arXiv:hep-ph/0509011 v1 1 Sep 2005

NT@UW-05-08

Target mass effects in deep-inelastic scattering on the deuteron

William Detmold Department of Physics, University of Washington, Box 351560, Seattle, WA 98195, USA (Dated: September 1, 2005)

We calculate the effects of the target mass on deep-inelastic electron scattering on targets of spin one such as the deuteron, focusing on the novel structure functions that enter. It is important to understand these effects given the recent Hermes measurements of the b1(x, Q^2 ) structure function of the deuteron. We also derive the spin-one analogues of the Wandzura-Wilczek relations and discuss possible calculations in lattice QCD.

I. INTRODUCTION

The deuteron is often used as a target in deep inelastic scattering (DIS) experiments since, neglecting nuclear effects, its F_{1d,2d}(x, Q^2) and g_{1d,2d}(x, Q^2) structure functions are simply related to those of the proton and neutron. However, the deuteron is more interesting than this; being spin-one, it has additional structure functions that cannot be reduced to those of the constituent nucleons [1]. Recently, the Hermes collaboration used a tensor polarised deuteron gas target to obtain the first measurements of b_{1d}(x, Q^2) in the range 0.01 < x < 0.45 and 0.5 GeV^2 < Q^2 < 5 GeV^2 [2]. Their results show it to be significantly different from zero, rising as x → 0, and consistent with coherent double scattering model predictions [3, 4, 5]. However, these measurements were necessarily at a relatively low Q^2 and power corrections may be important in the interpretation of the data.

Corrections that scale as powers of M^2/Q^2 (where M is the target mass) are known as target mass corrections (TMCs) and many years ago Nachtmann [6] showed that it was possible to take these into account exactly in unpolarised electron-proton DIS using the representation theory of the Lorentz group. Georgi and Politzer [7, 8] extended and clarified this, also discussing the effects of quark masses. More recently, target mass (TM) effects have been investigated in the polarized nucleon [9, 10, 11, 12] and parity violating [8, 12, 13] structure functions, in nucleon generalised parton distributions [14, 15, 16, 17] and in the virtual photon structure functions [18]. Other power corrections arise from dynamical higher-twist effects and are much more difficult to analyse (even their separation from QCD scaling violations is ambiguous [19]). Here we ignore these latter terms and explore the TMCs for the leading twist structure functions of the deuteron and other spin-one targets. We derive spin-one analogues of the Wandzura-Wilczek [20] relations between moments of various spin-one structure functions and also discuss how recent developments in lattice QCD will enable information on the underlying parton distribution functions (PDFs) in the deuteron to be extracted directly from QCD.

II. DEEP-INELASTIC SCATTERING ON SPIN-ONE TARGETS

The formalism of DIS on spin-one targets was set out by Hoodbhoy, Jaffe and Manohar [1] whose nomenclature we attempt to follow. We define the parity conserving hadronic DIS tensor and structure functions through W^{μν} (p, q, E) ≡ 1 4π ∫ d^4x e^{iq·x}⟨p, E| [J^μ(x), J^ν (0)] |p, E⟩ (1) = −F_1g^{μν} + F_2 p^μp^ν ν − b_1r^{μν} + 1 6 b_2 (s^{μν} + t^{μν} + u^{μν} ) + 1 2 b_3 (s^{μν} − u^{μν} ) + 1 2 b_4 (s^{μν} − t^{μν} ) + i ν g_1ϵ^{μνλσ}q_λs_σ + i ν^2 g_2ϵ^{μνλσ}q_λ (p · qs_σ − s · qp_σ) , (2) where J^μ is the electromagnetic current and we have ignored terms involving q^μ or q^ν since the DIS leptonic tensor, ℓ_{μν} , with which W^{μν} is contracted satisfies q^μℓ_{μν} = q^ν ℓ_{μν} = 0. In Eq. (2) the various tensors are defined as r^{μν} = 1 ν^2 ( q · E^∗q · E − 1 3 ν^2κ ) g^{μν} ,

s^{μν} = 2 ν^2 ( q · E^∗q · E − 1 3 ν^2κ ) p^μp^ν ν ,

t^{μν} = 1 2ν^2 ( q · E^∗ [p^μE^ν + p^νE^μ] + q · E [p^μE^{∗ν} + p^νE^{∗μ}] − 4 3 νp^μp^ν ) ,

2 u^{μν} = 1 ν ( E^{∗μ}E^ν + E^{∗ν} E^μ + 2 3 M^2g^{μν} − 2 3 p^μp^ν ) , the target polarisation is E^μ normalised such that E^2 = −M^2 and the generalised Pauli-Lubanski spin vector is

s^μ = − i M^2 ϵ^{μαβγ} E^∗_αE_βp_γ . Finally κ = 1 +^{4x2M 2}_{Q2} = 1 +^{M 2Q2}_{ν2} where ν = p · q and x = Q^2/2p · q is the Bjorken variable (Q^2 = −q^2), p^2 = M^2 and p · E = p · E^∗ = 0.

