arXiv:hep-ph/0508211 v2 21 Nov 2005

PNU-NTG-05/2005

Meson-loop contributions to the quark condensate from the instanton vacuum

Hyun-Chul Kim,^{1, ∗} M.M. Musakhanov,^{2, †} and M. Siddikov^{3, 2, ‡} 1Department of Physics and Nuclear Physics & Radiation Technology Institute (NuRI), Pusan National University, 609-735 Busan, Republic of Korea 2Theoretical Physics Dept, Uzbekistan National University, Tashkent 700174, Uzbekistan 3Institut für Theoretische Physik II, Ruhr-Universität Bochum, D-44780 Bochum, Germany (Dated: September, 2005)

Abstract

We investigate the quark condensate of the QCD vacuum within the instanton vacuum model. We calculate the meson-loop contributions to the dynamical quark mass and quark condensate to O(1/N_c)-, O(m/N_c)-, and O((m ln m)/N_c)-order corrections. We find that the meson (especially pion) loops provide substantial contributions to the dynamical quark mass and as a result to the quark condensate. The results indicate that the 1/N_c corrections should be reconsidered in the systematical way. The present results are consistent with those from chiral perturbation theory.

PACS numbers: 11.30.Rd,14.65.Bt Keywords: Quark condensate, Instanton vacuum

∗Electronic address: hchkim@pusan.ac.kr †Electronic address: musakhanov@nuuz.uzsci.net,yousuf@uzsci.net ‡Electronic address: Marat.Siddikov@tp2.ruhr-uni-bochum.de

1. The QCD vacuum is known to be one of the most complicated objects due to perturbative as well as non-perturbative fluctuations. In particular, the quark and gluon condensates, which are the lowest dimensional ones, characterize its non-perturbative aspects. Moreover, the quark condensate is identified as the order parameter for spontaneous chiral-symmetry breaking (SχSB) which plays a key role in low-energy hadronic phenomena: In the QCD sum rule, these condensates arise from the operator product expansion and are related to hadronic observables [1]. In chiral perturbation theory (χPT), the free parameter B_0 is introduced in the mass term of the effective chiral Lagrangian at the leading order [2], which measures the strength of the quark condensate [3].

The instanton picture allows us to study the QCD vacuum microscopically. Since the instanton picture provides a natural mechanism for SχSB due to the delocalization of singleinstanton quark zero modes in the instanton medium, the quark condensate can be evaluated. The instanton vacuum is validated by the two parameters: The average instanton size ρ ∼ 0.3 fm and average inter-instanton distance R ∼ 1 fm. These essential numbers were suggested by Shuryak [4] within the instanton liquid model and were derived from Λ_{MS} by Diakonov and Petrov [5]. These values were recently confirmed by lattice measurements [6, 7, 8, 9, 10].

In the present work, we want to investigate the meson-loop contributions to the quark condensate as well as to the dynamical quark mass M, which are identified as O(1/N_c ) (N_c denotes the number of colors), O(m/N_c) and O((m ln m)/N_c) order corrections, based on an instanton liquid model for the QCD vacuum [11, 12, 13]. The model was later extended by introducing the current quark masses [14, 15, 16]. It was assumed in the model that the 1/N_c expansion is the reliable one and the results were obtained in the leading order in this expansion. The ”quenched” and a δ-function type instanton size distribution approximations were employed in the previous works [11, 12, 13, 14, 15, 16]. The ”quenched” approximation is controlled by the N_f /N_c factor, while the width of the instanton size distribution leads to a 1/N_c corrections. However, there is no systematical study of the O(1/N_c ) corrections to date [17].

On the other hand, it is known that the chiral expansion is working properly in describing light-quark hadronic physics in low-energy region, though it is quite nontrivial due to SχSB. Many years ago, Novikov et al. [18] showed that the quark condensate beyond the chiral limit acquires large contribution from the nonanalytic chiral log term, which is of order (m ln m)/N_c, and at a small current quark mass (a few MeV) with model-independent coefficients fixed. At the typical hadronic scale, i.e. 1 GeV, it turns out to be a leading correction, since |(ln m)/N_c| ≥ 1. This chiral log term arises from pion-loop contributions [2, 18]. Thus, to be consistent, we have to consider simultaneously all of the contributions such as O(1/N_c ), O(m), O(m/N_c) and O((m ln m)/N_c) corrections in order to find the quark condensate beyond the chiral limit within above-mentioned approximations.

