arXiv:hep-ph/0512163 v3 4 Oct 2006

What is the Discrete Gauge Symmetry of the MSSM?

Herbi K. Dreiner^1,^∗ Christoph Luhn^1,^† Marc Thormeier^{2‡}

1Physikalisches Institut der Universität Bonn, Nußallee 12, 53115 Bonn, Germany 2Service de Physique Théorique, CEA-Saclay, 91191 Gif-sur-Yvette Cedex, France

Abstract

We systematically study the extension of the Supersymmetric Standard Model (SSM) by an anomaly-free discrete gauge symmetry Z_N . We extend the work of Ibáñez and Ross with N = 2, 3 to arbitrary values of N. As new fundamental symmetries, we find four Z_6, nine Z_9 and nine Z_{18}. We then place three phenomenological demands upon the low-energy effective SSM: (i) the presence of the μ-term in the superpotential, (ii) baryon-number conservation up to dimension-five operators, and (iii) the presence of the see-saw neutrino mass term LH_uLH_u. We are then left with only two anomaly-free discrete gauge symmetries: baryon-triality, B_3, and a new Z_6, which we call proton-hexality, P_6. Unlike B_3, P_6 prohibits the dimension-four lepton-number violating operators. This we propose as the discrete gauge symmetry of the Minimal SSM, instead of R-parity.

1 Introduction

The action of the Standard Model (SM) [1, 2] is invariant under Poincaré transformations, as well as the gauge group G_{SM} = SU(3)_C × SU(2)_W × U(1)_Y . When allowing only renormalisable interactions, baryon- and lepton-number are (accidental) global symmetries of the SM.^1 However, when considering the SM as a low-energy effective theory, G_{SM} allows for non-renormalisable interactions, which can violate lepton- and baryon-number. The leading dimension-six operators are suppressed by two powers of an unknown mass scale M, which is unproblematic for proton decay if M � 10^{16} GeV, see however [7, 8].

Enlarging the Poincaré group, the action of the Supersymmetric SM (SSM) is invariant under supersymmetry, as well as G_{SM} [9, 10]. The renormalisable superpotential of the SSM is given by [11, 12, 13, 14]

W = h^E_{ij} L_iH_dĒ_j + h^D_{ij} Q_iH_dD̄_j + h^U_{ij} Q_iH_uŪ_j + μ H_d H_u + λ_{ijk} L_iL_jĒ_k + λ^′_{ijk} L_iQ_jD̄_k + λ^{′′}_{ijk} Ū_iD̄_jD̄_k + κ_i L_iH_u , (1.1)

∗E-Mail: dreiner@th.physik.uni-bonn.de
†E-Mail: luhn@th.physik.uni-bonn.de
‡E-Mail: marc.thormeier@cea.fr

1When taking into account the sphaleron interactions [3], only^1_3 B − L_i, and L_i − L_j are conserved in the SM. For the effect of sphaleron interactions in supersymmetry see for example Refs. [4, 5, 6].

where we employ the notation of Ref. [15], and SU(3)_C and SU(2)_W indices are suppressed. The fifth, sixth and eighth terms violate lepton-number, and the seventh term violates baryon-number. Thus in the SSM, lepton- and baryon-number are violated by renormalisable dimension-four interactions. In particular, LQD̄ and ŪD̄D̄ together lead to rapid proton decay. The lower experimental bound on the proton lifetime [16, 17] results in the very stringent bounds [18, 13, 19]

λ^′_{i1j} · λ^{′′}_{11j} < 2 · 10^{−27} ( M_{d̃j} 100 GeV

)_2 , i = 1, 2 , j ≠ 1 , (1.2)

and the SSM must be considered incomplete. In order to obtain a natural and viable supersymmetric model, we must extend G_{SM}, such that at least one of the operators LQD̄ or ŪD̄D̄ is forbidden.^2

The Minimal SSM (MSSM) is conventionally taken as the renormalisable SSM with the superpotential, Eq. (1.1), additionally constrained by the discrete symmetry R-parity, R_p = (−1)^{2S+3B+L} [22], which acts on the components of the superfields. Here S is spin, B baryon-number and L lepton-number. Hence the superpotential of the renormalisable MSSM is given solely by the first line of Eq. (1.1), and baryon- and lepton-number are conserved. Matter-parity (M_p) [23], acts on the superfields and leads to the same superpotential as R_p. Our working definition of the MSSM shall be the SSM constrained by M_p. We return to this in Sect. 6. Another possibility is to extend G_{SM} by baryon-triality^3 (B_3) [24, 25], leading to the R-parity violating MSSM [15].

