arXiv:hep-ph/0506090 v5 16 Jun 2005

Negative Momentum Susceptibility of Breached Pairing Superfluidity and Singularity at BP-BCS Superfluid Transition Point

Lianyi He Physics Department, Tsinghua University, Beijing 100084, China

We investigate the exotic breached pairing superfluidity in this paper. The Fermions are uncharged and hence there is no superconductivity and Meissner effect. We calculate the susceptibility of the breached pairing superfluidity in a four fermion interaction model. When the fermions have equal masses, in the breached pairing superfluid phase, it is always negative in ultra-relativistic case and tends to be negative when δμ → Δ in non-relativistic case. This may be a signal that LOFF state has lower free energy. For the most general case, the common feature for all breached pairing superfluids is that they suffer a singularity at BP-BCS superfluid transition point, i.e., the momentum susceptibility tends to be negative infinite at BP-BCS transition point. This indicates a large instability at the transition point and must be avoided by some mechanism.

PACS numbers:

I. INTRODUCTION

The pairing between different species of Fermions with mismatched Fermi surfaces, which has already been discussed many years ago in investigating superconducting metal or B state of liquid^3He in a magnetic field[1, 2], prompted new interest in recent years. A new pairing phenomenon call breached pairing has been proposed by by W.V.Liu and F.Wilczek [3], and has been investigated in many papers[4, 5, 6, 7, 8]. It is now generally accepted that, the cold and dense quark matter favors the formation of diquark condensate and is a color superconductor[9, 10, 11]. In physical systems at moderate baryon densities, we should take electric-charge neutrality and the strange quark mass effect into account[12, 13], which makes the Fermi surfaces of the pairing quarks mismatch. It is found that when there is density constraint for different species of Fermions, there exists stable gapless superfluidity or breached pairing superfluidity[14, 15]. The gapless 2SC phase of dense quark matter is a typical breached pairing state. In this state, the most favored pairing temperature is not zero but finite temperature[5, 16]. However, all these exciting results are based on the ansatz of uniform ground state. A well-known pairing mechanism of Fermions with mismatched Fermi surfaces is the LOFF pairing[1]. Different from a uniform pairing configuration in breached pairing state, the Fermion pairs in LOFF state carry a finite total momentum and the superfluid is spatial non-uniform. Recently, it has been found that some Meissner masses squared of gluons in g2SC phase are negative[17, 18], and LOFF pairing can give positive Meissner masses squared[19, 20], which give us a strong hint that the breached pairing state with equal masses is unstable.

In this paper we discuss the superfluidity, where the pairing Fermions do not carry any gauge charge and hence there is no superconductivity and Meissner effect. In this case, a key quantity that can characterize the system may be the momentum susceptibility defined in [19]. Even though it is found in [19] that the momentum susceptibility is proportional to Meissner mass squared in g2SC phase, however, we in this paper find that it is not right for the most general case if the pairing Fermions carries different gauge charges. We in this paper calculate the momentum susceptibility of breached pairing superfluid in a four fermion interaction model. We derive the most general formula for the momentum susceptibility, and do detailed calculation in the equal-mass case. As for the most general case, we prove that all breached pairing superfluids suffer a singularity at the BP-BCS superfluid phase transition point. This is a common feature for all breached pairing superfluids.

II. BREACHED PAIRING SUPERFLUIDITY

To be specific, let us consider the following toy model with the Hamiltonian

Ĥ = ∫ d^3p (2π)^3 ( ϵ^a_pâ^†_{⃗p}â_{⃗p} + ϵ^b_pb̂^†_{⃗p}b̂_{⃗p} ) − g ∫ d^3pd^3q (2π)^6 â^†_{⃗p}b̂^†_{−⃗p}b̂_{−⃗q}â_{⃗q} , (1) where â, b̂, â^† and b̂^† are the annihilation and creation operators for the two species if Fermions, the coupling constant g is positive to keep the interaction attractive, and ϵ^a_p, ϵ^b_p are dispersion relations for the two species of Fermions

ϵ^a_p = √ |p|^2 + m^2_a − μ_a, ϵ^b_p = √ |p|^2 + m^2_b − μ_b, (2) for relativistic case and

ϵ^a_p = |p|^2 2m_a − μ_a, ϵ^b_p = |p|^2 2m_b − μ_b, (3)

for non-relativistic case with masses m_a and m_b, and chemical potentials μ_a and μ_b for Fermions a and b respectively.