In addition to the F_{1,2} and g_{1,2} structure functions familiar from spin-half targets, four additional structure functions, b_{1,2,3,4}(x, Q^2), appear. In the parton model, b_{1,2}(x) have simple interpretations; defining q^m_{↑(↓)}(x) as the probability of finding a parton with spin up (down) along the beam axis in a target with spin m along the beam axis, b_1(x) = b_2(x)/2x =^1_2 [2q^0_↑(x) − q^1_↑(x) − q^1_↓(x)] [1]. Since the accompanying tensors are symmetric in their indices and vanish when averaged over target polarisation (⟨E_μE^∗_ν ⟩_{spin avg.} = [ −M^2g_{μν} + p_μp_ν ] /3), these functions are measurable with unpolarised lepton beams but require a tensor polarised target. Various models of the novel structure functions have been proposed [3, 4, 5, 21, 22, 23, 24] and bounds arising from positivity are known [25, 26].

Using the optical theorem, the hadronic tensor above is related to the forward Compton scattering amplitude T^{μν} , W^{μν} =^1_{2π} ℑ[T^{μν}]. We decompose the tensor structure of T^{μν} as for W^{μν} in Eq. (1) with {F_i, g_i, b_i} → { ~F_i, ~g_i,~b_i}. At leading twist, the spin-one Compton amplitude is given by (ψ_f (x) is a quark field of flavour f and electric charge Q_f ) T^{μν} = ⟨p, E|t^{μν}|p, E⟩ = i ∫ d^4x e^{iq·x}⟨p, E|T ∑ f Q^2_f ψ_f γ^μψ_f (x)ψ_f γ^ν ψ_f (0)|p, E⟩ + [μ ↔ ν, q ↔ −q] (3)

= −2 ∞∑ n=2 even

W^{(1)}_n g^{μν} ( 2 Q^2 )_n q_{μ1} . . . q_{μn} ⟨p, E|O^{μ1...μn} |p, E⟩

+4 ∞∑ n=2 even

W^{(2)}_n g^μ_1 g^ν_{μ2} ( 2 Q^2 )_{n−1} q_{μ3} . . . q_{μn} ⟨p, E|O^{μ1...μn} |p, E⟩

+2i ∞∑ n=1 odd W^{(3)}_n ϵ^{μνλ}_{μ1} q_λ ( 2 Q^2 )_n q_{μ2} . . . q_{μn} ⟨p, E| ~O^{μ1...μn} |p, E⟩ , (4)

where the W^{(i)}_n (Q^2, μ^2, α_s) are Wilson coefficients (which are identical to those in spin-half DIS), μ is the renormalisation/factorisation scale, and the vector and axial-vector twist-two operators are O^{μ1 ...μn} = 1 2 ∑ f Q^2_f [ ψ_f γ^{{μ1} (i^↔D)^{μ2} . . . (i^↔D)^{μn }}ψ_f − tr ] , (5) ~O^μ1^{...μ}n = 1 2 ∑ f Q^2_f [ ψ_f γ^{{μ1} γ_5(i^↔D)^{μ2} . . . (i^↔D)^{μn}}ψ_f − tr ] . (6)

Here^↔D^μ =^1_2 (^→D −^←D)^μ, {. . .} indicates symmetrisation over the enclosed indices and traces are subtracted such that the operators transform irreducibly under the Lorentz group – they have fixed spin. The matrix elements of these operators in a spin-one target of momentum p and polarisation E are given by ⟨p, E|O^{μ1...μn} |p, E⟩ = a_n [p^{μ1} . . . p^{μn} − tr] + d_n [( E^{∗{μ1} E^{μ2} − 1 3 p^{{μ1} p^{μ2} ) p^{μ3} . . . p^{μn }} − tr ] , (7) ⟨p, E| ~O^{μ1...μn} |p, E⟩ = r_n [ s^{{μ1} p^{μ2} . . . p^{μn }} − tr ] . (8)

The parameters a_n, d_n and r_n (we have chosen a slightly different normalisation for r_n than Hoodbhoy et al. [1] such that it is dimensionless) depend only on the choice of target and the renormalisation scale. They encode all the non-perturbative information about the structure of the target. The novel effects in spin-one targets arise from the additional structure proportional to d_n in Eq. (7); this vanishes when averaged over polarisations even in the presence of the trace subtractions.

