arXiv:hep-ph/0508308 v3 17 Aug 2006

FERMILAB-PUB-05-354-T

Semi-Numerical Evaluation of One-Loop Corrections

R. K. Ellis,^∗ W T. Giele,^† and G. Zanderighi^‡ Fermilab, Batavia, IL 60510, USA (Dated: August 17, 2006)

Abstract

We present a semi-numerical algorithm to calculate one-loop virtual corrections to scattering amplitudes. The divergences of the loop amplitudes are regulated using dimensional regularization. We only treat in detail the case of amplitudes with up to five external legs and massless internal lines, although we believe the method to be more generally applicable. Tensor integrals are reduced to generalized scalar integrals, which in turn are reduced to a set of known basis integrals using recursion relations. The reduction algorithm is modified near exceptional configurations to ensure numerical stability. To test the procedure we apply these techniques to one-loop corrections to the Higgs to four quark process for which analytic results have recently become available.

PACS numbers: 13.85.-t,13.85.Qk

∗Electronic address: ellis@fnal.gov †Electronic address: giele@fnal.gov ‡Electronic address: zanderi@fnal.gov

I. INTRODUCTION

In order to make reliable theoretical estimates of scattering amplitudes it is important to calculate next-to-leading order (NLO) corrections. Such calculations will give a reliable estimate of the cross section normalization. In addition, they can also give results for kinematic distributions. The latter are important for understanding backgrounds to new physics searches in greater detail.

While most of the two-body final states at hadron colliders have been calculated at NLO and implemented in flexible numerical programs [1, 2, 3, 4, 5, 6, 7, 8], results for three- or four-body final states are more recent and as yet quite limited [9, 10, 11, 12, 13, 14]. One of the difficulties is the complexity of the analytic calculations required to evaluate the virtual contributions. The computation of leading-order (LO) amplitudes has been automated using a variety of methods [15, 16, 17, 18]. Explicit algorithms for numerical evaluations of LO cross sections have been developed [19, 20, 21, 22, 23, 24] and are of great value to experimenters. In contrast, no similar development has occurred for the evaluation of NLO amplitudes. Because of recent progress in the understanding of algorithms to evaluate one-loop integrals [25, 26, 27, 28, 29, 30, 31, 32, 33] one can envision a similar automation of one-loop calculations. This would enable us to extend NLO calculations to more complicated final states, such as four-body final states (e.g. the production of two pairs of massive quarks), five-body final states (e.g. vector boson plus four jets) and beyond.

In this paper we report on early steps along this path. Section II discusses a general approach to one-loop calculations. In section III we outline the numerical implementation of an algorithm similar to the one developed in ref. [28] for processes with up to five external particles. We use the integration-by-parts method [34, 35] to evaluate up to rank-five fivepoint tensor integrals with massless internal lines. In the kinematic regions where a Gram determinant is small or vanishes, the basic recursive algorithm discussed in Section III breaks down. Section IV shows how to treat these exceptional regions, and gives an explicit algorithm for numerical implementation. In particular, it discusses how to extend the basic method, (outlined in ref. [29]), to treat five-point tensor integrals in the exceptional regions. The results are shown to be stable close to exceptional phase space points. Section V provides a brief outlook. Appendix A collects results for the basis integrals.

The combined algorithms of Sections III and IV have been implemented in a numerical

FIG. 1: The generic N-point loop graph.

program. As a first application, we have used the tensor evaluation package to calculate the virtual corrections to Higgs plus up to four partons using an effective Lagrangian approach [36].

II. ANATOMY OF A ONE-LOOP CALCULATION

The calculation of virtual corrections to a scattering process follows a general pattern. Each scattering amplitude M consists of a gauge-invariant sum of N_D Feynman diagrams, {A_i}^{ND}_{i=1}: M = N_D∑

i=1 A_i . (1)

Each one-loop Feynman diagram A can in turn be decomposed into a sum of contractions between two types of tensors. The first tensor is the kinematic tensor K_{μ1 ···μM} containing couplings and the particle properties such as kinematics, spin, polarization and color. The other tensor is a one-loop tensor integral I^{μ1···μM} which only depends on the event kinematics, i.e. it depends on the momenta and masses of the scattered particles. The explicit decomposition of each Feynman diagram is given by

A(p_1, . . . , p_N ; ε_1, . . . , ε_N ) = N∑ M =0 K_{μ1 ···μM} (p_1, . . . , p_N ; ε_1, . . . , ε_N ) I^{μ1···μM} (D; q_1, . . . , q_N ) , (2) where p_i and ε_i denote the momenta and polarizations of the external particles and the tensor integral I^{μ1···μM} is given by I^{μ1···μM} (D; q_1, . . . , q_N ) ≡ ∫ d^D l iπ^{D/2} l^{μ1} · · · l^{μM} d_1d_2 · · · d_N

, d_i ≡ (l + q_i)^2 , q_i ≡ i∑ j=1 p_j , (3)

and D = 4 − 2ϵ. Note that we are considering the case of massless internal propagators, although the method can be extended to include internal masses. The generation of the kinematic tensor K, is analogous to the generation of leading-order (LO) scattering amplitudes. That is, the kinematic tensor is composed of LO multi-particle sources. Many methods have been developed to deal with the generation of LO amplitudes, either analytic or purely algorithmic. Such methods can be adapted to generate the kinematic tensor.

The more problematic issue is the evaluation of the tensor integral. Using the generic expansion of a tensor integral I^{μ1···μM} (D; q_1, . . . , q_N ) = N∑ i_1i_2 ···i_M a_{i1i2···iM} q^{μ1}_{i1} q^{μ2}_{i2} · · · q^{μM}_{iM}

+ N∑ i_3i_4 ···i_M a_{00i3i4···iM} g^{μ1μ2} q^{μ3}_{i3} q^{μ4}_{i4} · · · q^{μM}_{iM}

+ N∑ i_5i_6 ···i_M a_{0000i5···iM} g^{μ1μ2} g^{μ3 μ4} q^{μ5}_{i5} q^{μ6}_{i6} · · · q^{μM}_{iM} + · · · , (4)

we can decompose the tensor integral as known tensor structures and form factor coefficients a_{j1j2 ···jM} . Once we have a procedure to calculate the form factors, we can evaluate the tensor integral numerically using a computer program (see also [37, 38, 39, 40]).

Using integration-by-parts decomposition techniques each form factor coefficient is identified with one generalized scalar integral [41], as pictured in Fig. 1, I(D; {q_1, ν_1}, . . . , {q_N , ν_N }) ≡ I(D; ν_1, ν_2, . . . , ν_N ) ≡ ∫ d^D l iπ^{D/2} 1 d^{ν1}_1 d^{ν2}_2 · · · d^{νN}_N

, (5)

for which a recursive algorithm can be set up in such a manner that all generalized scalar integrals can be numerically reduced to the set of analytically known master integrals. Using this method we can construct numerical algorithms to calculate the general tensor integral. Note that, due to the fact that the master integrals are evaluated using analytic expressions, we do not anticipate any significant loss of accuracy for the numerical evaluation of the amplitude compared to a purely analytic method.

One complication is the fact that the evaluation has to be performed within dimensional regularization. Because of this we cannot simply calculate a complex valued tensor. Instead we calculate the complex valued coefficients c_i of a Laurent series: a_{j1j2···jM} = c_{−2} ϵ^2 + c_{−1} ϵ + c_0 + c_1ϵ + O(ϵ^2) , (6)

as was advocated in ref. [31]. As the tensor integral contains terms of order 1/ϵ^2 and 1/ϵ we need to specify a consistent scheme for evaluating the kinematic tensor up to potential terms of order ϵ^2.

All the elements for a fully automated evaluation of one-loop virtual amplitudes are now in place, although they are not yet implemented in a single procedure. Indeed, the method we used relies on the generation of the graphs using Qgraf [42], and the simplification of terms proportional to the square of the loop-momentum using the algebraic manipulation program Form [43]. This latter step is a necessary prerequisite to evaluate the kinematic tensor. Were terms proportional to g^{μν} to remain in the kinematic tensor, they would lead to ambiguities in performing the contraction with the tensor integral.^1

For amplitudes involving more than one quark line one can encounter terms of the form ū(p_1) . . . l/ . . . u(p_2) ū(p_3) . . . l/ . . . u(p_4), (where l/ = γ_μl^μ), which can not be simplified. For the simple case H → qq̄q^′q̄^′ (and H → qq̄qq̄) we performed the square analytically, thus removing all spinor lines. After elimination of the spinors, the dangerous terms quadratic in l can always be removed.