First let us assume the ground state is uniform. Introducing the order parameter Δ

Δ = g ∫ d^3p (2π)^3 ⟨ â^†_{⃗p}b̂^†_{−⃗p} ⟩ , (4)

and choose it to be a real constant, then the thermodynamic potential can be expressed as

Ω_{BP} =

Δ^2 g − T 2 ∑ n ∫ d^3p (2π)^3

Tr ln G^{−1}(iω_n, p), (5)

with the inverse of fermion propagator in Nambu-Gorkov space

G^{−1}(iω_n, p) = ( iω_n − ϵ^a_p Δ Δ iω_n + ϵ^b_p ) . (6)

The explicit form of the fermion propagator can be easily evaluated as G(iω_n, p) = ( G_{11} G_{12} G_{21} G_{22} ) , (7)

with matrix elements

G_{11}(iω_n, p) = iω_n − E_A + E_S (iω_n − E_A)^2 − (E^2_S + Δ^2) , G_{22}(iω_n, p) = iω_n − E_A − E_S (iω_n − E_A)^2 − (E^2_S + Δ^2) , G_{12}(iω_n, p) = −Δ (iω_n − E_A)^2 − (E^2_S + Δ^2) , G_{21}(iω_n, p) = −Δ (iω_n − E_A)^2 − (E^2_S + Δ^2)

, (8)

where E_S and E_A are defined as

E_S = ϵ^a_p + ϵ^b_p 2 , E_A = ϵ^a_p − ϵ^b_p 2 . (9)

The excitation spectrum E_{1,2}(p) can be read from the pole of the Fermion propagator

E_1(p) = E_A − √ E^2_S + Δ^2, E_2(p) = E_A + √ E^2_S + Δ^2. (10)

Without losing generality we can choose E_A > 0 in the following. While one branch E_2 is fully gapped, the other one E_1 can cross the momentum axis and become gapless when the equation E_1(p) = 0 has two solutions p_1, p_2 satisfying p_1 < p_2. The gapless excitation is directly related to the breached pairing phenomenon. The occupation numbers for each Fermion in momentum space can be expressed as

n_a(p) = T ∑ n G_{11}(iω_n, p)e^{iωn0+} ,

n_b(p) = −T ∑ n G_{22}(iω_n, p)e^{iωn0+} . (11)

At zero temperature, we get

n_a(p) = 1 2 [( 1 − E_S E_Δ ) θ(E_Δ − E_A) ] , n_b(p) = 1 2 [ 2 − ( 1 + E_S E_Δ ) θ(E_Δ − E_A) ] , (12) with E_Δ = √ E^2_S + Δ^2. If there is no gapless excitation, we have

n_a(p) = n_b(p) = 1 2 ( 1 − E_S E_Δ ) (13)

for all p, which is the standard BCS result. When there is gapless excitation we have

n_a(p) = n_b(p) = 1 2 ( 1 − E_S E_Δ ) (14)

for p < p_1 and p > p_2, and

n_a(p) = 0, n_b(p) = 1 (15)

for p_1 < p < p_2. In this case, the pairing between Fermion is breached by the region p_1 < p < p_2.