III. TARGET MASS EFFECTS

Away from the Bjorken limit, the traces in Eqs. (7) and (8) can not be ignored, but by including them we can treat TMCs exactly [7, 8]. The contractions of the trace subtracted tensors required in the Compton amplitude are given explicitly in the Appendix, Eqs. (A3)–(A7), and inserting these results in Eq. (4) leads to target mass corrected expressions for the various functions { ~F_i, ~g_i,~b_i}. We find

~F_1(p, q) =^∞ ∑ n=2,4,... 2a_n ( 2ρ Q^2 )_n { W^{(1)}_n C^{(1)}_n (η) − 2 n(n − 1) W^{(2)}_n C^{(2)}_{n−2}(η) } , (9)

~F_2(p, q) =^∞ ∑ n=2,4,... 16W^{(2)}n a_n n(n − 1) ( 2ρ Q^2 )_{n−1} { ηC^{(3)}_{n−2}(η) } , (10)

~g_1(p, q) = ∞∑ n=1,3,... 4W^{(3)}n r_nη

n^2 ( 2ρ Q^2 )_n { n + 1 2 C^{(1)}_{n−1}(η) + (n + 3)ηC^{(2)}_{n−2}(η) + 4η^2C^{(3)}_{n−3}(η) } , (11)

~g_2(p, q) = − ∞∑ n=1,3,... 4W^{(3)}_n r_nη n^2 ( 2ρ Q^2 )_n { (n + 2)ηC^{(2)}_{n−2}(η) + 4η^2C^{(3)}_{n−3}(η) } , (12)

~b_1(p, q) =^∞ ∑ n=2,4,... 16d_n n(n − 1) ( 2ρ Q^2 )_n { W^{(1)}_n η^2C^{(3)}_{n−2}(η) − 6W^{(2)}_n η^2 n(n − 1) C^{(4)}_{n−4}(η) } , (13)

~b_2(p, q) =^∞ ∑ n=2,4,... 32W^{(2)}_n d_n n^2(n − 1)^2 ( 2ρ Q^2 )_{n−1} { 24η^3C^{(5)}_{n−4}(η) + 12η^2C^{(4)}_{n−3}(η) + ηC^{(3)}_{n−2}(η) } , (14)

~b_3(p, q) =^∞ ∑ n=2,4,... 32W^{(2)}_n d_n n^2(n − 1)^2 ( 2ρ Q^2 )_{n−1} { 8η^3C^{(5)}_{n−4}(η) + 4η^2C^{(4)}_{n−3}(η) − 2 3 ηC^{(3)}_{n−2}(η) } , (15)

~b_4(p, q) =^∞ ∑ n=2,4,... 32W^{(2)}_n d_n n^2(n − 1)^2 ( 2ρ Q^2 )_{n−1} { 8η^3C^{(5)}_{n−4}(η) − 8η^2C^{(4)}_{n−3}(η) + 1 3 ηC^{(3)}_{n−2}(η) } , (16)

where ρ = √ p^2q^2 2 , η = p · q √ p^2q^2

, (17)

and the various C^{(i)}_n (η) are Gegenbauer polynomials [27].

The TMCs in these formulae can be removed by taking only the leading power of η in the curly braces to give inverse powers of x = Q^2/4ρ η; in this limit the above forms reduce to those given in Ref. [1]. The absence of terms proportional to d_n in ~F_{1,2}(p, q) (which results from non-trivial cancellations) could be expected since these correspond to the polarisation averaged structure functions. Also, the Callan-Gross relation, F_2(x, Q^2) = 2xF_1(x, Q^2), and its spin-one analogue, b_2(x, Q^2) = 2xb_1(x, Q^2) [1], are broken by target mass effects even at leading order in QCD where W^{(i)}_n = 1.

To determine the target mass corrected structure functions, we follow the method of Georgi and Politzer [8]. We will outline this explicitly for b_1 and give the final results for the other structure functions. Using the series expansion of the various Gegenbauer polynomials [27] and changing the orders of the subsequent summations, we can rewrite Eq. (13) as

~b_1(ω) = 2^∞ ∑ ℓ=0 ω^{2ℓ+2} ∞∑ j=0 [ W^{(1)}_{2ℓ+2j+2}d_{2ℓ+2j+2} (2ℓ + 2j + 2)(2ℓ + 2j + 1) + 2 M^2 Q^2

W^{(2)}_{2ℓ+2j+4}d_{2ℓ+2j+4}(2ℓ + j + 3) (2ℓ + 2j + 4)^2(2ℓ + 2j + 3)^2 ] (2ℓ + j + 2)!

j!(2ℓ)! ( M^2 Q^2 )_j , (18)

where ω = 1/x and we have suppressed the M^2 and Q^2 dependence of ~b_1 for brevity. The coefficient of ω^{n−1} in this expansion enables us to extract the Mellin moments of b_1(x) via

M_n(b_1) =

∫_1 0 dxx^{n−2}b_1(x) = 1 2πi ∮ dωω^{−n}~b_1(ω) (19) = 2 ∞∑ j=0 W^{(1)}_{n−1+2j}d_{n−1+2j} (n − 1 + 2j)(n − 2 + 2j)

(n − 1 + j)! j!(n − 3)! ( M^2 Q^2 )_j + 4 M^2 Q^2 ∞∑ j=0 W^{(1)}_{n+1+2j} d_{n+1+2j} (n + 1 + 2j)^2(n + 2j)^2

(n + j)! j!(n − 3)! ( M^2 Q^2 )_j .