III. NUMERICAL IMPLEMENTATION OF THE ALGORITHM

In this section we will outline the numerical implementation of the evaluation of tensor integrals I^{μ1μ2 ···μM} (D; q_1, q_2, . . . , q_N ) in terms of a Laurent series. The first step is to reduce the form factor coefficients a_{j1j2···jM} to the generalized scalar integrals I(D; ν_1, ν_2, . . . , ν_N ).

1 By eliminating all metric tensors from the kinematic matrix we ensure that the kinematic tensor is composed entirely of external vectors which are purely four dimensional.

Next, the generalized scalar integrals have to be reduced to the set of master integrals. Finally, the master integrals have to be evaluated.

A. The tensor integral decomposition

The tensor integral decomposition is performed using the method of Davydychev [41], which is derived using the integration-by-parts method. We introduce the notation for the generalized scalar integrals, eq. (5),

I(D; {ν_k }^N_{k=1}) ≡ I(D; ν_1, ν_2, . . . , ν_N ) . (7)

The general form for the tensor integrals with N external legs and M free indices can be expressed in terms of these scalar integrals I_{μ1...μM} (D; {q_1, ν_1} . . . , {q_N , ν_N }) = ∑ λ,κ_1,κ_2,...,κ_N ≥0 2λ+ ∑ i κ_i=M

( − 1 2 )_λ {[g]^λ[q_1]^{κ1} . . . [q_N ]^{κN} }_{μ1 ...μM} (8)

× (ν_1)_{κ1} . . . (ν_N )_{κN} I(D + 2(M − λ); ν_1 + κ_1, . . . , ν_N + κ_N ) ,

where (ν)_κ =

Γ(ν + κ) Γ(ν)

, (9)

is the Pochhammer symbol. The structure {[g]^λ[q_1]^{κ1} . . . [q_N ]^{κN} }_{μ1...μM} is a tensor which is completely symmetric in the indices μ_1, . . . , μ_M and constructed from λ metric tensors g, κ_1 momenta p_1, κ_2 momenta p_2, etc. Once we have a method to evaluate the generalized scalar integrals, eq. (8) can be used to construct the tensor integral.

Thus, for example, the rank-1 tensor integral with N external legs can be decomposed as

I^{μ1} (D; q_1, . . . , q_N ) = N∑ i_1=1

I(D + 2; {1 + δ_{i1k} }^N_{k=1}) q^{μ1}_{i1}

= I(D + 2; 2, 1, 1, . . . , 1) q^{μ1}_1 + I(D + 2; 1, 2, 1, . . . , 1) q^{μ1}_2 + · · · + I(D + 2; 1, 1, 1, . . . , 2) q^{μ1}_N . (10)

Similarly, a rank-2 tensor integral is given by

I^{μ1μ2} (D; q_1, . . . , q_N ) = − 1 2 I(D + 2; {1}^N_{k=1}) g^{μ1 μ2} + 2!∑ P {μ_1,μ_2 } N∑ i_1≤i_2

I(D + 4; {1 + δ_{i1k} + δ_{i2k}}^N_{k=1}) q^{μ1}_{i1} q^{μ2}_{i2} = − 1 2 I(D + 2; 1, 1, 1, . . . , 1) g^{μ1 μ2} +2 I(D + 4; 3, 1, 1, . . . , 1) q^{μ1}_1 q^{μ2}_1 + I(D + 4; 2, 2, 1, . . . , 1) (q^{μ1}_1 q^{μ2}_2 + q^{μ2}_1 q^{μ1}_2 ) + · · · , (11)

where the first sum runs over the permutations of the indices P {μ_1, μ_2}.

B. Recursion scheme for scalar integrals

We will outline and improve the recursive scheme proposed in ref. [28], presenting explicit formulas for the case of five or less external particles. Using the basic equation of the integration-by-parts method, an identity which is valid for arbitrary values of the parameters y_i can be derived, ∫ d^D l iπ^{D/2} ∂ ∂l^μ (∑_N i=1 y_i ) l^μ + (∑_N i=1 y_iq^μ_i ) d^{ν1}_1 d^{ν2}_2 · · · d^{νN}_N

= 0 . (12)

Differentiating we obtain the base identity N∑ j=1 (_N ∑ i=1 S_{ji}y_i ) ν_j I(D; {ν_k + δ_{kj} }^N_{k=1}) =

− N∑ i=1 y_iI(D − 2; {ν_k − δ_{ki}}^N_{k=1}) − ( D − 1 − N∑ j=1 ν_j ) (_N ∑ i=1 y_i ) I(D; {ν_k }^N_{k=1}) , (13)

where S is a kinematic matrix which, for massless internal particles, takes the form

S_{ij} ≡ (q_i − q_j )^2 . (14)

The dimensional shift identity

I(D − 2; {ν_k }^N_{k=1}) = − N∑ i=1 ν_iI(D; {ν_k + δ_{ik}}^N_{k=1}) , (15)

2 3 4 D/2 5 6 3

4

5 σ 6

7 n= −1

n= 0

FIG. 2: Reduction scheme for triangle diagrams with three off-shell legs.

was used to obtain the base identity.

The integrals are characterized by the value of n, which is the naive degree of ultraviolet divergence n = (D 2 − σ )| |_{ϵ=0} . (16) It is also helpful to introduce some further notation σ ≡ N∑ i=1 ν_i; b_i ≡ N∑ j=1 S^{−1}_{ij} ; B ≡ N∑ i=1 b_i = N∑ i,j=1 S^{−1}_{ij} . (17)

The basic recursion relation is obtained by solving ∑ i S_{ji}y_i = δ_{lj} in eq. (13) and shifting ν_l by one unit. The result is,

(ν_l − 1)I(D; {ν_k }^N_{k=1}) = − N∑ i=1 S^{−1}_{li} I(D − 2; {ν_k − δ_{ik} − δ_{lk}}^N_{k=1}) − b_l (D − σ) I(D; {ν_k − δ_{lk}}^N_{k=1}). (18) Figs. 2, 3 and 4 illustrate the action of the recursion relations in the plane defined by D/2 andσ. The location of the basis integrals is indicated by a diamond. The recursion relation Eq. (18) either reduces both the dimension D and the value of σ by 2, or it keeps D fixed and reduces σ by 1. Its action is indicated by the red (dotted) lines in Figs. 3 and 4.

By performing the shift {ν_k}^N_{k=1} → {ν_k + δ_{lk}}^N_{k=1}, summing eq. (18) over the index l, and using eq. (15) we derive the standard recursion relation [44],

(D − 1 − σ) B I(D; {ν_k }^N_{k=1}) = I(D − 2; {ν_k}^N_{k=1}) − N∑ i=1 b_iI(D − 2; {ν_k − δ_{ik}}^N_{k=1}). (19)

Eq. (19) reduces D by 2 and σ by 0 or 1. Its action is illustrated by the blue (solid) lines shown in Figs. 2, 3 and 4.

For the case of pentagon diagrams with all ν_k = 1 and D = 4 − 2ϵ, we will use the following recursion relation to arrive at the basis pentagon in D = 6 − 2ϵ dimensions, plus boxes

I(D; {ν_k}^N_{k=1}) = (D + 1 − σ) B I(D + 2; {ν_k}^N_{k=1}) + N∑ i=1 b_iI(D; {ν_k − δ_{ik}}^N_{k=1}). (20)

Its action is illustrated by the magenta (solid grey) line in Fig. 4.

By combining eqs. (18) and (19) we can eliminate the term with a prefactor depending on the dimension D, to yield a fourth recursion relation,

(ν_l − 1)I(D; {ν_k }^N_{k=1}) = − b_l B I(D − 2; {ν_k − δ_{lk}}^N_{k=1}) + N∑ i=1 ( b_lb_i B − S^{−1}_{li} ) I(D − 2; {ν_k − δ_{ik} − δ_{lk}}^N_{k=1}). (21)

This identity is particularly efficient since it reduces D by 2 and σ by either 1 or 2 units. Its action is indicated in Figs. 2, 3 and 4 by the green (dashed) lines.

Note that for the case N = 3 in Fig. 2 we assume that det(S) ≠ 0, which is only the case if all three external momenta are off-shell. Triangles with only one off-shell leg are basis integrals. The case of triangle integrals with two off-shell legs will be treated in the following section.

