Piao and Y.-Z. Zhang, Phys. Rev. D 70, 043516 (2004) [astro-ph/0403671]. [466] Y.-S. Piao, hep-th/0404002.

[467] J.E. Lidsey, Phys. Rev. D 70, 041302 (2004) [gr-qc/0405055]. [468] L.P. Chimento, Phys. Rev. D 65, 063517 (2002).

[469] J.M. Aguirregabiria, L.P. Chimento, A.S. Jakubi, and R. Lazkoz, Phys. Rev. D 67, 083518 (2003) [gr-qc/0303010].

[470] L.P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91, 211301 (2003) [gr-qc/0307111]. [471] M.P. Da̧browski, T. Stachowiak, and M. Szydłowski, Phys. Rev. D 68, 103519 (2003) [hep-th/0307128].

[472] R. Brustein, M. Gasperini, and G. Veneziano, Phys. Lett. B 431, 277 (1998) [hepth/9803018].

BIBLIOGRAPHY 155

[473] D. Wands, Phys. Rev. D 60, 023507 (1999) [gr-qc/9809062]. [474] E.J. Copeland, S.J. Lee, J.E. Lidsey, and S. Mizuno, astro-ph/0410110. [475] G. Veneziano, Phys. Lett. B 265, 287 (1991).

[476] M. Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993) [hep-th/9211021]. [477] M. Gasperini, hep-th/9907067.

[478] J.E. Lidsey, D. Wands, and E.J. Copeland, Phys. Rep. 337, 343 (2000) [hepth/9909061].

[479] M. Gasperini and G. Veneziano, Phys. Rep. 373, 1 (2003) [hep-th/0207130]. [480] F. Larsen, J.P. van der Schaar, and R.G. Leigh, J. High Energy Phys. 04 (2002) 047 [hep-th/0202127].

[481] E. Halyo, J. High Energy Phys. 02 (2004) 062 [hep-th/0203235]. [482] J.P. van der Schaar, J. High Energy Phys. 01 (2004) 070 [hep-th/0307271]. [483] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister, and S.P. Trivedi, J.

Cosmol. Astropart. Phys. 10 (2003) 013 [hep-th/0308055].

[484] N. Iizuka and S.P. Trivedi, Phys. Rev. D 70, 043519 (2004) [hep-th/0403203]. [485] R. Kallosh and A. Linde, hep-th/0411011. [486] E.I. Buchbinder, hep-th/0411062. [487] K. Maeda and N. Ohta, hep-th/0411093.

[488] K. Koyama and J. Soda, Phys. Lett. B 483, 432 (2000) [gr-qc/0001033]. [489] K. Aoyanagi and K. Maeda, Phys. Rev. D 70, 123506 (2004) [hep-th/0408008]. [490] S.M. Carroll, A. De Felice, and M. Trodden, astro-ph/0408081. [491] C. Csáki, N. Kaloper, and J. Terning, astro-ph/0409596.

[492] V.K. Onemli and R.P. Woodard, Class. Quantum Grav. 19, 4607 (2002) [grqc/0204065].

[493] V.K. Onemli and R.P. Woodard, Phys. Rev. D 70, 107301 (2004) [gr-qc/0406098]. [494] R. Holman and S. Naidu, astro-ph/0408102.

[495] A. Lue and G.D. Starkman, Phys. Rev. D 70, 101501 (2004) [astro-ph/0408246]. [496] P.H. Frampton, Phys. Lett. B 555, 139 (2003) [astro-ph/0209037]. [497] E. Babichev, V. Dokuchaev, and Yu. Eroshenko, Phys. Rev. Lett. 93, 021102 (2004) [gr-qc/0402089].

[498] P.F. González-Díaz, Phys. Rev. Lett. 93, 071301 (2004) [astro-ph/0404045]. [499] J. Lesgourgues, D. Polarski, and A.A. Starobinsky, Nucl. Phys. B497, 479 (1997) [gr-qc/9611019].

[500] J. Martin, A. Riazuelo, and M. Sakellariadou, Phys. Rev. D 61, 083518 (2000) [astro-ph/9904167].

[501] A. Gangui, J. Martin, and M. Sakellariadou, Phys. Rev. D 66, 083502 (2002) [astroph/0205202].

[502] H.M. Lee and G. Tasinato, J. Cosmol. Astropart. Phys. 04 (2004) 009 [hepth/0401221].

[503] G. Kofinas, hep-th/0412299.

[504] P. Kanti, I.I. Kogan, K.A. Olive, and M. Pospelov, Phys. Lett. B 468, 31 (1999) [hep-ph/9909481].

156 BIBLIOGRAPHY

[505] P. Kanti, I.I. Kogan, K.A. Olive, and M. Pospelov, Phys. Rev. D 61, 106004 (2000) [hep-ph/9912266].

[506] C. Csáki, J. Erlich, T.J. Hollowood, and Y. Shirman, Nucl. Phys. B581, 309 (2000) [hep-th/0001033].