To proceed, we introduce the functions F^{(i)}_d (y) whose moments are given by

W^{(i)}_n d_n =

∫_1 0 dyy^nF^{(i)}_d (y) , (20)

whereby it is trivial to show that

W^{(i)}_n d_n n(n − 1) = ∫_1 0 dyy^{n−2}H^{(i)}_d (y) , where H^{(i)}_d (y) =

∫_1 y dz ∫_1 z dz^′F^{(i)}_d (z^′) , (21) and W^{(i)}_n d_n n^2(n − 1)^2 = ∫_1 0 dyy^{n−2}K^{(i)}_d (y) , where K^{(i)}_d (y) =

∫_1 y dz ∫_1 z dz^′H^{(i)}_d (z^′) . (22)

The F^{(1)}_d and F^{(2)}_d etc. differ in a known, perturbative QCD manner determined by the Wilson coefficients. For use below, we also define

W^{(i)}_n a_n =

∫_1 0 dyy^nF^{(i)}_a (y) , H^{(i)}_a (y) =

∫_1 y dz ∫_1 z dz^′F^{(i)}_a (z^′) , (23) and W^{(i)}_n r_n =

∫_1 0 dyy^nF^{(i)}_r (y) , H^{(i)}_r (y) =

∫_1 y dz z ∫_1 z dz^′F^{(i)}_r (z^′) . (24)

from the coefficients a_n and r_n. Now noting that ∞∑ j=0 (n + j)! j!n! z^j = 1 (1 − z)^{n+1}

, (25)

an inverse Mellin transform of Eq. (19) gives the target mass corrected structure function:

b_1(x, Q^2, M^2) = 1 2πi ∫_{i∞} −i∞ dn x^{−n+1}M_n(b_1) (26) = { 2x d^2 dx^2 ∫_1 0 dy x^2 y^3

H^{(1)}_d (y) − 4

M^2x^2 Q^2 d^3 dx^3 ∫_1 0 dy x^2 K^{(2)}_d (y) y(1 − M^2y^2/Q^2) } 1 2πi ∫_{i∞} −i∞ dn [ y/x 1 − M^2y^2/Q^2 ]_n .

Using the identity ∫_{i∞} −i∞ dn z^n = 2π i δ(ln(z)), this finally leads to

b_1(x, Q^2, M^2) = 2x d^2 dx^2 [ x^2 ξ^2r

H^{(1)}_d (ξ) ] − 4 M^2x^2 Q^2 d^3 dx^3 [ x^3 ξr K^{(2)}_d (ξ) ] , (27) where ξ = 2x 1 + √ 1 + 4M^2x^2/Q^2

(28)

is the Nachtmann variable [6] and r = √ 1 + 4M^2x^2/Q^2.

For the other structure functions we similarly find

F_1(x, Q^2, M^2) = 2 x r F^{(1)}_a (ξ) −

4M^2x^2 Q^2 d dx [ x ξr H^{(1)}_a (ξ) ] , (29)

F_2(x, Q^2, M^2) = 4x^2 d^2 dx^2 [ x^2 ξ^2r

H^{(2)}_a (ξ) ] , (30)

g_1(x, Q^2, M^2) = 2x ( d^2 dx^2 x − d dx ) [ H^{(3)}_r (ξ) 1 + M^2ξ^2/Q^2 ] , (31)

g_2(x, Q^2, M^2) = −2x d^2 dx^2 x [ H^{(3)}_r (ξ) 1 + M^2ξ^2/Q^2 ] , (32)

b_2(x, Q^2, M^2) = 4x^2 ( d^4 dx^4 x^2 − 4 d^3 dx^3 x + 2 d^2 dx^2 ) [ x^2 ξ^2r

K^{(2)}_d (ξ) ] , (33)

b_3(x, Q^2, M^2) = 4 3 x^2 ( d^4 dx^4 x^2 − 4 d^3 dx^3 x − 4 d^2 dx^2 ) [ x^2 ξ^2r

K^{(2)}_d (ξ) ] , (34)

b_4(x, Q^2, M^2) = 4 3 x^2 ( d^4 dx^4 x^2 + 8 d^3 dx^3 x + 2 d^2 dx^2 ) [ x^2 ξ^2r