The gap equation which determines the gap parameter Δ self-consistently can be expressed as

Δ = T ∑ n d^3p (2π)^3

G_{12}(iω_n, p), (16)

which is equivalent to the minimum of the thermodynamic potential ∂Ω_{BP} ∂Δ = 0. (17)

At zero temperature, the gap equation reads

Δ(1 − gI_Δ) = 0, (18)

with

I_Δ = 1 2 ∫ d^3p (2π)^3 θ(E_Δ − E_A) E_Δ

. (19)

III. MOMENTUM SUSCEPTIBILITY OF BP SUPERFLUID

If the uniform ground state is the true ground state, it must be a minimum at Q = 0 where the pairing momentum is assumed to be 2Q. Suppose the full thermodynamic potential is Ω, a stable uniform state means ∂Ω ∂Q_i | | |_{Q=0} = 0,

∂^2Ω ∂Q_i∂Q_j | | |_{Q=0} ≥ 0, (20)

under all constraint. We call the second quantity the momentum susceptibility κ_{ij} κ_{ij} ≡ ∂^2Ω ∂Q_i∂Q_j | | |_{Q=0}. (21)

A negative momentum susceptibility may be a signal that LOFF state has lower free energy. However, under some constraints such as density difference this may not be true. We need to calculate the free energy under all constraints exactly.

The thermodynamic potential of LOFF state with pairing momentum 2Q can be expressed as Ω_{LOF F} = Δ^2 g − T 2 ∑ n ∫ d^3p (2π)^3

Tr ln G^{−1}_Q (iω_n, p), (22)

where the Q-dependent propagator is defined as

G^{−1}_Q (iω_n, p) = ( iω_n − ϵ^a_{p+Q} Δ Δ iω_n + ϵ^b_{p−Q} ) , (23) with

ϵ^a_{p+Q} = √ |p + Q|^2 + m^2_a − μ_a, ϵ^b_{p−Q} = √ |p − Q|^2 + m^2_b − μ_b, (24)

for relativistic case and

ϵ^a_{p+Q} =

|p + Q|^2 2m_a − μ_a, ϵ^b_{p−Q} = |p − Q|^2 2m_b − μ_b, (25)

for non-relativistic case.

Let us assume the pairing momentum Q is infinitely small, then the change of thermodynamic potential can be expanded to quadratic term of Q as

Ω_{LOF F} − Ω_{BP} = 3∑ i,j=1 1 2 Q_iκ_{ij}Q_j , (26)

with the momentum susceptibility κ_{ij} = T 2 ∑ n ∫ d^3p (2π)^3 p_ip_j ( G_{11}G_{11} (E^a_p )^2 + G_{22}G_{22} (E^b_p)^2 + 2 G_{12}G_{21} E^a_p E^b_p ) + T 2 ∑ n ∫ d^3p (2π)^3 δ_{ij} ( G_{11} E^a_p − G_{22} E^b_p ) , (27)

for relativistic case with E^i_p = √ p^2 + m^2_i (i = a, b), and κ_{ij} = T 2 ∑ n ∫ d^3p (2π)^3 p_ip_j ( G_{11}G_{11} m^2_a + G_{22}G_{22} m^2_b + 2 G_{12}G_{21} m_am_b ) + T 2 ∑ n ∫ d^3p (2π)^3 δ_{ij} ( G_{11} m_a − G_{22} m_b ) , (28)

for non-relativistic case. It is easy to prove that κ_{ij} = 0 when i ≠ j, which is a reflection of the SO(3) symmetry of the Hamiltonian, and hence Ω_{LOF F} − Ω_{BP} ≡ 1 2 κQ^2, (29)

with κ = ∑ i κ_{ii}. In this section, for a example, let us focus on the case m_a = m_b ≡ m.