[507] S. Kobayashi, K. Koyama, and J. Soda, Phys. Rev. D 65, 064014 (2002) [hepth/0107025].

[508] P. Mounaix and D. Langlois, Phys. Rev. D 65, 103523 (2002) [gr-qc/0202089]. [509] A. Wang, Phys. Rev. D 66, 024024 (2002) [hep-th/0201051]. [510] C. Barceló, C. Germani, and C.F. Sopuerta, Phys. Rev. D 68, 104007 (2003) [grqc/0306072].

[511] K.A. Bronnikov and B.E. Meierovich, Gravitation Cosmol. 9, 313 (2003) [grqc/0402030].

[512] K. Ghoroku and M. Yahiro, hep-th/0305150.

[513] S. Kanno and J. Soda, J. Cosmol. Astropart. Phys. 07 (2004) 002 [hep-th/0404207]. [514] G. Kofinas, J. High Energy Phys. 08 (2001) 034 [hep-th/0108013]. [515] C. Deffayet, Phys. Lett. B 502, 199 (2001) [hep-th/0010186]. [516] C. Deffayet, Phys. Rev. D 66, 103504 (2002) [hep-th/0205084]. [517] E. Kiritsis, N. Tetradis, and T.N. Tomaras, J. High Energy Phys. 03 (2002) 019 [hep-th/0202037].

[518] K. Maeda, S. Mizuno, and T. Torii, Phys. Rev. D 68, 024033 (2003) [gr-qc/0303039]. [519] E. Papantonopoulos and V. Zamarias, J. Cosmol. Astropart. Phys. 10 (2004) 001 [gr-qc/0403090].

[520] R.-G. Cai and H. Zhang, J. Cosmol. Astropart. Phys. 08 (2004) 017 [hepth/0403234].

[521] M. Bouhmadi-López and D. Wands, hep-th/0408061.

[522] N. Arkani-Hamed, T. Banks, and J. Polchinski, Speech under the Wisdom Tree, Cargèse (2004).

[523] T. Banks, talk given at Cargèse Summer School, Cargèse (2004) [hep-th/0412129]. [524] N. Bartolo, S. Matarrese, and A. Riotto, Phys. Rev. D 64, 123504 (2001) [astroph/0107502].

[525] S. Tsujikawa, D. Parkinson, and B.A. Bassett, Phys. Rev. D 67, 083516 (2003) [astro-ph/0210322].

[526] M. Sakagami, Prog. Theor. Phys. 79, 442 (1988). [527] J.J. Halliwell, Phys. Rev. D 39, 2912 (1989). [528] T. Padmanabhan, Phys. Rev. D 39, 2924 (1989).

[529] I.G. Moss, Quantum Theory, Black Holes and Inflation, (Wiley, Chichester, 1996). [530] R.J. Adler, The Geometry of Random Fields, (Wiley, Chichester, 1981). [531] J.M. Bardeen, J.R. Bond, N. Kaiser, and A.S. Szalay, Astrophys. J. 304, 15 (1986). [532] P.J.E. Peebles, The Large-Scale Structure of the Universe (Princeton University Press, Princeton, 1980).

[533] A. Gangui and J. Martin, Mon. Not. R. Astron. Soc. 313, 323 (2000) [astroph/9908009].

[534] L. Wang and M. Kamionkowski, Phys. Rev D 61, 063504 (2000) [astro-ph/9907431].

BIBLIOGRAPHY 157

[535] E. Komatsu and D.N. Spergel, Phys. Rev. D 63, 063002 (2001) [astro-ph/0005036]. [536] A. Gangui, F. Lucchin, S. Matarrese, and S. Mollerach, Astrophys. J. 430, 447 (1994) [astro-ph/9312033].

[537] A. Gangui, Phys. Rev. D 50, 3684 (1994) [astro-ph/9406014]. [538] J. Maldacena, J. High Energy Phys. 05 (2003) 013 [astro-ph/0210603]. [539] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, Phys. Rep. 402, 103 (2004) [astro-ph/0406398].

[540] S. Matarrese, L. Verde, and A.F. Heavens, Mon. Not. R. Astron. Soc. 290, 651 (1997) [astro-ph/9706059].

[541] T.J. Allen, B. Grinstein, and M.B. Wise, Phys. Lett. B 197, 66 (1987). [542] L. Kofman and D.Y. Pogosian, Phys. Lett. B 214, 508 (1988). [543] S. Mollerach, S. Matarrese, A. Ortolan, and F. Lucchin, Phys. Rev. D 44, 1670 (1991).

