arXiv:hep-ph/0503189 v4 14 Oct 2005

BU-HEPP-05-01 Mar., 2005

Final State of Hawking Radiation in Quantum General Relativity^†

B.F.L. Ward

Department of Physics, Baylor University, Waco, Texas, 76798-7316, USA

Abstract

We use a new approach to the UV behavior of quantum general relativity, together with some recent results from the phenomenological asymptotic safety analysis of the theory, to discuss the final state of the Hawking radiation for an originally very massive black hole solution of Einstein’s theory. We find that, after the black hole evaporates to the Planck mass size, its horizon is obviated by quantum loop effects, rendering the entire mass of the originally massive black hole accessible to our universe.

† Work partly supported by NATO Grant PST.CLG.980342.

Given the many successes of Einstein’s classical theory of general relativity [1–3], the fact that the only accepted complete treatment of quantum general relativity, superstring theory [4, 5], involves^1 many hitherto unseen degrees of freedom, some at masses wellbeyond the Planck mass, is even more of an acute issue, as we have to wonder if such degrees of freedom are anything more than a mathematical artifact? The situation is reminiscent of the old string theory [7] of hadrons, which was ultimately superseded by the fundamental point particle field theory of QCD [8].

Accordingly, in the recent literature, several authors have attempted to apply welltested methods from the Standard Model [8, 9] (SM) physics arena to quantum gravitational physics: in Refs. [10], the famous low energy expansion technique from chiral perturbation theory for QCD has been used to address quantum gravitational effects in the large distance regime, in Refs. [11] renormalization group methods in curved spacetime have been used to address astrophysical and cosmological (low energy) effects and in Refs. [12–14] the asymptotic safety fixed-point approach of Weinberg [15] has been used to address the bad UV behavior of quantum general relativity whereas in Refs. [16–19] the new resummed quantum gravity approach (RQG) has also been used to address the bad UV behavior of quantum general relativity (QGR). The ultimate check on these developments, which are not mutually exclusive, will be the confrontation with experimental data. In this vein, we focus in the following on an important issue that arises when semi-classical arguments are applied to massive black hole solutions of Einstein’s theory.

More precisely, Hawking [20] has pointed-out that a massive black hole emits thermal radiation with a temperature known as the Bekenstein-Hawking temperature [20,21]. This result is well accepted by now. This raises the question as to what is the final state of the Hawking evaporation process? In Ref. [13], it was shown that an originally massive black hole emits Hawking radiation until its mass reaches a critical mass M_{cr} ∼ M_{P l}, at which the Bekenstein-Hawking temperature vanishes and the evaporation process stops. Here, M_{P l} is the Planck mass, 1.22 × 10^{19}GeV . This would in principle leave a Planck scale remnant as the final state of the Hawking process.

Specifically, in Ref. [13], the running Newton constant was found to be G(r) = G_N r^3 r^3 + ω̃G_N [r + γG_N M] (1) for a central body of mass M where γ is a phenomenological parameter [13] satisfying 0 ≤ γ ≤^9_2 , ω̃ =^{118}_{15π} and G_N is the Newton constant at zero momentum transfer. The respective lapse function in the metric class

ds^2 = f(r)dt^2 − f(r)^{−1}dr^2 − r^2dΩ^2 (2)

1Recently, the loop quantum gravity approach [6] has been advocated by several authors, but it has still unresolved theoretical issues of principle, unlike the superstring theory. Like the superstring theory, loop quantum gravity introduces a fundamental length , the Planck length, as the smallest distance in the theory. This is a basic modification of Einstein’s theory.

is then taken to be

f(r) = 1 − 2G(r)M r = B(x) B(x) + 2x^2 |_{x=}^r_{GN M} , (3)

where B(x) = x^3 − 2x^2 + Ωx + γΩ (4) for Ω = ω̃ G_N M^2 = ω̃M^2_{P l} M^2

. (5)

This leads to the conclusions that [13] for M < M_{cr} there is no horizon in the metric in the system and that for M ↓ M_{cr} the Bekenstein-Hawking temperature vanishes, leaving a Planck scale remnant, where M_{cr} = [ ω̃ Ω_{cr} G_N ] 1_2 (6) for Ω_{cr} = 1 8 (9γ + 2) √ γ + 2 √ 9γ + 2 − 27 8 γ^2 − 9 2 γ + 1 2 . (7)

For reference, we see that for the range 0 < γ <^9_2 from Ref. [13] we have 1 > Ω_{cr} ≳ .2.