C. Reduction of two mass triangles

For the specific case of two mass triangles (p^2_1, p^2 ≠ 0, p^2_3 = 0), the matrix

S = 0 p^2 p^2_1 p^2 0 0 p^2_1 0 0

, (22)

2 3 4 D/2 5 6 4

5

6 σ 7

8 n= −2

n= −1

n= 0

FIG. 3: Reduction scheme for box diagrams.

2 3 4 D/2 5 6 5

6

7 σ 8

9 n= −3

n= −2

n= −1

n= 0

FIG. 4: Reduction scheme for pentagon diagrams.

is singular. Nevertheless useful recursion relations can still be derived from eq. (13). By choosing y_i which satisfy the relation, ∑ i S_{ji}y_i = a_j

a = 1 0 0 , y = 0 α p^2 1−α p^2_1

, (23)

and choosing the parameter α such that

∑_3

i y_i = 0, we derive the recursion relation valid for ν_1 > 1 and p^2_1 ≠ p^2

I(D; ν_1, ν_2, ν_3) = 1 p^2_1 − p^2 1 (ν_1 − 1) [ I(D−2; ν_1−1, ν_2−1, ν_3)−I(D−2; ν_1−1, ν_2, ν_3−1) ] . (24)

This relation lowers D/2 by one unit and σ by two units and is shown by a green (dashed) line in Fig. 5.

By making the choice for a,

a = 0 0 0 , y = 0 αp^2_1 −αp^2 , (25)

we derive a further relation

I(D; ν_1, ν_2, ν_3) = 1 D − 1 − σ 1 p^2 − p^2_1 [ p^2_1 I(D − 2; ν_1, ν_2 − 1, ν_3) − p^2 I(D − 2; ν_1, ν_2, ν_3 − 1) ] , (26)

2 3 4 D/2 5 6 3

4

5 σ 6

7 n= −1

n= 0

FIG. 5: Reduction scheme for triangles with two off-shell legs.

valid for p^2_1 ≠ p^2. This relation lowers D/2 by one and σ by one and is shown by a blue (solid) line in Fig. 5.

Note that there is a potentially dangerous case when ν_1 = 1 and D = σ + 1 − 2ϵ, however if we restrict our attention to n = 0 or n = −1, this possibility can only occur for D = 4 − 2ϵ and σ = 3 which is a basis integral.

Finally we note that in the example considered later, Higgs decay to four partons, p^2_1 = p^2 can never occur for two-mass triangles. The degenerate case p^2_1 = p^2 can however also be treated easily if needed. For instance, by solving S_{ij} y_j = a_j with ∑ j y_j = 0

a = 0 0 0 , y = 0 α −α , (27)

one obtains I(D; ν_1, ν_2, ν_3) = −I(D; ν_1, ν_2 + 1, ν_3 − 1) . (28) This relation can be used to reduce the triangle to generalized self-energies.

D. The standard algorithm

We summarize here the detailed steps of the algorithm as we implemented it. In many cases there is freedom in the choice of the particular recursion relation used.

The set of master integrals, which are the end-points of the recursion relations, consists of • all tadpoles I(D; ν_1) for arbitrary D and ν_1 ;

• all two-point functions I(D; ν_1, ν_2) for arbitrary D and {ν_k} ; • all one-mass triangles I(D; ν_1, ν_2, ν_3) for arbitrary D and {ν_k} ; • two-mass triangles I(D = 4 − 2ϵ; 1, 1, 1) ; • three-mass triangles I(D = 4 − 2ϵ; 1, 1, 1) ; • all boxes I(D = 4 − 2ϵ; 1, 1, 1, 1) ; • all pentagons I(D = 6 − 2ϵ; 1, 1, 1, 1, 1) .

For any given generalized scalar integral the algorithm proceeds as follows: • check if the integral has already been computed, if so read in the value of the integral, which has been previously stored;

• check if the integral is a basis integral, if so evaluate its complex Laurent expansion using the analytic results (see Appendix A) and store the result;

• if N = 3 and det(S) = 0 apply eq. (26) (reduction of two-mass triangles); • if σ = N = 5 and D = 4 − 2ϵ apply eq. (20); • if σ − N + 2 − ϵ =^D_2 apply eq. (18); • if σ − N + 3 − ϵ =^D_2 and σ > N apply eq. (21); • if σ − N + 3 − ϵ =^D_2 and σ = N apply eq. (19); • if σ − N + 4 − ϵ ≤^D_2 apply eq. (19).

This procedure is repeated until all generalized scalar integrals have been evaluated.

IV. THE MODIFIED ALGORITHM FOR EXCEPTIONAL KINEMATIC RE- GIONS

The numerical implementation of the recursion algorithm as outlined in the previous section assumes that the kinematic matrix S is invertible for N = 4, 5 and the quantity B is not zero. If either B or det(S) is close to zero the numerical algorithm of section III becomes unstable.

For these exceptional kinematic regions of phase space we need to develop numerically sound procedures. Such exceptional regions are usually associated with thresholds (i.e. a massive particle produced at rest) or planar events (i.e. a linear dependence between the particle vectors).

The exceptional kinematic regions are characterized by a vanishing Gram determinant. The Gram matrix is defined as (assuming q_N = 0)

G_{ij} = 2 q_i · q_j ; (i, j = 1, 2, . . . , N − 1) , (29)

and is closely related to the kinematic matrix

S_{ij} = (q_i − q_j )^2 = 1 2 G_{ii} + 1 2 G_{jj} − G_{ij} ; G_{iN} = G_{N i} ≡ 0 . (30)

The determinants of S and G are related through the B quantity of eq. (17)

det(G) = (−1)^{N −1}B det(S) . (31)

where det(G) denotes the determinant of the (N − 1) × (N − 1) submatrix. We introduce some arbitrary small cutoffs G_0, S_0. We then distinguish 4 cases:

• Both det(S) > S_0 and det(G) > G_0:

In this case we apply the standard recursion relations of section III.

• The det(S) ≤ S_0 and det(G) > G_0 region:

This region is in fact not a kinematic exceptional region. We will rewrite the recursion relation in terms of the invertible G matrix. This gives an alternative set of recursion relations which do not depend on the kinematic matrix S.

• The det(S) > S_0 and det(G) ≤ G_0 region:

In this case the inverse of S is still defined, while the B parameter becomes small.

This renders the recursion relations eqs. (19) and (21) unusable. In ref. [29] we already outlined a method to deal with this situation by rewriting the affected recursion relations as an expansion in the small parameter B.

• The region where both det(S) ≤ S_0 and det(G) ≤ G_0:

In this region all recursion relations of section III have to be rewritten as expansions in the smallest eigenvalue of the kinematic matrix S.

A. The region det(S) ≤ S_0 and det(G) > G_0

The numerical procedure of section III becomes unstable because the inverse of the kinematic matrix S is ill defined. We encountered exactly this condition for the double off-shell triangles. As we saw in that case two types of equations can be derived which we need to generalize to boxes and pentagons.

The first set of equations is obtained by looking for the eigenvectors associated with the smallest eigenvalues of S. If the determinant is exactly zero one can find a non trivial eigenvector y in the null-space of S_{ij} and use the base identity eq. (13) to derive

0 = − N∑ i=1 y_iI(D − 2; {ν_k − δ_{ik}}^N_{k=1}) − (D − 1 − σ) (_N ∑ i=1 y_i ) I(D; {ν_k}^N_{k=1}) . (32) If ∑_N i=1 y_i ≠ 0 one obtains the relation

I(D; {ν_k}^N_{k=1}) = − 1 D − 1 − σ N∑ i=1 y_i ∑_N i=1 y_i I(D − 2; {ν_k − δ_{ik}}^N_{k=1}) , (33)

which reduces both D and σ (and possibly N), while keeping n fixed. If ∑_N i=1 y_i = 0 one obtains I(D; {ν_k }^N_{k=1}) = − ∑ i≠l y_i y_l I(D; {ν_k − δ_{ik} + δ_{lk}}^N_{k=1}) . (34)

This relation is not very efficient since it reduces neither D nor σ. However repeated use of eq. (34) with l fixed, is guaranteed to reduce N.

