arXiv:hep-ph/0509007 v1 1 Sep 2005

Surface Integral of Babu Diagram

Phung Van Dong^∗ and Hoang Ngoc Long^† Institute of Physics, VAST, P. O. Box 429, Bo Ho, Hanoi 10000, Vietnam (Dated: September 1, 2005)

We point out that the surface integral of the Babu diagram gives non-trivial main contribution independent of the charged lepton masses and the scale of new physics. It can fit the experimental data on both solar and atmospheric neutrino oscillations. However, then the coupling constants of the new Higgs singlets with the leptons gain values smaller than that in the usual two-loop radiative analyses. This yields distinction between our consideration on ultraviolet-behaviors and the former based on the infrared radiative corrections.

PACS numbers: 12.60.-i, 12.15.Lk, 14.60.Pq

The evidence of neutrino oscillation experimentally indicates that neutrinos are massive particles and that flavor lepton number is not conserved. Since in the standard model (SM), neutrinos are massless and flavor lepton number is conserved. The neutrino oscillation experiments are a clear sign that the SM has to be extended.

There existed two different typical approaching ways on generating neutrino masses such as the seesaw mechanism (SSM) [1] and the radiative mechanism (RM) [2]. The SSM has been the most popular explanation of the small neutrino masses. It is simple, and relies only on dimensional analysis for the required new physics. Current neutrino data point to a seesaw scale of M_R ∼ 10^{10} − 10^{15} GeV, where lepton number violation occurs through the Majorana masses of the right-handed neutrinos. With such a high scale, the effects of lepton flavor violation in processes other than neutrino oscillation itself become extremely small. For example, the branching ratio for the decay μ → e + γ is of order 10^{−50} within the seesaw extension of the SM.

An alternative to the SSM, the RM also explains the smallness of neutrino masses naturally. In this approach, neutrino masses are zero at the tree level and are induced only as finite radiative corrections. These radiative corrections are typically proportional to the square of the charged lepton (or quark) masses divided by the scale of new physics. In this case, lepton flavor violation in processes other than neutrino oscillations may become experimentally accessible.

On RM, Babu has introduced a model [3] (called Babu model) which is directly extended from the SM by thanking to two charged singlet Higgs fields to induce neutrino masses at the two-loop level. It has been judged that the neutrino masses arise to be naturally small. However, if one takes to carefully calculating that two-loop diagram (called Babu diagram), the one will see it yields additionally a radiative mass term which is much larger than the term derived by his comments and calculations. Moreover, this term completely results from the ultravi-

∗Electronic address: pvdong@iop.vast.ac.vn †Electronic address: hnlong@iop.vast.ac.vn

olet behaviors with large internal momenta of the diagram. Further, if taking evaluation for neutrino masses and mixing, it can fit not only experiment data but also yields difference from that based on the usual radiative corrections at low energy.

The aim of this Letter is to clear up these important remarks and show some interesting consequences.

The Babu model [3] includes two SU(2)_L singlet Higgs fields, a singly charged field h^+ and a doubly charged field k^{++}. Moreover, right-handed neutrinos are not introduced. The addition of these singlets gives rise to the Yukawa couplings:

L_Y = f_{ab}(ψ_{aL})^C ψ_{bL}h^+ + h_{ab}(l_{aR})^C l_{bR}k^{++} + h.c., (1)

where ψ_L stands for the left-handed lepton doublet, l_R for the right-handed charged lepton singlet and (a, b) being the generation indices, a superscript^C indicates charge conjugation. Here ψ^C = Cψ^T with C is the charge-conjugation matrix. The coupling constant f_{ab} is antisymmetric (f_{ab} = −f_{ba}), whereas h_{ab} is symmetric (h_{ab} = h_{ba}). Gauge invariance precludes the singlet Higgs fields from coupling to the quarks. Eq. (1) conserves lepton number, therefore, itself cannot be responsible for neutrino mass generation. The Higgs potential contains the terms:

V (ϕ, h^+, k^{++}) = μ(h^−h^−k^{++} + h^+h^+k^{−−}) + · · ·, (2)

which violate lepton number by two units. They are expected to cause Majorana neutrino masses.