In the previous work [14], the effective action with the current quark mass was derived, based on the low–frequency part of the light quark determinant Det_{low} obtained by Refs. [11, 19] (see also the review [20]). It was explored that the smallness of the packing parameter π^2(ρ/R)^4 ≈ 0.1 makes it possible to average the determinant over collective coordinates of instantons with fermionic quasiparticles, i.e. constituent quarks. The averaged determinant turns out to be the light-quark partition function Z[m], with ”quenched” approximations used. In this framework, the dependence of the quark condensate on the current quark mass m was investigated but the meson-loop (ML) contributions were kept intact [15, 16]. Moreover, these results are valid only for the small m. The derivation for the non–small m was further elaborated in our previous work [21, 22] and we will follow it in the present work to investigate the ML effects on the dynamical quark mass as well as on the quark condensate.

Thus, we aim in the present work at examining the dynamical quark mass M and quark condensate ⟨q̄q⟩ within the framework of the instanton vacuum model, assuming ”quenched” and a δ-function type instanton size distribution approximations. We consider only u, d quarks (flavor SU(2)) and neglect other ones. Then, we can exactly bosonize the Z[m] to treat systematically meson fluctuations and investigate the following contributions: O(1/N_c), O(m/N_c), and O((m ln m)/N_c) orders which come from the ML contributions.

2. It was already investigated how to derive the low-frequency part of the fermionic determinant Det_{low} and to average it over collective coordinates of instantons in Refs. [21, 22]. Thus, we start from the following partition function for N_f = 2:

Z[m̂] = ∫ dλ_+ dλ_−DψDψ^† exp ∫ d^4x 2∑ f =1 ψ^†_f (i/∂ + im_f )ψ_f +λ_+Y^+_2 + λ_−Y^−_2 + N_+ ln K λ_+

+ N_− ln K λ_− ] , (1)

where λ_± are the dynamical coupling constants. K is introduced to make the logarithm dimensionless [12, 14, 16]. The λ_± are determined by the saddle-point calculation. Y^±_2 denote the ’t Hooft-type interaction generated by instantons [23]:

Y^±_2 = 1 N^2_c − 1 ∫ d^4x [( 1 − 1 2N_c ) det iJ^±(x) + 1 8N_c det iJ^±_{μν} (x) ] (2) with

J^±_{f g}(x) =

∫ d^4k_f d^4l_g

(2π)^8 exp i(k_f − l_g)xq^†_f (k_f )

1 ± γ_5 2 q_g(l_g), J^±_{μν,f g}(x) = ∫ d^4k_f d^4l_g

(2π)^8 exp i(k_f − l_g)xq^†_f (k_f )

1 ± γ_5 2 σ_{μν} q_g(l_g). (3)

with q(k) = 2πρF (k)ψ(k). The form factor F (k) is generated by the fermionic zero modes: F (k) = − d dt [I_0(t)K_0(t) − I_1(t)K_1(t)]_{t=} |k|ρ_2 . (4)

We can neglect the tensor interaction J^±_{μν,f g}(x), since it leads to the contribution of order O(1/N^2_c ). Using the following relations, q(x) = ∫ d^4k (2π)^4 exp(ikx) q(k), J^±_{f g}(x) = q^†_f (x)

1 ± γ_5 2 q_g(x), (5)

we get: det ( iJ^+(x) g ) + det ( iJ^−(x) g ) = 1 8g^2 [ −(q^†(x)q(x))^2 − (q^†(x)iγ_5τ q(x))^2

+ (q^†(x)τ q(x))^2 + (q^†(x)iγ_5q(x))^2 ] (6) with the color factor g^2 = (N^2_c − 1)2N_c/(2N_c − 1). In the following, we assume that N_+ = N_− = N/2 and λ_± = λ.

Now, we bosonize the quark-quark interaction given in Eq.(6) by introducing auxiliary meson fields. The bosonization can be performed in an exact manner for N_f = 2. The quark fields q and q^† are changed under the SU(2) chiral transformation: δq = iγ_5τ · αq, δq^† = q^†iγ_5τ · α. (7) The auxiliary meson fields are changed as follows: δσ = 2α · ϕ, δσ = 2ηα, δϕ = −2ασ, δη = −2α · σ. (8) Using these transformation properties, we can combine the quark and meson fields in such a way that chiral symmetry is satisfied:

δq^†(σ + iγ_5τ · ϕ)q = 0, δq^†(τ · σ + iγ_5η)q = 0. (9)