We now discuss how to extend eqs. (33) and (34) to cases where the determinant is small, but non zero. In this case one computes the eigenvector y of the matrix S_{ij} which has the smallest eigenvalue. The terms N∑ j=1 (_N ∑ i=1 S_{ji}y_i ) ν_j I(D; {ν_k + δ_{kj} }^N_{k=1}) , (35) in eq. (13) give only a small contribution to the equation. This means that, in the case ∑_N i=1 y_i ≠ 0, one can rewrite eq. (13) as

I(D; {ν_k}^N_{k=1}) = − 1 D − 1 − σ N∑ j=1 y_j ∑_N i=1 y_i I(D − 2; {ν_k − δ_{kj} }^N_{k=1})

− 1 D − 1 − σ N∑ j=1 ∑_N i=1 S_{ji}y_i ∑_N i=1 y_i ν_j I(D; {ν_k + δ_{kj} }^N_{k=1}) . (36)

This equation allows one to reduce the integral on the l.h.s. to a sum of “simpler integrals” (the first term in the r.h.s.), i. e. integrals with lower D, lower σ and possibly lower N, plus a sum of more “complicated integrals” (the second term in the r.h.s.), which have the same D and higher σ, but which are suppressed by the small coefficients ∑ i S_{ji}y_i. Notice that since these integrals have exactly the same kinematic matrix as the starting integral, the computation of these integrals will make use of the same relation eq. (36), with only modified D and exponents {ν_k }^N_{k=1}, giving again simpler integrals and “more complicated integrals” which are suppressed by the square of the small coefficients ∑ i S_{ji}y_i. At some point the small correction terms will be less than the desired accuracy and the reduction can be terminated.

Similarly, in the case ∑_N i=1 y_i close to zero, one obtains

I(D; {ν_k }^N_{k=1}) = − ∑ i≠l y_i y_l I(D; {ν_k − δ_{ik} + δ_{lk}}^N_{k=1})

− N∑ j=1 ∑_N i=1 S_{ji}y_i y_l (ν_j + δ_{jl}) I(D + 2; {ν_k + δ_{kj} + δ_{lk}}^N_{k=1})

− (D − σ) ∑_N i=1 y_i y_l I(D + 2; {ν_k + δ_{lk}}^N_{k=1}) , (37)

where now both the second and the third term in the r.h.s. are small corrections to the result. For both integrals the kinematic matrix is again the same as the starting one, so that a repeated application of this same identity allows one to achieve the desired accuracy in the answer.

Notice, that if D = 1 + σ − 2ϵ in eq. (36), then the prefactor is of O (1/ϵ). Therefore to have a correct result for I(D; {ν_k }^N_{k=1}) up to O (1) one needs the ϵ-expansion of the integrals in the r.h.s. up to O (ϵ).

To avoid O (ϵ) expansions in the case D = 1 + σ − 2ϵ we derive an alternative set of recursion equations. Using eq. (30) we write N∑ j=1 S_{ij} y_j = 1 2 G_{ii} N∑ j=1 y_j + 1 2 N −1∑

j=1 G_{jj} y_j − N −1∑

j=1 G_{ij} y_j , (38)

where we parametrized the scalar integral such that q_N = 0, i.e. G_{iN} = 0. This means we are free to determine the values of y_i (i = 1, 2, . . . , N − 1) by solving ∑_{N −1} j=1 G_{ij} y_j = r_i for any non-zero vector r of our choosing and to define y_N = − ∑_{N −1} j=1 y_j . We now have N∑ j=1 S_{ij} y_j = C(r) × (1, 1, . . . , 1) − r_i (39)

where C(r) =^1_2 ∑_{N −1} j=1 G_{jj} y_j = ∑_{N −1} j=1 q^2_j y_j = ∑_{N −1} i,j=1 q 2 i G^{−1}_{ij} r_j The new base equation now becomes (with q_N = 0) N −1∑

j=1 r_j ν_j I(D; {ν_l + δ_{lj} }^N_{l=1}) = N −1∑

i,j=1 G^{−1}_{ij} r_j ( I(D − 2; {ν_l − δ_{li}}^N_{l=1}) − I(D − 2; {ν_l − δ_{lN} }^N_{l=1}) )

−C(r)I(D − 2; {ν_l}^N_{l=1}) (40)

To derive usable recursion relations we chose r^{(k)}_i = δ_{ik} (k = 1, . . . , N − 1) and find the set of (N − 1) recursion relations

(ν_k − 1)I(D; {ν_l}^N_{l=1}) = N −1∑

i G^{−1}_{ik} ( I(D − 2; {ν_l − δ_{li} − δ_{lk}}^N_{l=1}) − I(D − 2; {ν_l − δ_{lN} − δ_{lk}}^N_{l=1}) )

−C_kI(D − 2; {ν_l − δ_{lk}}^N_{l=1}) (41)

with C_k = ∑_{N −1} i=1 q^2_i G^{−1}_{ik} .

By summing over k we derive the recursion relation for the case that ν_N ≠ 1

(ν_N − 1)I(D; {ν_l}^N_{l=1}) = − N −1∑

i g_i ( I(D − 2; {ν_l − δ_{li} − δ_{lN} }^N_{l=1}) − I(D − 2; {ν_l − 2δ_{lN} }^N_{l=1}) )

+(C − 1)I(D − 2; {ν_l − δ_{lN} }^N_{l=1}) (42)

with C = ∑_{N −1} k=1 C_k and g_i = ∑_{N −1} k=1 G^{−1}_{ik} .

Note that these equations can be applied only if at least one of the ν_i > 1. The cases where all ν_i = 1 and D = 1 + σ − 2ϵ correspond always to basis integrals, so that all cases are covered by the recursion relations presented here.^2

2 In our current algorithm we chose to apply eq. (36) for triangles even if D = 1 + σ − 2ϵ. In this case we need the expansion of two-point functions up to O (ϵ). Suitable results are reported in Appendix A.

B. The region det(S) > S_0 and det(G) ≤ G_0

In the case where B vanishes but det(S_{ij} ) ≠ 0 problems arise only if one is to use relations eqs. (19) or (21), while eqs. (18) or (20) can be used in a straightforward way.

For small B one can simply use eq. (20)

I(D; {ν_k}^N_{k=1}) = N∑ i=1 b_iI(D; {ν_k − δ_{ik}}^N_{k=1}) + (D + 1 − σ) B I(D + 2; {ν_k }^N_{k=1}) , (43)

where the first term gives rise to simpler integrals (lower σ and possibly lower N), while the second term gives a small correction to the result and is computed by applying this same recursion relation iteratively until the desired accuracy is reached.

C. The region det(S) ≤ S_0 and det(G) ≤ G_0

First we consider phase space points where the Gram determinant exactly vanishes. In this case we have a non-trivial solution of the equation N −1∑

j=1 G_{ij} z_j = 0 . (44)

Setting z_N = − ∑_{N −1} i=1 z_i leads to N∑ j=1 S_{ij} z_j = C × (1, 1, . . . , 1) , C ≡ 1 2 N −1∑

k=1 G_{kk} z_k = N −1∑

k=1 q^2_kz_k . (45)

If C > C_0 we can rescale z_i: r_i = z_i/C. From eqs. (13) and (45)) we obtain

I(D; {ν_k}^N_{k=1}) = N∑ i=1 r_iI(D; {ν_k − δ_{ik}}^N_{k=1}) . (46)

If det(G_{ij} ) is close to zero, the equation S_{ij} r_j = 1 will be approximate, leaving small correction terms Δ_i S_{ij} r_j = (1, 1, . . . , 1) + Δ_i. (47) By explicit construction it is possible to keep exact the condition ∑_N j=1 r_j = 0. In this case the expanded recursion relation becomes

I(D; {ν_k }^N_{k=1}) = N∑ i=1 r_iI(D; {ν_k − δ_{ik}}^N_{k=1})

+ N∑ i=1 Δ_iν_iI(D + 2; {ν_k + δ_{ik}}^N_{k=1}) . (48)

If C ≤ C_0 we cannot rescale the vector z_i. Instead we write an expansion

I(D; {ν_k }^N_{k=1}) = − ∑ i≠l z_i z_l I(D; {ν_k − δ_{ik} + δ_{lk}}^N_{k=1})

− N∑ j=1 ∑_N i=1 S_{ji}z_i z_l (ν_j + δ_{jl})I(D + 2; {ν_k + δ_{kj} + δ_{lk}}^N_{k=1}) . (49)

We finally note that the expanded recursion relations change the value of n defined in eq. (16). Since more steps might be needed to reach the desired accuracy these relations can lead outside the normal IR and UV boundaries, giving rise to deep-IR or deep-UV integrals.

D. Summary of the modified algorithm

The set of standard and expanded recursion relations is over-complete. Therefore there is some freedom in most steps of the algorithm. We summarize here the detailed steps of the modified algorithm, as we implemented it. While the procedure works, it is yet to be optimized.