K^{(2)}_d (ξ) ] . (35)

Since terms proportional to d_n vanish identically in the F_i structure functions, the form of the TMCs in these (and the g_i) structure functions is the same as those in the spin-half case. However, the parameters a_n, d_n and r_n describing the matrix elements in Eqs. (7) and (8) depend on the specific target. Setting W^{(i)}_n = 1, our results for F_{1,2}(x, Q^2, M^2) are equivalent to those of Georgi and Politzer [8] and those for g_{1,2}(x, Q^2, M^2) agree with Refs. [11, 12] when twist-three operators are ignored. Since the only modifications occur because of the additional structure in the matrix element in Eq. (7) that is not present for spin-zero or spin-half targets, we can immediately conclude that the target mass effects in F_i and g_i are of the same form in targets of any spin greater than one-half. It is also clear that TMCs in spin-zero targets such as the pion have the same form as those in the unpolarised structure functions of the proton.

Since we have only kept twist-two operators in the expansion of Eq. (3), Mellin moments of g_1 and g_2 above are connected by the Wandzura-Wilczek (WW) relations [20] even after target mass corrections are included [11, 12]. Similarly, our results for b_{2,3,4} satisfy the relations:

M_n(b_3) = 1 3 n^2 − n − 6

n^2 − n

M_n(b_2) , (36)

M_n(b_4) = 1 3 n^2 − 13n + 24 n^2 − n

M_n(b_2) , (37)

where M_n(f) ≡

∫_1 0 dx x^{n−2}f(x). These relations are also valid in the presence of target mass and perturbative QCD effects and can generally be expected to hold to better accuracy than the usual WW relation since, for massless quarks, additional operators only contribute at twist-four (as opposed to twist-three in the WW case).

FIG. 1: Structure functions of the proton. In the main panels we show the F2p (left) and g1p (right) structure functions of the proton for Mp = 0.938 GeV (solid curve) and for Mp = 0 (dashed curve) at a scale Q^2 = 3 GeV^2. In the insets, the ratio of structure functions for Mp = 0.938 GeV to those for Mp = 0 is shown for Q^2 = 1, 3, 10 GeV^2 (dotted, solid and dashed curves, respectively).

IV. DISCUSSION

The results presented in the preceding section are relevant for the data on b_{1d}(x, Q^2) obtained by the Hermes collaboration since they work at a relatively low momentum transfer where 0.75 < M^2_d /Q^2 < 6.9. If the data is analysed to extract the twist-two parton distributions in the deuteron (q^1_↑(x), q^1_↓(x) and q^0_↑(x) in the notation of Hoodbhoy et al. [1]) using the parton model result, b_1(x) =^1_2 [2q^0_↑(x) − q^1_↑(x) − q^1_↓(x)], or a QCD improved form, these TM effects will lead to significant modifications. In order to assess the impact of the TMCs, we first compare the effects in F_2(x, Q^2) and g_1(x, Q^2) in the proton and the deuteron and then discuss the new results for b_{1d}(x, Q^2).

Figure 1 shows the F_{2p} and g_{1p} structure functions of the proton at the physical mass, M_p = 0.938 GeV, and in the limit M_p → 0. To explore the TM effects in a simple manner, we work at zeroth order in the QCD coupling. As input, we have set W^{(i)}_n = 1 and used the unpolarised parton distributions of Alekhin [28] and the polarised PDFs of Blümlein and Böttcher [29] (Scenario 1), both at leading order: F^{(2)}_a (x) =^1_{9x} [4u(x) + d(x) + 5q(x)] and F^{(3)}r (x) =^1_{36x} [4Δu(x) + Δd(x) + 5Δq(x)]. In the left panel of the figure we show F_{2p}(x, Q^2 = 3 GeV^2) from Eq. (30) evaluated with M_p = 0.938 GeV (solid curve) and M_p = 0 (dashed curve). In the inset we show the ratio of these functions for Q^2 =1, 3, 10 GeV^2 (dotted, solid and dashed curves, respectively). In the right panel, the same curves are shown for the polarised structure function g_{1p} (see Ref. [11, 13, 30] for similar studies). One sees the well known phenomenon that as x → 1, the target mass corrected functions do not vanish as they should kinematically. However higher twist effects that we have ignored in the operator product expansion of Eq. (4) become increasingly important as x approaches unity and considering only TMCs in the large x region is not reliable [12, 31, 32, 33, 34].

