arXiv:hep-ph/0510066 v3 12 Jun 2006

Gauge independent approach to chiral symmetry breaking in a strong magnetic field

C. N. Leung^a and S.-Y. Wang^{a,b,}∗

aDepartment of Physics and Astronomy, University of Delaware, Newark, Delaware 19716, USA bDepartment of Physics, Tamkang University, Tamsui, Taipei 25137, Taiwan

Abstract

The gauge independence of the dynamical fermion mass generated through chiral symmetry breaking in QED in a strong, constant external magnetic field is critically examined. We show that the bare vertex approximation, in which the vertex corrections are ignored, is a consistent truncation of the Schwinger-Dyson equations in the lowest Landau level approximation. The dynamical fermion mass, obtained as the solution of the truncated Schwinger-Dyson equations evaluated on the fermion mass shell, is shown to be manifestly gauge independent. By establishing a direct correspondence between the truncated Schwinger-Dyson equations and the 2PI (two-particle-irreducible) effective action truncated at the lowest nontrivial order in the loop expansion as well as in the 1/N_f expansion (N_f is the number of fermion flavors), we argue that in a strong magnetic field the dynamical fermion mass can be reliably calculated in the bare vertex approximation.

Key words: Gauge independence, Chiral symmetry, Magnetic field, Schwinger-Dyson equations, 1/N expansion PACS: 11.30.Rd, 11.30.Qc, 12.20.-m

1 Introduction

The study of chiral symmetry breaking has a long history, beginning with the seminal work of Nambu and Jona-Lasinio [1–3]. Because of its simpler structure, quantum electrodynamics (QED) has widely been used to study ∗ Corresponding author.

Email addresses: leung@physics.udel.edu (C. N. Leung),

sywang@mail.phys.tku.edu.tw (S.-Y. Wang).

Preprint submitted to Nuclear Physics B 12 June 2006 chiral symmetry breaking in gauge theories [4–12]. Being inherently a nonperturbative phenomenon, the dynamical generation of a fermion mass in gauge theories is usually studied with the help of the Schwinger-Dyson equations truncated in certain schemes. An often used truncation scheme is the rainbow (or quenched ladder) approximation (for a review see Ref. [13]). It is generally difficult to find a consistent truncation scheme such that the resulting dynamical fermion mass is gauge (fixing) independent. A common practice has been to forgo gauge independence in favor of obtaining a nonperturbative solution. Nevertheless, the demonstration of the gauge independence of physical quantities is of fundamental importance in gauge theories [14,15]. In perturbation theory the usual connection between the order of the loop expansion and powers of the gauge coupling guarantees that physical quantities calculated to a given order in the loop expansion are gauge independent. In other words, as is well known, loop expansion is a consistent expansion scheme in perturbation theory. Such a connection however is lost in nonperturbative studies in which contributions of a given order in the gauge coupling arise from every order in the loop expansion. As a result, establishing the gauge independence of physical quantities obtained in a nonperturbative calculation (e.g., the Schwinger-Dyson equations) is a highly nontrivial problem. This is because an infinite subset of diagrams arising from every order in the loop expansion has to be resummed consistently, thus leading to potential gauge dependence of physical quantities whenever not all relevant diagrams are accounted for. Therefore, we emphasize that in gauge theories no truncation schemes of the Schwinger-Dyson equations should be considered consistent unless the gauge independence of physical quantities calculated therein is unequivocally demonstrated.

The problem of chiral symmetry breaking in QED in a strong, constant external magnetic field has received a lot of attention over the past decade [16–29]. It was originally motivated by a proposal [30–33] to explain the correlated e^+e^− peaks observed in heavy ion collision experiments [34,35]. The proposal posits that the e^+e^− peaks are produced from the decay of a bound e^+e^− system formed in a new metastable phase of QED with broken chiral symmetry, which is induced by the strong electromagnetic field present in the neighborhood of the colliding heavy ions. Even though the e^+e^− events were not observed in a later experiment [36], it is still an interesting question to ask whether background fields can induce chiral symmetry breaking. The result of the investigation suggests that it may be relevant for studying the electroweak phase transition in the early universe when a strong magnetic field was present [18,19]. The methodology developed also found interesting applications in the study of color superconductivity in high density QCD [37], superconductivity and magnetic field induced phase transitions in condensed matter systems [38–42], as well as the properties of strongly magnetized astrophysical media [43,44].

In a recent article [45], we have found a consistent truncation scheme for the case of chiral symmetry breaking in a strong, constant external magnetic field. We critically examined the consistency and gauge independence of the bare vertex approximation that has been extensively used in truncating the Schwinger-Dyson equations to calculate the dynamical fermion mass generated through chiral symmetry breaking in weakly coupled QED in a strong magnetic field. In particular, we showed that the bare vertex approximation, in which the vertex corrections are ignored, is a consistent truncation of the Schwinger-Dyson equations in the lowest Landau level approximation. The dynamical fermion mass, obtained as the solution of the truncated Schwinger- Dyson equations evaluated on the fermion mass shell, is manifestly gauge independent. This novel gauge independent approach poses a serious question on the validity of the results and conclusions obtained in earlier studies [18– 20,22,24–29]. Most importantly, it leads to a consistent, nonperturbative calculation of the dynamical fermion mass to leading order in the gauge coupling, and allows one to identify the infinite subset of diagrams that contribute to chiral symmetry breaking in a strong magnetic field.

The purpose of this article is twofold. On the one hand, we present the technical details of the results outlined in Ref. [45]. To begin with, we critically review the properties of the so-called E_p functions, first introduced by Ritus [46,47] in the studies of QED in constant external electromagnetic fields. In doing so, we correct a few mistakes found in the literature [20,22,23,46–48]. We also derive the Ward-Takahashi identity in the bare vertex approximation both within and beyond the lowest Landau level approximation. This allows us to (i) correct a few oversights found in Ref. [23], (ii) verify the conclusion obtained therein on the Ward-Takahashi identity in the bare vertex approximation and within the lowest Landau level approximation, and (iii) show that the Ward-Takahashi identity in the bare vertex approximation can be satisfied only within the lowest Landau level approximation. By utilizing the E_p function formalism and the Ward-Takahashi identity in the bare vertex approximation, we prove that the bare vertex approximation is a consistent truncation of the Schwinger-Dyson equations in the lowest Landau level approximation. In particular, we verify that (i) the truncated vacuum polarization is transverse, (ii) the truncated fermion self-energy evaluated on the fermion mass shell is manifestly gauge independent.

On the other hand, we provide a detailed comparison between our results and those obtained in the literature [18–20,22,24–29]. Based on the gauge independent analysis presented in this article, we argue that to a large extent the results and conclusions obtained in those earlier studies can be attributed to inconsistent truncation schemes, gauge dependent artifacts, or both. Along the way this detailed comparison also establishes several important aspects of the bare vertex approximation: (i) The assumption of a momentum independent fermion self-energy, a consequence of the Ward-Takahashi identity in the bare vertex approximation, is reliable in the momentum region relevant to chiral symmetry breaking in a strong magnetic field. (ii) While the extension to a momentum dependent fermion self-energy violates the Ward-Takahashi identity in the bare vertex approximation, the resultant gauge dependence of the dynamical fermion mass is of higher order. (iii) In a strong magnetic field the dynamical fermion mass can be reliably calculated in the bare vertex approximation and is gauge independent up to corrections of higher order. (iv) There exists a direct correspondence between the Schwinger-Dyson equations truncated in the bare vertex approximation and the nonperturbative approach based on the 2PI (two-particle-irreducible) effective action truncated at the lowest nontrivial order both in the loop expansion as well as in the 1/N_f expansion (N_f is the number of fermion flavors).

The rest of this article is organized as follows. In Sec. 2 we critically review the properties of the Ritus E_p functions. In Sec. 3 the Schwinger-Dyson equations truncated in the bare vertex approximation are discussed, and the Ward- Takahashi identity in the bare vertex approximation is derived both within and beyond the lowest Landau level approximation. In Sec. 4 we present the proof that the bare vertex approximation is a consistent truncation of the Schwinger- Dyson equations in the lowest Landau level approximation. The truncated onshell Schwinger-Dyson equations are numerically solved for various numbers of fermion flavors, and an analytic fit for the dynamical fermion mass is obtained. In Sec. 5 we compare our results to those found in the literature. We also establish a direct contact with the 2PI effective action truncated at the lowest nontrivial order in the loop expansion as well as in the 1/N_f expansion. Finally, we present our conclusions in Sec. 6. In Appendix A we show that the vacuum current vanishes identically in a constant external magnetic field. Appendix B provides a summary of some exact relations derived from the 2PI effective action that are useful to the discussion in the main text.

2 Formalism: Ritus E_p functions

In this section we critically review the properties of the E_p functions, first introduced by Ritus in his seminal work [46,47]. They form a complete set of Dirac matrix-valued orthonormal functions and hence provide a convenient formalism in the studies of QED in the presence of a constant external magnetic field [20,22,23,48]. In doing so, a few mistakes and confusions found in the literature [20,22,23,46–48] are corrected and clarified.

We begin with the free field Dirac equation for a massless fermion in the presence of a constant external magnetic field^1

(γ · π) ψ(x) = 0, (2.1)

where π_μ = −i∂_μ − eA_μ with A_μ being the external gauge field and ψ is a Dirac spinor. Instead of solving Eq. (2.1) directly, we show that there exists a complete set of orthonormal functions, referred to in the literature as the Ritus E_p functions, such that in the basis spanned by the E_p functions Eq. (2.1) is rendered formally identical to the Dirac equation for a massless fermion in the absence of external fields.

We will take the constant external magnetic field of strength H in the x_3- direction with the corresponding vector potential given by

A_μ = (0, 0, Hx_1, 0), (2.2)

where μ = 0, 1, 2, 3. It is straightforward to verify that the operators (γ · π)^2, Σ^3 ≡ iγ^1γ^2 and γ^5 constitute a maximal set of mutually commuting operators.^2 The E_p functions are constructed in terms of the simultaneous eigenfunctions (eigenvectors) of these mutually commuting operators.