On Babu’s opinion in his model, Majorana neutrino masses are generated at the two-loop level via the diagram shown in [3] and again depicted in Fig.1. Then, he has written down the corresponding mass matrix element for Majorana neutrinos as follows

M_{ab} = 8μf_{ac}~h_{cd}m_cm_dI_{cd}(f^+ )_{db}, (3)

in which ~h_{ab} = ηh_{ab} with η = 1 for a = b and η = 2 for a ≠ b. The integral I_{cd} is given by I_{cd} = ∫ d^4k (2π)^4 ∫ d^4q (2π)^4 1 k^2 − m^2_c 1 k^2 − m^2_h 1 q^2 − m^2_d × 1 q^2 − m^2_h 1 (k − q)^2 − m^2_k

. (4)

FIG. 1: The two-loop diagram in the Babu model.

After evaluating (4), it has been seen that the neutrino masses are small finite and compatible with the experimental data [3, 4].

However, now we will point out that the above solution of M_{ab} is not complete. To see this, we will carefully apply the Feynman rules to the diagram. After that, the large corrective term is followed which kept in his model.

In the momentum space, the propagator of the chargeconjugate spinor field is given as follows [5] ⟨0|T (ψ^C ψ^C )|0⟩ = C⟨0|T (ψψ)|0⟩^T C^{−1} −→ CS^T (p)C^{−1} = (−p/ − m)^{−1} = S(−p). For simplicity, f_{ab} and h_{ab} are assumed to be real. Then, the mass matrix of the Majorana neutrinos which is induced by the above diagram reads

− iM^′_{ab} = i ∑ c,d (−8μf_{ac}~h_{cd}f_{db}) ∫ d^4k (2π)^4 d^4q (2π)^4 P_L(k/ + m_c)P_L(−q/ + m_d)P_L (k^2 − m^2_c )(q^2 − m^2_d)[(q − k)^2 − m^2_k](k^2 − m^2_h)(q^2 − m^2_h)

. (5)

The P_Ls in the vertex factors have to be kept as coefficients out of the partial momentum integrals defined for the free spinor and boson fields. Even if their overall integral is obtained, they still are in the coefficient. Keep our mind that, here the (5) has conveniently been written.

We have

P_L(k/ + m_c)P_L(−q/ + m_d)P_L = − P_Lk/P_Lq/P_L + P_Lk/P_Lm_d − m_cP_Lq/P_L + m_cm_dP_L. (6) Therefore, the r.h.s of (5) is summed of four terms respectively to the terms in the r.h.s of (6). The fourth is finite which has been considered by Babu in his paper. Thus, applying its P_L on the left-handed Majorana field in the mass Lagrangian, e.g. −^1_2 (ν_L)^C M^{′(4)}P_Lν_L = −^1_2 (ν_L)^C M^{′(4)}ν_L, we get then:

M^{′(4)}_{ab} = 8μ ∑ c,d f_{ac}~h_{cd}f_{db}m_cm_dI_{cd}, (7)

with I_{cd} given in (4). For the second and the third, their integrals are finite, while the respective coefficients are vanish. Thus they are explicitly canceled:

M^{′(2)}_{ab} = M^{′(3)}_{ab} = 0. (8)

Finally, to keep the P_Ls in the coefficient of the respective overall momentum integral, the first term can be explicitly given in the following form:

−iM^{′(1)}_{ab} = 8iμ ∑ c,d f_{ac}~h_{cd}f_{db}P_Lγ_μP_Lγ_ν P_L ∫ d^4k (2π)^4 d^4q (2π)^4 k^μq^ν (k^2 − m^2_c )(q^2 − m^2_d)[(q − k)^2 − m^2_k](k^2 − m^2_h)(q^2 − m^2_h) . (9)

It can be checked that the two-loop integral of k, q in the r.h.s of (9) is logarithmically divergent while its coefficient is vanish, hence

−iM^{′(1)}_{ab} = 0 × ∞, (10)

which follows an indeterminate radiative term of the Babu diagram.