The source of these results can be seen to be the fixed-point behavior for the running Newton constant in momentum space found in Ref. [13], G(k) = G_N 1 + ωG_N k^2 (8) where ω ∼ 1 depends on the the precise details of the IR momentum cut-off in the blocking procedure used in Ref. [13]. As we have shown in Refs. [16–18], our RQG theory gives the same fixed-point behavior for G(k) so that we would naively conclude that we should have the same black hole physics phenomenology as that described above for Ref. [13]. Indeed, we have shown [17,18] that for massive elementary particles, the classical conclusion that they should be black holes is obviated by our rigorous quantum loop effects, which do not contain any unknown phenomenological parameters. We note as well that the results in Ref. [22], obtained in a simple toy model using loop quantum gravity methods [6], also support the conclusion that, for masses below a critical value, black holes do not form; the authors in Ref. [22] are unable to specify the precise value of this critical mass.

However, as we have shown in Ref. [16–18], for elementary massive particles, and this Bonnano-Reuter Planck scale remnant would indeed be such a massive object with a mass smaller than many of the fundamental excitations in the superstring theory for example,

Figure 1: The graviton((a),(b)) and its ghost((c)) one-loop contributions to the graviton

propagator. q is the 4-momentum of the graviton.

Figure 2: The scalar one-loop contribution to the graviton propagator. q is the 4-

momentum of the graviton.

quantum loop effects, resummed to all orders in κ = √ 8πG_N , lead to the Newton potential

Φ_N (r) = − G_N M_{cr} r (1 − e^{−ar}) (9)

where the constant a depends on the masses of the fundamental particles in the universe. We take here the latter particles to be those in the SM and its extension as suggested by the theory of electroweak symmetry breaking [23] and the theory of grand unification [24]. For the upper bound on a we use, we will not need to speculate about what particles may exist beyond those in the SM ; and, for the SM particles we use the known rest masses [25, 26]^2 as well as the value m_H ∼= 120GeV for the mass of the physical Higgs particle – the latter is known to be greater than 114.4GeV with 95% CL [28].

More precisely, when the graphs Figs. 1 and 2 are computed in our resummed quantum gravity theory as presented in Refs. [16–18], the coefficient c_{2,ef f} in eq.(12) of Ref. [18] becomes here, summing over the SM particles in the presence of the recently measured small cosmological constant [29], which implies the gravitational infrared cut-off of m_g ∼=

2For the neutrinos, we use the estimate m_ν ∼ 3eV [27].

3.1 × 10^{−33}eV, c_{2,ef f} = ∑ j n_j I(λ_c(j)) (10)

where we define [18] n_j as the effective number of degrees of freedom for particle j and the integral I is given by I(λ_c) ∼= ∫_∞ 0 dxx^3(1 + x)^{−4−λcx} (11)

with the further definition λ_c(j) =^{2m2j}_{πM 2P l} where the value of m_j is the rest mass of particle j when that is nonzero. When the rest mass of particle j is zero, the value of m_j turns-out to be [30] √ 2 times the gravitational infrared cut-off mass [29]. We further note that, from the exact one-loop analysis of Ref. [31], it also follows that the value of n_j for the graviton and its attendant ghost is 42. For λ_c → 0, we have found the approximate representation

I(λ_c) ∼= ln 1 λ_c − ln ln 1 λ_c − ln ln^1_{λc} ln^1_{λc} − ln ln^1_{λc} − 11 6 . (12)

We wish to combine our result in (9) with the result for G(r) in (1) from Ref. [13]. We do this by omitting from the c_{2,ef f} the contributions from the graviton and its ghost, as these are presumably already taken into account in G(r) in (1), and by replacing G_N in (9) with the running result G(r) from (1). Thus our improved Newton potential reads

Φ_N (r) = − G(r)M_{cr} r (1 − e^{−ar}), (13)

where now, with c_{2,ef f} ∼= 1.41 × 10^4 (14) and, from eq.(8) in Ref. [18], a ∼= ( 360πM^2_{P l} c_{2,ef f} )^{12} (15)

we have that a ∼= 0.283M_{P l} . (16) Since the result from Ref. [13] for G(r) is based on analyzing the pure Einstein theory with no matter, it only contains the effects of pure gravity loops whereas, if we omit the graviton and its ghost loops from our result for c_{2,ef f} , our result for a in (13) only contains matter loops. Hence, there really is no double counting of effects in (13).