The eigenfunction equation for (γ · π)^2 is given by

−(γ · π)^2 ϕ_p(x) = p^2 ϕ_p(x), (2.3)

where ϕ_p(x) is the eigenfunction corresponding to the eigenvalue p^2. Note that the subscript p in ϕ_p(x) denotes symbolically a set of quantum numbers yet to be determined. In the chiral representation in which Σ^3 and γ^5 are both diagonal with eigenvalues σ = ±1 and χ = ±1, respectively, the eigenfunctions ϕ_p(x) have the general form

ϕ_p(x) = E_{pσ}(x) ω_{σχ}, (2.4)

where ω_{σχ} are bispinors which are the eigenvectors of Σ^3 and γ^5. The scalar functions E_{pσ} (x) are found to be given by

E_{pσ}(x) = N(n) e^{i(p0x0+p2 x2+p3 x3)}D_n(ρ), (2.5)

where N(n) = (4π|eH|)^{1/4}/ √ n! is a normalization factor, and D_n(ρ) denotes the parabolic cylinder functions [49] with argument ρ = √ 2|eH| (x_1 − p_2/eH) 1 In this article we use the convention in which the metric has the signature g_{μν} = diag(−1, 1, 1, 1), the Dirac matrices obey {γ^μ, γ^ν} = −2g^{μν} and γ^5 = iγ^0γ^1γ^2γ^3. 2 Strictly speaking, this maximal set of mutually commuting operators also contains the obvious operators −i∂_0, −i∂_2 and −i∂_3, which have been omitted here for the sake of presentational simplicity.

and nonnegative integer index n = 0, 1, 2, . . . given by

n = l + σ 2 sgn(eH) − 1 2 . (2.6)

The nonnegative integer l in Eq. (2.6) labels the Landau levels with l = 0 being the lowest Landau level (LLL). Note that in the absence of an external electric field, the scalar functions E_{pσ}(x) do not depend on the chirality χ (hence the notation used).

The eigenvalue p^2 of −(γ · π)^2 is identified as the momentum squared of a massless fermion in an external magnetic field. This can be understood by writing (γ · π)^2 = (γ_‖ · π_‖)^2 + (γ_⊥ · π_⊥)^2 and noticing the following properties:

−(γ_‖ · π_‖)^2 ϕ_p(x) ≡ −(γ^0π_0 + γ^3π_3)^2 ϕ_p(x) = −(π^2_0 − π^2_3) ϕ_p(x) = −(p^2_0 − p^2_3) ϕ_p(x) ≡ p^2_‖ ϕ_p(x), (2.7) −(γ_⊥ · π_⊥)^2 ϕ_p(x) ≡ −(γ^1π_1 + γ^2π_2)^2 ϕ_p(x) = (π^2_1 + π^2 − eHΣ^3) ϕ_p(x) = 2|eH|l ϕ_p(x) ≡ p^2_⊥ ϕ_p(x), (2.8)

where, here and henceforth, the subscript ‖ (⊥) refers to the longitudinal: μ = 0, 3 (transverse: μ = 1, 2) components. Hence, one finds

p^2 = p^2_‖ + p^2_⊥ = −p^2_0 + p^2_3 + 2|eH|l, (2.9)

with l being the quantum number of the quantized transverse momentum squared and √ 2|eH| the energy gap between adjacent Landau levels (referred to henceforth as the Landau energy).

It is important to note that Eq. (2.6), together with the nonnegativeness of n, imposes a constraint on the allowed value of σ when l = 0, namely, σ = { sgn(eH) for l = 0, ± sgn(eH) for l > 0.

(2.10)

This is one of the subtle points that has been overlooked in the previous literature [20,22,23,48] that utilizes the Ritus E_p functions. Physically, the constraint on σ when l = 0 means that the spin of the LLL fermions is always aligned parallel to the external magnetic field.

Following Ritus [46,47], we construct the E_p functions as the matrix of the simultaneous eigenfunctions (eigenvectors) of the maximal set of mutually commuting operators {(γ · π)^2, Σ^3, γ^5}, viz, E_p(x) = ∑_′ σ=±1 E_{pσ}(x) Δ(σ), (2.11)

where a prime on the summation symbol means that it is subject to the constraint (2.10), and Δ(σ) = diag(δ_{σ1}, δ_{σ−1}, δ_{σ1}, δ_{σ−1}) = 1 2 (1 + σ Σ^3). (2.12)

Note that the subscript p in E_p(x) denotes symbolically the set of quantum numbers {p_0, p_2, p_3, l}.

It is straightforward to verify that (no summation over repeated indices is implied) Δ(σ) + Δ(−σ) = 1, Δ(σ) Δ(σ^′) = δ_{σσ}′ Δ(σ), (2.13) hence the matrices Δ(σ) can be identified as the projection operators on the fermion states with the spin parallel (σ = 1) and antiparallel (σ = −1) to the external magnetic field. Furthermore, Δ(σ) satisfy the following important properties [Δ(σ), γ^μ_‖ ] = 0, Δ(σ) γ^μ_⊥ = γ^μ_⊥ Δ(−σ), (2.14) which are the key relations that will be frequently used in our calculation. Using the orthogonal property of the parabolic cylinder functions [49] ∫_∞ −∞ dρ D_n′ (ρ) D_n(ρ) = √ 2π n! δ_{nn}′ , (2.15)

we find that the E_p functions are orthonormal and complete, namely, ∫ d^4x E_p(x) E_p′ (x) = (2π)^4 ^δ^{(4)}(p − p^′) Π(l), (2.16) ∑∫ d^4p E_p(x) E_p(y) = (2π)^4 δ^{(4)}(x − y), (2.17)

where E_p = γ^0E^†_pγ^0. Here we have used the following shorthand notation

Π(l) = { Δ[sgn(eH)] for l = 0, 1 for l > 0,

(2.18) ∑∫ d^4p = ∞∑ l=0 ∫_∞ −∞ dp_0 ∫_∞ −∞ dp_2 ∫_∞ −∞ dp_3, (2.19) ^δ^{(4)}(p − p^′) = δ_{ll}′ δ(p_0 − p^′_0) δ(p_2 − p^′_2) δ(p_3 − p^′_3). (2.20)

We emphasize that the orthonormal condition of the E_p functions for the LLL fermions (i.e., l = 0) in Eq. (2.16) differs from that quoted in the literature [20,22,23,48], which is applicable only for fermions occupying higher Landau levels (i.e., l > 0). The presence of the projection operator Δ[sgn(eH)] in the orthonormal condition of the E_p functions for the LLL fermions has an important physical consequence that is responsible for an effective dimensional reduction in the dynamics of fermion pairing in a strong external magnetic field [17,19].

Since the E_p functions form a complete set of orthonormal Dirac matrixvalued functions, they can be used as a basis for the Hilbert space of the (perturbative) asymptotic massless fermion states in the presence of a constant external magnetic field. Throughout this article we will refer to the space spanned by the E_p functions simply as the momentum space whenever no confusion may arise.

Explicit calculation shows that the E_p functions satisfy an important property

(γ · π) E_p(x) = E_p(x) γ · p, (2.21)

where p_μ = (p_0, 0, −sgn(eH) √ 2|eH|l, p_3). (2.22) For notational simplicity, in Eq. (2.21) we have used the same notation p to denote both symbolically the set of quantum numbers {p_0, p_2, p_3, l} on the left-hand side (LHS) in E_p(x), as well as literally the momentum p_μ on the right-hand side (RHS) in γ · p. However, we emphasize that the quantum number p_2 should not be confused with the component of the momentum p in the x_2-direction, which is determined by the quantum number l as can be seen from Eq. (2.22).

We note that γ · π does not commute with Σ^3 and γ^5, hence it is not diagonal in the basis spanned by the E_p functions, as is evident from Eq. (2.21).

Upon left multiplying Eq. (2.21) by E_p′ (x) and integrating over x, one obtains ∫ d^4x E_p′ (x) (γ · π) E_p(x) = (2π)^4 ^δ^{(4)}(p − p^′) Π(l) γ · p. (2.23)

Eq. (2.23) reveals clearly the advantage of the E_p functions in the studies of QED in a constant external magnetic field: When expressed in the momentum space spanned by the E_p functions, the (bare) inverse propagator for fermions in a constant external magnetic field is rendered formally identical to that in the absence of external fields (up to the projection operator Δ[sgn(eH)] that accounts for the spin alignment of the LLL fermions).

We are now in a position to show that in the momentum space spanned by the E_p functions, Eq. (2.1) is rendered formally identical to the Dirac equation for a massless fermion in the absence of external fields. This is achieved by considering the Dirac spinor in momentum space ψ(p) defined by

ψ(x) = ∑∫ d^4p (2π)^4

E_p(x) ψ(p), (2.24)

where the momentum argument p in ψ(p) is given by Eq. (2.22). It follows from Eq. (2.21) that in momentum space Eq. (2.1) reads

(γ · p) ψ(p) = 0, (2.25)

which, as advertised in the beginning of this section, is formally the Dirac equation for a massless fermion in the absence of external fields, and whose solutions are well known. The condition that Eq. (2.25) has nontrivial solutions is given by p^2 = 0, which is exactly the mass shell condition for a massless particle. We emphasize that because the E_p functions are not solutions of the free field Dirac equation (2.1), they do not correspond to the (perturbative) asymptotic states of massless fermions in the presence of a constant external magnetic field. Nevertheless, as clearly displayed in Eqs. (2.24) and (2.25), the latter can be expanded in the basis spanned by the E_p functions in terms of the usual Dirac (or Weyl) spinors for massless fermions in the absence of external fields.

So far we have been considering only the noninteracting theory for massless fermions in a constant external magnetic field. Once the interaction with the (quantum) photon field is taken into account, the fermion will receive radiative corrections, which in turn give rise to the self-energy. Consistent with Eq. (2.21), the fermion self-energy in coordinate space Σ(x, x^′) has to satisfy a similar property, ∫ d^4x^′ Σ(x, x^′) E_p(x^′) = E_p(x) Σ(p), (2.26)

where Σ(p) is a Dirac matrix-valued function (yet to be determined by explicit calculation) with the momentum argument p given by Eq. (2.22).

Following the same steps that lead to Eq. (2.23), one finds the fermion selfenergy in momentum space to be given by

Σ(p, p^′) = ∫ d^4x d^4x^′ E_p(x) Σ(x, x^′) E_p′ (x^′)

= (2π)^4 ^δ^{(4)}(p − p^′) Π(l) Σ(p). (2.27)

With Eqs. (2.23) and (2.27), one finds that the full inverse fermion propagator in momentum space is given by [see Eq. (3.1)]

G^{−1}(p, p^′) = ∫ d^4x d^4x^′ E_p(x) G^{−1}(x, x^′) E_p′ (x^′)

= (2π)^4 ^δ^{(4)}(p − p^′) Π(l) [γ · p + Σ(p)], (2.28)

which in turn implies that the full fermion propagator in momentum space takes the form G(p, p^′) = ∫ d^4x d^4x^′ E_p(x) G(x, x^′) E_p′ (x^′)

= (2π)^4 ^δ^{(4)}(p − p^′) Π(l) 1 γ · p + Σ(p) . (2.29)

Eqs. (2.27)-(2.29), together with the orthonormal condition Eq. (2.16) of the E_p functions, imply that in coordinate space one has

Σ(x, x^′) = ∑∫ d^4p (2π)^4

E_p(x) Σ(p) E_p(x^′), (2.30)

G^{−1}(x, x^′) = ∑∫ d^4p (2π)^4

E_p(x) [γ · p + Σ(p)] E_p(x^′), (2.31) G(x, x^′) = ∑∫ d^4p (2π)^4 E_p(x) 1 γ · p + Σ(p) E_p(x^′). (2.32)

The set of equations (2.27)-(2.32) constitutes the main ingredients for the calculation presented in Secs. 3 and 4.