Explicitly, this term has been canceled in the former analyses [3, 4, 6] which present a fallacy. Suppose P_Lk/P_Lq/P_L = P_LP_Rk/q/P_L, (11) happens in (5). Indeed, the source of the fallacy is that algebraically permuting of the matrices such as (11) in the integrand of the logarithmically divergent momentum integral of (5) changes the value of the integral by an finite amount, which is equal to (10) (also see [7]).

To evaluate (10), dimensional regularization can be developed. Since the anticommutativity of γ_5 in d dimensions is lost [8] (also see [9]), the idea is that [10]: The external indices and the momenta all live in the physical four dimensions, the loop momenta k, q have components in all dimensions. γ_5 is expanded continuously analytic to d-dimensions such that anti-commutes with γ_μ for μ = 0, 1, 2, 3 but commutes with γ_μ for other values of μ. Let k = k_‖ + k_⊥, q = q_‖ + q_⊥ we have then [10] P_Lk/P_Lq/P_L = P_Lk/_⊥q/_⊥ → P_L d − 4 d kq. (12) The coefficient in (12) owns d − 4 which yields zero-limit whenever returned back to the four dimensions, hence we need only to define the divergent parts of the integral in (9). By denoting 4 − d = 2ϵ, it can be checked that I ≡ ∫ d^dk (2π)^d d^dq (2π)^d kq (k^2 − m^2_c )(q^2 − m^2_d)[(q − k)^2 − m^2_k] × 1 (k^2 − m^2_h)(q^2 − m^2_h) = − 1 2(4π)^4ϵ

+ O(1). (13)

Then, the indeterminate term yields 0 × ∞ = 8iμ ∑ c,d f_{ac}~h_{cd}f_{db}P_L d − 4 d × I

= −4iμ ∑ c,d f_{ac}~h_{cd}f_{db}P_L ( ϵ + ϵ^2 2 ) [ − 1 2(4π)^4ϵ

+ O(1) ]

= 2i (4π)^4 μ ∑ c,d f_{ac}~h_{cd}f_{db}P_L + O(ϵ). (14) By shifting the P_L into the left-hand Majorana field in its mass Lagrangian, we can rewrite

M^{′(1)}_{ab} = − 2 (4π)^4 μ ∑ c,d f_{ac}~h_{cd}f_{db} + O(ϵ). (15) Hence, with the help of (7), (8) and (15), the mass matrix of the Majorana neutrinos in the four dimensions is given as follows M^′_{ab} = − 2 (4π)^4 μ ∑ c,d f_{ac}~h_{cd}f_{db} + 8μ ∑ c,d f_{ac}~h_{cd}f_{db}m_cm_dI_{cd}. (16) The following remarks are in order:

1. The radiative term (15) is dependent only on the Yukawa coupling constants of new physics such as f_{ab}, h_{ab}, μ, but not on the masses of the charged leptons and of the new Higgs scalars. Thus, it should also be present in the massless theory.

2. It can be checked that this term is not affected by higher-order radiative corrections, e.g. the Babu diagram with more than two loops do not contribute to this term.

3. The term completely results from the ultraviolet asymptotic (large momenta) of the integrand in (9) and thus in (5), is also identified as the surface integral of the diagram. Let us analyze that, the integrand in the (7) is strongly local, large around zero-momenta and hence gives main distribution to this type of the RM, as usual (infrared behavior); while the (15) is distinct from that upon ultraviolet behavior.

4. On the evaluation of the Babu integral I_{cd} in [3] (also see [4, 6, 11]), the terms in (7) are proportional to, e.g. m_cm_d/Λ with Λ ∼ m^2_h, m^2_k, therefore, it is very smaller than that in the (15). For example, choosing m_k ≃ m_h ∼ 100 GeV, the largest one is only m^2_τ /Λ ≈ 0.00031 ≪ 1. Thus the surface integral gives main contribution on the Babu diagram. The mass matrix (16) can be approximated by M^′_{ab} ≃ − 2 (4π)^4 μ ∑ c,d f_{ac}~h_{cd}f_{db}, (17)

which completely differs from early that in (3).