The set of master integrals is the same as the one listed in section III D. Notice that, as explained above, two-point functions need to be expanded up to O (ϵ) and basis integrals out of the standard IR/UV boundaries will appear.

We rescale the hard event by a typical hard scale of the process. In order to measure the closeness to the exceptional momentum configuration we introduce a small parameter ζ ≪ 1 (which we fixed at ζ = 10^{−6} in the numerical examples).

Given any scalar integral, the modified algorithm proceeds as follows:

• check if the integral has already been computed; if so, read in the value of the integral, which has been previously stored;

• check if the integral is a basis integral; if so, evaluate its complex Laurent expansion and store the result;

• if all eigenvalues of S_{ij} are larger than ζ the standard algorithm of section III D can be applied, with the following modifications:

· if σ = N = 5 and D = 4 − 2ϵ, or σ − N + 2 − ϵ >^D_2 apply eq. (20); · if σ − N + 2 − ϵ =^D_2 apply eq. (18);

· if σ − N + 3 − ϵ =^D_2 and B > ζ apply eq. (21);

· if (σ − N + 4 − ϵ ≤^D_2 or (σ − N + 3 − ϵ =^D_2 and σ = N)) and B > ζ apply eq. (19);

· if σ − N + 3 − ϵ =^D_2 and σ = N and B > ζ apply eq. (19); · if σ − N + 4 − ϵ ≤^D_2 and B > ζ apply eq. (19); · if σ − N + 3 − ϵ ≤^D_2 and B < ζ apply eq. (20).

• if some eigenvalue of S_{ij} is smaller than ζ, but all eigenvalues of G_{ij} are larger, the event is not really exceptional, however standard relations of sec. III D can not be applied since the kinematic matrix has no inverse, accordingly

· if D ≠ σ + 1 − 2ϵ or N = 3 apply eq. (36);

· if D = σ + 1 − 2ϵ, N ≠ 3 and some ν_k ≠ 1 (k = 1, . . . , N − 1) apply eq. (41); · if D = σ + 1 − 2ϵ, N ≠ 3 and ν_N ≠ 1 apply eq. (42).

• if both S_{ij} and G_{ij} have eigenvalues smaller than ζ: the event is considered exceptional.

In this case · if C > √ ζ apply eq. (48) (where C is defined in eq. (45)); · if C ≤ √ ζ apply eq. (49).

The number of terms included in the expanded relations is limited by the requirement that k^{niter−1} i > ζ. Here n_{iter} denotes the number of iterations and k_i are the small coefficients in eqs. (20), (36), (48) and (49), which parameterize the departure from the exceptional phase space points. Concretely, the k_i are the prefactors of the integrals I in the second term in the r.h.s of those equations.

E. Some explicit results for H → qq̄q^′q̄^′

An ideal process to illustrate expansions close to exceptional momentum configurations is the decay H(−p_5) → q(p_1) q̄(p_2) q^′(p_3) q̄^′(p_4) . (50)

This is a non-trivial example, with N = 5 and one massive external momentum, where the analytical result has recently become available [36]. (Alternatively one could study the process H → qq̄qq̄ which is also given in ref. [36]). A close inspection of this result reveals immediately that it is free of any spurious singularities and therefore its evaluation is stable for any phase space point.^3

We present here a comparison between the numerical and the analytical result for phase space points approaching exceptional momentum configurations.

For the Higgs decay process we are considering, the determinant of the kinematic matrix defined in eq. (14) is given by

det(S_{ij} ) = 2s_{12}s_{23}s_{34}(s_{123}s_{234} − p^2_5s_{23}) , (51)

where s_{ijk} ≡ s_{ij} + s_{jk} + s_{ik} and the momentum assignments are given in eq. (50). It is straightforward to see that if p_4 is a linear combination of p_1 and p_2 + p_3, the determinant of the kinematic matrix vanishes,

p_4 = αp_1 + βp_2 + γp_3 with α = − βγs_{23} βs_{12} + γs_{13} and γ = β ⇒ det(S_{ij} ) = 0 , (52)

where the condition on α ensures that p_4 is massless. It is then possible to approach the limit det(S_{ij} ) = 0 slowly, by choosing γ = β + δ, where δ is a small variation such that δ ≪ α, β, γ. As an illustration we present results for the following exceptional momentum configurations, (E, p_x, p_y , p_z ),

p_1 = (−0.50000000000, 0.00000000000, 0.00000000000, −0.50000000000) , p_2 = (−0.50000000000, 0.00000000000, 0.00000000000, +0.50000000000) , p_3 = (+0.10000000000, 0.05000000000, 0.00000000000, +0.08660254037) , p_4 = αp_1 + βp_2 + γp_3 α = −βγs_{23}/(βs_{12} + γs_{13}) β = 1/3 γ = β + δ , p_5 = −p_1 − p_2 − p_3 − p_4 ,

(53)

where β is an arbitrary number O (1) and we vary δ in the range −50 < ln δ < 0.

In Fig. 6 we plot the absolute value of the relative accuracy ρ = A_{V,N} − A_{V,A} A_{V,A} , (54)

3 Remember we are interested in separate jet-production, i. e. we always assume |s_{ij}| > s_{min} > 0.

FIG. 6: Relative accuracy |ρ| for the 1/ϵ^2 pole (left), the 1/ϵ pole (center) and the constant part (right) of the one-loop amplitude squared for H → qq̄q^′q̄^′ as a function of the determinant of the kinematics matrix S_{ij} .

where, as defined in [36], A_{V,N} and A_{V,A} denote the numerical and analytical result for the full one-loop amplitude squared for the process H → qq̄q^′q̄^′.

The matrix S_{ij} denotes here the kinematic matrix for the standard ordering of momenta, as defined in eq. (14). In the evaluation of a full one-loop amplitude one encounters (N − 1)! such matrices, which are obtained by permuting (N − 1) momenta keeping one arbitrary momentum fixed S^σ_{ij} = ( q_{σ(i)} − q_{σ(j)} )_2 , (55) where σ(i) denotes the permutation of index i. Additionally, external momenta are contracted together, giving reduced matrices. Whenever any such matrix is close to singular, the modified recursion relations are used as explained in sec. IV D. Therefore plotting the accuracy as a function of just one determinant is only indicative.

From Fig. 6 we see that the numerical answer is well-behaved when approaching exceptional phase space points, det(S_{ij} ) → 0. Since the closeness to the exceptional phase space point is the expansion parameter in the modified recursion relations, an extremely good accuracy can be reached very close to singular points by including only a few terms in the expansion. In the intermediate region, where the expansion parameter is larger, one has to include more terms in the expansion. This however means computing a larger number of integrals with higher D and σ. In the current example, eq. (50) a relative accuracy of 10^{−6} was achieved, limited by the computer memory. A greater accuracy could be obtained by allocating more computer memory.

We now study the case B → 0. If the four-vector p_4 is a linear combination of p_1, p_2 and

FIG. 7: Relative accuracy |ρ| for the 1/ϵ^2 pole (left), the 1/ϵ pole (center) and the constant part (right) of the one-loop amplitude squared for H → qq̄q^′q̄^′ as a function of ln(|B|) for the box integral obtained by setting ν_3 = 0.

p_3 then for any choice of α, β and γ which keeps p^2_4 = 0, we find B = 0. However for the process in eq. (50) the only pentagon integrals appearing in the numerical answer are scalar integrals in D = 4 − 2ϵ with σ = 5. These integrals can be reduced using the standard eq. (20) which holds regardless of whether B = 0 or not.

To study the B expansion we therefore choose specific phase space points close to γ = −1. In this case the coefficient B of the reduced 4 × 4 kinematic matrix, which is obtained by setting ν_3 = 0, vanishes and an expansion in B is needed. We choose the same momenta as in eq. (53), but fix γ = −1 + δ and vary δ in the range −8 < ln δ < 0.

Fig. 7 shows then the absolute value of the relative accuracy for the numerical one-loop amplitude squared for H → qq̄q^′q̄^′, plotted as a function of ln(B) of the reduced matrix obtained by contracting the momenta p_3 and p_4 (ν_3 = 0). Again, numerical results are stable close to exceptional momentum configurations and a relative accuracy of 10^{−6} can be achieved.