We emphasize that the fermion self-energy Σ(p) in general is not a diagonal matrix, which is contrary to what has been stated in the literature [20,22,23,46– 48]. We shall now clarify this confusion. It was argued [20,22,46–48] that in the presence of a constant magnetic field the fermion self-energy operator ^Σ is a Dirac matrix-valued scalar function of the form

^Σ = ^Σ[γ · π, (F_{μν} π^ν )^2], (2.33)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ is the external field strength. In order to highlight the fact that the self-energy is in general an off-shell quantity, we have used the term self-energy operator instead of the usual term mass operator, which can be misleading.

A comment here is in order. Based on symmetry arguments [46,47], for constant external fields the self-energy operator ^Σ in general depends on two extra operators: γ^5 ~F^{μν} F_{μν} and σ^{μν} F_{μν} , where ~F^{μν} = (1/2) ϵ^{μνσρ} F_{σρ} and σ^{μν} = (i/2)[γ^μ, γ^ν ]. The former vanishes identically in the absence of an external electric field. The latter renders either the fermion self-energy or the position of the fermion pole (i.e., the fermion dispersion relation) explicitly dependent on the sign of the external magnetic field strength, hence is forbidden by a residual Z_2 symmetry of the rotational O(3) symmetry that is broken in the presence of an external magnetic field (see Sec. 3 for a related discussion).

Since (F_{μν} π^ν )^2 commutes with (γ · π)^2, the self-energy operator ^Σ commutes with (γ · π)^2 and hence is diagonal in the basis spanned by the eigenfunctions of (γ · π)^2. While this statement is correct in itself, it does not imply that ^Σ is diagonal in the basis spanned by the E_p functions. This can be understood as follows. We note that even though ^Σ commutes with (γ · π)^2, it does not commute with Σ^3 and γ^5. Therefore, ^Σ is not diagonal in the basis spanned by the E_p functions, which are constructed in terms of the simultaneous eigenfunctions (eigenvectors) of the maximal set of mutually commuting operators {(γ · π)^2, Σ^3, γ^5}. This is precisely the same reason why the operator γ · π, in spite of commuting with (γ · π)^2, is not diagonal in the basis spanned by the E_p functions.

Last, but not least, we note that ^Σ does not anticommute with γ^5. This in turn suggests, as one would already have expected, dynamical chiral symmetry breaking in the full theory of QED in the presence of a constant external magnetic field. While can be confirmed only by explicit nonperturbative calculation, the above symmetry arguments seem to indicate that dynamical chiral symmetry breaking should be a generic phenomenon independent of the number of fermion flavors. Indeed, it is one of the goals of this article to verify in a gauge independent manner that in a constant external magnetic field chiral symmetry is dynamically broken regardless of the number of fermion flavors.

3 Schwinger-Dyson equations and the bare vertex approximation

The Schwinger-Dyson (SD) equations in massless QED in an external magnetic field are well-known in the literature (for reviews see Refs. [50,51]). The equations for the full fermion propagator G(x, y) are given by^3

G^{−1}(x, y) = S^{−1}(x, y) + Σ(x, y), (3.1) Σ(x, y) = ie^2 ∫ d^4x^′d^4y^′ γ^μ G(x, x^′)Γ^ν (x^′, y, y^′) D_{μν} (x, y^′), (3.2)

where S(x, y) is the bare fermion propagator in the external gauge field A_μ given by Eq. (2.2), Σ(x, y) is the fermion self-energy and Γ^ν (x, y, z) is the full

3 We note that in writing the fermion self-energy Σ(x, y) as in Eq. (3.2), it is implicitly assumed that the vacuum current vanishes. In Appendix A we show that the vacuum current does indeed vanish identically in a constant external magnetic field.

Fig. 1. The SD equations in QED in an external magnetic field. The thin (heavy) line with an arrow denotes the bare (full) fermion propagator in the presence of an external magnetic field. The thin (heavy) wiggly line denotes the free (full) photon propagator. The vertex with(out) a heavy dot denotes the full (bare) fermion-photon interaction vertex.

vertex. The full photon propagator D_{μν} (x, y) satisfies the equations

D^{−1}_{μν} (x, y) = D^{−1}_{μν} (x, y) + Π_{μν} (x, y), (3.3)

Π_{μν} (x, y) = −ie^2 tr ∫ d^4x^′d^4y^′ γ_μ G(x, x^′)Γ_ν (x^′, y^′, y) G(y^′, x), (3.4)

where D_{μν} (x, y) is the free photon propagator (defined in covariant gauges) and Π_{μν} (x, y) is the vacuum polarization. The diagrammatical representation of the SD equations (3.1)-(3.4) is depicted in Fig. 1.

Since the dynamics of fermion pairing in a strong magnetic field is dominated by the lowest Landau level (LLL) [18–22,24,25], we will consider the propagation of, as well as radiative corrections originating only from, fermions occupying the LLL. This is referred to as the lowest Landau level approximation (LLLA) in the literature [18–29]. Therefore, except where otherwise explicitly stated, the fermion propagator and the fermion self-energy in the SD equations (3.1)-(3.4) as well as in the rest of this article will be taken to be those for the LLL fermions. For notational simplicity, no separate notation will be introduced.

It is well known that the SD equations (3.1)-(3.4) correspond to an infinite hierarchy of integral equations. This is because the full vertex (i.e., the threepoint vertex function) Γ^μ depends on four-point vertex functions which in turn depend on higher-point vertex functions, and so on. In order to reduce the SD equations to a closed system of integral equations that is tractable, a truncation scheme of the SD equations needs to be employed by truncating this infinite hierarchy at some point. Diagrammatically, a truncation scheme of the SD equations corresponds to a resummation of a selected infinite subset of diagrams arising from every order in the loop expansion. The simplest truncation is done at the level of the three-point vertex function by expressing

Fig. 2. The SD equations in the bare vertex approximation.

the full vertex Γ^μ in terms of the (bare or full) entities that already appeared in the SD equations.

To this end we will work in the bare vertex approximation (BVA), in which the vertex corrections are completely ignored. This is achieved by replacing the full vertex in the SD equations (3.1)-(3.4) by the bare one, viz,

Γ^μ(x, y, z) = γ^μ δ^{(4)}(x − z) δ^{(4)}(y − z). (3.5)

The diagrammatical representation of the resultant SD equations truncated in the BVA is depicted in Fig. 2. This truncation is also known as the (improved) rainbow approximation and has been employed extensively in the literature [18–20,22,24–29]. However, we emphasize that unlike what has usually been done in the literature, here we will not confine ourselves to a particular gauge (usually the Feynman gauge) [18–20,22], nor will we make the assumption that the BVA (3.5) is valid only in a certain gauge [24–29]. Instead, it is our aim to prove that the BVA (3.5) is a consistent truncation of the SD equations (3.1)-(3.4) within the LLLA. The dynamical fermion mass, obtained as the solution of the truncated SD equations evaluated on the fermion mass shell, is manifestly gauge independent. In the weak coupling regime that we consider, such a gauge independent approach allows one to resum consistently an infinite subset of diagrams that arise from every order in the loop expansion and whose contributions are of leading order in the gauge coupling, thus leading to a consistent and reliable calculation of the dynamical fermion mass.

The main ingredient in the proof of the gauge independence of physical quantities is the Ward-Takahashi (WT) identity satisfied by the vertex and the inverse fermion propagator. It is known [13,52] that in ordinary QED the BVA is not a consistent truncation of the SD equations because the corresponding WT identity between the full fermion propagator and the bare vertex in general cannot be fulfilled. The situation however changes drastically in the presence of a strong, constant external magnetic field as the motion of lowenergy fermions is restricted in directions perpendicular to the magnetic field, leading to an effective dimensional reduction from (3 + 1) to (1 + 1) in the dynamics of fermion pairing in a strong magnetic field.

The WT identity in the BVA within the LLLA was first studied in Ref. [23]. It was shown that in order to satisfy the WT identity in the BVA within the LLLA, the LLL fermion self-energy in momentum space has to be a momentum independent constant. However, due to a mistake in Ref. [23] regarding the Dirac matrix structure in the orthonormal condition of the Ritus E_p functions for the LLL fermions [see Eq. (2.16) and the discussion that follows], the calculation therein requires further investigations. As we will see below, calculation performed by using the correct orthonormal condition shows that the conclusion obtained in Ref. [23] on the WT identity in the BVA remains valid. The reliability of such a momentum independent approximation (in that the fermion self-energy has very weak momentum dependence) and, consequently, of the WT identity in the BVA has been verified within the LLLA in a certain gauge in the momentum region relevant to the dynamics of fermion pairing in a strong magnetic field [24–28] (see further discussions in Sec. 5).

We now derive the WT identity in the BVA both within and beyond the LLLA. This allows us to (i) correct a few oversights found in Ref. [23], (ii) verify the conclusion obtained therein on the WT identity in the BVA within the LLLA, and (iii) show that the WT identity in the BVA can be satisfied only within the LLLA. It is noted that in the rest of this section the fermion propagator and the fermion self-energy will in general not be restricted to those for the LLL fermions.

Following the standard procedure for deriving the WT in QED [53,54,23], one finds the WT identity in the BVA in the presence of an external gauge field to be given by

−∂^z_μ[δ^{(4)}(x − z) δ^{(4)}(y − z) γ^μ] = i[δ^{(4)}(y − z) − δ^{(4)}(x − z)] G^{−1}(x, y), (3.6)

where it is noted that G(x, y) is the full fermion propagator in an external gauge field. Since the inverse fermion propagator in the above equation does not depend on z, performing the Fourier transform on the variable z leads to e^{−iq·x} δ^{(4)}(x − y) γ · q = (e^{−iq·x} − e^{−iq·y} ) G^{−1}(x, y), (3.7) where q^μ is the momentum carried by the photon. Upon left and right multiplying Eq. (3.7) by E_p(x) and E_p′ (y), respectively, and integrating over x and y, we obtain the following identity ∫ d^4x e^{−iq·x} E_p(x) γ·q E_p′ (x) = ∫ d^4x d^4y (e^{−iq·x}−e^{−iq·y} ) E_p(x) G^{−1}(x, y) E_p′ (y), (3.8) where the subscripts p and p^′ denote the sets {p_0, p_2, p_3, l} and {p^′_0, p^′_2, p^′_3, l^′}, respectively.