[544] A.D. Linde and V. Mukhanov, Phys. Rev. D 56, 535 (1997) [astro-ph/9610219]. [545] F. Bernardeau and J.-P. Uzan, Phys. Rev. D 66, 103506 (2002) [hep-ph/0207295]. [546] F. Bernardeau and J.-P. Uzan, Phys. Rev. D 67, 121301 (2003) [astro-ph/0209330]. [547] M. Zaldarriaga, Phys. Rev. D 69, 043508 (2004) [astro-ph/0306006]. [548] K. Enqvist and A. Väihkönen, J. Cosmol. Astropart. Phys. 09 (2004) 006 [hepph/0405103].

[549] D.H. Lyth and D. Wands, Phys. Lett. B 524, 5 (2002) [hep-ph/0110002]. [550] D.H. Lyth, C. Ungarelli, and D. Wands, Phys. Rev. D 67, 023503 (2003) [astroph/0208055].

[551] N. Bartolo, S. Matarrese, and A. Riotto, Phys. Rev. D 69, 043503 (2004) [hepph/0309033].

[552] P. Creminelli, J. Cosmol. Astropart. Phys. 10 (2003) 003 [astro-ph/0306122]. [553] M. Alishahiha, E. Silverstein, and D. Tong, Phys. Rev. D 70, 123505 (2004) [hepth/0404084].

[554] N. Arkani-Hamed, P. Creminelli, S. Mukohyama, and M. Zaldarriaga, J. Cosmol.

Astropart. Phys. 04 (2004) 001 [hep-th/0312100].

[555] A. Ortolan, F. Lucchin, and S. Matarrese, Phys. Rev. D 38, 465 (1988). [556] H.M. Hodges, G.R. Blumenthal, L.A. Kofman, and J.R. Primack, Nucl. Phys.

B335, 197 (1990).

[557] T. Falk, R. Rangarajan, and M. Srednicki, Astrophys. J. 403, L1 (1993) [astroph/9208001].

[558] I. Yi and E.T. Vishniac, Phys. Rev. D 47, 5280 (1993). [559] I. Yi and E.T. Vishniac, Phys. Rev. D 48, 950 (1993). [560] S. Koh, S.P. Kim, and D.J. Song, astro-ph/0501401. [561] A.A. Starobinsky, Lect. Notes Phys. 246, 107 (1986). [562] S.-J. Rey, Nucl. Phys. B284, 706 (1987).

[563] A.S. Goncharov, A.D. Linde, and V.F. Mukhanov, Int. J. Mod. Phys. A 2, 561 (1987).

[564] A. Hosoya, M. Morikawa, and K. Nakayama, Int. J. Mod. Phys. A 4, 2613 (1989).

158 BIBLIOGRAPHY

[565] D.S. Salopek and J.R. Bond, Phys. Rev. D 43, 1005 (1991). [566] I. Yi and E.T. Vishniac, Astrophys. J. Suppl. Ser. 86, 333 (1993). [567] S. Matarrese, M.A. Musso, and A. Riotto, J. Cosmol. Astropart. Phys. 05 (2004) 008 [hep-th/0311059].

[568] G.I. Rigopoulos, E.P.S. Shellard, and B.J.W. van Tent, astro-ph/0410486. [569] G.F.R. Ellis and M. Bruni, Phys. Rev. D 40, 1804 (1989). [570] D.S. Salopek and J.M. Stewart, Class. Quantum Grav. 9, 1943 (1992). [571] J. Parry, D.S. Salopek, and J.M. Stewart, Phys. Rev. D 49, 2872 (1994) [grqc/9310020].

[572] Y. Nambu and A. Taruya, Class. Quantum Grav. 13, 705 (1996) [astro-ph/9411013]. [573] R. Arnowitt, S. Deser, and C.W. Misner, in Gravitation: an introduction to current research, edited by L. Witten (Wiley, 1962), p. 227 [gr-qc/0405109].

[574] J.M. Bardeen, P.J. Steinhardt, and M.S. Turner, Phys. Rev. D 28, 679 (1983). [575] D.H. Lyth and Y. Rodríguez, astro-ph/0502578. [576] A. Gruzinov, astro-ph/0406129.

[577] P. Creminelli and M. Zaldarriaga, J. Cosmol. Astropart. Phys. 10 (2004) 006 [astroph/0407059].

[578] N. Bartolo, S. Matarrese, and A. Riotto, J. High Energy Phys. 04 (2004) 006 [astroph/0308088].

[579] N. Bartolo, S. Matarrese, and A. Riotto, J. Cosmol. Astropart. Phys. 01 (2004) 003 [astro-ph/0309692].

[580] N. Bartolo, S. Matarrese, and A. Riotto, Phys. Rev. Lett. 93, 231301 (2004) [astroph/0407505].

[581] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamäki, and A. Väihkönen, astroph/0411394.

[582] E. Gaztañaga and J. Wagg, Phys. Rev. D 68, 021302 (2003) [astro-ph/0305327]. [583] P. Cabella et al., astro-ph/0406026.

[584] D. Babich and M. Zaldarriaga, Phys. Rev. D 70, 083005 (2004) [astro-ph/0408455].