arXiv:hep-ph/0511138 v1 10 Nov 2005

Light Quark Condensates at Nonzero Chemical Potentials

D. Toublan^1 1Physics Department, University of Maryland, College Park, MD 20742 (Dated: November 10, 2005)

We show that the quark condensates for the two light up and down flavors can have significantly different values in the hadronic phase at nonzero temperature, baryon and isospin chemical potentials. We quantify this difference using a simple model.

I. INTRODUCTION

In recent years, an intense experimental and theoretical research effort has been devoted to the study of the strong interaction at nonzero temperature and density. These studies are important to get a better understanding of very different systems such as neutron stars, heavy-ion-collision experiments, or the early universe. Usually, theoretical studies are performed at nonzero baryon chemical potential, μ_B, and zero isospin chemical potential, μ_I [1, 2]. However, physical systems often have both nonzero baryon and isospin chemical potentials. Prime examples of such systems are neutron stars and heavy-ion-collision experiments. In neutron stars, μ_I ≠ 0 because of electric charge neutrality. In heavy-ion-collision experiments, the initial state corresponds to μ_B , μ_I ≠ 0 and the interaction time is so short that both baryon number and isospin are conserved: the electroweak interactions are irrelevant, and the strong interactions determine the fate of the system. It is therefore phenomenologically important to study the more general problem where both baryon and isospin chemical potentials differ from zero. Such conditions are also obviously interesting on the theoretical perspective and a few models have been used to study the strong interaction at nonzero temperature, baryon and isospin chemical potentials [3, 4, 5].

The results obtained in some of these models are quite striking: the phase diagram in the (μ_B, T ) plane is qualitatively altered by the introduction of a small μ_I [4, 5]. In particular at small μ_B and high T , there are two phase transitions or crossovers between the hadronic phase and the quark-gluon-plasma phase when μ_I is small. For fixed μ_B and μ_I , the low temperature phase is the usual hadronic phase where both the up and down quark condensates, ⟨ūu⟩ and ⟨d̄d⟩, are large but different. When the temperature is increased, one of the condensates becomes small, whereas the other one remains large. Finally, if the temperature is further increased, both condensates become small. The existence of these different phases is possible since μ_B , μ_I ≠ 0 corresponds to μ_u ≠ μ_d, where μ_{u,d} are the quark chemical potentials for the up and down quark flavors, and there is no symmetry that enforces ⟨ūu⟩ = ⟨d̄d⟩ even when the light quark flavors have the same mass.

However, the axial anomaly, which results in quark flavor mixing, might invalidate these results [4, 5]. Indeed, if the axial anomaly is important enough, it is not possible for one of the light quark condensates to be large while the other one is small. As a consequence, for a large enough axial anomaly, a small isospin chemical potential has little consequences for the phase diagram. In this article, we shall use a simple model based on chiral perturbation theory and the virial expansion to determine whether our current phenomenological understanding of the strong interaction in the hadronic phase simultaneously allows for a significant difference between the two light quark condensates at given temperature, baryon and isospin chemical potentials. Our phenomenology-based analysis provides a test whether the axial anomaly is strong enough to enforce ⟨ūu⟩ ≃ ⟨d̄d⟩. We limit ourselves to |μ_I | < m_π , where m_π is the pion mass, in order to avoid pion superfluid phases [2, 6]. We first describe our method and then evaluate quantitatively the difference between ⟨ūu⟩ and ⟨d̄d⟩ at nonzero temperature, baryon and isospin chemical potentials.

II. LIGHT QUARK CONDENSATES

In the hadronic phase, at low enough temperatures and chemical potentials, the physics of the strong interaction is dominated by the pseudo-Goldstone bosons due to the spontaneous breaking of chiral symmetry since they are the lightest excitations in the spectrum. This fact is at the basis of chiral perturbation theory [7]. At finite temperature, it has been shown that the pseudo-Goldstone bosons are the most important modes below ∼ 150 MeV [8]. Above this temperature, massive modes have to be taken into account: although exponentially suppressed, their role starts to be significant.

The temperature dependence of the light quark condensates at zero chemical potentials has been thoroughly studied in [8] up to three loops in chiral perturbation theory and included the contribution due to the massive modes. In this case, and for equal light quark masses, m_u = m_d, the two corresponding condensates, ⟨ūu⟩ and ⟨d̄d⟩, are equal. However at nonzero baryon and isospin chemical potentials, the symmetry that enforces ⟨ūu⟩ = ⟨d̄d⟩ is explicitly broken since μ_u ≠ μ_d. In this article, we use a method similar to [8] to show that the difference between the light quark condensates can become significant at large enough temperature and chemical potentials.