It can be checked that the matrix M^′_{ab} in (16) as well as its approximation in (17) always has a zero eigenvalue independent on its parameters; and the respective eigenstate is dependent only on the f_{ab} couplings, which is identified as:

m_{ν1} = 0, (18)

ν_1 = 1 √ f^2_{eμ} + f^2_{eτ} + f^2_{μτ} (f_{μτ} ν_e − f_{eτ} ν_μ + f_{eμ}ν_τ ). (19)

Next, from the orthogonal condition of the ν_1 eigenstate to the two remaining neutrino vectors, one can write

ν^′_2 = 1 √ f^2_{eτ} + f^2_{μτ}

(f_{eτ} ν_e + f_{μτ} ν_μ),

ν^′_3 = 1 √ f^2_{eμ} + f^2_{eτ}

(f_{eμ}ν_μ + f_{eτ} ν_τ ). (20)

Then in this basis of (ν_1, ν^′_2, ν^′_3), the matrix M^′_{ab} in (16) owns the form:

M^{′′} =

0 0 0 0 m_ν′_2 m_ν′_{2 ν}′_3 0 m_ν′_{2ν}′_3 m_ν′_3 . (21)

The matrix M^{′′}_{ab} gives mixing of ν^′_2 and ν^′_3. Next, by rotating over the mixing angle ϕ in the plane (ν^′_2, ν^′_3) → (ν_2, ν_3), we have

tan 2ϕ =

2m_ν′_{2ν}′_3 m_ν′_3 − m_ν′_2

, (22) and the physical mass eigenvalues are given by

m_{ν2} = 1 2 [ m_ν′_2 + m_ν′_3 − √ (m_ν′_2 − m_ν′_3 )^2 + 4m^2_ν′_{2 ν}′_3 ] , (23)

m_{ν3} = 1 2 [ m_ν′_2 + m_ν′_3 + √ (m_ν′_2 − m_ν′_3 )^2 + 4m^2_ν′_{2 ν}′_3 ] . (24)

With the help of (19), (20) and the ϕ, we can easily obtain the mixing angles of the three neutrino generations in this model respective to the standard parametrization of an 3 × 3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [12, 13] unitary mixing matrix:

sin θ_{13} = f_{eτ} √ f^2_{eτ} + f^2_{μτ} sin ϕ, (25)

tan θ_{12} = f_{eτ} √ f^2_{eμ} + f^2_{eτ} + f^2_{μτ} f_{μτ} √ f^2_{eτ} + f^2_{μτ} cos ϕ, (26)

tan θ_{23} = f_{μτ} √ f^2_{eμ} + f^2_{eτ} sin ϕ + f_{eμ} √ f^2_{eτ} + f^2_{μτ} cos ϕ f_{eτ} √ f^2_{eτ} + f^2_{μτ} cos ϕ . (27)

The equations (25), (26) and (27) yield that the mixing angles θ_{12}, θ_{23} and θ_{13} can be given by studying the ϕ on the mixing between ν^′_2 and ν^′_3. Moreover, since the mixing angle θ_{13} is small, e.g. the CHOOZ experiment gives sin^2 θ_{13} ⪯ 0.08 (also see [13]), thus Eq. (25) requires that the mixing angle ϕ is respective small too.

Now we will show that above solution can fit the current data on both solar and atmospheric oscillations. For simplicity, we shall work with the matrix (17) by taking a special case of θ_{13} = 0. It yields ϕ = 0, and then:

m_ν′_{2ν}′_3 = 0, (28)

tan θ_{12} = f_{eτ} √ f^2_{eμ} + f^2_{eτ} + f^2_{μτ} f_{μτ} √ f^2_{eτ} + f^2_{μτ}

, (29)

tan θ_{23} = f_{eμ} f_{eτ} . (30)

Next, on the constraints in the various parameters [3, 4], it has been agreed that h_{ab} ≃ 0 for a ≠ b, then with the help of (17), (19) and (20) the elements of the matrix

(21) yield

m_ν′_2 = 2μ (4π)^4 [ (f^2_{eτ} + f^2_{μτ} )h_{ττ} + f^2_{eμ} f^2_{eτ} + f^2_{μτ}

(f^2_{eτ} h_{μμ} + f^2_{μτ} h_{ee}) ] , (31)

m_ν′_3 = 2μ (4π)^4 [ (f^2_{eμ} + f^2_{eτ} )h_{ee} + f^2_{μτ} f^2_{eμ} + f^2_{eτ}

(f^2_{eμ}h_{ττ} + f^2_{eτ} h_{μμ}) ] , (32)

m_ν′_{2 ν}′_3 = −2μf_{eμ}f_{μτ} (4π)^4 √ (f^2_{eμ} + f^2_{eτ} )(f^2_{eτ} + f^2_{μτ} )