However, due to the unification of the G_{SM} gauge coupling constants in supersymmetry [27, 28, 29, 30], and also the automatic inclusion of gravity in local supersymmetry [31, 32], we expect the SSM, and also the MSSM, to be low-energy effective theories, embedded in a more complete theory formulated at the scale of Grand Unified Theories (M_{GUT} ∼ 10^{16} GeV) [33], or above. Within the SSM, we must therefore take into account the possible non-renormalisable operators, which are consistent with G_{SM}, within the MSSM, those which are also consistent with M_p. In particular, we are here interested in the dimension-five baryon- and/or lepton-number violating interactions. In Eq. (6.1), we list the complete set for the SSM [11, 12, 15, 25]; a subset is also present in the MSSM. Even if suppressed by the gravitational scale M_{grav} = 2.4 × 10^{18} GeV, these operators are potentially dangerous, depending on their flavour structure [11, 12, 34]. Thus, even though M_p provides the SSM with an excellent candidate for cold dark matter it has a serious problem with baryon-number violation. When considering the (high-energy) symmetry extension of the SSM, we take into account the effects on the dimension-four and the dimension-five operators.

It is the purpose of this paper to systematically investigate discrete Z_N symmetry extensions of G_{SM} without invoking the existence of new light particles. Since a global discrete symmetry is typically violated by quantum gravity effects [35], we focus on an Abelian discrete gauge symmetry (DGS): it is a discrete remnant of a spontaneously broken U(1) gauge symmetry [35, 36]. For an explicit Lagrangian see, e.g., Ref. [37]. Assuming the original gauge theory to be anomaly-free, Ibáñez and Ross (IR) determined the constraints on the remnant low-energy and family-independent DGSs [24, 25]. They classified all Z_N DGSs for N = 2, 3 according to their action on the baryon- and leptonnumber violating operators and then determined which are discrete gauge anomaly-free

2For an extensive set of bounds on the products of these operators see Refs. [20, 21]. 3This was originally introduced as baryon-parity in [24, 25]; however, it is more appropriately called baryon-triality [10, 26].

(see the end of Sect. 2). They found only two such anomaly-free DGSs which prohibited the dimension-four baryon-number violating operators and allowed the H_dH_u term: matter-parity (R_2 in their notation) and baryon-triality, B_3. The latter has the advantage of also prohibiting the dangerous dimension-five operators.

In this paper, we extend the work of IR to Z_N symmetries with arbitrary values of N. We first determine all family-independent anomaly-free DGSs consistent with the first three terms in Eq. (1.1) (Sects. 2-4). From the low-energy point of view, where heavy and possibly Z_N charged particles do not play a rôle, this infinite number of anomalyfree DGSs can be rescaled to an equivalent finite set, which we denote as fundamental (Sect. 5). We are left with four Z_6, nine Z_9, and nine Z_{18} new symmetries, beyond the five Z_{2,3} symmetries of IR. Together these twenty-seven fundamental DGSs comprise a complete set. This is one of the main results of this paper. Next, we investigate their effect on the baryon- and lepton-number violating operators (Sect. 6). There is only one DGS which simultaneously allows the H_dH_u term, prohibits all dimension-four baryon- and lepton-number violating operators, prohibits the dimension-five baryon-number violating operators and allows the dimension-five Majorana neutrino mass term LH_uLH_u. This is one of the Z_6 symmetries, R^5_6L^2_6, in the notation of IR. We shall denote it protonhexality, P_6. This we propose as the DGS of the MSSM. Every Z_6 is isomorphic to a direct product of a Z_2 and a Z_3 [38], so it is not too surprising that P_6 is isomorphic to the direct product of M_p and B_3. We then investigate the necessity of heavy fermions in theories with anomaly-free DGSs (Sect. 7), leading to a different conclusion than Ref. [39].