A. Relativistic Case

In relativistic case, let us assume m = 0 for simplicity. This will not qualitatively change our result when the mass is not too large. The expression for momentum susceptibility can be separated into two parts

κ = κ_1 + κ_2, (30)

with

κ_1 = 3 ∫ d^3p (2π)^3 1 p (n_a(p) + n_b(p)) ,

κ_2 = T 2 ∑ n ∫ d^3p (2π)^3

(G_{11}G_{11} + G_{22}G_{22} + 2G_{12}G_{21}) . (31)

At zero temperature, κ_1 can be approximately evaluated as

κ_1 ≃ 3 π^2 ∫_∞ 0 dpp θ(μ̄ − p) = 3μ̄^2 2π^2

, (32)

which is always positive, while κ_2 can be exactly evaluated as

κ_1 = − 1 π^2 ∫_∞ 0 dpp^2δ ( E_A − √ E^2_S + Δ^2 )

= − 2μ̄^2 π^2 δμ √ δμ^2 − Δ^2 ( 1 + δμ^2 − Δ^2 μ̄^2 ) θ(δμ − Δ), (33) which is automatically zero when δμ < Δ and always negative when δμ > Δ. Here δ(x) is Dirac’s delta function and θ(x) is the step function. In many cases √ δμ^2 − Δ^2 ≪ μ̄ is a good approximation. In this approximation κ can be expressed as κ ≃ 2μ̄^2 π^2 [ 3 4 − δμ √ δμ^2 − Δ^2 θ(δμ − Δ) ] . (34)

It is interesting that this expression is in good agreement with the Meissner mass squared of the 8th gluon in g2SC phase[17, 18] if we replace the factor 3/4 by 1. The difference maybe due to the lack of antiparticles in our model. If there is no breached pairing, or gapless excitation, we have κ > 0. However, when breached pairing occurs, i.e., δμ > Δ, we always obtain a negative κ.

B. Non-relativistic Case

In non-relativistic case, the expression for momentum susceptibility can also be separated into two parts

κ = κ_1 + κ_2, (35)

with

κ_1 = 3 ∫ d^3p (2π)^3 1 m (n_a(p) + n_b(p)) ≡ 3N m , κ_2 = T 2 ∑ n ∫ d^3p (2π)^3 p^2 m^2

(G_{11}G_{11} + G_{22}G_{22} + 2G_{12}G_{21}) , (36)

where N is the total Fermion density.

At zero temperature, κ_2 can be evaluated as

κ_1 = − 1 π^2 ∫_∞ 0 dp p^4 m^2 δ ( E_A − √ E^2_S + Δ^2 )

= − 8μ̄^2 π^2 δμ √ δμ^2 − Δ^2 ( 1 + δμ^2 − Δ^2

μ̄^2 ) θ(δμ − Δ), (37) which is automatically zero when δμ < Δ and always negative when δμ > Δ. Meanwhile, k_1 can be estimated as

κ_1 ≃ 3 π^2 1 m ∫_∞ 0 dpp^2θ ( μ̄ − p^2 2m ) = 2 √ 2μ̄^2 π^2 √ m μ̄ . (38)

Hence κ can be approximately expressed as κ ≃ 8μ̄^2 π^2 [√ m 8μ̄ − δμ √ δμ^2 − Δ^2 θ(δμ − Δ) ] . (39)

Different from relativistic case, whether κ is negative when δμ > Δ depends on the value of √ m/8μ̄. Anyway, when δμ → Δ, a negative κ is irresistable.

To summarize, we find that in both non-relativistic and relativistic case, the breached pairing superfluid possesses a term that makes the momentum susceptibility tend to be negative. Even though the positive terms are different for non-relativistic and relativistic case, the negative terms have the same form for both cases

κ_2 ∝ −μ̄^2 δμ √ δμ^2 − Δ^2 θ(δμ − Δ), (40) which possesses a singularity at δμ → Δ. We will prove that, this singularity, is suffered by all breached pairing superfluids.

It should be noted that if we replace all Q by eA, we can calculated the Meissner mass squared assuming the Fermions are all charged with charge e. This is just the finding in [19]. However, for most general case, this is not right. The equivalence of LOFF instability and choromomagnetic instability discovered in [19] is only right when e_1 = e_2, where e_1 and e_2 are the charges of the papring Fermions respectively, because of the replacement p → p ± Q in LOFF state with total momentum 2Q and p → p ± e_iA in presence of gauge field. This is the reason why the 8th gluon’s negative Meissner mass squared is equivalent to the negative momentum susceptibility which indicates that LOFF state may have lower free energy in g2SC phase, since the pairing quarks (red and green) possess the same color charges Q_8. A typical example is the n − p pairing in asymmetric nuclear matter discussed in [21].

