arXiv:hep-ph/0507007 v4 1 Apr 2006

HU-EP-05/27

Pion condensation in quark matter with finite baryon density

D. Ebert^∗ Institut für Physik, Humboldt-Universität zu Berlin, 10115 Berlin, Germany

K. G. Klimenko^† Institut für Physik, Humboldt-Universität zu Berlin, 10115 Berlin, Germany and Institute of High Energy Physics, 142281, Protvino, Moscow Region, Russia

The phase structure of the Nambu – Jona-Lasinio model at zero temperature and in the presence of baryon- and isospin chemical potentials is investigated. It is shown that in the chiral limit and for a wide range of model parameters there exist two different phases with pion condensation. In the first, ordinary phase, the baryon density is zero and quarks are gapped particles. In the second, gapless pion condensation phase, there is no energy cost for creating only u-or both u and d quarks, and the density of baryons is nonzero.

PACS numbers: 11.30.Qc, 12.39.-x, 21.65.+f Keywords: Nambu – Jona-Lasinio model; pion condensation

According to a well-known point of view [1], pionic degrees of freedom and, especially, the pion condensation phenomenon might play a significant role in the description of different nuclear matter effects, heavy-ion collisions, and the physics of compact stars. In reality, dense baryonic matter obeys an isospin asymmetry, i.e. the densities of up- and down quarks are different. In order that QCD adequately describes the isotopically asymmetric matter, usually the isospin chemical potential μ_I is introduced into the theory. It is well-known that in QCD with finite μ_I a nonzero pion condensate is generated if μ_I is greater than the pion mass m_π . This result was obtained in the framework of an effective chiral Lagrangians approach [2] as well as in QCD lattice calculations, performed at zero or small values of the baryon chemical potential μ_B [3]. However, these two approaches are not applicable for the description of an isotopically asymmetric matter at moderate baryon density. To overcome this problem, it was recently proposed to study the QCD phase diagram on the basis of Nambu – Jona-Lasinio (NJL)-type models, which contain quarks as microscopic degrees of freedom, in the presence of a baryon chemical potential μ_B and an isospin μ_I one. In this way the influence of μ_B, μ_I on both the chiral symmetry restoration effect [4] and the formation of color superconducting (CSC) dense baryonic matter [5] was considered, but with a zero pion condensate (for earlier investigations of the NJL phase diagram in the plane of temperature-baryon density, but without isospin asymmetry, i.e. μ_I = 0, see, e.g., [6]). In addition, it was found that if the influence of μ_I is combined with the condition of electric charge neutrality, then essential changes of quasiparticle dispersion relations might occur in CSC matter. As a consequence, it is transformed into a so-called gapless CSC matter, since new gapless quasiparticle degrees of freedom appear (see, e.g., reviews [7]). Recently, the pionic condensation effect was investigated in some NJL models at nonzero values of μ_B and μ_I [8, 9]. However, in these papers the existence of a homogeneous dense baryonic phase with pion condensation was not investigated. So, the question whether it is possible to describe such a phase in the framework of NJL models is opened up to now.

To answer this question, we study in present paper the phase structure of the NJL model in terms of μ_B and μ_I . We show that, depending on the parameters of the chosen NJL model, a homogeneous phase of an isospin asymmetric quark matter with pion condensation and with finite baryon density may appear. Since quarks are gapless in this phase, we call it gapless pion condensed (GPC) phase. In addition, a pion condensed phase with zero baryon charge is also presented in the phase structure of the model. In contrast to GPC phase, quarks are gapped in it. In the following we restrict ourselves to values μ_B ≤ 1 GeV in order to avoid the inclusion of a Cooper pairing of quarks into consideration. (At greater μ_B the diquark condensation should be taken into account [10, 11].)

Let us study the properties of quark matter at moderate baryon and isospin densities and at zero temperature in the framework of the NJL model with two quark flavors

L_q = q̄ [ γ^ν i∂_ν − m + μγ^0 + δμτ_3γ^0 ] q + G [ (q̄q)^2 + (q̄iγ^5⃗τ q)^2 ] , (1)

where μ ≡ μ_B/3 is the quark number chemical potential and the quantity δμ is a half of the isospin chemical potential, i.e. δμ ≡ μ_I /2. In (1) τ_i (i = 1, 2, 3) are Pauli matrices. Evidently, at nonvanishing current quark masses, m ≠ 0, the Lagrangian (1) is invariant under the baryon U_B(1) symmetry and the parity transformation P. Moreover, without the μ_I -term it is also invariant under the isospin SU_I(2) group which is reduced to U_{I3} (1) at μ_I ≠ 0. Usually, the properties of the ground state of the model (1) are characterized by two order parameters. The first one is the quark