V. OUTLOOK

We presented here a semi-numerical method to calculate one-loop corrections to scattering amplitudes with up to five external legs and massless internal lines. A variety of approaches to deal with the exceptional kinematic regions have been developed. Further developments are possible, guided by practical applications. We demonstrated that numerical methods can be extended to kinematic regions such as threshold and planar events.

With these results we can integrate the virtual matrix element of [36] over all of phase space to obtain the fully differential Higgs boson plus two jet cross section at next-to-leading order.

It is now straightforward to extend the calculation to other, yet uncalculated, cross sections. Examples of processes of current experimental interest are di-boson plus one jet (V_1, V_2, j), tri-boson production (V_1, V_2, V_3) and vector boson plus heavy quark pairs (V QQ̄). The extension to the case with internal masses can be implemented without much difficulty.

Furthermore, the recursive techniques are not restricted to 5 external particles. An extension of the method to 6 or more external particles is only limited by computer resources. To what extent this will be feasible in practical applications still needs to be investigated.

Finally, because the entire calculation is done numerically we have great flexibility in recalculating the cross sections in any “scheme” necessary. For example, this flexibility should be helpful in combining NLO calculations with shower Monte Carlo programs.

APPENDIX A: INTEGRALS

We report here expressions for all of the basis integrals needed as end points for the recursion relations used in our approach. All of these integrals can be found in the literature, but we find it useful to collect the results here.

We first introduce some notations. We will denote I_N (D; ν_1 . . . ν_N ) the master integral I(D; ν_1 . . . ν_N ) with N external legs. The quantity c_Γ which is equal to unity in 4 dimensions is common to all integrals and is given by

c_Γ =

Γ^2(1 − ϵ)Γ(1 + ϵ) Γ(1 − 2ϵ) = 1 Γ(1 − ϵ)

+ O(ϵ^3) . (A1)

We will frequently need the following expansions in ϵ Γ(n − ϵ) Γ(1 − ϵ)

= Γ(n) ( 1 − ϵH_1(n) + ϵ^2 2 { H^2_1 (n) − H_2(n) } ) , Γ(−n − ϵ) Γ(1 − ϵ) = (−1)^{n+1} ϵΓ(n + 1) ( 1 − ϵH_1(n + 1) − ϵ^2 2 { H^2_1 (n + 1) + H_2(n + 1) } ) , (A2)

where the generalized harmonic sum is defined by H_k(n) ≡ n−1∑ m=1 1 m^k . (A3)

FIG. 8: The generic self energy diagrams.

The dilogarithm is defined as usual as

Li_2(x) ≡ − ∫_x 0 dt t ln(1 − t) . (A4)

1. Tadpole diagrams: I_1(D = 2(σ + n) − 2ϵ; ν_1)

Within dimensional regularization tadpole integrals are zero

I_1(D; ν_1) = ∫ d^Dℓ iπ^{D/2} 1 d^{ν1}_1

= 0 . (A5)

2. Self energy diagrams: I_2(D = 2(σ + n) − 2ϵ; ν_1, ν_2 | {p^2_1})

All generalized scalar two-point integrals, shown in fig. 8, are master integrals.

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) = ∫ d^Dℓ iπ^{D/2} 1 d^{ν1}_1 d^{ν2}_2 = (−1)^σ (−p^2_1)^{n−ϵ}

Γ(ν_1 + n − ϵ)Γ(ν_2 + n − ϵ)Γ(−n + ϵ) Γ(ν_1)Γ(ν_2)Γ(σ + 2n − 2ϵ)

. (A6)

Depending on the value of n, defined in eq. (16), we have different expansions. The cases n > 0 and n < −1 are needed to deal with the exceptional momentum configurations.

• The UV case n ≥ 0:

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) =

(−1)^{σ+n} c_Γ Γ(ν_1 + n)Γ(ν_2 + n) (−p^2_1)^n Γ(ν_1)Γ(ν_2)Γ(n + 1)Γ(σ + 2n) × { 1 ϵ + 2H_1(σ + 2n) + H_1(n + 1) − H_1(ν_1 + n) − H_1(ν_2 + n) − ln(−p^2_1)

+ ϵ 2 [( 2H_1(σ + 2n) + H_1(n + 1) − H_1(n + ν_1) − H_1(n + ν_2) − ln(−p^2_1)

)_2

+ 4H_2(σ + 2n) + H_2(n + 1) − H_2(n + ν_1) − H_2(n + ν_2) ]} + O ( ϵ^2 ) . (A7)

• The IR cases n < 0

1. ν_1 > −n, ν_2 > −n:

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) =

(−1)^σ c_Γ Γ(−n)Γ(ν_1 + n)Γ(ν_2 + n) (−p^2_1)^n Γ(ν_1)Γ(ν_2)Γ(σ + 2n) × { 1 + ϵ [ 2H_1(σ + 2n) + H_1(−n) − H_1(ν_1 + n) − H_1(ν_2 + n) − ln(−p^2_1) ] }

+ O ( ϵ^2 ) . (A8)

2. ν_1 > −n, ν_2 ≤ −n, ν_1 + ν_2 > −2n :

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) =

(−1)^{ν1 +n+1}c_Γ Γ(ν_1 + n)Γ(−n) (−p^2_1)^n Γ(ν_1)Γ(ν_2)Γ(1 − n − ν_2)Γ(σ + 2n) × { 1 ϵ + 2H_1(σ + 2n) + H_1(−n) − H_1(ν_1 + n) − H_1(1 − ν_2 − n) − ln(−p^2_1)

+ ϵ 2 [( 2H_1(σ + 2n) + H_1(−n) − H_1(ν_1 + n) − H_1(1 − ν_2 − n) − ln(−p^2_1)

)_2

+ 4H_2(σ + 2n) − H_2(−n) − H_2(ν_1 + n) + H_2(1 − ν_2 − n) ]}

+ O ( ϵ^2 ) . (A9)

3. ν_1 > −n, ν_2 ≤ −n, ν_1 + ν_2 ≤ −2n :

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) =

2(−1)^{ν2 +n}c_Γ Γ(ν_1 + n)Γ(−n)Γ(1 − σ − 2n)(−p^2_1)^n Γ(ν_1)Γ(ν_2)Γ(1 − n − ν_2) × { 1 + ϵ [ 2H_1(1 − σ − 2n) + H_1(−n) − H_1(ν_1 + n) − H_1(1 − ν_2 − n) − ln(−p^2) ] }

+O ( ϵ^2 ) . (A10)

4. ν_1 ≤ −n, ν_2 ≤ −n :

I_2(D = 2(σ + n − ϵ); ν_1, ν_2 | {p^2_1}) =

2(−1)^{σ+1}c_Γ Γ(1 − σ − 2n)Γ(−n) Γ(ν_1)Γ(ν_2)Γ(1 − n − ν_1)Γ(1 − n − ν_2) ( −p^2_1 )_n

× { 1 ϵ + 2H_1(1 − σ − 2n) + H_1(−n) − H_1(1 − n − ν_1) − H_1(1 − ν_2 − n) − ln(−p^2_1) + ϵ 2 [ (2H_1(1 − 2n − σ) + H_1(−n) − H_1(1 − ν_1 − n) − H_1(1 − ν_2 − n) − ln(−p^2_1))^2

− 4H_2(1 − 2n − σ) − H_2(−n) + H_2(1 − n − ν_1) + H_2(1 − n − ν_2) ] }

+O ( ϵ^2 ) . (A11)

3. Triangle diagrams: I_3(D = 2(σ + n − ϵ); ν_1, ν_2, ν_3 | {p^2_1, p^2, p^2_3})

In the case of the 3-point general scalar integrals, shown in fig. 9, we distinguish three cases depending on the number of off-shell legs.

a. One off-shell leg

The first case is the three-point generalized scalar integral with one off-shell leg. This is again a master integral.

FIG. 9: The generic triangle diagram.

The general expression for the triangle with one off-shell leg (p^2_1 = p^2 = 0) is given by [45]

I_3(D = 2(σ + n) − 2ϵ; ν_1, ν_2, ν_3|{0, 0, p^2_3})

= (−1)^σ (−p^2_3)^{n−ϵ}

Γ(ν_2 + n − ϵ)

Γ(ν_2)

Γ(ν_3 + n − ϵ) Γ(ν_3) Γ(−n + ϵ) Γ(σ + 2n − 2ϵ)

= c_Γ

(−1)^σ (−p^2_3)^{n−ϵ} (σ + 2n − 1)! ( Γ(−n + ϵ) Γ(1 + ϵ) )

× ( Γ(ν_2 + n − ϵ) Γ(ν_2)Γ(1 − ϵ) ) ( Γ(ν_3 + n − ϵ) Γ(ν_3)Γ(1 − ϵ) ) ( Γ(1 − 2ϵ)Γ(σ + 2n) Γ(σ + 2n − 2ϵ) ) . (A12)

Depending on the value of n, the integral is IR (n = −1), UV (n = 0) or deep UV (n ≥ 1) divergent. We will look at these three specific cases:

• The IR case: n = −1

The generic integral now becomes

I^{IR}_3 (D = 2(σ − 1 − ϵ); ν_1, ν_2, ν_3) = −c_Γ

(−1)^σ (σ − 3)!