IV. SINGULARITY AT BP-BCS SUPERFLUID TRANSITION POINT

It has been shown in the previous section that in the equal-mass case, both relativistic and non-relativistic breached pairing superfluids suffer a singularity at δμ = Δ, which is just the BP-BCS transition point. However, what is the most general case?

We find that in our calculation, the singularities are directly from the following Matsubara frequency summation: T ∑ n G_{11}G_{11}, T ∑ n G_{22}G_{22}, T ∑ n G_{12}G_{21}. (41)

Due to these summations, at zero temperature, there must be a term proportional to − ∫_∞ 0 dpp^2δ (√ E^2_S + Δ^2 − E_A ) (42)

in relativistic case or − ∫_∞ 0 dpp^4δ (√ E^2_S + Δ^2 − E_A ) (43)

in non-relativistic case appearing the final result. Due to the property of the delta function, the following factors must appear in the final result:

D_1 = ( ∂E_1 ∂p )_{−1} | | |_{p=p1} , D2 = ( ∂E_1 ∂p )_{−1} | | |_{p=p2} . (44)

In the breached pairing phase, there are two solutions p_1 ≠ p_2, and the slope of the dispersion curve E_1(p) at p_1 and p_2 are both non-zero, so D_1 and D_2 are finite in the breached pairing phase. In the BCS pairing phase, there is no solution and the integral is zero automatically. However, at the BP-BCS transition point, there are only one solution p_1 = p_2 where the slope is just zero, otherwise there will be another solution. Hence, the momentum susceptibility suffers a singularity at the BP-BCS transition point.

This conclusion holds for all breached pairing superfluids. In fact, this structure also appeared in [5], however, the authors of [5] did not find this interesting and important conclusion.

V. SELF-CONSISTENT CALCULATION OF Δ, Q, δμ UNDER CONSTRAINT

As we mentioned above, a negative momentum susceptibility may be a signal that LOFF state has lower free energy. That is, the minimum of the effective potential does not locate at Q = 0, but at some nonzero value Q_0, at which κ ≡ ∂^2Ω ∂Q^2 | |_{Q=Q0} (45)

becomes positive. However, under some constraints such as density difference this may not be true. We need to calculate exactly the free energy under all constraints.

Corresponding to the problem in g2SC phase, we employ our toy model associate with ultra-relativistic dispersion relation. The effective potential can be expressed as Ω = Δ^2 g − T 2 ∑ n ∫ d^3p (2π)^3

Tr ln G^{−1}_Q (iω_n, p), (46) with Q-dependent propagator

G^{−1}_Q (iω_n, p) = ( iω_n − ϵ^a_{p+Q} Δ Δ iω_n + ϵ^b_{p−Q} ) , (47)

and dispersion relations

ϵ^a_{p+Q} = |p + Q| − μ_a, ϵ^b_{p−Q} = |p − Q| − μ_b. (48)

After some algebras, Ω can be evaluated as Ω = Δ^2 g − ∫ d^3p (2π)^3 [( E_1 2 + T ln(1 + e^{−E1/T} ) ) + ( E_2 2 + T ln(1 + e^{−E2/T} ) ) − E_S ] (49)

with the energies

E_S = ϵ^a_{p+Q} + ϵ^b_{p−Q} 2 , E_A = ϵ^a_{p+Q} − ϵ^b_{p−Q} 2 , (50) and E_1 = E_A − √ E^2_S + Δ^2, E_2 = E_A + √ E^2_S + Δ^2. (51)