∗Electronic address: debert@physik.hu-berlin.de †Electronic address: kklim@ihep.ru

FIG. 1: The phase portrait of the model at m = 0 in terms of μ, δμ for the set 1 of parameters, Λ = 0.65 GeV, G = 5.01 GeV^{−2}. The region D corresponds to the fully symmetric phase with M = 0, Δ = 0. A, B, and C are phases with pion condensation. The solid lines μ1c (δμ) and μ2c(δμ) are the critical curves of first order phase transitions. The dotted line, Δo(δμ), is the pion condensate at μ = 0. The baryon density is zero in the phase B and nonzero in A, C, D. There are gapless quarks in the phases A, C, D. In the phase B quarks are gapped.

condensate ⟨q̄q⟩ which is responsible for the chiral symmetry breaking and does not spoil the parity and isotopical symmetry. The second one, called pion condensate, is the ground state expectation value of the form ⟨q̄γ^5τ_1q⟩. If it is nonzero, spontaneous breaking of parity and isotopic symmetry occur in the system.^1 At μ_I = 0 only the quark condensate is relevant to the physics of the model, but at nonzero μ_I it is desirable to take into account both condensates. In the last case the competition between them is governed by the thermodynamic potential (TDP) which in the mean field approximation has the following form which can be obtained, using, e.g., the technique of [12]:

Ω(M, Δ) =

(M − m)^2 + Δ^2 4G − 3 ∑ a ∫ d^3p (2π)^3 |E_a| = = (M − m)^2 + Δ^2 4G − 6 ∫ d^3p (2π)^3 { E^−_Δ + E^+_Δ + (μ − E^−_Δ)θ(μ − E^−_Δ) + (μ − E^+_Δ)θ(μ − E^+_Δ) } . (2)

The summation in the first line of (2) runs over all quasiparticles (a = u, d, ū, d̄), where

E_u = E^−_Δ − μ, E_ū = E^+_Δ + μ,

E_d = E^+_Δ − μ, E¯_d = E^−_Δ + μ, (3)

and E^±_Δ = √ (E^±)^2 + Δ^2, E^± = E ± δμ and E = √ ⃗p^2 + M^2. The factor 3 in front of the summation symbol in (2) indicates the three-fold degeneracy of each quasiparticle in color. Moreover, in order to avoid usual ultraviolet divergences, the integration region in (2) is restricted by a cutoff Λ, i.e. |⃗p| < Λ, where Λ ≤ 1 GeV. The gap coordinates of the global minimum point of the function Ω(M, Δ) are connected with condensates in the following way: M = m − 2G⟨q̄q⟩, Δ = −2Gi⟨q̄γ^5τ_1q⟩, (4)

1 One may, in addition, suppose that ⟨q̄γ^5τ_2q⟩ is also nonzero. Then, using the U_{I3} (1)-rotations, this quantity can be reduced to zero.

FIG. 2: The gapless phase A of the NJL model at m = 0. The notations are the same as in Fig. 1. The schematic curve L divides A into the region with only u gapless quarks (to the right of L) and the region with both u and d gapless quarks (to the left of L). In the triple point α three phases A, B, D coexist.

so if Δ is nonzero in the global minimum point (GMP), then parity as well as isotopic symmetry are spontaneously broken and the pion condensation phase is realized. Note that the quark gap M is just the dynamical quark mass. From (2) it is possible to obtain the gap equations 0 = ∂Ω(M, Δ) ∂M ≡ M − m 2G − 6M ∫ d^3p (2π)^3E {θ(E+_Δ − μ)E+ E^+_Δ + θ(E^−_Δ − μ)E^− E^−_Δ } , 0 = ∂Ω(M, Δ) ∂Δ ≡ Δ 2G − 6Δ ∫ d^3p (2π)^3

{ θ(E+_Δ − μ)

E^+_Δ + θ(E^−_Δ − μ) E^−_Δ } . (5)