As we have explained elsewhere [18], if we use the connection between k and r that is employed in Ref. [13] and restrict our result for c_{2,ef f} to pure graviton and its ghost loops, we recover the results of Ref. [13] for G(k) and G(r) with the similar value of the coefficient of k^2 in the denominator of G(k), for example. Thus, we can arrive at our result in (13) independent of the exact renormalization group equation (ERGE) arguments in Ref. [13]. A more detailed version of such an analysis will appear elsewhere [30].

We also stress here that, when one uses the ERGE for a theory, one obtains the flow of the coupling parameters in the theory. To get to the exact S-matrix, and derive a formula for the Newton potential for example, one then has to employ the corresponding improved Feynman rules for example. Thus, in the analysis in Ref. [13]and in Ref. [32], which extends the ERGE analysis of Ref. [13] to include matter fields, one finds the results for the behavior of the couplings at the analyzed asymptotically safe fixed point. The corresponding computation of the S-matrix near the fixed point with the attendant improved running couplings is fully consistent with our results in (9), (13) [30].

At the critical value M_{cr}, the function B(x)+2x^2 = x^3 +Ω_{cr} x+γΩ_{cr} just equals 2x^2 at x = x_{cr}, producing there a double zero of B(x) and of the lapse function f(r) = 1 + 2Φ_N . When we introduce our improvement into the lapse function via G(r) → G(r)(1 − e^{−ar}), the effect is to reduce the size of the coefficient of −2x^2 in B(x) to −2ξx^2 where ξ = ξ(x) = 1 − e^{−aGN Mcr x} < 1 and thereby to remove the double zero at x_{cr}. The respective monotone behaviors of the polynomials x^3 + Ω_{cr} x + γΩ_{cr} and 2ξ(x_{cr} )x^2 then allow us to conclude that the lapse function remains positive and does not vanish as x ↓ 0, i.e., our quantum loop effects have obviated the horizon of the would-be Planck scale remnant so that the entire mass of the would-be Planck scale remnant is made accessible to our universe by our quantum loop effects. This result holds for all choices of the parameter γ in the range specified by Ref. [13].

We note the nature of the way the results in Ref. [13] and our result in (13) are to be combined: first one carries out the analysis in Ref. [13] and shows that the originally massive black hole evaporates by Hawking radiation down to the critical mass M_{cr} ; then, in this regime of masses, the Schwarzschild radius is in the Planck scale regime, wherein the calculation in (13) is applicable to show that the horizon at M_{cr} is in fact absent. One can not simply use the result in (13) for all values of M because it is only valid in the deep UV. Above, we have used a step function at x = x_{cr} to turn-on our improvement for x ≤ x_{cr}. This is still only a rather approximate way of combining our result in (13) and the result (3) of Ref. [13] and it leaves open the question as to the sensitivity of our conclusions to the nature of the approximation. In principle each result is a representation of the quantum loop effects on the lapse function if we interpret these effects in terms their manifestations on the effective value of Newton’s constant as it has been done in Ref. [13]:

f(r) = 1 − 2G_{ef f} (r)M r (17)

where we take either G_{ef f} (r) from (1) or we use (13) to get G_{ef f} = G_N (1 − e^{−ar}) where now we must set a = 0.210M_{P l} to reflect the effects of pure gravity loops. The former choice is valid for very large r, so it applies to very massive black holes outside of their horizons whereas the latter choice should be applicable to the deep UV at or below the

Planck scale. A better approximation is then, after the originally very massive black hole has, via the analysis of Ref. [13], Hawking radiated down to a size approaching the Planck size, to join the two continuously at some intermediate value of r by determining the outermost solution, r_>, of the equation 1 − 2G(r)M r = 1 − 2G_N (1 − e^{−ar})M r (18)

where G(r) is given above by (1), and to use the RHS of the latter equation for f(r) for r < r_>. For example, for Ω = 0.2, we find r_> ∼= 27.1/M_{P l} , so that, whereas the result (3) would give an outer horizon at x_+ ∼= 1.89 for γ = 0^3, we get x_+ ∼= 1.15 when we do this continuous combination; moreover, the inner horizon implied by (3) at x_− ∼= 0.106 moves to negative values of x so that it ceases to exist. The Bekenstein-Hawking temperature in this continuous combination remains positive for all x > 0 because the two equations