Thus, the quark-quark interaction in Eq.(6) is bosonized as follows: ∫ d^4x exp [ λ ( det iJ^+ g + det iJ^− g )] = ∫ DσDϕDηDσ × exp [∫ d^4x { √ λ 2g q^†i(σ + iγ_5τ · ϕ + iτ · σ + γ_5η)q − 1 2 (σ^2 + ϕ^2 + σ^2 + η^2) }] . (10)

Thus, the partition function can be written as Z[m] = ∫ dλDσDϕDηDσ exp [ N ln K λ − N − 1 2 ∫ d^4x(σ^2 + ϕ^2 + σ^2 + η^2)

+ Sp ln

/p + im̂ + i^{√λ}_{2g} (2πρ)^2F^2(p)(σ + iγ_5τ · ϕ + iτ · σ + γ_5η) /p + im̂ , (11) where Sp denotes the functional trace tr ∫ d^4x⟨x|(...)|x⟩. tr is the trace over Dirac spin, color, and flavor spaces. We assume isospin symmetry m_u = m_d = m.

In order to get the partition function Z[m] we have to calculate the integrals over the mesons σ, ϕ, η, σ and the coupling λ. Here the integral over λ must be taken in the saddlepoint approximation at the last stage.

For the beginning we neglect meson fluctuations contributions. Then, it is enough to find the common saddle point around λ and constant σ (other fields=0) which is defined as ∂V [m, λ, σ] ∂λ = ∂V [m, λ, σ] ∂σ = 0, (12)

where the potential is V [m, λ, σ] = −N ln K λ + N + 1 2 V σ^2 − Sp ln ( /p + i(m + M(λ, σ)F^2(p)) /p + im ) (13)

with M(λ, σ) = √ λ(2πρ)^2σ/2g. The common saddle-point around λ and σ is determined by N = 1 2 Sp ( iM(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p)) ) = 1 2 V σ^2. (14) λ_0 and σ_0 = √ 2N/V = √ 2/R^4 stand for the solutions of Eq.(14). It is clear that Eq.(14) defines M_0 = M(λ_0, σ_0) which is identified as the dynamical quark mass. Using typical values for the inter-instanton distance and the size of the instanton: R^{−1} = 200 MeV, ρ^{−1} = 600 MeV, respectively, we obtain σ^2_0 = 2(200 MeV)^4. In the chiral limit, we get M_0 ≃ 360 MeV and λ_0 ≃ M^2_0 . Note that due to Eq. (14) M_0 and λ_0 are functions of the current quark mass m: Their dependence on m was investigated already in Refs.[15, 16].

3. The quantum fluctuations being taken into account, the potential V [m, λ, σ] acquires additional ML corrections and turns out to be an effective one V_{ef f} [m, λ, σ] [24]. Then, the partition function is represented as Z[m] = ∫ dλZ[λ, m] = ∫ dλ exp(−V_{ef f} [m, λ, σ]). (15) Note that there is an important difference between this instanton-generated partition function Z[m] and traditional Nambu–Jona-Lasinio-type models: In the present work, we need to integrate over the coupling λ. In order to find Z[λ, m], we have to take σ as a solution of the following variational equation: δV_{eff} [m, σ, λ] δσ = 0. (16)

by which the saddle point on λ is determined as follows: ∂V_{eff} [m, λ, σ(λ)] ∂λ = 0. (17)

Then, Eq. (17) finally defines the coupling constant λ and vacuum field σ(λ). We denote generically the meson fluctuations as Φ^′_i. The effective action and the corresponding effective potential V_{eff} can be written as follows: S[m, λ, σ, Φ^′] = V [m, λ, σ] + S_V [m, λ, σ, Φ^′] (18) with S_V [m, λ, σ, Φ^′] = ∫ d^4x 1 2 (σ^{′2} + ϕ^{′ 2} + σ^{′2} + η^{′2}) − 1 2σ^2 Sp [ iM(λ, σ)F^2 /p + i(m + M(λ, σ)F^2)

(σ^′ + iγ_5τ · ϕ^′ + iτ · σ^′ + γ_5η^′)

]_2

, (19) and V_{eff} [m, λ, σ] = V [m, λ, σ] + V_{mes}[m, λ, σ], (20) where

V_{mes}[m, λ, σ] = 1 2 Sp ln ( δ^2S_V [m, λ, σ, Φ^′] δΦ^′_i(x)δΦ^′_j(y) ) = V 2 ∑ i ∫ d^4q (2π)^4