In Figure 2, we show similar results for the deuteron structure functions F_{2d} and g_{1d}, comparing the structure functions for M_d = 1.876 GeV to those in the zero target-mass limit. Again we use the PDF parameterisations of Refs. [28, 29]^1, setting F^{(2)}_a (x) =^5_{18x} [u(x) + d(x) + 2q(x)] and F^{(3)}_r (x) =^5_{72x} [Δu(x) + Δd(x) + 2Δq(x)]. The larger mass of the target and the different flavour composition of the deuteron leads to slightly larger target mass effects in this case. In all figures, the abscissae are defined with respect to the proton mass, x_p = Q^2/2M_pq_0.

It is less clear how to quantify the TM effects in the case of the b_{1d} structure function since we do not know the underlying twist-two parton distributions from data at large Q^2. As an estimate, we choose two forms that are fit to

1 Here we have ignored small nuclear effects in the deuteron, assuming it to be a free proton and neutron. However for heavier targets of spin one and higher it is interesting to consider the analogue of the EMC effect. For the b_1 structure function, one may look for the deviation of the ratio b_{1A}(x)/b_{1d}(x) from unity for a series of nuclei of spin-one, e.g.^6Li,^{14} N. This will be non-zero and will be unrelated to the EMC effect observed in F_2 structure functions.

FIG. 2: F2d (left) and g1d (right) structure functions of the deuteron. In the main figures we show the Md = 1.876 GeV (solid curve) and Md → 0 (dashed curve) results at Q^2 = 3 GeV^2 . In the insets the ratio of physical- to zero- mass structure functions is shown for Q^2 = 1, 3, 10 GeV^2 (dotted, solid and dashed curves, respectively).

FIG. 3: Calculated b1d structure functions of the deuteron. In the left plot we use the parameterisation of Eq. (38) whilst the right plot uses Eq. (39). In the main figure we show xp b1d for Md = 1.876 GeV (solid) and for Md → 0 (dashed) at Q^2 = 3 GeV^2 along with data from the Hermes collaboration [2] (diamonds). In the insets the ratio of physical- to zero- mass functions is shown for Q^2 = 1, 3, 10 GeV^2 (dotted, solid and dashed curves, respectively). We also display the relative shift at the experimental kinematics (diamonds). The kinks in the inset of the right plot are an artefact of parameterisation (II) having a zero that is shifted by the TM corrections.

the data using χ^2 minimisation:

(I) F^{(1)}_d (x) = A_I x^{bI} (1 − x)^3 , (38)

(II) F^{(1)}_d (x) = A_{II} x^{bII} (1 − x)^{cII} (1 + d_{II}x) , (39)

where the fit parameters are A_I = 0.00159, b_I = −1.828 for fit (I) and A_{II} = 0.0586, b_{II} = −1.532, c_{II} = 2.86, d_{II} = −4.32 for fit (II). These give a reasonable description of the data (see dashed curves in Figure 3). Figure 3 shows the structure functions that result from Eq. (38) (left) and Eq. (39) (right) for the physical deuteron mass (solid curve) and for M_d → 0 (dashed curve), both at Q^2 = 3 GeV^2. In the main figures we also show the Hermes data (diamonds, error bars include statistical and systematic errors), and in the inset we show the physical- to zeromass b_{1d} ratio at Q^2 = 1, 3, 10 GeV^2 (dotted, solid and dashed curves) along with the ratio evaluated for the different Hermes kinematics (diamonds) [2].

From Figure 3, we see that relative shift from TMCs can be significant (especially if the twist-two PDFs is negative in some range of x), though in the region where the structure function itself is small. If we were to go further and attempt to extract the three independent iso-scalar twist-two PDFs in the deuteron from data on the three structure functions F_{2d}, g_{1d} and b_{1d}, it would be necessary to include these effects. However, because of the low scales at which the measurements of b_{1d} have been made, QCD effects (which are independent of the target) and higher-twist power corrections^2 in the data will also be important. Without very extensive and accurate studies that would quantify such contributions, a reliable extraction is difficult. An approach that may help in this regard is to use lattice QCD to calculate moments of the twist-two piece of b_{1d}(x, Q^2) since matrix elements of the twist-two operators, Eqs. (5) and (6), can be studied directly on the lattice. Indeed the various structure functions of the ρ-meson including b_{1ρ} have been explored [36]. For a two hadron system such as the deuteron, calculations are more involved. Recently it has been shown that calculations of the lattice volume dependence of two-nucleon energy levels in background electroweak fields will lead to determinations of electroweak properties of the deuteron [37]. Similar methods, employing external twist-two fields, will also enable the extraction of the matrix elements in Eqs.(5) and (6) [38].