In Sects. 2-7 we take a bottom-up approach in determining the discrete symmetry. At the CERN LHC, we will hopefully discover supersymmetric fields and their interactions. Through the measured and thus allowed interactions we can infer the discrete symmetry. From this point-of-view, two discrete symmetries are equivalent, if they result in the same low-energy interactions. In Sect. 8, we instead investigate the top-down perspective, focussing on the distinct gauge theories leading to low-energy equivalent DGSs. For demonstrational purposes we finally present a gauged U(1) model, which, after spontaneous symmetry breaking, leads to an effective SSM with proton-hexality (Sect. 9).

We briefly comment on some related work in the literature. Throughout we restrict ourselves to family-independent DGSs. For examples of family-dependent DGSs see Refs. [25, 40]. We shall, however, in general, allow for the original gauge symmetry to be family-dependent. We do not consider discrete R-symmetries. For an anomaly-free gauged U(1) R-symmetry in a local supersymmetric theory see Refs. [41, 42, 43]. This could be broken to a discrete R-symmetry. Since R-parity is inserted ad hoc in the SSM to give the MSSM, there is an extensive literature on “gauged” R-parity, i.e. where R-parity is the remnant of a broken gauge symmetry. Martin has considered R-parity as embedded in a U(1)_{B−L} gauge symmetry and classified the possible order parameters in extended gauge symmetries [SO(10), SU(5), SU(5) × U(1), E_6], which necessarily lead to R-parity [44, 45]. Babu et al. [46] combine DGSs with an attempt to solve the μ-problem. Chemtob et al. [47] deal with anomaly-free DGSs of the next-to-MSSM (NMSSM). Although not in our systematic context, some of the anomaly-free DGSs we find are mentioned in the literature explicitly [46] or implicitly [48]. In particular, P_6 occurs in Ref. [46], and in Refs. [49, 50] a related non-supersymmetric Z_6 is studied.

2 The Linear Anomaly Constraints

In this section, we review the work of IR [24, 25] on DGSs. We focus here on constraints arising from the linear U(1)_X anomalies A_{CCX} , A_{W W X} and A_{GGX} , where we adopt the notation of Ref. [51]. For example, the SU(3)_C -SU(3)_C -U(1)_X anomaly is denoted as A_{CCX} , and G stands for “Gravity”. In Sect. 4, we investigate the purely Abelian anomalies, i.e. A_{Y Y X} , A_{Y XX} and especially the cubic anomaly A_{XXX} .

For the high-energy gauge symmetry, we consider an in general generation-dependent U(1)_X extension of G_{SM}, with the chiral superfield charges quantised (i.e. the quotient of any two charges is rational) and normalised to be integers. We assume it is spontaneously broken by the vacuum expectation value (VEV), υ, of a scalar field Φ with U(1)_X charge X_Φ ≡ N > 1. The mass scale of the broken symmetry is M_X = O(υ) ≫ M_W . (We assume here a single field Φ, or a vector-like pair; cf. Sect. 9.) This leaves a residual, low-energy Z_N symmetry, which we assume to be generation-independent^4 on the SSM chiral superfields [35, 37]. In the low-energy theory, we restrict ourselves to the particle content of the SSM, allowing however for additional heavy fermions with masses O(M_X ). To avoid later confusion, we emphasise here that the U(1)_X charge of Φ is not necessarily the same N, which appears in the final Z_N we obtain when restricting ourselves to the so-called “fundamental” DGSs. We discuss this in more detail in Sect. 5.

For the SSM fields, the Z_N charges q_i are related to the integer U(1)_X charges, X_i, via a modulo N shift X_i = q_i + m_iN . (2.1) Here the index i labels the SSM particle species and q_i, m_i are integers. Just like the U(1)_X charges, the m_i are in general generation-dependent, whereas the q_i are assumed to be generation-independent. We also allow for Dirac and Majorana fermions which become massive at O(M_X ). For the former, two fields with U(1)_X charges X^j_{D1} and X^j_{D2}, respectively, must pair-up, resulting in a Dirac mass term after U(1)_X breaking. The Majorana fields with charge X^{j′}_M can directly form a mass term. The Z_N invariance of these mass terms requires

X^j_{D1} + X^j_{D2} = p_j N, p_j ∈ Z, (2.2)

2 · X^{j′}_M = p^′_j′ N, p^′_j′ ∈ Z . (2.3)

The indices j and j^′ run over all heavy Dirac and Majorana particles, respectively.