The QCD partition function at nonzero quark chemical potentials is given by

Z_{QCD} = ∫ dA e^{−SYM} ∏ f det(i /D + m_f + μ_f γ_0), (1)

where m_f and μ_f are the mass and the chemical potential related to the quark flavor f. In this article we will consider the case m_u = m_d ≠ m_s, μ_u ≠ μ_d, and μ_s = 0. The quark condensate for the flavor f is given by

⟨q̄_f q_f ⟩ = lim_{V →∞} T V ∂ ∂m_f ln Z_{QCD}. (2)

At low temperatures, the dominant contribution to the light quark condensates comes from the pseudo-Goldstone bosons. The physics of these mesons is described by the chiral perturbation theory partition function, Z_{ChPT}. However, since chiral perturbation theory contains only mesons, Z_{ChPT} at μ_s = 0 depends only on the isospin chemical potential, μ_I = μ_d −μ_u, not on the baryon chemical potential μ_B =^3_2 (μ_u +μ_d). Notice that for μ_s = 0, the strangeness chemical potential μ_S = −^1_3 μ_B . Therefore, for equal light quark masses, m_u = m_d, the pseudo-Goldstone bosons contribute equally to ⟨ūu⟩ and ⟨d̄d⟩, since Z_{ChPT}(μ_I ) = Z_{ChPT}(−μ_I ). We thus conclude that in the hadronic phase, the difference between the two light quark condensates comes solely from the massive modes. In the hadronic phase, the contribution of a hadron of mass m_H is exponentially suppressed by the Boltzmann factor ∼ exp(−m_H /T ), and its interaction with another hadron of mass m^′_H is damped by a factor ∼ exp(−(m_H + m^′_H )/T ). Interactions between hadrons and pions are further suppressed because pions are pseudo-Goldstone modes and therefore interact weakly at rest. In the hadronic phase, where temperatures never exceed ∼ 200 MeV, it should therefore be sufficient to treat the massive modes in the free gas approximation.

In the free gas approximation, the difference between the light quark condensates is given by δ = ⟨ūu − d̄d⟩ ⟨0|q̄q|0⟩ = − ∑ H g_H ⟨0|q̄q|0⟩ √ m_H T^3 8π^3 ( ∂m^2_H ∂m_u − ∂m^2_H ∂m_d ) e^{−mH /T} cosh ( (B_H +^1_3 S_H )μ_B − I_{H3}μ_I T ) , (3)

where ⟨0|q̄q|0⟩ = ⟨0|ūu|0⟩ = ⟨0|d̄d|0⟩ is the light quark condensate at zero temperature and chemical potentials. The sum in the equation above is over massive hadrons, H, with spin degeneracy g_H , mass m_H , baryon number B_H , third component of isospin I_{H3}, and strangeness S_H . We have used that μ_S = −^1_3 μ_B when μ_s = 0.

We now have to determine ∂m^2_H /∂m_f . Any hadron mass can be written as

m^2_H = m̄^2_H + C_H I_{H3}(m_u − m_d), (4)

where m̄_H is the hadron mass at m_u = m_d and includes the contributions of the strange and heavier quarks. Since the up and down quarks are light, it is sufficient to use a linear expansion in (4): the linear term dominates over other terms that depend on m_u − m_d . The quantity C_H comes from isovector interactions and is related to the energy cost to change the third component of isospin by one unit, i.e. to replace a u quark by a d quark, within an isospin multiplet. Therefore we find that ∂m^2_H ∂m_u − ∂m^2_H ∂m_d = 2C_H I_{H3}, (5)

and the difference between the light quark condensates reads δ = − ∑ H C_H I_{H3}g_H ⟨0|q̄q|0⟩ √ m_H T^3 2π^3 e^{−mH /T} cosh ( (B_H +^1_3 S_H )μ_B − I_{H3}μ_I T ) . (6)

Equivalently, if we sum over each isospin multiplet we get that δ = ∑ isospin multiplets C_H g_H ⟨0|q̄q|0⟩ √ 2m_H T^3 π^3 e^{−mH /T} sinh((B_H + 1 3 S_H )μ_B /T ) ∑ I_{H3}≥0 I_{H3} sinh(I_{H3}μ_I /T ), (7)

where we have used that isospin symmetry at m_u = m_d implies that m_H and C_H do not change inside an isospin multiplet. Therefore, since on general grounds C_H > 0, we have shown that the light quark condensates do differ in the hadronic phase at nonzero temperature, baryon and isospin chemical potentials. Notice that (7) implies that only baryons with nonzero third component of isospin contribute to the difference between the light quark condensates.