(21)

× ln [ 1 − tr 1 σ^2 ∫ d^4p (2π)^4 M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i ] . The summation over i runs over all corresponding meson fluctuations: σ^′, ϕ^′, σ^′, and η^′. The corresponding spin-flavor matrices are given as Γ_i = (1, iγ_5τ , iτ , γ_5). Certainly, the quantum fluctuations make the the coupling constant λ shifted from λ_0 to λ_0 + λ_1 and σ from σ_0 to σ_0 + σ_1, where λ_1/λ_0 and σ_1/σ_0 are of order O(1/N_c).

We now seek for the common solution of Eqs.(16,17). First, consider Eq.(17): λ ∂V_{eff} [m, λ, σ] ∂λ = N − 1 2 Sp iM(λ, σ)F^2 /p + i(m + M(λ, σ)F^2) + V 2 ∑ i ∫ d^4q (2π)^4 [ σ^2 −tr ∫ d^4p (2π)^4 M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i ]_{−1}

× [ −tr ∫ d^4p (2π)^4 M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i

+i tr ∫ d^4p (2π)^4 ( M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

)_2

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i

= 0. (22)

From Eq. (16), we obtain: σ ∂V_{eff}[m, σ, λ] ∂σ = V σ^2 − Sp [ iM(λ, σ)F^2 /p + i(m + M(λ, σ)F^2) ] + V 2 ∑ i ∫ d^4q (2π)^4

(23) × [ σ^2 − tr ∫ d^4p (2π)^4 M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i ]_{−1}

× 2i tr ∫ d^4p (2π)^4 ( M(λ, σ)F^2(p) /p + i(m + M(λ, σ)F^2(p))

)_2

Γ_i M(λ, σ)F^2(p + q) /p + /q + i(m + M(λ, σ)F^2(p + q))

Γ_i ] = 0.

We assume the applicability of the 1/N_c expansion, which provide the solution of the Eqs.(22, 23) by iteration starting from σ_0, λ_0.

To simplify the expressions, we introduce the following vertices V_{2i}(q), V_{3i}(q), and the meson propagators Π_i(q) defined as follows:

V_{2i}(q) = tr ∫ d^4p (2π)^4 [ M_0(p) /p + iμ_0(p)

Γ_i

M_0(p + q) /p + /q + iμ_0(p + q)

Γ_i ] (24)

V_{3i}(q) = tr ∫ d^4p (2π)^4 ( M_0(p) /p + iμ_0(p)

)_2

Γ_i

M_0(p + q) /p + /q + iμ_0(p + q)

Γ_i

(25)

Π^{−1}_i (q) = σ^2_0 − V_{2i}(q), (26)

where M_0(p) = M_0F^2(p), μ_0(p) = m + M_0(p) and σ^2_0 = 2R^{−4}. Using the results of Eqs. (22, 23), we arrive at

M_1 M_0 2 R^4 + 1 V Sp ( M_0(p) /p + iμ_0(p) )_2 = ∑ i ∫ d^4q (2π)^4

(iV_{3i}(q) − V_{2i}(q))Π_i(q) (27)

σ_1 σ_0 = − R^4 4 ∑ i ∫ d^4q (2π)^4

V_{2i}(q)Π_i(q). (28)

It is of great importance to consider the pion fluctuations ϕ^′ at a small pion momentum q, since they lead to the famous first-leading nonanalytic term in the chiral expansion, also known as the chiral log term with the model-independent coefficient, as already discussed in

FIG. 1: m dependence of the dynamical quark mass M and vacuum average σ. The dotted curve depicts the leading order (LO) in the 1/N_c expansion, while the dashed one draws the next-to-leading order (NLO) (ML). The solid curve represents the total contribution.

the NJL model [27]. The inverse propagator Π^{−1}_ϕ′ (q) of the pion at the small q ∼ m_π turns out to be Π^{−1}_ϕ′ (q) = f^2_π (m^2_π + q^2). At the lowest order with respect to m, we find the pion decay constant f_π ≈ 93 MeV and the pion mass m^2_π ∼ m. In the chiral limit, the vertices in the RHS of Eq.(27) at q = 0 are given by

V_{2ϕ}′_{i,m=0}(0) = 2 R^4

, iV_{3ϕ}′_{i,m=0}(0) − V_{2ϕ}′_{i,m=0}(0) = 8N_c ∫ d^4p (2π)^4 p^2M^2_0 (p) (p^2 + M^2_0 (p))^2