Let us first derive the WT identity in the BVA within the LLLA, namely, l = l^′ = 0 in Eq. (3.8). Using the properties of the E_p functions [see Eqs. (2.11), (2.12) and (2.5)], one finds that the LHS of the WT identity (3.8) is simplified to ∫ d^4x e^{−iq·x} E_p(x) γ · q E_p′ (x) = (2π)^4 δ^{(3)}(p + q − p^′) e^{−q2⊥/4|eH|} e^{−iq1(p2+p′2 )/2eH} × Δ[sgn(eH)] γ_‖ · q_‖ Δ[sgn(eH)], (3.9) where the transverse components γ_⊥ · q_⊥ decouple due to the second property of Δ(σ) in Eq. (2.14). Here q^2_⊥ = q^2_1 + q^2 and

δ^{(3)}(p + q − p^′) = δ(p_0 + q_0 − p^′_0) δ(p_2 + q_2 − p^′_2) δ(p_3 + q_3 − p^′_3). (3.10)

Likewise, the RHS of the WT identity (3.8) can be simplified to ∫ d^4x d^4y (e^{−iq·x} − e^{−iq·y}) E_p(x) G^{−1}(x, y) E_p′ (y) = (2π)^4 δ^{(3)}(p + q − p^′) e^{−q2⊥/4|eH|} e^{−iq1(p2+p′2)/2eH} × Δ[sgn(eH)] [γ_‖ · (p^′ − p)_‖ + Σ(p^′_‖) − Σ(p_‖)] Δ[sgn(eH)], (3.11)

where used has been made of Eq. (2.31), and the momenta p and p^′ on the RHS in the square brackets are given by p_μ = (p_0, 0, 0, p_3) and p^′_μ = (p^′_0, 0, 0, p^′_3), respectively [see the remarks after Eq. (2.22)]. Upon collecting the above results and using the delta functions to express p^′_‖ in terms of (p + q)_‖, we can rewrite the WT identity (3.8) in the following compact form

Δ[sgn(eH)] { γ_‖ ·q_‖ −[γ_‖ ·(p+q)_‖ +Σ(p_‖ +q_‖)]+[γ_‖ ·p_‖ +Σ(p_‖)] } Δ[sgn(eH)] = 0.

(3.12) In the above expression, we have purposely kept the tree-level terms, which cancel among themselves, to highlight the most general form of the WT identity in the BVA within the LLLA.

To proceed further, one needs to know the Dirac matrix structure of the fermion self-energy Σ(p). Based on symmetry arguments [23], for a constant external magnetic field Σ(p) takes the following form

Σ(p) = A_‖(p) γ_‖ · p_‖ + A_⊥(p) γ_⊥ · p_⊥ + B(p), (3.13)

where A_{‖,⊥}(p) and B(p) are functions of the longitudinal and transverse momentum squared as well as the magnitude of the external magnetic field, yet to be determined by explicit calculation.

A comment here is in order. It was shown in Ref. [23] that for a constant external magnetic field along the x_3-direction, the most general structure of Σ(p) contains two extra terms that are proportional to HΣ^3, where H is the strength of the constant external magnetic field. Detailed analysis indicates that such terms, if present, lead to either the fermion self-energy or the position of the fermion pole being explicitly dependent on the sign of the external magnetic field strength H, hence are forbidden by a residual Z_2 symmetry (i.e., H → −H) of the rotational O(3) symmetry that is broken in the presence of an external magnetic field (see Sec. 2 for a related discussion).

Upon substituting Eq. (3.13) into Eq. (3.12), one finds that the transverse components proportional to γ_⊥ · p_⊥ in Eq. (3.13) decouple from the WT identity. Furthermore, the requirement that the WT identity is fulfilled for arbitrary momenta p and q regardless of the sign of H, leads to the conclusion that Σ(p_‖) has to be a momentum independent constant.

Before ending this section, let us derive the WT identity in the BVA but beyond the LLLA, where one of the fermions occupies the lowest Landau level while the other fermion occupies a higher Landau level. In other words, we consider Eq. (3.8) with l = 0 and l^′ > 0. We shall show that the WT identity in the BVA can be satisfied only within the LLLA. This is an important conclusion that allows for an unequivocal refutation of the results and conclusions obtained in Ref. [29], which can be attributed to an inconsistent truncation of the SD equations beyond the LLLA (see Sec. 5 for details).

Following similar steps as above, one can rewrite the WT identity (3.8) in the BVA but beyond the LLLA in the following compact form (l^′ > 0)

Δ[sgn(eH)] { K_l′ (q^2_⊥, φ) [ γ_‖ · q_‖ − γ · p^′ + γ_‖ · p_‖ − Σ(p^′) + Σ(p_‖) ] + K_l′_{−1}(q^2_⊥, φ) γ_⊥ · q_⊥ } = 0, (3.14)

where use has been made of the properties of Δ(σ) in Eq. (2.14) as well as the Dirac matrix structure of the fermion self-energy in Eq. (3.13), and the momenta p, p^′ and q are respectively given by [see the remarks after Eq. (2.22)]

p_μ = (p_0, 0, 0, p_3),

p^′_μ = (p^′_0, 0, −sgn(eH) √ 2|eH|l^′, p^′_3), (3.15) q_μ = (p^′_0 − p_0, q_1, p^′_2 − p_2, p^′_3 − p_3).

In the above expression, we have use the shorthand notation

K_l′ (q^2_⊥, φ) = 1 √ l^′!

exp[−i sgn(eH) l^′φ] i sgn(eH) ( q^2_⊥ 2|eH| )_{1/2} l^′ , (3.16)

where φ = arctan(q_2/q_1). It is an easy exercise to verify that for either a momentum independent or a momentum dependent fermion self-energy, Eq. (3.14) cannot be satisfied for arbitrary momenta p and p^′ regardless of the sign of H. This result is not unexpected because, as is evident from Eq. (3.14), there is no longer an effective dimensional reduction in the dynamics of fermion pairing beyond the LLLA. The situation is then similar to that in ordinary QED, in which it is known that the BVA is not a consistent truncation of the SD equations [13,52]. Consequently, we conclude that (i) the WT identity in the BVA can be satisfied only within the LLLA with a momentum independent fermion self-energy; (ii) in order to go beyond the LLLA one has to use truncation schemes of the SD equations that consistently account for vertex corrections. To the best of our knowledge, such a consistent truncation of the SD equations beyond the LLLA has not appeared in the literature.

4 On-shell gauge independence in the bare vertex approximation

As per the WT identity in the BVA and within the LLLA (3.12), we can write the self-energy for the LLL fermion as

Σ(p_‖) = m(ξ), (4.1)

where m(ξ) is a momentum independent but gauge dependent constant, with ξ being the gauge fixing parameter in covariant gauges. It is important to note that m(ξ) depends implicitly on ξ through the full photon propagator D_{μν} in Eq. (3.2). We emphasize that because of its implicit ξ-dependence, m(ξ) should not be taken for granted to be the dynamical fermion mass, which is a gauge independent physical quantity.

We now begin the proof that the BVA is a consistent truncation of the SD equations (3.1)-(3.4), in which m(ξ) is ξ-independent and hence can be identified unambiguously as the dynamical fermion mass, if and only if the truncated SD equation for the fermion self-energy is evaluated on the fermion mass shell.

We first recall that, as proved in Ref. [15], in gauge theories the singularity structures (i.e., the positions of poles and branch singularities) of gauge boson and fermion propagators are gauge independent when all contributions of a given order of a systematic expansion scheme are accounted for. Consequently, this means the dynamical fermion mass has to be determined by the pole of the full fermion propagator obtained in a consistent truncation scheme.

In momentum space the full propagator for the LLL fermion is given by [see Eq. (2.29)]

G(p_‖) = 1 γ_‖ · p_‖ + Σ(p_‖)

Δ[sgn(eH)], (4.2)

where, as noted in Sec. 2, Δ[sgn(eH)] is the projection operator on the fermion states with the spin parallel to the external magnetic field. Assume for the moment that the BVA is a consistent truncation of the SD equations in the

LLLA, such that the position of the pole of the LLL fermion propagator G(p_‖) is gauge independent. It follows that in accordance with the WT identity in the BVA (3.12) or, equivalently, the momentum independence of the LLL fermion self-energy, we have Σ(p_‖) = Σ(p^2_‖ = −m^2) = m, (4.3) where m is the gauge independent, physical dynamical fermion mass, yet to be determined by solving the truncated SD equations self-consistently. With the LLL fermion self-energy given by Eq. (4.3), the WT identity in the BVA (3.12) reduces to a tree-like form

γ_‖ · q_‖ = (γ_‖ · p_‖ + m) − [γ_‖ · (p − q)_‖ + m]. (4.4)

What remains to be verified in our proof that the BVA is a consistent truncation of the SD equations in the LLLA is the following statements: (i) the truncated vacuum polarization is transverse, (ii) the truncated fermion selfenergy when evaluated on the fermion mass shell (p^2_‖ = −m^2) is manifestly gauge independent. We highlight that the fermion mass shell condition is one of the most important points that has gone unnoticed in the literature, where the truncated fermion self-energy used to be evaluated off the fermion mass shell at, say, p^2_‖ = 0 [18–20,22,24–29].

Let us first consider the vacuum polarization, which in the BVA reads

Π^{μν} (x, y) = −ie^2 tr γ^μ G(x, y) γ^ν G(y, x), (4.5)

where the LLL fermion propagator G(x, y) is given by Eq. (2.32) with the summation over l restricted to the l = 0 term and, as per the WT identity in the BVA (3.12), a momentum independent self-energy given by Eq. (4.3). In other words, one has G(x, y) = ∑_′∫ d^4p (2π)^4 E_p(x) 1 γ_‖ · p_‖ + m

E_p(y), (4.6)

where a prime on the summation symbol means the summation over l is restricted to the l = 0 term. Taking the Fourier transform of Eq. (4.5) and using the properties in Eq. (2.14), we find the vacuum polarization in momentum space to be given by

Π^{μν} (q) = − ie^2 2π |eH| exp ( − q^2_⊥ 2|eH| ) tr ∫ d^2p_‖ (2π)^2 × γ^μ_‖ 1 γ_‖ · p_‖ + m γ^ν_‖ 1 γ_‖ · (p − q)_‖ + m

Δ[sgn(eH)]. (4.7)

The presence of Δ[sgn(eH)] in Eq. (4.7) is a consequence of the LLLA, which, as explicitly displayed in Eq. (4.7), leads to an effective dimensional reduction from (3 + 1) to (1 + 1) as the LLL fermions couple only to the longitudinal components of the photon field.