× [f^2_{eτ} (h_{μμ} − h_{ee} − h_{ττ} ) − f^2_{eμ}h_{ee} − f^2_{μτ} h_{ττ} ]. (33)

The equations (28) and (33) give h_{μμ} = h_{ee}(f^2_{eμ} + f^2_{eτ} ) + h_{ττ} (f^2_{eτ} + f^2_{μτ} ) f^2_{eτ} . (34)

In addition, since ν^′_2 and ν^′_3 are not mixed, the (31) and (32) yield

m_{ν2} = 2μ (4π)^4

(f^2_{eμ} + f^2_{eτ} + f^2_{μτ} ) ( h_{ττ} + h_{ee} f^2_{eμ} f^2_{eτ} + f^2_{μτ} ) , (35)

m_{ν3} = 2μ (4π)^4

(f^2_{eμ} + f^2_{eτ} + f^2_{μτ} ) ( h_{ee} + h_{ττ} f^2_{μτ} f^2_{eμ} + f^2_{eτ} ) . (36) Upon (29) and (30), we see that θ_{12} and θ_{23} are not necessarily small. Then to fit with observations (also see [13]), one can choose:

tan^2 θ_{23} ≃ 1, tan^2 θ_{12} ≃ 0.43, (37)

which yield f_{eμ} ≃ f_{eτ} ≈ 0.585f_{μτ} . (38) Denoting △m^2_{ij} = m^2_{νi} − m^2_{νj} , from experimental data [13] on solar and atmospheric neutrino oscillations, one gets the following relation △m^2_1/△m^2_{32} ≈ 6.9 × 10^{−5} eV^2/2.6 × 10^{−3} eV^2. With the help of the (38), the equations (35) and (36) give the following approximation: h_{ee} ≈ −8.123h_{ττ} , (39) which yields

m_{ν2} ≈ 1.782 × 10^{−5}μf^2_{μτ} h_{ee}, (40) m_{ν3} ≈ 1.108 × 10^{−4}μf^2_{μτ} h_{ee}. (41)

Let us put f_{μτ} ≃ h_{ee} [3], then it follows f_{μτ} ≃ h_{ee} ≈ 7.754 eV^{1/3} μ^{1/3} . (42)

Choosing μ = 200 GeV, which is the highest scale in the theory, we see that f_{μτ} , h_{ee} ≈ 1.33 × 10^{−3}. On the constraints (34), (38) and (39), the remaining couplings gain:

f_{eμ} ≃ f_{eτ} ≈ 0.775 × 10^{−3}, (43)

h_{μμ} ≈ 2.01 × 10^{−3}, h_{ττ} ≈ −1.63 × 10^{−4}. (44)

It is easy to check that all above values for the couplings explicitly satisfy the experimental constraints given in [3, 4]. Moreover, the above solution can be also used to explain the mass hierarchy and mixing of Majorana neutrinos at some energy scale wherein the gauge symmetry of the SM vacuum is not broken.

Thus, we have derived a new main radiative term of the Babu diagram which can fit the data on both solar and atmospheric neutrino oscillations. However the required couplings f, h for the model are smaller than that in the usual two-loop radiative analyses (also see [14]). The reason lies behind ultraviolet behavior on the radiative mechanism of generating neutrino masses.

To conclude, in this Letter we have shown that the Babu diagram owns a non-trivial main term in ultraviolet-behavior. Its contribution is given as a natural consequence of the surface integral which is defined in the term of dimensional regularization with the new properties of γ_5 in d-dimensions. After that, we have taken the exact diagonalization of the neutrino mass matrix with the help of the intermediate mixing angle ϕ. Requirement of ϕ^′s smallness naturally gives the mixing parts consistent with current experimental data on both solar and atmospheric neutrino oscillations. This consideration predicts the coupling constants f_{ab} and h_{aa} are smaller than that in the former two-loop analyses [2, 3, 4, 6, 14].