The candidate ground state should be determined by minimizing Ω with respect to Δ, Q ∂Ω ∂Δ = 0, ∂Ω ∂Q = 0, (52)

under the density constraint n_b n_a = λ. (53)

Under this constraint, the chemical potentials of Fermions a and b should be expressed as

μ_a = μ − λμ_e, μ_b = μ + μ_e. (54)

here μ controls the total density of the Fermion since n_a + n_b = −∂Ω/∂μ, while the constraint n_b/n_a ≡ λ is satisfied by ∂Ω ∂μ_e = 0. (55)

In realistic calculation, we can regard μ as a input parameter and calculate Δ, Q, μ_e from equation (47) and (50). Obviously, Q = 0 must be a solution, and there may be another solution Q = Q_0 ≠ 0. We will report our numerical results as soon as possible.

Acknowledgments: I thank Prof. K. Rajagopal, Prof. M. Alford and Prof. Hai-cang Ren for helpful comments.

[1] A.I.Larkin and Yu.N.Ovchinnikov, Sov.Phys.JETP20(1965); P.Fulde and R.A.Ferrell,Phys.Rev135,A550(1964) [2] A.Leggett,Rev. Mod. Phys41,331(1975) [3] W.V.Liu and F.Wilczek, Phys. Rev. Lett.90, 047002(2003) [4] E.Gubankova, W.V.Liu, F.Wilczek, Phys.Rev.Lett. 91, 032001(2003) [5] S.Wu and S.Yip, Phys.Rev.A67, 053603(2003) [6] Michael McNeil Forbes, Elena Gubankova, W. Vincent Liu, Frank Wilczek, Phys.Rev.Lett.94, 017001(2005) [7] E.Gubankova, E.G.Mishchenko, F.Wilczek,Phys.Rev.Lett.94, 110402(2005) [8] J.Liao and P.Zhuang, Phys. Rev. D68, 114016(2003) [9] See, for reviews, K.Rajagopal and F.Wilczek, hep-ph/0011333; M.Alford, Ann. Rev. Nucl. Part. Sci. 51, 131(2001);

T.Schäfer, hep-ph/0304281; H.Ren, hep-ph/0404074; M.Huang, hep-ph/0409167; M.Buballa, Phys.Rept.407, 205(2005) [10] H.Abuki, M.Kitazawa, and T.Kunihiro, hep-ph/0412382; S.B.Ruster, V.Werth, M.Buballa, I.A.Shovkovy and D.H.Rischke, hep-ph/0503184; D.Blaschke, S.Fredriksson, H.Grigorian and A.M.Oztas, F.Sandin, hep-ph/0503194

[11] D.Blaschke, D.Ebert, K.G.Klimenko, M.K.Volkov, and V.L.Yudichev, Phys. Rev. D70, 014006(2004); D.Ebert, K.G.Klimenko, and V.L.Yudichev, hep-ph/0412129; L.He, M.Jin and P.Zhuang, hep-ph/0504148;P.Zhuang, hep-ph/0503250 [12] M.Alford and K.Rajagopal, JHEP 06:031(2002);A.W.Steiner, S.Reddy, and M.Prakash, Phys. Rev. D66,094007(2002) [13] M.Huang, P.Zhuang, and W.Chao, Phys. Rev. D67, 065015(2003) [14] I.Shovkovy and M.Huang, Phys. Lett. B564 205(2003) [15] M.Alford, C.Kouvaris and K. Rajagopal, Phys.Rev.Lett. 92, 222001(2004) [16] M.Huang and I.Shovkovy, Nucl.Phys. A729, 835(2003) [17] M.Huang and I.Shovkovy, Phys.Rev. D70, R051501(2004) [18] M.Huang and I.Shovkovy, Phys.Rev. D70, 094030(2004) [19] I. Giannakis and H. Ren, Phys.Lett. B611, 137(2005) [20] I. Giannakis and H. Ren, hep-th/0504053 [21] A.Sedrakian and U.Lombardo, Phys.Rev.Lett. 84, 602-605(2000)