III. QUANTITATIVE RESULTS

In this section, we evaluate the importance of the difference between the light quark condensates at nonzero temperature, baryon and isospin chemical potentials. It is clear from the above analysis that the quantitative difference between the condensates depends on the size of C_H , and that this difference will grow exponentially when either the temperature, the baryon or the isospin chemical potentials are increased. The three lightest isospin multiplets that contribute to δ are the N (939), the Σ(1193), and the Δ(1232).

For the nucleon, the Feynman-Hellman theorem implies that C_N = 2m_N ⟨p|ūu − d̄d|p⟩. This can be estimated by using SU (3) flavor symmetry [9]: C_N ⟨0|q̄q|0⟩ ≃ m^2_Ξ − m^2_Σ (m_s − m̂)⟨0|q̄q|0⟩ ≃ 2(m^2_Ξ − m^2_Σ) (^{ms}_{m̂} − 1)m^2_πF^2_π

, (8)

where m̂ = (m_u + m_d)/2 and we have used the Gell-Mann–Oakes–Renner relation: m^2_π F^2_π = 2m̂⟨0|q̄q|0⟩. Numerically, if we use that m_s ≃ 25m̂ [10], we get that C_N /⟨0|q̄q|0⟩ ≃ (1.3 10^{−2} MeV^{−1})^2. Much less is known about C_Σ and C_Δ. We shall assume that C_N ≃ C_Σ ≃ C_Δ, which is true in the large N_c limit. The results depicted in Fig. 1 were produced using these values for C_H in (7) with the N , Σ and Δ isospin multiplets.

FIG. 1: The difference between the up and down quark condensates, δ = ⟨ūu − d̄d⟩/⟨0|q̄q|0⟩ as a function of temperature at fixed baryon and isospin chemical potentials. The baryon chemical potential is set to 250, 500, and 750 MeV in the first, second, and third graphs, respectively. In each graph, the dotted line corresponds to μI = 30 MeV, the dash-dotted line to μI = 60 MeV, the dashed line to μI = 90 MeV, and the solid line to μI = 120 MeV. The light gray line corresponds to the critical temperature determined by the peak of a flavor insensitive susceptibility [2].

As shown in Fig. 1, we find that the difference between the up and down quark condensates can be relatively large compared to the value of these condensates in the vacuum: up to ∼ 50% for μ_B = 750 MeV and μ_I = 120 MeV. Of course, these are quite large chemical potentials, but our study demonstrates that, as a matter of principle, there can be a sizeable difference between ⟨ūu⟩ and ⟨d̄d⟩ at nonzero baryon and isospin chemical potentials. The size of the difference depends mainly on C_H . The uncertainty on this quantity is rather large, and our quantitative results cannot be very precise. At large enough μ_I , the largest contribution to δ comes from Δ(1232), which dominates over the nucleon because of its larger third component of isospin and its larger spin. In comparison, the contribution of the Δ(1600) resonance is negligible compared to that of the nucleon. To check the validity of the free gas approximation we have calculated the next-to-leading term in the virial expansion taking into account pion-nucleon interactions. We have found that this term is negligible compared to the leading term in the virial expansion, i.e. the free gas approximation. This stems from the fact that pions are pseudo-Goldstone bosons and thus are weakly interacting particles. In [11], it was shown that heavier resonances can have a significant impact when taken collectively into account. In our case, we only used the lightest contributing modes in the spectrum to evaluate δ. Heavier baryons with nonzero third component of isospin will also contribute to δ, with the same sign. Therefore, the contributions from heavier resonances will add up and increase δ for any temperature, baryon and isospin chemical potentials. However, because of the lack of precision on the value of C_H for heavier baryons, we decided not to evaluate their contributions and restrict ourselves to the three lightest isospin multiplets which should represent the dominant contribution.