The WT identity in the BVA (4.4) guarantees that the vacuum polarization Π_{μν} (q) is transverse, viz, q^μΠ_{μν} (q) = 0. (4.8) Explicit calculation in dimensional regularization shows that the 1/ϵ pole corresponding to an ultraviolet logarithmic divergence cancels, leading to

Π^{μν} (q) = Π(q^2_‖, q^2_⊥) ( g^{μν}_‖ − q^μ_‖ q^ν_‖ q^2_‖ ) . (4.9)

This in turn implies that the full photon propagator takes the following form in covariant gauges (ξ = 1 is the Feynman gauge):

D^{μν} (q) = 1 q^2 + Π(q^2_‖, q^2_⊥) ( g^{μν}_‖ − q^μ_‖ q^ν_‖ q^2_‖ ) + g^{μν}_⊥ q^2 + q^μ_‖ q^ν_‖ q^2q^2_‖

+ (ξ − 1) 1 q^2 q^μq^ν q^2

. (4.10)

The polarization function Π(q^2_‖, q^2_⊥) is given by

Π(q^2_‖, q^2_⊥) = 2α π |eH| exp ( − q^2_⊥ 2|eH| ) F ( q^2_‖ 4m^2 ) , (4.11)

where α = e^2/4π is the fine-structure constant and

F (u) = 1 − 1 2u √ 1 + 1/u log √ 1 + 1/u + 1 √ 1 + 1/u − 1

. (4.12)

Our result for Π(q^2_‖, q^2_⊥) agrees with those obtained in the literature [19,21,55]. It is worth noticing that the result in Ref. [21] is valid only in the limit m → 0.

A detailed analysis of the analytic structure of the function F (u) shows that F (u) has an imaginary part for u < −1, viz,

ImF (u) = − π 2u √ 1 + 1/u θ(−u − 1), (4.13)

where θ(x) is the Heaviside step function. Hence the polarization function Π(q^2_‖, q^2_⊥) is complex for q^2_‖ < −4m^2, with an imaginary part given by

ImΠ(q^2_‖, q^2_⊥) = − 2α π |eH| sgn(q_0) exp ( − q^2_⊥ 2|eH| ) ImF ( q^2_‖ 4m^2 ) . (4.14)

We note that the extra factor of −sgn(q_0) is due to the analytic continuation to the complex q^0-plane, namely, q^0 → q^0 + iϵ with ϵ → 0^+. As will be

Fig. 3. Plot of the real and imaginary parts of F (u) as a function of u. seen momentarily, the property that ImΠ(q^2_‖, q^2_⊥) is an odd function of q_0 has an important consequence on the dynamical fermion mass. The real and imaginary parts of F (u) are depicted in Fig. 3. The real part of F (u) has the following asymptotic behavior:

ReF (u) = 2u 3 + O(u^2) for |u| ≪ 1, 1 − 1 2u log(4|u|) + O ( 1 u^2 ) for |u| ≫ 1. (4.15)

The polarization effects modify drastically the propagation of virtual photons in a constant external magnetic field. While photons of momenta |q^2_‖| ≪ m^2 remain unscreened, photons of momenta m^2 ≪ |q^2_‖| ≪ |eH| and q^2_⊥ ≪ |eH| are screened with a characteristic length L = (2α|eH|/π)^{−1/2}. It is noted that the upper limit |eH| in the range of |q^2_‖| is due to the LLLA. As will be seen in Sec. 5, this screening effect renders the rainbow approximation [18– 20,22], in which the bare vertex as well as the free photon propagator are used, completely unreliable in this problem.

We next consider the fermion self-energy, which in the BVA reads

Σ(x, y) = ie^2 γ^μ G(x, y) γ^ν D_{μν} (x, y), (4.16)

where G(x, y) is the LLL fermion propagator given by Eq. (4.6) and D_{μν} (x, y) is the full photon propagator D_{μν} (x, y) = ∫ d^4q (2π)^4 e^{iq·(x−y)} D_{μν} (q), (4.17) with D_{μν} (q) given by Eq. (4.10).

Following similar steps in Sec. 3 in the derivation of the WT identity by left and right multiplying Eq. (4.16), respectively, by E_p(x) and E_p′ (y) corresponding to the LLL fermion (i.e., l = l^′ = 0), and integrating over x and y, we find that in momentum space the fermion self-energy evaluated on the fermion mass shell is given by

m Δ[sgn(eH)] = ie^2 ∫ d^4q (2π)^4 exp ( − q^2_⊥ 2|eH| ) γ^μ_‖ 1 γ_‖ · (p − q)_‖ + m γ^ν_‖ ×D_{μν} (q) Δ[sgn(eH)] | | | | |_{p2‖=−m2} , (4.18)

where use has been made of Eq. (2.14). The presence of Δ[sgn(eH)] in (4.18) is again a consequence of the LLLA.

We note that the RHS of Eq. (4.18) appears to contain a gauge dependent part that arises from the gauge dependent term in D_{μν} (q) [see Eq. (4.10)]. The WT identity in the BVA (4.4) guarantees that this would-be gauge dependent contribution to the fermion self-energy (denoted symbolically as Σ_ξ) is proportional to (γ_‖ · p_‖ + m). An explicit calculation shows that Σ_ξ is given by

Σ_ξ = α (ξ − 1) (γ_‖ · p_‖ + m)

∫_1 0 dx (1 − x) ∫ d^2q_⊥ (2π)^2 exp ( − q^2_⊥ 2|eH| )

× (1 − x)q^2_⊥ − xm(γ_‖ · p_‖ − m) [(1 − x)q^2_⊥ + x(1 − x)p^2_‖ + xm^2]^2

Δ[sgn(eH)]. (4.19)

Since Σ_ξ is proportional to (γ_‖ · p_‖ + m), it vanishes identically on the fermion mass shell p^2_‖ = −m^2 or, equivalently, γ_‖ · p_‖ + m = 0. This, together with the transversality of the vacuum polarization, completes our proof that the BVA is a consistent truncation of the SD equations. Consequently, the dynamical fermion mass, obtained as the solution of the truncated SD equations evaluated on the fermion mass shell, is manifestly gauge independent.

Having proved the gauge independence of the dynamical fermion mass in the BVA, we are now ready to find m by solving Eq. (4.18) self-consistently. Note that the transverse components in D^{μν} (q) decouple in the LLLA. Following the same argument given above in the proof of the on-shell gauge independence of the fermion self-energy, one can verify fairly easily that contributions from the longitudinal components in D^{μν} (q) proportional to q^μ_‖ q^ν_‖ /q^2_‖ are also proportional to (γ_‖ ·p_‖ +m), hence they vanish identically on the fermion mass shell. Therefore, only the first term in D^{μν} (q) proportional to g^{μν}_‖ contributes to the on-shell SD equation (4.18). Consequently, the Dirac matrix structures on both sides of Eq. (4.18) are consistent. With these remarks we obtain m = −ie^2 ∫ d^4q (2π)^4 2m (p − q)^2_‖ + m^2 exp ( − q^2_⊥ 2|eH| )

× q^2 + ReΠ(q^2_‖, q^2_⊥) − iImΠ(q^2_‖, q^2_⊥) [q^2 + ReΠ(q^2_‖, q^2_⊥)]^2 + [ImΠ(q^2_‖, q^2_⊥)]^2 | | | |_{p2‖=−m2} . (4.20)

Since ImΠ(q^2_‖, q^2_⊥) is an odd function of q_0 [see Eq. (4.14)], the imaginary part of the above integral vanishes identically. As a consequence, the dynamical fermion mass m determined by the on-shell SD equation (4.20) is a real-valued quantity as it should be. Anticipating that the dynamical fermion mass is much less than the Landau energy, i.e., m^2 ≪ |eH|, we find that the real part of the above integral is dominated by the region of momentum m^2 ≪ |q^2_‖| ≪ |eH| and q^2_⊥ ≪ |eH|. Therefore, the imaginary part of the polarization function ImΠ(q^2_‖, q^2_⊥) in the denominator in Eq. (4.20) can be neglected. Using the mass shell condition p^μ_‖ = (m, 0) that corresponds to a LLL fermion at rest and performing a Wick rotation to Euclidean space, we find that Eq. (4.20) in Euclidean space reads m = α 2π^2 ∫ d^2q_‖ m q^2_3 + (q_4 − m)^2 + m^2 ∫_∞ 0 dq^2_⊥ exp(−q^2_⊥/2|eH|) q^2_‖ + q^2_⊥ + ReΠ(q^2_‖, q^2_⊥)

, (4.21)

where q^2_‖ = q^2_3 + q^2_4.

Before proceeding further we note that, like what has usually been done in the literature, Eq. (4.21) can be obtained directly from Eq. (4.18) by making a Wick rotation to Euclidean space. While, as remarked in Ref. [53], this procedure is easy to justify in perturbation theory by neglecting the possibility of dynamically generated singularities in the first and third quadrants of the complex energy plane, it is highly nontrivial in nonperturbative studies and must be performed with care. Our detailed analysis of the photon polarization in the BVA shows clearly that no such singularities will be generated dynamically in the first and third quadrants of the complex q_0-plane, thus leading to a justification for the Wick rotation to Euclidean space in this problem.

The generalization of our result to the case of QED with N_f fermion flavors can be done straightforwardly by the replacement Π(q^2_‖, q^2_⊥) → N_f Π(q^2_‖, q^2_⊥) in Eqs. (4.10), (4.20) and (4.21). We have numerically solved Eq. (4.21) to obtain m as a function of α for several values of N_f . The results are displayed in Fig. 4. Numerical analysis shows that the solution of Eq. (4.21) can be fit by the following analytic expression: m = a √ 2|eH| β(α) exp [ − π α log(b/N_f α) ] , (4.22)

where a is a constant of order one, b ≃ 2.3, and β(α) ≃ N_f α.

Fig. 4. Plot of m as a function of α for several values of N_f .

It is instructive to consider the case of QED with a large number of fermion flavors, i.e., the 1/N_f expansion in large-N_f QED [21,28]. The advantage of the 1/N_f expansion is that it allows for a calculation of the dynamical fermion mass without a restriction to small α. Specifically, we take the limit N_f → ∞ with N_f α finite and fixed. This can be achieved by a rescaling of the coupling constant e → e/ √ N_f , which together with Eq. (4.22) leads to the following result for the dynamical fermion mass in the large-N_f limit: m ≃ a α √ 2|eH| exp [ − N_f π α log(b/α) ] , (4.23)

where α is the rescaled fine-structure constant, which remains finite and fixed in the limit N_f → ∞ as noted above. We will argue in the next section that Eq. (4.23) can also be obtained from the 2PI (two-particle-irreducible) effective action truncated at next-to-leading order in the 1/N_f expansion, which resums exactly the same infinite subset of diagrams as the SD equations truncated in the BVA.