(−p^2_3)^{−ϵ} p^2_3 × ( Γ(ν_2 − 1 − ϵ) Γ(ν_2)Γ(1 − ϵ) ) ( Γ(ν_3 − 1 − ϵ) Γ(ν_3)Γ(1 − ϵ) ) ( Γ(1 − 2ϵ)Γ(σ − 2) Γ(σ − 2 − 2ϵ) ) . (A13)

Depending on the values of ν_2 and ν_3 we can distinguish three cases

1. ν_2 = ν_3 = 1: σ = ν_1 + 2

This is the most singular case (O(1/ϵ^2))

I^{IR}_{1m}(D = 2(ν_1 + 1 − ϵ); ν_1, 1, 1) = −c_Γ

(−1)^{ν1} (ν_1 − 1)! 1 p^2_3 × [ 1 ϵ^2 + 1 ϵ ( 2H_1(ν_1) − ln(−p^2_3) )

+ 1 2 ln^2(−p^2_3) − 2H_1(ν_1) ln(−p^2_3) + 2 ( H^2_1 (ν_1) + H_2(ν_1) ) ] + O(ϵ) . (A14)

2. (ν_2 = ν > 1; ν_3 = 1) or (ν_3 = ν > 1; ν_2 = 1): σ = ν_1 + ν + 1 This is the less singular case (O(1/ϵ))

I^{IR}_{1m}(D = 2(ν_1 + ν − ϵ); ν_1, ν, 1) = −c_Γ

(−1)^{ν1 +ν} (ν_1 + ν − 2)! 1 (ν − 1) 1 p^2_3 × [ 1 ϵ − ln(−p^2_3) − H_1(ν − 1) + 2H_1(ν_1 + ν − 1) ] + O(ϵ) . (A15)

3. ν_2 > 1; ν_3 > 1: σ = ν_1 + ν_2 + ν_3

This is the finite case (O(1))

I^{IR}_{1m}(D = 2(σ − 1 − ϵ); ν_1, ν_2, ν_3) = c_Γ(−1)^{ν1+ν2 +ν3 +1} p^2_3(ν_1 + ν_2 + ν_3 − 3)!(ν_2 − 1)(ν_3 − 1) +O(ϵ) . (A16)

• The UV case: n ≥ 0 In this case we simply get from eq. (A12)

I^{U V}_{1m} (D = 2(σ − n − ϵ); ν_1, ν_2, ν_3) = c_Γ(−1)^{ν1 +ν2 +ν3} (p^2_3)^n

(ν_2)_n(ν_3)_n n!(ν_1 + ν_2 + ν_3 + 2n − 1)! × [ 1 ϵ − ln(−p^2_3) + H_1(n + 1) + 2H_1(ν_1 + ν_2 + ν_3 + 2n)

−H_1(ν_2 + n) − H_1(ν_3 + n)] + O(ϵ) . (A17)

b. Two off-shell legs

I_3(D = 4 − 2ϵ; 1, 1, 1|{p^2_1, p^2, 0}) = c_Γ ϵ^2 1 p^2_1 − p^2 ( (−p^2_1)^{−ϵ} − (−p^2)^{−ϵ} ) . (A18)

FIG. 10: The generic box diagram.

c. Three off-shell legs

The basis integral is the finite four dimensional triangle [46, 47]

I_3(D = 4 − 2ϵ; 1, 1, 1 | {p^2_1, p^2, p^2_3}) = 1 √ λ(x, y)p^2_3 ( 2 [ Li_2(−ρ x) + Li_2(−ρ y) ] + ln(ρ x) ln(ρ y)

+ ln (x y ) ln (1 + ρ x 1 + ρ y ) + π^2 3 ) + O(ϵ) , (A19)

where x = p^2_1/p^2_3, y = p^2/p^2_3 and λ(x, y) = (1 − x − y)^2 − 4xy, ρ(x, y) = 2 1 − x − y + √ λ(x, y) . (A20)

Eq. (A19) is valid in the region where all p^2_i < 0 and λ(x, y) > 0. Details about the analytical continuation to other regions can be found in reference [48].

4. Box Integrals: I_4(D = 4 − 2ϵ; 1, 1, 1, 1)

All 4−2ϵ dimensional box integrals with σ = 4 belong in the basis set. The basic diagram is shown in Fig. 10. The integrals are defined in terms of s_{12} ≡ (p_1 + p_2)^2 = (q_2 − q_4)^2 and s_{23} ≡ (p_2 + p_3)^2 = (q_3 − q_1)^2 and the off-shellness of the four legs, p^2_i .

We give here the explicit expression for the 4-dimensional boxes for massless internal lines and any number of external masses.

a. Four on-shell massless legs

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, 0, 0, 0}) = c_Γ s_{12}s_{23} × [ 2 ϵ^2 ( (−s_{12})^{−ϵ} + (−s_{23})^{−ϵ} ) − ln^2 (−s_{12} −s_{23} ) − π^2 ] + O(ϵ) . (A21)

b. One off-shell leg

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, 0, 0, p^2_4}) = c_Γ s_{12}s_{23} × [ 2 ϵ^2 ( (−s_{12})^{−ϵ} + (−s_{23})^{−ϵ} − (−p^2_4)^{−ϵ} ) − 2 Li_2(1 − p^2_4 s_{12}

) − 2 Li_2(1 − p^2_4 s_{23} ) − ln^2 (−s_{12} −s_{23} ) − π^2 3 ] + O(ϵ) . (A22)

c. Two contiguous off-shell legs

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, 0, p^2_3, p^2_4}) = c_Γ s_{12}s_{23} × [ 2 ϵ^2 ( (−s_{12})^{−ϵ} + (−s_{23})^{−ϵ} − (−p^2_3)^{−ϵ} − (−p^2_4)^{−ϵ}) + 1 ϵ^2 ( (−p^2_3)^{−ϵ}(−p^2_4)^{−ϵ} ) /(−s_{12})^{−ϵ} − 2 Li_2 ( 1 − p^2_3 s_{23} ) − 2 Li_2 ( 1 − p^2_4 s_{23} ) − ln^2 ( −s_{12} −s_{23} ) ] + O(ϵ) . (A23)

d. Two opposite off-shell legs

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, p^2, 0, p^2_4}) = c_Γ (s_{23}s_{12} − p^2_4p^2) × [ 2 ϵ^2 ( (−s_{12})^{−ϵ} + (−s_{23})^{−ϵ} − (−p^2)^{−ϵ} − (−p^2_4)^{−ϵ} )

− 2 Li_2 ( 1 − p^2 s_{12} ) − 2 Li_2 ( 1 − p^2 s_{23} ) − 2 Li_2 ( 1 − p^2_4 s_{12} ) − 2 Li_2 ( 1 − p^2_4 s_{23} )

+ 2 Li_2 ( 1 − p^2p^2_4 s_{12}s_{23} ) − ln^2 ( −s_{12} −s_{23} ) ] + O(ϵ) . (A24)

The pole at s_{23}s_{12} = p^2_4p^2 is only apparent because it is canceled by the numerator. In fact, setting p^2p^2_4 = s_{12}s_{23}(1 − r) and performing the expansion in ϵ we find that the integral may be approximated as

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, p^2, 0, p^2_4}) = c_Γ s_{23}s_{12} × { − 1 ϵ (2 + r) + 2 − r 2 + (2 + r)(ln(−s_{12}) + ln(−s_{23}) − ln(−p^2_4))

+ 2 L_0 ( −p2_4 −s_{23} ) + 2 L_0 ( −p2_4 −s_{12} ) + r [ L_1 ( −p2_4 −s_{23} ) + L_1 ( −p2_4 −s_{12} )] } + O(ϵ, r^2) , (A25)

where L_0, L_1 are defined as,

L_0(r) = ln(r) 1 − r , L_1(r) =

L_0(r) + 1 1 − r . (A26)