IV. CONCLUSIONS AND OUTLOOK

We have shown that the up and down quark condensates can significantly differ at nonzero temperature, baryon and isospin chemical potentials. We have evaluated their difference in a simple model. We have found that the difference between the light quark condensates increases exponentially with the temperature, baryon or isospin chemical potentials. This difference becomes significant for large enough chemical potentials.

These results imply that there are two phase transitions or crossovers between the hadronic phase and the quarkgluon-plasma phase at nonzero baryon and isospin chemical potentials, as different models have predicted [4, 5]. In the hadronic phase, both ⟨ūu⟩ and ⟨d̄d⟩ are large but different. In the quark-gluon-plasma phase, both light quark condensates are very small. Our results show that, at nonzero baryon and isospin chemical potentials, there is an intermediate phase where only one of the light quark condensates is large while the other one is very small. As has been discussed in [4, 5], the existence of this intermediate phase leads to important qualitative changes for the QCD phase diagram and for the nature of the critical endpoint, which might have interesting signatures in heavy-ion-collision experiments.

Acknowledgments

It is a pleasure to thank T. Cohen and J. Gasser for useful discussions. The Particle Physics Group at the Rensselaer Polytechnic Institute, where part of this work was completed, is also thanked for its warm hospitality. Work supported by the NSF under grant No. nsf-phy0304252.

[1] For a review see, K. Rajagopal and F. Wilczek, arXiv:hep-ph/0011333; [2] For a review see, O. Philipsen, arXiv:hep-lat/0510077.

[3] M. Buballa and M. Oertel, Phys. Lett. B 457, 261 (1999); P. F. Bedaque, Nucl. Phys. A 697, 569 (2002); A. Steiner, M. Prakash and J. M. Lattimer, Phys. Lett. B 486, 239 (2000); M. G. Alford, J. A. Bowers and K. Rajagopal, Phys. Rev. D 63, 074016 (2001). A. W. Steiner, S. Reddy and M. Prakash, Phys. Rev. D 66, 094007 (2002); F. Neumann, M. Buballa and M. Oertel, Nucl. Phys. A 714, 481 (2003).

[4] B. Klein, D. Toublan and J. J. M. Verbaarschot, Phys. Rev. D 68, 014009 (2003); D. Toublan and J. B. Kogut, Phys.

Lett. B 564, 212 (2003); Phys. Lett. B 605, 129 (2005); M. Frank, M. Buballa and M. Oertel, Phys. Lett. B 562, 221 (2003); A. Barducci, R. Casalbuoni, G. Pettini and L. Ravagli, Phys. Rev. D 69, 096004 (2004). A. Barducci, G. Pettini, L. Ravagli and R. Casalbuoni, Phys. Lett. B 564, 217 (2003); A. Tawfik and D. Toublan, Phys. Lett. B 623, 48 (2005).

[5] T. D. Cohen, Phys. Rev. D 70, 116009 (2004); D. Toublan, Phys. Lett. B 621, 145 (2005); arXiv:hep-th/0510090. [6] J. B. Kogut, M. A. Stephanov and D. Toublan, Phys. Lett. B 464, 183 (1999); J. B. Kogut et al., Nucl. Phys. B 582, 477 (2000); D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 86, 592 (2001); J. B. Kogut and D. Toublan, Phys. Rev. D 64, 034007 (2001); K. Splittorff, D. Toublan and J. J. M. Verbaarschot, Nucl. Phys. B 620, 290 (2002); Nucl. Phys. B 639, 524 (2002).

[7] S. Weinberg, PhysicaA 96, 327 (1979); J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984); Nucl. Phys. B 250, 465 (1985).

[8] P. Gerber and H. Leutwyler, Nucl. Phys. B 321, 387 (1989).

[9] J. Gasser and M. E. Sainio, arXiv:hep-ph/0002283; S.Weinberg, in: A.M. Bernstein, B.R. Holdstein (eds.), Chiral Dynamics: Theory and Experiment, Springer Verlag, Berlin, 1995; see also V. Bernard, N. Kaiser and U. G. Meissner, Nucl. Phys. A 615, 483 (1997).

[10] H. Leutwyler, Phys. Lett. B 378, 313 (1996).

[11] F. Karsch, K. Redlich and A. Tawfik, Eur. Phys. J. C 29, 549 (2003); Phys. Lett. B 571, 67 (2003); F. Karsch, Prog.

Theor. Phys. Suppl. 153, 106 (2004); M. D’Elia and M. P. Lombardo, Phys. Rev. D 70, 074509 (2004).