Assuming the initial U(1)_X is anomaly-free, IR derive the resulting constraints on the Z_N charges q_i of Eq. (2.1). From the anomaly cancellation conditions A_{CCX} = A_{W W X} = A_{GGX} = 0, we obtain ∑ i=3,3 q_i = −N · ∑ i=3,3 m_i + ∑ j=3,3 p_j , (2.4) ∑ i=2 q_i = −N · [ ∑ i=2 m_i + ∑ j=2 p_j ] , (2.5) ∑ i q_i = −N · [ ∑ i m_i + ∑ j p_j + ∑ j^′ 1 2 p^′_j′ ] . (2.6)

4Note that due to the three non-vanishing mixing angles of the CKM matrix, one is forced to work with generation-independent discrete charges for the quarks. Concerning the leptons, generation-dependence is only possible if one relies on radiatively generated neutrino masses. See Ref. [40].

The sums in Eqs. (2.4) and (2.5) run over all colour triplets and weak doublets, respectively, i.e. we restrict ourselves to only fundamental representations^5 of SU(3)_C and SU(2)_W . As all particles couple gravitationally, we sum over the entire chiral superfield spectrum in Eq. (2.6).

Depending on the charge shifts, m_i, of the low-energy fields, as well as the heavyfermion particle content, the square brackets in Eqs. (2.4)-(2.6) can take on arbitrary integer values. In the case of even N, any half-odd integer is allowed for the square bracket in Eq. (2.6). Hence, we can rewrite them symbolically as ∑ i=3,3 q_i = N · Z, (2.7) ∑ i=2 q_i = N · Z, (2.8) ∑ i q_i = N · Z + η · N 2 · Z, (2.9)

with η = 0, 1 for N = odd, even, respectively. From the point of view of the low-energy theory, the various Zs, including the two in Eq. (2.9), each represent an arbitrary and independent integer, which is fixed by the heavy-fermion content and the choice of m_i.

In addition to the anomaly constraints, we obtain constraints on the U(1)_X charges, by requiring a minimal set of interaction terms in the SSM superpotential, which are responsible for the low-energy fermion masses, namely the first three terms in Eq. (1.1). In Sect. 6 we investigate the consequences of additionally imposing H_dH_u invariance. The Z_N charge equations corresponding to the first three terms of Eq. (1.1) are

q_L + q_{Hd} + q¯_E = 0 mod N , (2.10) q_Q + q_{Hd} + q¯_D = 0 mod N , (2.11) q_Q + q_{Hu} + q¯_U = 0 mod N . (2.12)

These are three equations for seven unknowns. We can thus write the family-independent Z_N charges of the SSM superfields in terms of four independent integers, which we choose as m, n, p, r = 0, 1, ..., N − 1. q_Q = r, q¯_U = −m − 4r, q¯_D = m − n + 2r , q_L = −n − p − 3r, q¯_E = m + p + 6r, q_{Hd} = −m + n − 3r, q_{Hu} = m + 3r . (2.13)

In the following, we make use of the integer normalised hypercharges Y (Q, Ū, D̄, L, Ē, H_d, H_u) = (−1, 4, −2, 3, −6, 3, −3) . (2.14) The choice of integers m, n, p in Eq. (2.13) corresponds to the notation of IR. The slightly unusual coefficients for the integer r correspond to the negative normalised hypercharge

5The contribution of a fermion to an SU (M )-SU (M )-U (1) anomaly is proportional to the corresponding Dynkin index [52]. Particles constituting higher irreducible representations of SU (M ) have a Dynkin index which is an integer multiple of that of the fundamental M -plet [46, 50]. Therefore heavy particles in higher irreducible representations need not be considered for our purposes, see Eqs. (2.7)-(2.9). Note that in Eqs. (2.4) and (2.5) we do not consider Majorana particles either, because all real representations of SU (M ) have a Dynkin index which is an even multiple of that of the fundamental irreducible representation, see Refs. [46, 53].

given in Eq. (2.14), and were chosen for the following charge transformation: To simplify the up-coming calculations, we perform a shift of the integer Z_N charges by their integer hypercharges, such that the resulting charge q_Q^′ is zero,

q_i −→ q_i^′ = q_i + Y_i · r . (2.15)

In the following, we drop the prime on the charge symbols. This shift in the Z_N charges does not change the effect of Z_N on the renormalisable or non-renormalisable operators of the SSM superpotential or D-terms, since these are all U(1)_Y invariant. It also does not affect the anomaly-equations which we consider. However, it does correspond to a change in the underlying U(1)_X gauge theory. The difference can lead to in principle observable effects, for example cross-sections which depend on X-charges. We return to this change in Sect. 8.