To summarise, we have discussed target mass corrections in the structure functions of spin-one targets. These effects are relevant for the recent Hermes measurements of b_{1d}(x, Q^2) in the deuteron and should be included in any extraction of the underlying parton distributions. We have also derived non-trivial relations between the moments of the spin-one structure functions b_{2,3,4}(x, Q^2) that are the analogues of the well-known Wandzura-Wilczek relations. The calculations described here can easily be extended to targets of arbitrary spin and to parity violating structure functions. The formalism for DIS in these cases is detailed in Refs. [39, 40] and [41] respectively, and the calculational procedures are the same as those used here. However with no imminent prospect of experimental tests we leave this to the future.

Acknowledgments

The author is grateful for discussions with C.-J. D. Lin, W. Melnitchouk, G. A. Miller and M. J. Savage. This work was supported by DOE contract DE-FG02-97ER41014.

APPENDIX A: TRACELESS TENSORS AND CONTRACTIONS

Let T^{μ1...μn} = a^{{μ1}_1 . . . a^{μn }}n be a completely symmetric tensor constructed of n vectors a^{μj}_i . Then the traceless piece can be constructed as

T̊^μ1^{...μ}n = ∂^μ1 . . . ∂^μn T̊ (x) (A1)

where the harmonic polynomial [42]

T̊ (x) =

[^n_2 ]∑ k=0 (n − k)! n!k! ( − x^2 4 )_k □^kx_{μ1} . . . x_{μn} T^{μ1 ...μn} . (A2) This construction enables us to calculate the contractions of the matrix elements required in Eq. (4):

q_{μ1} . . . q_{μn} [p^{μ1} . . . p^{μn} − tr] = ρ^nC^{(1)}_n (η) , (A3)

q_{μ1} . . . q_{μn} [ E^{∗{μ1} E^{μ2} p^{μ3} . . . p^{μn}} − tr ] = 2ρ^{n−2}q^2 n(n − 1) [ a(q, E)C^{(3)}_{n−2}(η) − |E|^2 4 C^{(2)}_{n−2}(η) ] , (A4)

ϵ^{μνλ}_{μ1} q_λq_{μ2} . . . q_{μn} [ s^{{μ1} p^{μ2} . . . p^{μn }} − tr ] = ρ^{n−1} n^2 ϵ^{μνλσ}q_λ [ s_σ { n + 1 2 C^{(1)}_{n−1}(η) + ηC^{(2)}_{n−2}(η) } (A5) +p_σ s · q p · q { (n + 2)ηC^{(2)}_{n−2}(η) + 4η^2C^{(3)}_{n−3}(η) } ] ,

q_{μ1} . . . q_{μn} [ p^{{μ}p^νp^{μ1} . . . p^{μn}} − tr ] = 2ρ^n (n + 1)(n + 2) [ − g^{μν} ρ^2 q^2

C^{(2)}_n (η) + 4q^μq^ν ρ^2 q^4

C^{(3)}_{n−2}(η) (A6)

+p^μp^ν C^{(3)}_n (η) − 4p^{{μ}q^{ν}} ρ q^2

C^{(3)}_{n−1}(η) ] ,

2 A model calculation of the twist-four contributions to the lowest moment of b_1 finds a small effect [35].

q_{μ1} . . . q_{μn} [ E^{∗{μ}E^ν p^{μ1} . . . p^{μn}} − tr ] = 2ρ^n [(n + 1)(n + 2)]^2

(A7) × [ − g^{μν} { |E|^2 2 [ C^{(2)}_n (η) − 2C^{(3)}_{n−2}(η) ] + 6a(q, E)C^{(4)}_{n−2}(η) } + 12 p^μp^ν p^2 { 4a(q, E)C^{(5)}_{n−2}(η) − |E|^2 2 C^{(4)}_{n−2}(η) }

+2E^{∗{μ}E^{ν}}C^{(3)}_n (η) + 6 ρ ( q · EE^{∗{μ} + q · E^∗E^{{μ} ) p^{ν}}C^{(4)}_{n−1}(η) − 12 q^2 ( q · EE^{∗{μ} + q · E^∗E^{{μ} ) q^{ν}}C^{(4)}_{n−2}(η) −2 p^{{μ}q^{ν}} ρ { 24a(q, E)C^{(5)}_{n−3}(η) + |E|^2 [ C^{(3)}_{n−1}(η) − 3C^{(4)}_{n−3}(η) ]}

+2 q^μq^ν q^2 { 24a(q, E)C^{(5)}_{n−4}(η) + |E|^2 [ 2C^{(3)}_{n−2}(η) − 3C^{(4)}_{n−4}(η) ]} ] , where a(q, E) = [q · Eq · E^∗] /q^2 and in the last two relations we have made repeated use of the derivative identity 1 n + 1 ∂ ∂q_ν q_{μ1} . . . q_{μn+1} T^{{μ1...μn+1 }} = q_{μ1} . . . q_{μn} T^{{νμ1...μn }} . (A8)

[1] P. Hoodbhoy, R. L. Jaffe, and A. Manohar, Nucl. Phys. B312, 571 (1989). [2] A. Airapetian et al. (HERMES) (2005), hep-ex/0506018.