We end this section by showing that the on-shell gauge independence of the fermion self-energy in the BVA can also be understood in terms of the wave function renormalization, i.e., the residue at the fermion pole. Since the gauge dependent contribution as well as contributions from the terms proportional to q^μ_‖ q^ν_‖ /q^2_‖ in the full photon propagator are proportional to (γ_‖ · p_‖ + m), they contribute only to the wave function renormalization in the full fermion propagator if the fermion self-energy were evaluated off the fermion mass shell. Hence they do not affect the position of the fermion pole, which is at p^2_‖ = −m^2 and gauge independent. This is precisely the reason that the physical dynamical fermion mass has to be determined by the pole of the full fermion propagator in a consistent truncation. The wave function renormalization is gauge dependent, but this is perfectly fine since it is not a physical observable. Furthermore, the wave function renormalization can be absorbed into a redefinition of the fermion field. This in turn implies that up to a field redefinition the physical fermion pole at p^2_‖ = −m^2 has unit residue.

5 Comparison to previous works and discussions

Our results for the dynamical fermion mass differ from those obtained in the BVA in Refs. [18–20,22,24–29], in which the truncated fermion self-energy were evaluated exclusively off the fermion mass shell at p^2_‖ = 0. Consequently, the results for the dynamical fermion mass obtained in these earlier studies are inevitably gauge dependent and cannot be identified unambiguously as the physical dynamical fermion mass. We now argue that to a large extent those earlier results can be attributed to inconsistent truncation schemes, gauge dependent artifacts, or both.

In Refs. [18–20,22] chiral symmetry breaking in a strong magnetic field was first studied in the so-called rainbow approximation, in which the bare vertex and the free photon propagator were used. Apart from the gauge dependence, these earlier results are found to have a very different functional dependence on the gauge coupling. This is a consequence of an inconsistent truncation of the SD equations in that, as displayed in Fig. 2, the photon propagator that enters the SD equations in the BVA is the full one, hence could be replaced by the bare one if and only if the vacuum polarization effects are shown to be negligible. However, this is not the case for the problem under consideration. As discussed in Sec. 4, there is a strong screening effect in the longitudinal components of the photon propagator for photons with momenta m^2 ≪ |q^2_‖| ≪ |eH| and q^2_⊥ ≪ |eH|. This is precisely the reason that the numerical values of the dynamical fermion mass found in Refs. [18–20,22] tend to be overestimated by several orders of magnitude when compared to what we have obtained in Sec. 4.

More recently, chiral symmetry breaking in a strong magnetic field has been studied in the so-called improved rainbow approximation [24,25,28,29], in which the bare vertex and the full photon propagator were used. We note that the improved rainbow approximation used in Refs. [24,25,28,29] is exactly the same as the bare vertex approximation used in this article. It can be verified fairly easily that the truncated SD equations in both approximations resum identically the same infinite subset of diagrams.

The authors of Refs. [24,25,28] claimed that (i) in covariant gauges there are one-loop vertex corrections arising from the term q^μ_‖ q^ν_‖ /q^2q^2_‖ in the full photon propagator that are not suppressed by powers of α (up to logarithms) and hence need to be accounted for; (ii) there exists a noncovariant and nonlocal gauge in which, and only in which, the BVA is a reliable truncation of the SD equations that consistently resums these one-loop vertex corrections. The gauge independent analysis in the BVA, as presented in this article, shows clearly that such contributions vanish identically on the fermion mass shell. Furthermore, it is evident that if one expands diagrammatically the SD equations in the BVA, one finds by induction that to all orders in the loop expansion there is not a single diagram with vertex corrections being resummed by the SD equations (see Fig. 2). This statement is true in any gauge (be it covariant or otherwise), because gauge fixing affects only the explicit form of the (free or full) photon propagator but not the topology of the Feynman diagrams. Therefore, both the above quoted conclusions are incorrect.

We emphasize that the WT identity is a necessary condition for establishing the gauge independence of the dynamical fermion mass, but it is far from sufficient. While the WT identity guarantees the truncated vacuum polarization is transverse, it guarantees only the truncated on-shell fermion self-energy is gauge independent. Hence, the dynamical fermion mass is gauge independent only when determined by the position of the fermion pole obtained in a consistent truncation. This is tantamount to evaluating the truncated fermion self-energy on the fermion mass shell. Even though the WT identity in the BVA is verified in Refs. [24,25] in a particular noncovariant and nonlocal gauge, this does not guarantee that the dynamical fermion mass obtained therein from the truncated fermion self-energy evaluated off the fermion mass shell will be gauge independent. In fact, the authors of Refs. [24,25,28] simply chose a particular noncovariant and nonlocal gauge such that the gauge dependent contribution happens to cancel contributions from terms proportional to q^μ_‖ q^ν_‖ /q^2_‖ in the full photon propagator [56]. Our gauge independent analysis in the BVA reveals clearly that such a gauge fixing not only is ad hoc and unnecessary, but also leaves the issue of gauge independence unaddressed.

In Ref. [29] its authors claimed that (i) in QED with N_f fermion flavors a critical number N_{cr} exists for any value of α, such that chiral symmetry remains unbroken for N_f > N_{cr}; (ii) the dynamical fermion mass is generated with a double splitting for N_f < N_{cr}. As can be gleaned clearly from Fig. 4 or from the large-N_f result, Eq. (4.23), both the conclusions quoted above are incorrect. They are gauge dependent artifacts of an inconsistent truncation: On the one hand, the SD equation for the momentum independent fermion self-energy was obtained (in an unspecified “appropriate” gauge) in the BVA within the LLLA. On the other hand, the vacuum polarization was calculated in the BVA but beyond the LLLA. This however is not a consistent truncation of the SD equations since, as shown in the end of Sec. 3, the WT identity in the BVA can be satisfied only within the LLLA.

The results of Ref. [29] suggest that in the inconsistent truncation as well as in the unspecified “appropriate” gauge used there, the unphysical, gauge dependent contributions from higher Landau levels are so large that they become dominant over the physical, gauge independent contribution from the LLL and lead to the authors’ incorrect conclusions. Hence, we emphasize that the LLL dominance in a strong magnetic field should be understood in the context of consistent truncation schemes as follows. Contributions to the dynamical fermion mass from higher Landau levels that are obtained in a (yet to be determined) consistent truncation of the SD equations are subleading when compared to that from the LLL obtained in the consistent BVA truncation. Our analysis of the WT identity in the BVA but beyond the LLLA indicates that in order to go beyond the LLLA, one has to use truncation schemes that consistently account for vertex corrections. To the best of our knowledge, consistent truncations of the SD equations that include vertex corrections either within or beyond the LLLA have not appeared in the literature. In view of this, a detailed study of the general structure as well as the analytic properties of the full vertex akin to that in Ref. [57] but in the presence of a constant external magnetic field is of crucial importance.

Extension to a momentum dependent fermion self-energy in the BVA has been studied in a certain gauge by neglecting corrections to the vacuum polarization [24–28]. It was found that the fermion self-energy has very weak momentum dependence in the region relevant to fermion pairing in a strong magnetic field. Since a momentum dependent fermion self-energy cannot fulfill the WT identity in the BVA, the results obtained in these studies are inevitably gauge dependent. It is, however, important to note that when compared to the corresponding results obtained using a momentum independent fermion self-energy, these results lend support to the reliability of a momentum independent fermion self-energy and, consequently, of the WT identity in the BVA in the momentum region |p^2_‖| ≪ |eH| that is relevant to the dynamics of fermion pairing in a strong magnetic field. Similar study has also been carried out in a certain gauge in the case of QED with an extra charge neutral, self-interacting scalar field that couples to the fermion through the Yukawa interaction [58,59].

Despite obtained from gauge dependent calculations in a certain gauge, as will be argued momentarily, the conclusion from these studies [24–28] that a momentum independent fermion self-energy or, equivalently, the WT identity in the BVA is reliable in the momentum region relevant to chiral symmetry breaking in a strong magnetic field remains valid. In fact, this is precisely the underlying physical reason that the BVA is a consistent truncation of the SD equations in the LLLA.

In the BVA the presence of momentum dependent terms in the fermion selfenergy leads to violation of the WT identity, hence introduces gauge dependent contributions to the SD equations even though the latter are evaluated on the fermion mass shell. We now argue that such gauge dependent contributions are of higher orders when compared to the dynamical fermion mass obtained from a momentum independent fermion self-energy. Therefore, within the LLLA the dynamical fermion mass can be reliably calculated in the BVA by using a momentum independent fermion self-energy.

To begin with, we first note that the infinite subset of diagrams being resummed in Refs. [24–28] are identical to, as well as in the same kinematic region as, those in the present article. The only difference is that in those references the calculation is carried out in a certain gauge and the fermion self-energy is evaluated off the fermion mass shell at p^2_‖ = 0. Since the dynamical fermion mass is much less than the Landau energy, i.e., m^2 ≪ |eH|, the LLL fermion self-energy Σ(p_‖) with momentum |p^2_‖| ≪ |eH| can be expanded in powers of p^2_‖/|eH| around the fermion mass shell in the BVA (i.e., p^2_‖ = −m^2) as [see Eq. (3.13)]

A_‖(p_‖) = a(ξ) x + O(x^2), (5.1) B(p_‖) = m [1 + b(ξ) x + O(x^2)], (5.2)

where x = (p^2_‖ + m^2)/|eH|, and a(ξ) and b(ξ) are ξ-dependent coefficients presumably of order one. This, together with the gauge dependent results obtained in the LLLA [24–28] regarding the reliability of a momentum independent fermion self-energy in the BVA in the momentum region |p^2_‖| ≪ |eH|, indicates clearly that the gauge dependent contributions to the dynamical fermion mass arising from the momentum dependent terms in A_‖(p_‖) and B(p_‖) are of order |p^2_‖|/|eH|. Hence physical quantities sensitive only to the kinematic region of momenta |p^2_‖| ≪ |eH| can be reliably calculated in the BVA, and are gauge independent up to corrections of order |p^2_‖|/|eH| ≪ 1. This in turn means that, consistent with the underlying assumption of the LLLA, the kinematic regime of low-energy photon exchange (|q^2_‖|, q^2_⊥ ≪ |eH|) is precisely that which determines the dynamics of fermion pairing in a strong magnetic field.