The functions L_0 and L_1 have the property that they are finite as their denominators vanish.

e. Three off-shell legs

The result for the box integral with three off-shell legs is [50]

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, 0, p^2, p^2_3, p^2_4}) = c_Γ (s_{23}s_{12} − p^2p^2_4) × [ 2 ϵ^2 ( (−s_{12})^{−ϵ} + (−s_{23})^{−ϵ} − (−p^2)^{−ϵ} − (−p^2_3)^{−ϵ} − (−p^2_4)^{−ϵ}) + 1 ϵ^2 ( (−p^2)^{−ϵ}(−p^2_3)^{−ϵ} ) /(−s_{23})^{−ϵ} + 1 ϵ^2 ( (−p^2_3)^{−ϵ}(−p^2_4)^{−ϵ} ) /(−s_{12})^{−ϵ} (A27)

− 2 Li_2 ( 1 − p^2 s_{12} ) − 2 Li_2 ( 1 − p^2_4 s_{23} ) + 2 Li_2 ( 1 − p^2p^2_4 s_{12}s_{23} ) − ln^2 (−s_{12} −s_{23} )] + O(ϵ) .

f. Four off-shell legs

In the case of four off-shell legs we have the remarkable relation [47]

I_4(D = 4 − 2ϵ; 1, 1, 1, 1, {s_{12}, s_{23}, p^2_1, p^2, p^2_3, p^2_4}) = I_3(D = 4 − 2ϵ; 1, 1, 1, {s_{12}s_{23}, p^2_1p^2_3, p^2p^2_4}), (A28) which is valid for the case when all momenta are space-like. For the continuation to other regions we refer to ref. [49].

5. Pentagon Integrals: I_5(D = 6 − 2ϵ; 1, 1, 1, 1, 1)

We choose as our final basis integral the finite six-dimensional pentagon, I_5(D = 6 − 2ϵ; 1, 1, 1, 1, 1). However at one loop the results do not depend on the value of this finite integral, since it always appears with a coefficient of O (ϵ) [32, 50].

[1] H. Baer, J. Ohnemus and J. F. Owens, Phys. Rev. D 42, 61 (1990). [2] M. L. Mangano, P. Nason and G. Ridolfi, Nucl. Phys. B 373, 295 (1992). [3] B. Bailey, J. F. Owens and J. Ohnemus, Phys. Rev. D 46, 2018 (1992). [4] S. D. Ellis, Z. Kunszt and D. E. Soper, Phys. Rev. Lett. 69, 1496 (1992). [5] W. T. Giele, E. W. N. Glover and D. A. Kosower, Nucl. Phys. B 403, 633 (1993) [arXiv:hep-ph/9302225].

[6] J. M. Campbell and R. K. Ellis, Phys. Rev. D 60, 113006 (1999) [arXiv:hep-ph/9905386]. [7] T. Binoth, J. P. Guillet, E. Pilon and M. Werlen, Eur. Phys. J. C 16, 311 (2000) [arXiv:hep-ph/9911340].

[8] L. J. Dixon, Z. Kunszt and A. Signer, Phys. Rev. D 60, 114037 (1999) [arXiv:hep-ph/9907305]. [9] W. B. Kilgore and W. T. Giele, Phys. Rev. D 55, 7183 (1997) [arXiv:hep-ph/9610433]. [10] J. Campbell and R. K. Ellis, Phys. Rev. D 65, 113007 (2002) [arXiv:hep-ph/0202176]. [11] W. Beenakker, S. Dittmaier, M. Kramer, B. Plumper, M. Spira and P. M. Zerwas, Nucl. Phys.

B 653, 151 (2003) [arXiv:hep-ph/0211352].

[12] Z. Nagy, Phys. Rev. D 68, 094002 (2003) [arXiv:hep-ph/0307268].

[13] J. Campbell, R. K. Ellis and D. L. Rainwater, Phys. Rev. D 68, 094021 (2003) [arXiv:hep-ph/0308195].

[14] A. Denner, S. Dittmaier, M. Roth and L. H. Wieders, Phys. Lett. B 612, 223 (2005) [arXiv:hep-ph/0502063].

[15] F. A. Berends and W. T. Giele, Nucl. Phys. B 306, 759 (1988). [16] H. Murayama, I. Watanabe and K. Hagiwara, KEK-91-11.

[17] T. Stelzer and W. F. Long, Comput. Phys. Commun. 81, 357 (1994) [arXiv:hep-ph/9401258]. [18] F. Caravaglios and M. Moretti, Phys. Lett. B 358, 332 (1995) [arXiv:hep-ph/9507237]. [19] A. Pukhov et al., arXiv:hep-ph/9908288.

[20] F. Yuasa et al., Prog. Theor. Phys. Suppl. 138, 18 (2000) [arXiv:hep-ph/0007053]. [21] A. Kanaki and C. G. Papadopoulos, Comput. Phys. Commun. 132, 306 (2000) [arXiv:hep-ph/0002082].

[22] F. Krauss, R. Kuhn and G. Soff, JHEP 0202, 044 (2002) [arXiv:hep-ph/0109036]. [23] M. L. Mangano, M. Moretti, F. Piccinini, R. Pittau and A. D. Polosa, JHEP 0307, 001 (2003)

[arXiv:hep-ph/0206293].

[24] F. Maltoni and T. Stelzer, JHEP 0302, 027 (2003) [arXiv:hep-ph/0208156]. [25] A. Ferroglia, M. Passera, G. Passarino and S. Uccirati, Nucl. Phys. B 650, 162 (2003) [arXiv:hep-ph/0209219].

[26] A. Denner and S. Dittmaier, Nucl. Phys. B 658, 175 (2003) [arXiv:hep-ph/0212259]. [27] G. Duplancic and B. Nizic, Eur. Phys. J. C 35, 105 (2004) [arXiv:hep-ph/0303184]. [28] W. T. Giele and E. W. N. Glover, JHEP 0404, 029 (2004) [arXiv:hep-ph/0402152]. [29] W. Giele, E. W. N. Glover and G. Zanderighi, Nucl. Phys. Proc. Suppl. 135, 275 (2004) [arXiv:hep-ph/0407016].

[30] F. del Aguila and R. Pittau, JHEP 0407, 017 (2004) [arXiv:hep-ph/0404120]. [31] A. van Hameren, J. Vollinga and S. Weinzierl, Eur. Phys. J. C 41, 361 (2005) [arXiv:hep-ph/0502165].

[32] T. Binoth, J. P. Guillet, G. Heinrich, E. Pilon and C. Schubert, JHEP 0510, 015 (2005) [arXiv:hep-ph/0504267].

[33] A. Denner and S. Dittmaier, Nucl. Phys. B 734, 62 (2006) [arXiv:hep-ph/0509141]. [34] F. V. Tkachov, Phys. Lett. B 100, 65 (1981).

[35] K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B 192, 159 (1981). [36] R. K. Ellis, W. T. Giele and G. Zanderighi, Phys. Rev. D 72, 054018 (2005) [arXiv:hep-ph/0506196].

[37] M. Veltman, FORMF, a CDC program for numerical evaluation of the formfactors, Utrecht (1979), (unpublished).

[38] G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160, 151 (1979). [39] G. J. van Oldenborgh, Comput. Phys. Commun. 66, 1 (1991).

[40] T. Hahn and M. Perez-Victoria, Comput. Phys. Commun. 118, 153 (1999) [arXiv:hep-ph/9807565].

[41] A. I. Davydychev, Phys. Lett. B 263, 107 (1991). [42] P. Nogueira, J. Comput. Phys. 105, 279 (1993).

[43] J. A. M. Vermaseren, New features of FORM, arXiv:math-ph/0010025. [44] T. Binoth, J. P. Guillet and G. Heinrich, Nucl. Phys. B 572, 361 (2000) [arXiv:hep-ph/9911342].

[45] C. Anastasiou, E. W. N. Glover and C. Oleari, Nucl. Phys. B 572, 307 (2000)

[arXiv:hep-ph/9907494].

[46] H. J. Lu and C. A. Perez, SLAC-PUB-5809, (1992) [47] N. I. Usyukina and A. I. Davydychev, Phys. Lett. B 298, 363 (1993). [48] Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 513, 3 (1998) [arXiv:hep-ph/9708239]. [49] A. Denner, U. Nierste and R. Scharf, Nucl. Phys. B 367, 637 (1991). [50] Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412, 751 (1994) [arXiv:hep-ph/9306240].