The choice of charges where q_Q = 0, is the basis in which IR work. They show that in this case, any Z_N symmetry g_N can be expressed in terms of the product of powers of the three (mutually commuting) generators R_N , A_N and L_N [25]:

g_N = R^m_N × A^n_N × L^p_N , with the exponents m, n, p = 0, 1, ...N − 1 . (2.16)

The charges of the SSM chiral superfields under the three independent Z_N generators are given in Table 1 of Ref. [25]. In terms of the powers m, n, p, the generation-independent Z_N charges of the SSM superfields are^6

q_Q = 0, q¯_U = −m, q¯_D = m − n q_L = −n − p, q¯_E = m + p, q_{Hd} = −m + n, q_{Hu} = m . (2.17)

Note that the integers m, n, p here are the same as in Eq. (2.13). Inserting the charges above into Eqs. (2.7)-(2.9), and assuming the SSM light-fermion content we arrive at the conditions^7

3n = N · Z , (2.18) 3(n + p) − n = N · Z , (2.19) 3(5 n + p − m) − 2n = N · Z + η ·^N_2 · Z . (2.20)

Since all Zs in Eqs.(2.18)-(2.20) stand for arbitrary and independent integers, we can combine these Diophantine equations to obtain a simpler set,

3n = N · Z , (2.21) 3p − n = N · Z , (2.22) 3(m + p) = N · Z + η ·^N_2 · Z . (2.23)

This differs slightly from IR in notation, as we find it more convenient to retain the arbitrary integers Z on the right-hand side. These three equations are the basis for our further study. DGSs satisfying all three equations will be called “anomaly-free DGSs”, although these constraints are only necessary but not sufficient for complete anomalyfreedom of the high-energy theory [53, 39].

6The action of g_N on e.g. the chiral superfields D̄_i is thus given by D̄_i → exp

[_{2πi} N (m − n) ]¯ D_i. 7These equations are r-independent, they result by directly plugging Eq. (2.13) into Eqs. (2.7)-(2.9).

However, when considering the cubic anomaly in Sect. 4, the r-dependence does not cancel.

3 Symmetries Allowed by the Linear Constraints

In this section, we go beyond the work of IR and determine the solutions, (n, p, m; N), to the Eqs. (2.21)-(2.23) for general values of N, not just N = 2, 3. We separately consider the two possibilities: either N is not or is a multiple of 3. We employ the notation:

(k|N) :⇔ N = 0 mod k , ¬(k|N) :⇔ N ≠ 0 mod k . k ∈ N, where N is the set of all positive integers including zero.

1. ¬ (3 |N ): Since n = 0, 1, ..., N − 1, Eq. (2.21) requires n = 0. Then Eq. (2.22) similarly gives p = 0. Finally, Eq. (2.23) then implies

(a) m = 0 for odd N. This is the case of the trivial symmetry, the identity. (b) For even N there are two possibilities, either m = 0 (trivial) or m =^N_2 .

We conclude that the only non-trivial anomaly-free DGSs here are

g_N = R^{N/2}_N , N = even . (3.1)

The simplest case with N = 2 yields the discrete Z_2 charges: q_Q = q_L = 0, q¯_D = q¯_E = q_{Hu} = 1, q¯_U = q_{Hd} = −1. This charge assignment is, from the low-energy point of view, equivalent to standard matter-parity [23]. A reversed hypercharge shift, Eq. (2.15), back to Eq. (2.13) with r = 1 yields: q_Q = q_L = q¯_D = q¯_U = q¯_E = 1 mod 2, q_{Hu} = q_{Hd} = 0.