0 = x − 2 + 2e^{− yx2} , 0 = 1 − ye^{− yx2} , (19)

where y = 2σ/Ω^12 for σ = (a/M_{P l}) √ ω̃, require as well

1 = ye^{−(y−1)}. (20)

The expression on the RHS of this latter equation has a maximum for y ≥ 0 at y = 1 and this maximum is just 1, the constant on the LHS of the same equation. The only positive solution to (20) is then y = 1, or Ω = 4σ^2. This corresponds to x=0 in the (19), which contradicts the assumption therein that x > 0. Hence, we see that the outer horizon just approaches x = 0 for Ω → 4σ^2 ≡ Ω^′_{cr} and that, at this point, the derivative of the lapse function is positive. The mass M^′_{cr} implied by Ω^′_{cr} is 2.38 M_{P l}. In other words, originally massive black holes emit Hawking radiation until they reach the point M^′_{cr} ∼ M_{P l} at which their horizon vanishes, in complete agreement with our more approximate treatment above.

The intriguing question is that, after reaching the final mass M^′_{cr} , which is now made accessible by quantum loops, how will that mass manifest itself? Depending on the value of its baryon number, we can expect that there is non-zero probability for its decay into to just two body final states, such as two nucleons, resulting in cosmic rays with energy E =^1_2 M^′_{cr} ∼= 1.2M_{P l}. More complicated decays would populate the cosmic ray spectrum with energy E <^1_2 M^′_{cr} ∼= 1.2M_{P l}. Such cosmic rays may help to explain the current data [33, 34] on cosmic rays with energies exceeding 10^{19}eV.

In sum, all of the mass of the originally very massive black hole is ultimately made accessible to our universe by quantum loop effects. This conclusion agrees with some recent results by Hawking [35].

3We follow Ref. [13] and ask for self-consistency in the determination of γ and leads us to the choice γ = 0 here.

Note Added

We point out that the map given in Ref. [13] for the phenomenological distance correlation for the respective infrared cut-off k is based on standard arguments from quantum mechanics and the parameter γ encodes a large part of the phenomenological aspects of that correlation. In Refs. [16–18], the variable k is the Fourier conjugate of the position 4-vector x so that the connection from function space of ⃗k space to that of ⃗r space is given by standard Fourier transformation with no phenomenological parameters,i.e., the result in (9) does not have any sensitivity to parameters such as γ. This underscores the correctness of (13) and the main conclusion we draw from it: for all choices of γ, the Planck scale remnant has its horizon obviated by quantum loop effects.

Acknowledgments

We thank Prof. S. Jadach for useful discussions.

References

[1] R. Adler, M. Bazin and M. Schiffer, Introduction to General Relativity ,( McGraw- Hill, New York, 1965 ).

[2] C. Misner, K.S. Thorne and J.A. Wheeler, Gravitation,( Freeman, San Francisco, 1973 ).

[3] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity,( John Wiley, New York, 1972).

[4] See, for example, M. Green, J. Schwarz and E. Witten, Superstring Theory, v. 1 and v.2, ( Cambridge Univ. Press, Cambridge, 1987 ) and references therein.

[5] See, for example, J. Polchinski, String Theory, v. 1 and v. 2, (Cambridge Univ. Press, Cambridge, 1998), and references therein.

[6] See for example V.N. Melnikov, Gravit. Cosmol. 9, 118 (2003); L. Smolin, hep-th/0303185; A. Ashtekar and J. Lewandowski, Class. Quantum Grav.21 (2004) R53, and references therein.

[7] See, for example, J. Schwarz, in Proc. Berkeley Chew Jubilee, 1984, eds. C. DeTar et al. ( World Scientific, Singapore, 1985 ) p. 106, and references therein.

[8] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343; H. David Politzer, ibid.30 (1973) 1346; see also , for example, F. Wilczek, in Proc. 16th International Symposium on Lepton and Photon Interactions, Ithaca, 1993, eds. P. Drell and D.L. Rubin (AIP, NY, 1994) p. 593, and references therein.