We will investigate the phase structure of the NJL model (1) both at μ_I ≠ 0 and μ ≠ 0. If the current quark mass m is not zero, then the pion condensation in the framework of NJL approach is occured at μ_I > m_π [8, 9]. Just for these values of μ_I it is reasonable to search for the pion condensed phase with finite baryon density. In general, it is a rather hard task, so in the present paper we restrict ourselves by the zero current quark mass case only (m = 0, m_π = 0), thus studying the phase structure of the model for all μ_I > 0 = m_π . At m = 0 and μ_I ≠ 0 the symmetry group of the initial model is U_B(1) × U_{I3 L}(1) × U_{I3R}(1) × P. The system of the gap equations (5) has three different solutions: i) M = 0, Δ = 0, ii) M ≠ 0, Δ = 0, iii) M = 0, Δ ≠ 0. Having all the solutions of the gap equations, it is necessary to compare the values of the TDP on them, selecting by this way the minimal one, i.e. the GMP. If the GMP of the TDP is achieved on the solution i), then the ground state of our system is invariant under the initial symmetry group of the model. The solution of the type ii) corresponds to the phase, symmetrical under U_B(1) × U_{I3} (1) × P group, where U_{I3} (1) acts in the following way: q → exp(iατ_3)q. Finally, if the GMP of the TDP lies in the point of the form iii), then in the ground state the quark condensate is zero, but the pion condensate is nonzero. In this case the pion condensation phase is realized in the model, and the ground state is symmetrical under U_B(1) × U_{AI3} (1), which transforms left- and right quark flavor doublets in the following way: q_L → exp(iατ_3)q_L, q_R → exp(−iατ_3)q_R. Generally, at m = 0, due to a symmetry of the TDP, it is sufficient to study its GMP only in the region M, Δ ≥ 0 and for nonnegative values of δμ, μ. For the moment let us fix the parameters as G = 5.01 GeV^{−2}, Λ = 0.65 GeV (set 1). The dependence of quark matter properties on the different sets of model parameters G, Λ will be discussed later.

Following the way, described above, we obtain for set 1 of parameters the model phase structure that is represented in Fig. 1 in terms of δμ = μ_I /2 > 0 and μ. There, the region D corresponds to the totally symmetric phase of the model, in which M = 0 and Δ = 0. This phase is separated from the regions A, B, C by the critical curve μ = μ_{1c}(δμ)

FIG. 3: Typical behaviour of quark energies in the phase A and to the right of L (see Fig. 2). The case presented corresponds to δμ = 0.06 GeV, μ ≈ 0.306 GeV. In this case the pion condensate takes the value Δ(μ, δμ) ≈ 0.303 GeV.

of first order phase transitions. In A, B, and C the GMP of the TDP has the form iii), so these regions correspond to phases with pion condensation.

In the phase B the pion condensate depends only on δμ (not on μ), so Δ ≡ Δ_o(δμ), where Δ_o(δμ) is the pion condensate at μ = 0. Since for all points of the region B we have the relation μ < Δ_o(δμ) (see Fig. 1, where Δ_o(δμ) is depicted by the dotted line), it is clear that the value of the TDP in the corresponding GMP point, Ω_{min}, does not depend on the quark chemical potential μ (this follows from the second line of (2)). So, in the phase B the baryon density n_B is identically zero (n_B = −∂Ω_{min}/(3∂μ)). In contrast, in the phase A, which is presented in more details in Fig. 2, the pion condensate depends both on μ and δμ, i.e. Δ ≡ Δ(μ, δμ). Hence in the phase A the baryon density is nonzero. Since on the curve μ = μ_{2c}(δμ) of Figs 1,2 we have Δ(μ, δμ) ≠ Δ_o(δμ), the transition from the region A to B is a discontinuous first order phase transition. In the so-called triple point α of Fig. 2 three phases A, B, D coexist. In the phase C that is separated from B by the dotted line μ = Δ_o(δμ), the pion condensate also does not depend on μ. Moreover, here it is the same as in the phase B, i.e. Δ ≡ Δ_o(δμ). However, since for the points of the region C we have μ > Δ_o(δμ) (see Fig. 1), the minimal value Ω_{min} of the TDP (2) is changed with μ. As a result, the baryon density in the phase C is nonzero as well. Note that the phase C is located at values δμ > Λ. In this case one might believe that it is an artefact of the NJL model and not adequate to the real situation. On the other hand, the phase A corresponds to rather small values of μ and μ_I , so it might be relevant to real physics and needs some more discussions.