2. (3 |N ): Here we can define an N^′ ∈ Z, such that N ≡ 3N^′. From Eq. (2.21) we obtain n = 0, N^′, or 2N^′:

(a) Focusing first on n = 0, we see that p = ℓ_pN^′, for ℓ_p = 0, 1, 2. Concerning Eq. (2.23), it is again necessary to distinguish between odd and even N. Thus we find a set of anomaly-free DGSs

n = 0, p = ℓ_pN^′, m = { ℓ_mN^′, N = odd, s_m^{N ′}_2 , N = even,

(3.2)

with ℓ_p, ℓ_m = 0, 1, 2 and s_m = 0, 1, ..., 5.

(b) Inserting n = N^′ into Eq. (2.22), we obtain p =^{N ′}_3 + ℓ_pN^′, again with ℓ_p = 0, 1, 2. For p ∈ Z, we need (3 |N^′) or equivalently N^′ ≡ 3N^{′′}, with N^{′′} ∈ Z. Taking into account Eq. (2.23), we now find

n = N^′, p = (1 + 3 ℓ_p)N^{′′} , m = { (2 + 3 ℓ_m) N^{′′}, N = odd, (1 + 3 s_m)^{N ′′}_2 , N = even .

(3.3)

(c) Analogously, n = 2N^′ gives

n = 2N^′, p = (2 + 3 ℓ_p)N^{′′}, m = { (1 + 3 ℓ_m)N^{′′}, N = odd, (2 + 3 s_m)^{N ′′}_2 , N = even.

(3.4)

Z_N Category n p m # indep. g_N

¬(3 |N) N even 0 0^N_2 1

N odd 0 (0, 1) · N^′ (0, 1, 2) · N^′ 4 (3 |N) N even 0 (0, 1) · N^′ (0, 1, 2, 3, 4, 5) ·^{N ′}_2 9

N odd N^′ (1, 4, 7) · N^{′′} (2, 5, 8) · N^{′′} 9 (9 |N) N even N^′ (1, 4, 7) · N^{′′} (1, 4, 7, 10, 13, 16) ·^{N ′′}_2 18

Table 1: The list of all DGSs satisfying the linear anomaly constraints of Ibáñez and Ross. N^′ and N^{′′} are defined by N = 3N^′ = 9N^{′′}, where N, N^′, N^{′′} ∈ N. The ℓ_p = 2 cases are not listed as they are equivalent to the set of DGSs with ℓ_p = 1. The last column gives the resulting number of independent non-trivial DGSs, g_N , for fixed N.

The class of DGSs given in (c) need not be investigated any further for it is equivalent to the one in (b): A Z_N symmetry with charges q_i is indistinguishable from one with charges −q_i; therefore the sets (n, p, m) and (N − n, N − p, N − m) yield equivalent DGSs. As an example, consider the integer p. For every p_2 in Eq. (3.4) require a p_1 in Eq. (3.3), such that p_2^!= N − p_1. Inserting Eqs. (3.4) and (3.3), we obtain (2 + 3ℓ_{p2} )N^{′′ !}= (9 − 1 − 3ℓ_{p1} )N^{′′}, which is solved for ℓ_{p1} = 2 − ℓ_{p2} ∈ {0, 1, 2}. Similarly, the integer m can be treated for even or odd N. Likewise, some DGSs of Eq. (3.2) are not independent of the others.

Table 1 summarises the anomaly-free DGSs classified by N and the powers n, p and m. For example, the two rows with (3 |N) correspond to the DGSs of Eq. (3.2). The last column shows the number of independent non-trivial g_N . The 4 in the second row arises because there are three DGSs with ℓ_p = 1 but only one with ℓ_p = 0; with p = 0, the case m = 0 is trivial, whereas m = N^′ and m = 2N^′ lead to equivalent DGSs. Similarly, we get 9 DGSs instead of 12 for the third row.

4 The Purely Abelian Anomalies

So far, we have determined the constraints on DGSs arising from the three linear anomaly conditions of Eqs. (2.4)-(2.6). Next we consider the three purely Abelian anomalies A_{Y Y X} , A_{Y XX} and A_{XXX} , respectively.

1. Analogously to Eqs. (2.4)-(2.6), we obtain from A_{Y Y X} = 0 that ∑ i Y_i^2 q_i = − N [ ∑ i Y_i^2 m_i + ∑ j Y^j_{D1}^2 p_j ] . (4.1)

We have used Y^j_{D2} = −Y^j_{D1} and Y^j_M = 0, as well as Eq. (2.2). Note that each term, unlike those in Eqs. (2.4)-(2.6), contains a factor of Y_{...}^2, which is in general different for each field.^8 Recall, that we have chosen the hypercharges to be integer for all

8In the case of the non-Abelian linear anomalies A_{CCX} and A_{W W X} , one encounters a factor proportional to the Dynkin index instead. This is a common factor for all fields provided they are all in the fundamental representation of SU (3)_C and SU (2)_W , respectively.