[9] S.L. Glashow, Nucl. Phys. 22 (1961) 579; S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264; A. Salam, in Elementary Particle Theory, ed. N. Svartholm (Almqvist and Wiksells, Stockholm, 1968), p. 367; G. ’t Hooft and M. Veltman, Nucl. Phys. B44,189 (1972) and B50, 318 (1972); G. ’t Hooft, ibid. B35, 167 (1971); M. Veltman, ibid. B7, 637 (1968).

[10] See for example J. Donoghue, Phys. Rev. Lett. 72 (1994) 2996; Phys. Rev. D50 (1994) 3874; preprint gr-qc/9512024; J. Donoghue et al., Phys. Lett. B529 (2002) 132, and references therein; for related work, see also M. Cavaglia and A. Fabbri, Phys. Rev. D65, 044012 (2002); M. Cavaglia and C. Ungarelli,ibid.61, 064019 (2000), and references therein.

[11] I. Shapiro and J. Sola, Phys. Lett. B475 (2000) 236; J. High Energy Phys. 0202 (2002) 006; C. Espana-Bonet et al., J. Cos. Astropart. Phys. 0402 (2004) 006; I. Shapiro et al., Phys. Lett. B574 (2003) 149; I. Shapiro, J. Sola and H. Stefancic, ibid. 0501 (2005) 012, and references therein.

[12] O. Lauscher and M. Reuter, hep-th/0205062, and references therein.

[13] A. Bonnanno and M. Reuter, Phys. Rev. D62 (2000) 043008.

[14] D. Litim, Phys. Rev. Lett.92(2004) 201301; Phys. Rev. D64 (2001) 105007, and references therein.

[15] S. Weinberg, inGeneral Relativity, eds. S.W. Hawking and W. Israel,( Cambridge Univ. Press, Cambridge, 1979) p.790.

[16] B.F.L. Ward, Mod. Phys. Lett. A17 (2002) 2371. [17] B.F.L. Ward, Mod. Phys. Lett. A19 (2004) 143. [18] B.F.L. Ward, J. Cos. Astropart. Phys.0402 (2004) 011.

[19] B.F.L. Ward, hep-ph/0502104, hep-ph/0411050,0411049,0410273 and references therein.

[20] S. Hawking, Nature ( London ) 248 (1974) 30; Commun. Math. Phys. 43 ( 1975 ) 199.

[21] J. D. Bekenstein, Phys. Rev. D7 (1973) 2333, and references therein. [22] M. Bojowald et al., gr-qc/0503041, and references therein.

[23] See, for example, R.S. Chivukula, hep-ph/0410299; S. Kanemura, hep-ph/0410133, and references therein.

[24] For a recent review see S. Raby, in Phys. Lett. B572 (2004) 1. [25] K. Hagiwara et al., Phys. Rev. D66 (2002) 010001; see also H. Leutwyler and J.

Gasser, Phys. Rept. 87 (1982) 77, and references therein. [26] S. Eidelman et al., Phys. Lett.B592 (2004) 1.

[27] See for example D. Wark, in Proc. ICHEP02, in press; and, M. C. Gonzalez-Garcia, hep-ph/0211054, in Proc. ICHEP02, in press, and references therein.

[28] D. Abbaneo et al., hep-ex/0212036; see also, M. Gruenewald, hep-ex/0210003, in Proc. ICHEP02, in press, 2003.

[29] S. Perlmutter et al., Astrophys. J. 517 (1999) 565; and, references therein. [30] B.F.L. Ward, to appear.

[31] G. ’t Hooft and M. Veltman, Ann. Inst. Henri Poincare XX, 69 (1974). [32] R. Percacci and D. Perini, Phys. Rev. D68 (2003) 044018.

[33] J. Linsley, Phys. Rev. Lett. 10(1963) 146; World Data Center for Highest Energy Cosmic Rays, No. 2, Institute of Physical and Chemical Research, Itabashi, Japan; N.N. Efimov et al., Astrophysical Aspects of the Most Energetic Cosmic Rays, eds. M. Nagano and F. Takahara, (World Scientific Publ. Co., Singapore, 1991) p. 20; D. Bird et al., Phys. Rev. Lett. 71(1993) 3401; Astrophys. Journal 424 (1994) 491; M. Takeda et al., Phys. Rev. Lett. 81(1998) 1163, and astro-ph/9902239.

[34] For a review of the current UHECR data, see S. Westerhoff, in Proc. LP2005, 2005, in press, and references therein.

[35] S.W. Hawking, in Proc. GR17, 2004, in press.