, (29)

while the trace in the LHS of Eq.(27) turns out to be tr ∫ d^4p (2π)^4 i/pM_0(p) (/p + iM_0(p))^2

= −2(iV_{3ϕ}′_{i,m=0}(0) − V_{2ϕ}′_{i,m=0}(0)). (30)

Collecting all the factors, we get for small q ≤ κ the pion fluctuations ϕ^′ as follows:

σ_1 σ_0 | | | |_{ϕ′} = M_1 M_0 | | | |_{ϕ′} = − 3 2f^2_π ∫_κ 0 d^4q (2π)^4 1 m^2_π + q^2 = − 3 32π^2f^2_π ( κ^2 + m^2_π ln m^2_π κ^2 + m^2_π ) , (31)

where κ denotes the fact that we consider only the small momenta as mentioned before. Note that we put m = 0 everywhere except for the value of m_π. Here, we want to emphasize that the coefficient in front of m^2_π ln m^2_π is model-independent.

Since the average size of the instanton renders the present model a normalization scale, one can assume κ = ρ^{−1} and obtain the pion fluctuations as follows: σ_1 σ_0 | | |_{ϕ′} ≈ M_1 M_0 | | |_{ϕ′} ≈ − 3 32π^2f^2_π ρ^2

(1 + m^2_πρ^2 ln m^2_πρ^2) ≈ −0.34. (32)

Thus, we find that the pion loops provide the non-analytical log term^1_{Nc} m ln m and yield a rather large contribution to the O(1/N_c) corrections.

Now, we are in a position to calculate the relative shifts M_1/M_0 and σ_1/σ_0. To simplify the computation, we employ the dipole-type form factor which is known to produce very similar results to those obtained with the zero-mode one [22, 25, 26] and incorporate its correct asymptotic behavior above the momentum region p > 2 GeV:

F (p < 2GeV) =

Λ^2 Λ^2 + p^2

, F (p > 2GeV) = √ 2 p^3

, (33)

where Λ ∼ √ 2/ρ̄ ≃ 850 MeV. At N_c = 3, we obtain the following results:

M_1 M_0

= −0.66 − 4.64m − 4.01m ln m (34) σ_1 σ_0

= −0.52 − 4.26 m − 4.00 m ln m, (35)

where m is given in GeV. The last terms in Eqs.(34,35) exactly correspond to Eq. (31).

The numerical results for the dynamical quark mass M = M_0 + M_1 and vacuum average σ = σ_0+σ_1 are depicted in Fig. 1. As shown in the left panel of Fig. 1, the meson fluctuations, i.e. the 1/N_c corrections, diminish M by about 70 % in the chiral limit. However, as m increases, the 1/N_c corrections are logarithmically getting larger. when m reaches around 70 MeV, they turn into positive values. On the contrary, the linear m correction decreases linearly, so that it counters with the 1/N_c ones. As a result, M increases until m = 70 MeV and starts to get reduced rather slowly. M is pulled down by about 20 % at m ≃ 120 MeV.

The right panel of Fig. 1 shows the dependence of the vacuum average σ on m due to the meson fluctuations. The ML corrections show the similar tendency to the dynamical quark mass M: In the chiral limit, the vacuum is shifted negatively by around 52 %. However, ML corrections become almost zero at m ≃ 120 MeV, σ is almost restored to the old vacuum σ_0 at that value. Note that the pion loops contribute dominantly to M_1/M_0 and σ_1/σ_0. Other mesons do to them approximately by 10 %.

4. Now, we proceed to investigate the quark condensate beyond the chiral limit, based on the above-discussed study, i.e., taking into account O(m), O(1/N_c ), O(m/N_c) and O((m ln m)/N_c) contributions. The quark condensate can be easily derived from the partition function: ⟨q̄q⟩ = 1 2V dV_{eff} [m, λ, σ] dm = 1 2V ∂(V [m, λ, σ] + V_{mes}[m, λ_0, σ_0]) ∂m = − 1 2V Sp ( i /p + iμ(p) − i /p + im ) + 1 2V ∂V_{mes}[m, λ_0, σ_0] ∂m , (36)

where λ = λ_0 + λ_1, σ = σ_0 + σ_1, M = M_0 + M_1, and μ(p) = m + MF^2(p). The first term of Eq. (36) can be written as − 4N_c ∫ d^4p (2π)^4 ( μ_0(p) p^2 + μ^2_0(p) − m p^2 + m^2 + M_1 M_0