[3] N. N. Nikolaev and W. Schäfer, Phys. Lett. B398, 245 (1997), hep-ph/9611460. [4] J. Edelmann, G. Piller, and W. Weise, Phys. Rev. C57, 3392 (1998), hep-ph/9709455. [5] K. Bora and R. L. Jaffe, Phys. Rev. D57, 6906 (1998), hep-ph/9711323. [6] O. Nachtmann, Nucl. Phys. B63, 237 (1973).

[7] H. Georgi and H. D. Politzer, Phys. Rev. Lett. 36, 1281 (1976). [8] H. Georgi and H. D. Politzer, Phys. Rev. D14, 1829 (1976). [9] S. Wandzura, Nucl. Phys. B122, 412 (1977).

[10] S. Matsuda and T. Uematsu, Nucl. Phys. B168, 181 (1980). [11] A. Piccione and G. Ridolfi, Nucl. Phys. B513, 301 (1998), hep-ph/9707478. [12] J. Blümlein and A. Tkabladze, Nucl. Phys. B553, 427 (1999), hep-ph/9812478. [13] S. Kretzer and M. H. Reno, Phys. Rev. D69, 034002 (2004), hep-ph/0307023.

[14] B. Geyer, M. Lazar, and D. Robaschik, Nucl. Phys. B618, 99 (2001), erratum ibid B652, 408 (2003), hep-ph/0108061. [15] A. V. Belitsky and D. Müller, Phys. Lett. B507, 173 (2001), hep-ph/0102224. [16] A. Kirchner and D. Müller, Eur. Phys. J. C32, 347 (2003), hep-ph/0302007. [17] B. Geyer, D. Robaschik, and J. Eilers, Nucl. Phys. B704, 279 (2005), hep-ph/0407300. [18] H. Baba, K. Sasaki, and T. Uematsu, Phys. Rev. D68, 054025 (2003), hep-ph/0307136. [19] A. H. Mueller, Phys. Lett. B308, 355 (1993). [20] S. Wandzura and F. Wilczek, Phys. Lett. B72, 195 (1977).

[21] G. A. Miller, in Electronuclear physics with internal targets, edited by R. G. Arnold (World Scientific, Singapore, 1989), p. 30.

[22] H. Khan and P. Hoodbhoy, Phys. Rev. C44, 1219 (1991). [23] H. Khan and P. Hoodbhoy, Phys. Lett. B298, 181 (1993). [24] A. Y. Umnikov, Phys. Lett. B391, 177 (1997), hep-ph/9605291. [25] V. Dmitrašinović, Phys. Rev. D54, 1237 (1996).

[26] A. Bacchetta and P. J. Mulders, Phys. Lett. B518, 85 (2001), hep-ph/0104176.

[27] A. P. Prudnikow, Y. Brychkov, and O. Marichev, Integrals and series (Gordon and Breach Science Publishers, New York, 1986).

[28] S. Alekhin, Phys. Rev. D68, 014002 (2003), hep-ph/0211096. [29] J. Blümlein and H. Böttcher, Nucl. Phys. B636, 225 (2002), hep-ph/0203155. [30] J. Blümlein and A. Tkabladze, Nucl. Phys. Proc. Suppl. 79, 541 (1999), hep-ph/9905524. [31] A. De Rujula, H. Georgi, and H. D. Politzer, Ann. Phys. 103, 315 (1977). [32] A. De Rujula, H. Georgi, and H. D. Politzer, Phys. Rev. D15, 2495 (1977). [33] X. Ji and P. Unrau, Phys. Rev. D52, 72 (1995), hep-ph/9408317. [34] K. Bitar, P. W. Johnson, and W.-k. Tung, Phys. Lett. B83, 114 (1979). [35] P. Hoodbhoy, R. L. Jaffe, and E. Sather, Phys. Rev. D43, 3071 (1991). [36] C. Best et al., Phys. Rev. D56, 2743 (1997), hep-lat/9703014. [37] W. Detmold and M. J. Savage, Nucl. Phys. A743, 170 (2004), hep-lat/0403005. [38] W. Detmold, Phys. Rev. D71, 054506 (2005), hep-lat/0410011. [39] R. L. Jaffe and A. Manohar, Nucl. Phys. B321, 343 (1989).

[40] V. Ravishankar, Nucl. Phys. B374, 309 (1992). [41] E. Jenkins, Nucl. Phys. B354, 24 (1991).

[42] N. Y. Vilenkin and A. U. Klimyk, Representations of Lie groups and special functions, vol. 2 (Kluwer Academic Publishers, Dordrecht, 1993).