We are now in a position to establish direct contact between the SD equations truncated in the BVA and the 2PI (two-particle-irreducible) effective action truncated at the lowest nontrivial order in the loop expansion as well as in the 1/N_f expansion. Since the 2PI effective action is constructed in terms of the full propagators and bare vertices, the corresponding WT identities usually cannot be satisfied. In general, any truncation of the 2PI effective action is inevitably gauge dependent and hence, strictly speaking, an inconsistent one. Nevertheless, it has been shown recently in Refs. [60–62] that the truncated onshell 2PI effective action has a controlled gauge dependence with the explicit gauge dependent terms always appearing at higher order. This is reminiscent of the situation that the dynamical fermion mass obtained from the on-shell SD equations truncated in the BVA with a momentum dependent fermion

Fig. 5. (a) Contribution to the 2PI effective action at two-loop order in the loop expansion or at next-to-leading order in the 1/N_f expansion. (b) The corresponding fermion self-energy and vacuum polarization at the same order. All internal lines denote the full propagators and all vertices are the bare ones.

self-energy that violates the corresponding WT identity, is gauge independent up to corrections of higher order

In Appendix B we briefly summarize some exact relations derived from the 2PI effective action that are useful to our discussion here. The interested reader is referred to the literature [63] for further details. For QED in a constant external magnetic field, the 2PI effective action is given by

Γ[A, G, D] = S_0[A] − iTr log G^{−1} − iTr S^{−1}(G − S) + i 2 Tr log D^{−1} + i 2 Tr D^{−1}(D − D) + Γ_2[G, D], (5.3)

where S_0[A] is the classical Maxwell action with A_μ being the external gauge field, and the propagators are the same as those in Sec. 3. Specifically, we consider the LLLA hence the fermion propagators are those for the LLL fermions. In actual applications, the 2PI effective action is truncated at some order in a chosen expansion parameter. For the purpose of our discussion, it suffices to consider only the lowest nontrivial order truncation, namely, at two-loop order in the loop expansion in QED or at next-to-leading order [i.e., O(N^0_f )] in the 1/N_f expansion in large-N_f QED.

At the lowest nontrivial order in the loop expansion or in the 1/N_f expansion Γ_2[G, D] is given by

Γ_2[G, D] = − ie^2 2 ∫ d^4x d^4y tr γ^μG(x, y)γ^ν G(y, x)D_{μν} (x, y), (5.4) where in the 1/N_f expansion e is understood as the rescaled coupling that remains finite and fixed in the limit N_f → ∞. Functional differentiations of Γ[A, G, D] with respect to the full propagators in the absence of sources leads to the SD equations for the respective propagators. The corresponding fermion self-energy and vacuum polarization are obtained by varying Γ_2[G, D] with respect to the corresponding full propagators. The resultant SD equations are found to be exactly the same as those in the BVA with the corresponding fermion self-energy and vacuum polarization given by Eqs. (4.16) and (4.5), respectively. A diagrammatical representation of the 2PI effective action is depicted in Fig. 5, in which it is noted that the vertices that appear in Γ_2[G, D] as well as in the corresponding fermion self-energy and vacuum polarization are the bare ones. With the above observation one can conclude fairly easily that the 2PI effective action truncated at the lowest nontrivial order in the loop expansion or in the 1/N_f expansion resums identically the same infinite subset of diagrams as the SD equations truncated in the BVA.

The direct correspondence with the 2PI effective action truncated at the lowest nontrivial order has the following important consequences. On the one hand, the WT identity in the BVA (4.4) guarantees that the truncation at the lowest nontrivial order in the loop expansion or in the 1/N_f expansion with a momentum independent fermion self-energy is a consistent truncation of the 2PI effective action in the momentum region relevant to chiral symmetry breaking in a strong magnetic field. On the other hand, the facts that vertex corrections in the 2PI effective action start to appear at the next-to-lowest-nontrivial order in the loop expansion or in the 1/N_f expansion and that the truncated on-shell 2PI effective action (in general with a momentum dependent fermion self-energy) has a controlled gauge dependence with the explicit gauge dependent terms always appearing at higher order, provide an unequivocal justification of our argument that in a strong magnetic field the dynamical fermion mass to leading order in the gauge coupling or in the 1/N_f expansion can be reliably calculated in the BVA, and is gauge independent up to corrections of higher order. Whereas a direct verification by explicit calculation is indispensable, to the best of our knowledge consistent truncations of the SD equations that include vertex corrections either within or beyond the LLLA have not appeared in the literature. Clearly such a task is beyond the scope of the current article, and will be the subject of further investigations.

6 Summary and conclusions

In this article we presented a critical and detailed study of chiral symmetry breaking in QED in a constant external magnetic field. The main goal is to determine in a gauge independent manner the dynamical fermion mass generated through chiral symmetry breaking.

We focused on the strong field limit as well as on the weak coupling regime. The former leads to a wide separation of energy scales such that the dynamics of fermion pairing is dominated by the lowest Landau level. The latter allows for a controlled, nonperturbative calculation of the dynamical fermion mass, in the sense that there exists a systematic expansion in powers of the gauge coupling (up to logarithms) such that contributions of leading order in the gauge coupling that arise form every order in the loop expansion can be consistently accounted for, while subleading contributions are suppressed by powers of the gauge coupling (up to logarithms). Consequently, in the weak coupling regime a gauge independent, consistent truncation of the SD equations is tantamount to a good and reliable approximation.

The WT identity in the BVA is at the heart of our proof that the BVA is a consistent truncation of the SD equations within the LLLA. We first verified that, with the corrected orthonormal condition of the E_p functions for the LLL fermions, the conclusion of Ref. [23] that in order to satisfy the WT identity in the BVA within the LLLA, the fermion self-energy has to be a momentum independent constant remains valid. Furthermore, we showed that the WT identity in the BVA can be satisfied only within the LLLA. The proof then proceeds with the assumption that the BVA is a consistent truncation such that the position of the fermion pole obtained therein is gauge independent. With this assumption, the WT identity in the BVA implies that the pole of the LLL fermion propagator is located at p^2_‖ = −m^2, with m being the momentum independent fermion self-energy as well as the physical, gauge independent dynamical fermion mass. The proof is completed by verifying that such an assumption does not lead to any inconsistency. This is achieved by showing that (i) the truncated vacuum polarization is transverse, (ii) the truncated fermion self-energy evaluated on the fermion mass shell is manifestly gauge independent. In particular, we showed that the would-be gauge dependent contribution to the truncated fermion self-energy that arises from the gauge dependent term in the full photon propagator vanishes identically on the fermion mass shell. This detailed study leads to a gauge independent, nonperturbative calculation of the dynamical fermion mass to leading order in the gauge coupling. Furthermore, it allows one to identify unambiguously the infinite subset of diagrams that contribute to chiral symmetry breaking in a strong magnetic field.

We made a detailed comparison between our results and those obtained in previous works [18–20,22,24–29]. The gauge independent analysis we presented in this article shows clearly that the results as well as the conclusions of those earlier studies are inevitably gauge dependent and can be attributed to inconsistent truncation schemes, gauge dependent artifacts, or both. Nevertheless, based on the gauge dependent results [24–28] obtained within the LLLA regarding the reliability of a momentum independent fermion self-energy in the BVA in the momentum region |p^2_‖| ≪ |eH|, we argued that in a strong magnetic field the dynamical fermion mass can be reliably calculated in the BVA and is gauge independent up to corrections of higher order. This is consistent with the underlying assumption of the LLLA that the kinematic region of lowenergy photon exchange (|q^2_‖|, q^2_⊥ ≪ |eH|) is precisely that which determines the dynamics of fermion pairing in a strong magnetic field.

Motivated by the fact that the gauge dependence of the dynamical fermion mass calculated in the BVA but with a momentum dependent fermion selfenergy is subleading, we established a direct contact between the SD equations truncated in the BVA and the 2PI effective action truncated at the lowest nontrivial order in the loop expansion as well as in the 1/N_f expansion. This direct correspondence, together with the facts that vertex corrections in the 2PI effective action start to appear at the next-to-lowest-nontrivial order in the loop expansion or in the 1/N_f expansion and that the truncated on-shell 2PI effective action has a controlled gauge dependence with the explicit gauge dependent terms always appearing at higher order, provides the justification of our argument that in a strong magnetic field the dynamical fermion mass can be reliably calculated in the BVA to leading order in the gauge coupling or in the 1/N_f expansion.

In conclusion, the presence of a strong, constant external magnetic field provides a consistent truncation of the Schwinger-Dyson equations in terms of the bare vertex approximation within the lowest Landau level approximation. This allows us to study in a gauge independent manner the physics of chiral symmetry breaking in QED in an external magnetic field and to obtain a solution for the physical dynamical fermion mass. The gauge independent approach to the Schwinger-Dyson equations in gauge theories that we presented in this article is quite general in nature, and hence not specific to the problem of chiral symmetry breaking in a strong magnetic field discussed here. We believe this approach will be useful in other areas of physics that also require a nonperturbative understanding of gauge theories, such as the studies of hadronic structure and the connection between quark confinement and chiral symmetry breaking in nuclear and particle physics [50,64], the physics of superconductivity and superfluidity in condensed matter systems [65,66], as well as the equilibrium and nonequilibrium properties of hot and dense matter [67,68].

Acknowledgments

We thank P. Jasinski for bringing our attention to an algebraic oversight in Refs. [20,22]. We also thank D. Boyanovsky and E. Mottola for useful discussions. S.-Y.W. would like to thank the hospitality of the Theoretical Division of the Los Alamos National Laboratory, where part of this article was written.

C.N.L. thanks the Institute of Physics at the Academia Sinica in Taiwan for its hospitality and support during the writing of the manuscript. This work was supported in part by the U.S. Department of Energy under grant DE- FG02-84ER40163 and by the National Science Council of Taiwan under grant NSC-95-2112-M-032-010.

A Vacuum current in a constant magnetic field

Using the Ritus E_p functions and the general structure of the fermion selfenergy, we shall show in a nonperturbative manner that the vacuum current vanishes identically in a constant external magnetic field. The vacuum current is defined to be J^μ = ie tr γ^μG(x, x) = ie tr ∑∫ d^4p (2π)^4

E_p(x) γ^μE_p(x) 1 γ · p + Σ(p) , (A.1)

where in the second equality we have used the momentum representation of the full fermion propagator given by Eq. (2.32). It is noted that in this appendix the fermion propagator and the fermion self-energy will not be restricted to those for the LLL fermions.

With the properties (2.14) and (2.15), the integration over p_2, one of the spin sums, as well as the trace can be done easily, leading to

J^μ = ie π |eH| ∞∑ l=0 ∑_′ σ=±1 ∫ d^2p_‖ (2π)^2

[1 + A_‖(p)] p^μ_‖ [1 + A_‖(p)]^2 p^2_‖ + [1 + A_⊥(p)]^2 p^2_⊥ + B^2(p) , (A.2)

where p^2_‖ = −p^2_0 + p^2_3, p^2_⊥ = 2|eH|l, and use has been made of the Dirac matrix structure of the fermion self-energy in Eq. (3.13). Since A_{‖,⊥}(p) and B(p) are functions of the longitudinal and transverse momentum squared, one finds that J^μ vanishes identically. The same conclusion also applies to the vacuum current in the LLLA, in which the sum over l is restricted to the l = 0 term and that over σ is restricted to σ = sgn(eH).