M_0(p)(p^2 − μ^2_0(p)) (p^2 + μ^2_0(p))^2 ) (37)

The second term of Eq. (36), which is the contribution from the direct ML to the quark condensate, is expressed as follows: 1 2V ∂V_{mes}[m, λ_0, σ_0] ∂m = i 2 ∑ i ∫ d^4q (2π)^4 ( tr ∫ d^4p (2π)^4

M_0(p) (/p + iμ_0(p))^2

Γ_i

M_0(p + q) /p + /q + iμ_0(p + q)

Γ_i )

× ( 2N V − tr ∫ d^4p (2π)^4

M_0(p) /p + iμ_0(p)

Γ_i

M_0(p + q) /p + /q + iμ_0(p + q)

Γ_i )_{−1} . (38)

If we turn off the meson fluctuations and put m = 0, we end up with the well-known formula for the quark condensate in the chiral limit: ⟨q̄q⟩_{00} = −4N_c ∫ d^4p (2π)^4

M_{00}(p) p^2 + M^2_{00}(p)

, (39)

where M_{00} ≡ M_{0,m=0}.

Let us first consider the pion fluctuations ϕ^′ for the quark condensate at small q: 1 2V ∂V_ϕ′ [m, λ_0, σ_0] ∂m | | | |_{q2≃m2π} = 12N^c ∫ d^4p (2π)^4

M^2_0 (p)μ_0(p) (p^2 + μ^2_0(p))^2 ∫_κ 0 d^4q (2π)^4f^2_π (m^2_π + q^2)

. (40)

Note that we keep m only in m^2_π as before. Thus, we arrive at ⟨q̄q⟩ = ⟨q̄q⟩_{00} ( 1 − 3 2 ∫_κ 0 d^4q (2π)^4 1 f^2_π (m^2_π + q^2) ) ≃ ⟨q̄q⟩_{00} ( 1 − 3m^2_π 32π^2f^2_π ln m^2_π ) , (41)

where we have utilized the result for M_1/M_0 obtained in Eq. (31). The second term in Eq. (41) is the eminent analytic Refs. [2, 18]. Having carried out the similar calculation as done for the dynamical quark mass M and vacuum average σ, we finally derive the expression for the quark condensate, including all ML contributions of O(1/N_c ), O(m/N_c) and O((m ln m)/N_c) orders:

⟨q̄q⟩ = ⟨q̄q⟩_{m=0} (1 − 18.53 m − 7.72 m ln m) , (42)

where ⟨q̄q⟩_{m=0} = 0.52⟨q̄q⟩_{00} and m is given in GeV. The last term in Eq. (42) known as the chiral log term corresponds to the model-independent expression given in Eq. (41), as it should be.

Figure 2 depicts the quark condensate expressed in Eq. (42) (with opposite sign). The dotted curve draws the leading order result, while the dashed one represents the ML corrections. The solid one represents the quark condensate including all ML corrections to orders

FIG. 2: m dependence of the quark condensate ⟨q̄q⟩ (taken with opposite sign). The dotted curve depicts the leading order (LO) in the 1/N_c expansion, while the dashed one draws the next-to-leading order (NLO)(ML). The solid curve represents the total contribution.

O(1/N_c), O(m/N_c) and O((m ln m)/N_c). As shown in Fig. 2 as well as in Eq.(42), the quark condensate in leading order (without the ML corrections) is a monotonically decreasing function of m. The ML corrections being included, the quark condensate is diminished at m = 0 by approximately 50 %, whereas at m = 120 MeV it acquires the corrections by around 10 %. Thus, taking into account the ML corrections, which includes the chiral log term, we find that the quark condensate starts to grow as m increases until m ∼ 40 MeV and then falls slowly away. Note that the main ML contribution to O(1/N_c), O(m/N_c) and O((m ln m)/N_c) corrections for ⟨q̄q⟩/⟨q̄q⟩_{00} arises from the pion loops, while other mesons contribute to O(1/N_c) and O(m/N_c) terms by a few %.