As it is easily seen from Fig. 2, for the set 1 of G and Λ the height of the region A, i.e. the quantity H = μ_{1c}(0)−Δ_o(0) (in the model under consideration, at m = 0 the value Δ_o(0) is nothing else than the dynamical (constituent) quark mass M_q ≈ 0.3 GeV at μ = 0, δμ = 0), is approximately 15 MeV, whereas the extention of it along the δμ-axis reaches 70 MeV (for μ_I = 140 MeV). Apart from the baryon density, there is another physical characteristic which is different in A and B phases. It is just the minimal energy, necessary for creating a single quark in the ground state. Since the quark condensate is equal to zero both in A and B phases, one should take M = 0 in formulae (3) in order to obtain the energies of u- and d quarks in the pion condensed phases A and B. So,

E_u = √ (p − δμ)^2 + Δ^2 − μ, E_d = √ (p + δμ)^2 + Δ^2 − μ, (6)

where p = |⃗p|. If Δ > μ, the minimal values of the quantities E_{u,d} are greater than zero. This fact means that for creating a single quark in the phase B, where Δ ≡ Δ_o(δμ) > μ, one needs an energy that is greater than some finite (nonzero) amount (also called gap). Hence, quarks are gapped in the B phase. In contrast, for all points of the phase A the relation Δ ≡ Δ(μ, δμ) < μ is fulfilled. Hence, in this phase the minimal energy necessary for creating u- or both u- and d quarks is always zero. So, in the phase A we have gapless quarks. The line L that is defined implicitly by the equation μ = √ (δμ)^2 + Δ^2(μ, δμ) divides the region A into two parts (in Fig. 2 the line L is represented very

FIG. 4: Energies of u quarks vs three momentum p for three different points of the phase A that are to the left of the curve L (see Fig. 2). I - the case of δμ = 0.01 GeV, μ ≈ 0.31 GeV, Δ(μ, δμ) ≈ 0.298 GeV. II - the case of δμ = 0.03 GeV, μ ≈ 0.31 GeV, Δ(μ, δμ) ≈ 0.297 GeV. III - the case of δμ = 0.05 GeV, μ ≈ 0.31 GeV, Δ(μ, δμ) ≈ 0.296 GeV.

FIG. 5: The analogue curves as in the Fig. 4, but for the d quarks.

schematically). To the right of L only u quarks are gapless in the phase A. Typical behaviours of quark energies vs p in this region are shown in Fig. 3. (Note, |E_u| turns into zero at two different values of p.) To the left of L both u- and d quarks are gapless ones. This situation is illustrated in Figs 4 and 5, where for μ = 0.31 GeV the energy of the u quark is depicted for three different values of δμ (Fig. 4), whereas in Fig. 5 the energy of the d quark is represented for the same values of μ and δμ. It is easily seen that to the left of L the energies of u- and d quarks turn into zero only in a single point of the p variable. Due to these features, it is naturally to call the phase A the gapless pion condensed (GPC) phase. (Note, in the phases C and D there are also gapless quasiparticle excitations.)

Up to now in considering the GPC phase we have dealed only with the set 1 of parameters G and Λ. For this set

FIG. 6: The heights H of the gapless phase A vs cutoff Λ for different fixed values of constituent quark masses Mq (in GeV).

the constituent quark mass M_q in the vacuum, i.e. at zero μ and μ_I , is approximately 0.3 GeV. It follows from the relation, connecting G, Λ, and M_q [13]:

π^2 6G = Λ √ Λ^2 + M^2_q − M^2_q ln

( Λ + √ Λ^2 + M^2_q M_q ) . (7)

Using (7), it is possible to study the dependence of the height H = μ_{1c}(0) − Δ_o(0) of the GPC phase A on the parameters Λ and M_q (see Fig. 6). Clealy, positive values of H indicates on the presence of GPC phase. In this figure one can see a set of curves. Each curve represents the behaviour of H vs Λ at fixed M_q . (The result H = 15 MeV, obtained above for the set 1, corresponds to the curve with M_q = 0.3 GeV at Λ = 0.65 GeV.) It follows from Fig. 6 that the GPC phase is presented in the phase structure of the NJL model for a rather wide range of model parameters. The smaller M_q, the greater the height of the GPC phase at fixed Λ. In this context, it is worth noting that some parametrizations of the NJL model correspond to rather small values of M_q . For example, in [14] the constituent quark mass was taken as small as 0.233 GeV, whereas Λ = 1 GeV. Hence, the height of the GPC phase in this parametrization reaches the value 50 MeV. In contrast, in the paper [8] the quantities M_q = 0.428 GeV and Λ = 0.58 GeV were used for the consideration of the NJL model at nonzero μ_B amd μ_I . It is clear from Fig. 6 that for such values of parameters the GPC phase is absent in the phase structure, so it is no wonder why in [8] the homogeneous phase, describing quark matter with finite baryon density and pion condensation, was not found.