We note that the vanishing of the vacuum current in a constant external magnetic field is a consequence of the Lorentz boost invariance along, as well as the rotational invariance about, the direction of the constant external magnetic field, namely, the x_3-direction.

B 2PI effective action

In this appendix we briefly summarize some exact relations derived from the 2PI (two-particle-irreducible) effective action [63] that are useful to our discussion. For presentational simplicity we consider here only bosonic fields, the generalization to fermionic fields is straightforward. The generating functional for connected correlation functions is defined as Z[J, K] = e^{iW [J,K]} = ∫ Dφ e^{i(S[φ]+Ji φi+ 12 φiKij φj )}, (B.1) where S[φ] is the classical action, φ^i denotes bosonic fields and J (K) is the auxiliary local (bilocal) source. We use a shorthand notation in which Latin indices stand for space-time variables as well as internal indices, and summation and integration over repeated indices are understood, e.g.,

J_iφ^i = ∫ d^4x J(x) φ(x). (B.2)

The mean field ϕ^i = ⟨φ^i⟩ and the connected two-point function G^{ij} = ⟨T φ^iφ^j ⟩− ⟨φ^i⟩⟨φ^j ⟩ are obtained by functional differentiations of W [J, K] with respect to the local source J as i δW δ(iJ_i) = ϕ^i, i δ^2W δ(iJ_i)δ(iJ_j) = G^{ij} . (B.3)

Functional differentiations of W [J, K] with respect to the bilocal source K may generate also disconnected correlation functions. For example, differentiating once with respect to K leads to i δW δ(iK_{ij}) = 1 2 (ϕ^iϕ^j + G^{ij} ). (B.4)

A functional Legendre transform in the mean field ϕ and the connected twopoint function G leads to the 2PI effective action Γ[ϕ, G] = W [J, K] − J_iϕ^i − 1 2 K_{ij} (ϕ^iϕ^j + G^{ij} ). (B.5)

From Eqs. (B.3) and (B.4) one can derive the relations δΓ[ϕ, G] δϕ^i = −J_i − K_{ij} ϕ^j , δΓ[ϕ, G] δG^{ij} = − 1 2 K_{ij} . (B.6)

The 2PI effective action can be cast into a very convenient form which has a simple diagrammatical interpretation in terms of 2PI diagrams (for fermionic fields the factors of 1/2 before the trace terms are replaced by −1)

Γ[ϕ, G] = S_0[ϕ] + i 2 Tr log G^{−1} + i 2 Tr G^{−1}_0 (G − G_0) + Γ_2[ϕ, G], (B.7)

where S_0 is the free part of the classical action and G_0 is the bare two-point function G_{0ij} = ( −i δ^2S_0[φ] δφ^iδφ^j )_{−1} . (B.8)

The functional Γ_2[ϕ, G] is the sum of all 2PI skeleton vacuum diagrams with bare vertices and full propagators. Here, skeleton diagrams are those without self-energy insertions.

The equations of motion for the mean field ϕ and the connected two-point function G are determined by the stationary condition, i.e., from the implicit functional equation (B.6) for vanishing sources J and K, as δΓ[ϕ, G] δϕ^i = 0, δΓ[ϕ, G] δG^{ij} = 0. (B.9)

With Eq. (B.7) the equation of motion for the connected two-point function in Eq. (B.9) becomes G^{−1}_{ij} = G^{−1}_{0ij} + Σ_{ij} , (B.10) where Σ is the one-particle-irreducible self-energy (for fermionic fields the factor of −2 is replaced by 1)

Σ_{ij} = −2i δΓ_2[ϕ, G] δG^{ij} . (B.11)

It is noted that Eq. (B.10) is the Schwinger-Dyson equation for the full propagator G.

References

[1] Y. Nambu, Phys. Rev. Lett. 4 (1960) 380.

[2] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345.

[3] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124 (1961) 246.

[4] K. Johnson, M. Baker and R. Wiley, Phys. Rev. 136 (1964) B1111.

[5] K. Johnson, M. Baker and R. Wiley, Phys. Rev. 163 (1967) 1699.

[6] T. Maskawa and H. Nakajima, Prog. Theor. Phys. 52 (1974) 1326.

[7] T. Maskawa and H. Nakajima, Prog. Theor. Phys. 54 (1975) 860.

[8] R. Fukuda and T. Kugo, Nucl. Phys. B117 (1976) 250. [9] V. A. Miransky, Il. Nuovo Cim. 90A (1985) 149.

[10] W. A. Bardeen, C. N. Leung and S. T. Love, Phys. Rev. Lett. 56 (1986) 1230. [11] C. N. Leung, S. T. Love and W. A. Bardeen, Nucl. Phys. B273 (1986) 649. [12] W. A. Bardeen, C. N. Leung and S. T. Love, Nucl. Phys. B323 (1989) 493. [13] V. A. Miransky, Dynamical Symmetry Breaking in Quantum Field Theories (World Scientific, Singapore, 1993).

[14] N. K. Nielsen, Nucl. Phys. B101 (1975) 173.

[15] R. Kobes, G. Kunstatter and A. Rebhan, Nucl. Phys. B355 (1991) 1. [16] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Rev. Lett. 73 (1994) 3499.

[17] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Lett. B 349 (1995) 477.

[18] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Rev. D 52 (1995) 4747.

[19] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Nucl. Phys. B462 (1996) 249.

[20] C. N. Leung, Y. J. Ng and A. W. Ackley, Phys. Rev. D 54 (1996) 4181. [21] D. K. Hong, Y. Kim and S. J. Sin, Phys. Rev. D 54 (1996) 7879. [22] D.-S. Lee, C. N. Leung and Y. J. Ng, Phys. Rev. D 55 (1997) 6504. [23] E. J. Ferrer and V. de la Incera, Phys. Rev. D 58 (1998) 065008. [24] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Rev. Lett. 83 (1999) 1291.

[25] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Nucl. Phys. B563 (1999) 361.

[26] J. Alexandre, K. Farakos and G. Koutsoumbas, Phys. Rev. D 62 (2000) 105017. [27] J. Alexandre, K. Farakos and G. Koutsoumbas, Phys. Rev. D 64 (2001) 067702. [28] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Rev. D 67 (2003) 107703.

[29] A. V. Kuznetsov and N. V. Mikheev, Phys. Rev. Lett. 89 (2002) 011601. [30] L. S. Celenza, V. K. Mishra, C. M. Shakin and K. F. Liu, Phys. Rev. Lett. 57 (1986) 55.

[31] D. G. Caldi and A. Chodos, Phys. Rev. D 36 (1987) 2876.

[32] Y. J. Ng and Y. Kikuchi, Phys. Rev. D 36 (1987) 2880. [33] D. G. Caldi and S. Vafaeisefat, Phys. Lett. B 356 (1995) 386. [34] M. Clemente et al., Phys. Lett. B 137 (1984) 41. [35] T. Cowan et al., Phys. Rev. Lett. 56 (1986) 444. [36] I. Ahmad et al., Phys. Rev. Lett. 75 (1995) 2658.

[37] E. J. Ferrer, V. de la Incera and C. Manuel, Phys. Rev. Lett. 95 (2005) 152002. [38] K. Farakos, G. Koutsoumbas and N. E. Mavromatos, Int. J. Mod. Phys. B 12 (1998) 2475.

[39] G. W. Semenoff, I. A. Shovkovy and L. C. R. Wijewardhana, Mod. Phys. Lett.

A 13 (1998) 1143.

[40] W. V. Liu, Nucl. Phys. B556 (1999) 563.

[41] D. V. Khveshchenko, Phys. Rev. Lett. 87 (2001) 206401.

[42] E. J. Ferrer, V. P. Gusynin and V. de la Incera, Mod. Phys. Lett. B 16 (2002) 107.

[43] D. K. Hong, Phys. Lett. B 445 (1998) 36.

[44] E. Elizalde, E. J. Ferrer and V. de la Incera, Phys. Rev. D 70 (2004) 043012. [45] C. N. Leung and S.-Y. Wang, hep-ph/0503298, Ann. Phys. (N.Y.), in press. [46] V. I. Ritus, Ann. Phys. (N.Y.) 69 (1972) 555.

[47] V. I. Ritus, in Issues in Intense-Field Quantum Electrodynamics, edited by V.

L. Ginzburg (Nova Science, Commack, New York, 1987).

[48] E. Elizalde, E. J. Ferrer and V. de la Incera, Ann. Phys. (N.Y.) 295 (2002) 33. [49] E. T. Whittaker and G. N. Watson, A Course in Modern Analysis, 4th ed.

(Cambridge University Press, Cambridge, England, 1996).

[50] C. D. Roberts and A. G. Williams, Prog. Part. Nucl. Phys. 33 (1994) 477. [51] D. M. Gitman, E. S. Fradkin and Sh. M. Shvartsman, in Quantum Electrodynamics with Unstable Vacuum, edited by V. L. Ginzburg (Nova Science, Commack, New York, 1995).

[52] D. Atkinson and M. P. Fry, Nucl. Phys. B156 (1979) 301. [53] C. Itzykson and J.-B. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1980).

[54] L. S. Brown, Quantum Field Theory (Cambridge University Press, Cambridge, England, 1992).

[55] G. Calucci and R. Ragazzon, J. Phys. A 27 (1994) 2161.

[56] V. A. Miransky, private communication.

[57] J. S. Ball and T. W. Chiu, Phys. Rev. D 22 (1980) 2542. [58] E. J. Ferrer and V. de la Incera, Phys. Lett. B 481 (2000) 287. [59] E. Elizalde, E. J. Ferrer and V. de la Incera, Phys. Rev. D 68 (2003) 096004. [60] A. Arrizabalaga and J. Smit, Phys. Rev. D 66 (2002) 065014. [61] E. Mottola, in Proceedings of the Strong and Electroweak Matter 2002 Meeting (World Scientific, Singapore, 2003) [hep-ph/0304279].

[62] M. E. Carrington, G. Kunstatter and H. Zaraket, Eur. Phys. J. C42 (2005) 253.

[63] J. M. Cornwall, R. Jackiw and E. Tomboulis, Phys. Rev. D 10 (1974) 2428. [64] R. Alkofer and L. von Smekal, Phys. Rept. 353 (2001) 281. [65] T. Pereg-Barnea and M. Franz, Phys. Rev. B 67 (2003) 060503. [66] E. Calzetta and B. L. Hu, cond-mat/0508240. [67] A. Rebhan, Lect. Notes Phys. 583 (2002) 161. [68] J. Berges, Phys. Rev. D 70 (2004) 105010.