5. We would like to find also the strange quark condensate. For this purpose, we consider the sum rule in χPT for the strange quark condensate [29]. In SU(2), the current quark mass is expressed in terms of a diagonal matrix: m̂ = (m_u, m_d) = m1 + δmτ_3/2 with m = (m_u + m_d)/2 and δm = m_1 − m_2. Here, we are interested in considering the mass term δm which breaks isospin symmetry. In order to treat it, we introduce an external fields s: s_1 = s_2 = 0 and s_3 = iδm/2. To find the effect of isospin breaking in the quark condensate (⟨ūu⟩ − ⟨d̄d⟩)/⟨ūu⟩, we need only to take into account O(δm) term, neglecting all other corrections.

In the presence of the external field s, we expect also the vacuum field σ. The effective potential in this case can be expressed as follows: V_{eff} [σ, σ, m] ≈ V 2 (σ^2 + σ^2) − Tr ln /p + iτ · s + i(m + M(λ, σ, σ)F^2) /p + im + iτ · s − N ln K λ + N, (43)

where λ, σ, σ are defined by the following vacuum equations: ∂V_{eff} ∂λ = 0, ∂V_{eff} ∂σ = 0, ∂V_{eff} ∂σ_i = 0 (44)

which can be rendered into the following form: 1 2 Sp F^2(p)M_i(m_i + M_iF^2(p)) p^2 + (m_i + M_iF^2(p))^2

= N. (45)

Here, M_i = √ λ(2πρ)^2(σ ± σ_3)/2g. The solution of these equations leads to λ = λ[m, s], σ = σ[m, s] σ_i = σ_i[m, s]. We have to put them into V_{eff} and find V_{eff} = V_{eff} [m, s]. The desired correlation function arises from ∂V_{eff} [m, s] ∂s_3 | | | |_{s3 =δm/2,s1,2 =0} = 0. (46)

We calculate this correlation function within accuracy by taking into account only O(δm) term. Hence, the difference of the quark condensates of u and d quarks is obtained as follows: ⟨ūu⟩ − ⟨d̄d⟩ = 1 V [ Sp ( −i /p + iμ_u(p) − −i /p + im_u ) − Sp ( −i /p + iμ_d(p) − −i /p + im_d )] . (47)

We expect that |⟨d̄d⟩| < |⟨ūu⟩| if m_d > m_u. Since typical values of the light quark current masses [28] are known to be: m_u = 5.1 MeV, m_d = 9.3 MeV at the scale 1 GeV, which is in fact close to our scale ρ^{−1} = 0.6 GeV, we derive the effect of isospin symmetry breaking in the quark condensate as follows: ⟨ūu⟩ − ⟨d̄d⟩ ⟨ūu⟩ = 0.026. (48)

Incorporating the Gasser-Leutwyler sum-rule [29], and using the asymmetry value given in Eq.(48), we are able to estimate the strange quark condensate given at m_s = 120 MeV as: ⟨s̄s⟩ ⟨ūu⟩ = 0.43, (49)

which is rather small. The reason lies in the fact that the effect of isospin symmetry breaking in Eq.(48) is not at all small. However, we want to mention that it must be considered only as a crude estimate, since we have neglected here the possible effects of the next-to-leading corrections in the chiral expansion. Moreover, we have to consider flavor SU(3) in order to calculate the strange quark condensate correctly.

6. In the present work, we investigated meson-loop contributions to the dynamical quark mass M and the quark condensate. Since the instanton generated quark-quark interactions are nonlocal and contain the form-factor induced by the quark zero-modes, quark and meson loops in the present approach turn out to be convergent integrals. Given the average size of instantons and their inter-distance, the model has no free parameter at all apart from the quark current mass, so that the present calculation is a very constraint one.

We first examined the O(1/N_c ), O(m/N_c) and O((m ln m)/N_c) meson-loop corrections to the dynamical quark mass. It was found that the meson fluctuations pulled the dynamical quark mass down by approximately 70 %, while the vacuum average σ was shifted negatively by about 50 %. As m increases, the effect of those fluctuations is getting smaller and at m = 120 MeV, the ratios M_1/M_0 and σ_1/σ_0 are diminished by about 20 % and 10 %, respectively. The meson fluctuations being taken into account, the modulus of the quark condensate is pulled down by about 50% in the chiral limit, mainly via the dynamical quark mass effect. Direct meson-loop contributions leads to rather small changes of the quark condensate by around 10%, as was expected from the 1/N_c counting. However, the O((m ln m)/N_c) corrections enhance it by approximately 10 % at m = 120 MeV.