In summary, we have investigated the phase structure of the two flavor NJL model (1) at finite baryon and isospin chemical potentials for a current quark mass m taken to be zero. It was shown that at the cutoff value Λ = 0.65 GeV and for the constituent quark mass M_q = 0.3 GeV (or G = 5.01 GeV^{−2}) there are three different phases in the model, A, B, D, at 0 < δμ < Λ. The phase D corresponds to quark matter with finite baryon density and zero pion condensation. In the phases A and B pions are condensed. However, baryon density in the phase B is zero, but in A it is nonzero. Moreover, the phase B is a gapped one, since creation of a single quark in the ground state of this phase necessarily costs some finite amount of energy. In contrast, in the phase A u-quarks or both u- and d-quarks are gapless. These three phases can coexist in the triple point α (see Fig. 2), since transitions from one phase to another are discontinuous.

It is well-known that pion condensation takes place if μ_I is greater than the pion mass m_π (see, e.g., [9]). For simplicity, in the present paper we have considered the zero current quark mass case, where pion mass is zero. That is why the GPC phase is observed at rather small values of μ_I . In a more realistic situation with m ≠ 0 the pion mass equals approximately 140 MeV. We believe that in this case GPC phase might be predicted as well, but at μ_I > m_π .

In conclusion, there arises the interesting question, whether a pion condensate with finite baryon number density might exist in nature.

Acknowledgments: One of us (K.G.K.) thanks Prof. M. Mueller-Preussker and the colleagues of the Institute of

Physics of the Humboldt University (Berlin) for kind hospitality. This work was supported in part by DFG-project 436 RUS 113/477/0-2 and RFBR grant No. 05-02-16699.

[1] A. B. Migdal, D. N. Voskresensky, E. E. Saperstein, and M. A. Troitsky, Pion degrees of freedom in nuclear matter, Moscow, Nauka, 1990.

[2] D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 86 (2001) 592; K. Splittorff, D. T. Son, and M. A. Stephanov, Phys.

Rev. D 64 (2001) 016003; J. B. Kogut and D. Toublan, Phys. Rev. D 64 (2001) 034007; M. Loewe and C. Villavicencio, hep-ph/0501261.

[3] D. T. Son and M. A. Stephanov, Phys. Atom. Nucl. 64 (2001) 834; J. B. Kogut and D. K. Sinclair, Phys. Rev. D 66 (2002) 014508; Phys. Rev. D 66 (2002) 034505; S. Gupta, hep-lat/0202005; Y. Nishida, Phys. Rev. D 69 (2004) 094501.

[4] D. Toublan and J. B. Kogut, Phys. Lett. B 564 (2003) 212; M. Frank, M. Buballa, and M. Oertel, Phys. Lett. B 562 (2003) 221; A. Barducci, R. Casalbuoni, G. Pettini, and L. Ravagli, Phys. Lett. B 564 (2003) 217; S. Lawley, W. Bentz, and A.W. Thomas, Phys. Lett. B 632 (2006) 495.

[5] P.F. Bedaque, Nucl. Phys. A 697 (2002) 569; O. Kiriyama, S. Yasui, and H. Toki, Int. J. Mod. Phys. E 10 (2001) 501. [6] V. Bernard, U.-G. Meissner, and I. Zahed, Phys. Rev. D 36 (1987) 819. [7] M. Huang, hep-ph/0409167; I. A. Shovkovy, nucl-th/0410091.

[8] A. Barducci, R. Casalbuoni, G. Pettini, and L. Ravagli, Phys. Rev. D 69 (2004) 096004.

[9] L. He and P. Zhuang, Phys. Lett. B 615 (2005) 93; L. He, M. Jin, and P. Zhuang, Phys. Rev. D 71 (2005) 116001; L. He, M. Jin, and P. Zhuang, hep-ph/0503249.

[10] M. Buballa, Phys. Rept. 407 (2005) 205.

[11] T. M. Schwarz, S. P. Klevansky and G. Papp, Phys. Rev. C 60 (1999) 055205; J. Berges and K. Rajagopal, Nucl. Phys.

B 538 (1999) 215; M. Sadzikowski, Mod. Phys. Lett. A 16 (2001) 1129; D. Blaschke, M. K. Volkov and V. L. Yudichev, Eur. Phys. J. A 17 (2003) 103; D. Blaschke et al, Phys. Rev. D 70 (2004) 014006; D. Ebert, K. G. Klimenko, and V. L. Yudichev, Phys. Rev. C 72 (2005) 015201; hep-ph/0504218.

[12] D. Ebert et al., Phys. Rev. D 65 (2002) 054024.

[13] D. Ebert and K. G. Klimenko, Nucl. Phys. A 728 (2003) 203; Phys. Atom. Nucl. 68 (2005) 124 [Yad. Fiz. 68 (2005) 126]. [14] D. Ebert and M. K. Volkov, Yad. Fiz. 36 (1982) 1265; Z. Phys. C 16 (1983) 205.