It is also evident that the ultraviolet-asymptotic behavior in the radiative mass mechanism should be mentioned in the current neutrino problems. This conclusion adds one more nice feature to the Babu model.

The authors wish to thank T. Kitabayashi and M. Yasuè for reading the manuscript and comments

[1] M. Gell-Mann, P. Ramond, and R. Lansky, in Supergravity, Proceedings of the Workshop, Stony Brook, New York, 1979, edited by D. Freedman and P. van Nieuwenhuizen (North-Holland, Amsterdam, 1979); T. Yanagida, in Proceedings of the Workshop on Unified Theories and Baryon Number in the Universe, Tsukuba, Japan, 1979, edited by A. Sawada and A. Sugamoto (KEK Report No. 79-81, Tsukuba, 1979).

[2] A. Zee, Phys. Lett. B 93, 389 (1980); Phys. Lett. B 161, 141 (1985); Nucl. Phys. B 264, 99 (1986); L. Wolfenstein, Nucl. Phys. B 175, 93 (1980); D. Chang, W.-Y. Keung and P. B. Pal, Phys. Rev. Lett. 61, 2420 (1988); J. T. Peltonieri, A. Yu. Smirnov and J. W. Valle, Phys. Lett. B 286, 321 (1992); D. Choodhury, R. Gandhi, J. A. Gracey and B. Mukhopadhyaya, Phys. Rev. D 50, 3468 (1994). Y. Okamoto and M. Yasuè, Phys. Lett. B 466, 267 (1999); T. Kitabayashi and M. Yasuè, Phys. Lett. B 490, 236 (2000); Phys. Rev. D 63, 095002 (2001); Phys. Rev. D 63, 095006 (2001); Phys. Rev. D 67, 015006 (2003).

[3] K. S. Babu, Phys. Lett. B 203, 132 (1988). [4] K. S. Babu and C. Macesanu, Phys. Rev. D 67, 073010 (2003).

[5] On Feynman rules for general fermion interactions, see:

A. Denner, H. Eck, O. Hahn and J. Küblbeck, Nucl. Phys. B 387, 467 (1992).

[6] L. Lavoura, Phys. Rev. D 62, 093011 (2000). [7] On the surface integral of the divergent triangle diagrams, see: Lewis H. Ryder, Quantum Field Theory, 2nd edition, Cambridge University Press (1996); Kerson

Huang, Quarks, Leptons and Gauge Fields, World Scientific (1982); Ta-Pei Cheng and Ling-Fong Li, Gauge theory of elementary particle physics, Clarendon Press, Oxford (2004).

[8] On γ5 and dimensional regularization, see: D. Bardin and G. Passarino, The Standard Model in the Making, Precision Study of the Electroweak Interactions, Clarendon Press, Oxford (1999).

[9] G. ’t Hooft and M. Veltman, Nucl. Phys. B 44, 189 (1972); P. Breitenlohner and D. Mason, Comm. Math. Phys. 52, 11 (1977); F. Jegerlehner, Eur. Phys. J. C 18, 673 (2001).

[10] On evaluating surface integrals by dimensional regularization, see: M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory, Addison, Wesley Publishing (1995).

[11] K. L. McDonald and B. H. J. McKellar, [arXiv:hep-ph/0309270].

[12] B. Pontecorvo, Zh. Eksp. Teor. Fiz. 34, 247 (1957) [Sov.

Phys. JETP 7, 172 (1958)]; Zh. Eksp. Teor. Fiz. 53, 1717 (1967) [Sov. Phys. JETP 26, 984 (1968)]; Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[13] W. M. Alberico and S. M. Bilenky, Phys. Part. Nucl.

35, 297 (2004); Fiz. Elem. Chast. Atom. Yadra. 35, 545 (2004), [arXiv:hep-ph/0306239]; Guido Altarelli, [arXiv:hep-ph/0508053].

[14] See, for example: I. Aizawa, M. Ishiguro, T. Kitabayashi and M. Yasuè, Phys. Rev. D 70, 015011 (2004).