In conclusion, O(1/N_c), O(m/N_c), and O((m ln m)/N_c) meson-loop corrections (especially O(1/N_c ) ) are not negligible but substantial. However, it should be noted that in the instanton liquid model, there are other 1/N_c corrections to the chiral condensate and the dynamical quark mass, which were not considered here. The eminent model-independent nonanalytic chiral log term in chiral perturbation theory at one-loop order was exactly reproduced. The meson fluctuations come dominantly from the pions, as was expected. Since they are not at all small, it is required to revise systematically the 1/N_c expansion within the instanton liquid model, for example, it is necessary to go beyond ”quenched” and other approximations. However, we expect that such a modification would probably change slightly the basic parameters such as the average size and inter-distance of instantons. The extension of the present scheme to other observables such as the pion decay constant and pion mass is under way.

Acknowledgments

This work was supported by the Korea Research Foundation Grant funded by the Korean Government(MOEHRD) (KRF-2005-202-C00102). M.M. is grateful to D. Diakonov for a useful discussion and acknowledges the partial support by the “Brain Pool” Program. M.S. acknowledges support of the Graduiertenkolleg 841 of DFG.

[1] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 147 (1979) 385; Nucl.

Phys. B 147 (1979) 448.

[2] J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142. [3] M. Gell-Mann, R. J. Oakes and B. Renner, Phys. Rev. 175 (1968) 2195. [4] E. V. Shuryak, Nucl. Phys. B 203 (1982) 93.

[5] D. Diakonov and V. Y. Petrov, Nucl. Phys. B 245 (1984) 259.

[6] M. C. Chu, J. M. Grandy, S. Huang and J. W. Negele, Phys. Rev. D 49 (1994) 6039 [arXiv:hep-lat/9312071].

[7] J. W. Negele, Nucl. Phys. Proc. Suppl. 73 (1999) 92 [arXiv:hep-lat/9810053]. [8] T. DeGrand, Phys. Rev. D 64 (2001) 094508 [arXiv:hep-lat/0106001]. [9] P. Faccioli and T. A. DeGrand, Phys. Rev. Lett. 91 (2003) 182001 [arXiv:hep-ph/0304219]. [10] P. O. Bowman, U. M. Heller, D. B. Leinweber, A. G. Williams and J. b. Zhang, Nucl. Phys.

Proc. Suppl. 128 (2004) 23 [arXiv:hep-lat/0403002]. [11] D. Diakonov and V. Y. Petrov, Nucl. Phys. B 272 (1986) 457.

[12] D. Diakonov, V. Polyakov and C. Weiss, Nucl. Phys. B 461 (1996) 539 [arXiv:hep-ph/9510232].

[13] D. Diakonov, Prog. Part. Nucl. Phys. 51, 173 (2003) [arXiv:hep-ph/0212026]. [14] M. Musakhanov, Eur. Phys. J. C 9 (1999) 235 [arXiv:hep-ph/9810295]. [15] M. Musakhanov, arXiv:hep-ph/0104163. [16] M. Musakhanov, Nucl. Phys. A 699 (2002) 340.

[17] T. Schafer, Phys. Rev. D 66 (2002) 076009 [arXiv:hep-ph/0204026, 0206062]. [18] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 191, 301 (1981).

[19] C. k. Lee and W. A. Bardeen, Nucl. Phys. B 153 (1979) 210.

[20] T. Schafer and E. V. Shuryak, Rev. Mod. Phys. 70 (1998) 323 [arXiv:hep-ph/9610451]. [21] M. Musakhanov, arXiv:hep-ph/0501133.

[22] H. C. Kim, M. Musakhanov and M. Siddikov, Phys. Lett. B 608 (2005) 95 [arXiv:hep-ph/0411181].

[23] D. Diakonov, arXiv:hep-ph/9802298.

[24] S. R. Coleman and E. Weinberg, Phys. Rev. D 7, 1888 (1973).

[25] V. Y. Petrov, V. Polyakov, R. Ruskov, C. Weiss and K. Goeke, Phys. Rev. D 59(1999) 114018 (1999) [arXiv:hep-ph/9807229].

[26] H. A. Choi and H.-Ch. Kim, Phys. Rev. D 69 (2004) 054004 [arXiv:hep-ph/0308171]. [27] E. N. Nikolov, W. Broniowski, C. V. Christov, G. Ripka and K. Goeke, Nucl. Phys. A 608 (1996) 411 [arXiv:hep-ph/9602274].

[28] H. Leutwyler, arXiv:hep-ph/9609467.

[29] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985).