SSM particles, see Eq. (2.14). Thus the left-hand side is integer. However, given this normalisation, the hypercharges of the heavy fermions need not be integer and the quantity in square brackets need not be in Z. Thus the right-hand can take on any value within Z. Therefore Eq. (4.1) poses no constraint.

2. Now A_{Y XX} = 0. Analogously to Eq. (4.1), we get ∑ i Y_i q_i^2 = − N [ ∑ i Y_i m_i(m_i N + 2q_i) − ∑ j Y^j_{D1} p_j (p_j N − 2X^j_{D1}) ] . (4.2)

By considering only the Y^j_{D1}, we see that [...] is not necessarily an integer, just as in the previous case. Thus Eq. (4.2) is of no use from the low-energy point of view.^9

3. Next, we consider the cubic anomaly A_{XXX} . Here we do not have a mixture of known and unknown charges: We do not know any of the U(1)_X charges. We obtain for the anomaly-equation ∑ i q_i^3 = − ∑ i ( 3q_i^2m_iN + 3q_im_i^2N^2 + m_i^3N^3 )

− ∑ j ( 3X^j_{D1}^2p_j N − 3X^j_{D1}p_j^2N^2 + p_j^3N^3 )

−^1_8 ∑ j^′ p^′_j′^3N^3 . (4.3)

If fractional X^j_{D1} were allowed, again no extraction of a meaningful constraint is feasible, since in this case the right-hand side of Eq. (4.3) is not necessarily of the form N · Z. However, as outlined in Sect. 2, we only consider integer X-charges here. We shall investigate the case of fractional X-charges for the heavy fields in Sect. 5, since the difference can be meaningful in cosmology [54, 55, 56]. The calculation for the cubic anomaly with only integer charges is similar to the calculation in Sect. 3, i.e. it involves many case distinctions. It can be found in Appendix A. In Table 2, we have summarised the results. We show those N, as well as the powers (n, p, m), in the case of only integer X-charges, which satisfy both the linear anomaly constraints of Sect. 3 (cf. Table 1), as well as the cubic anomaly equation considered here. The main effect of the cubic anomaly constraint consists in reducing the (infinite) list of possible DGSs. Considering N = 3 for instance, there are four independent g_N symmetries allowed in Table 1. However, only one of these, namely the case where (n, p, m) = (0, 1, 1), complies with Table 2. This corresponds to B_3, i.e. baryon-triality discussed by IR.

Another example is N = 6. Here we have nine linearly allowed DGSs, while only three are left after imposing the cubic anomaly constraint: R^3_6, R^2_6L^2_6 and R^5_6L^2_6. The first two are physically equivalent to M_p and B_3 from the low-energy point of view. We shall denote P_6 ≡ R^5_6L^2_6, as proton-hexality. This is a special discrete symmetry, which we return to in Sect. 6. For N = 9 there are 4 + 9 linearly allowed g_N , of which only four are also consistent with the cubic anomaly condition. N = 27 is the first case for (3|N), where the cubic anomaly does not reduce the number of allowed DGSs.

9We disagree here with Refs. [24, 25] about the reason why A_{Y Y X} and A_{Y XX} do not impose useful constraints on Z_N symmetries. It is not the (overall) normalisation of the Abelian charges, but the fact that these charges are in general different for each field.

Z_N Category n p m possible N

¬(3 |N) N even 0 0^N_2 2 · N

0 (0, 1) · N^′ (0, 1, 2) · N^′ 9 · (2·N + 1) N odd

0 N^′ N^′ 3 · (2·N + 1)

0 (0, 1) · N^′ (0, 1, 2, 3, 4, 5) ·^{N ′}_2 18 · N

0 0^N_2 6 · N

0 N^′ N^′ 6 · N

(3 |N)

N even

0 N^′ 5 ·^{N ′}_2 6 · N

N odd N^′ (1, 4, 7) · N^{′′} (2, 5, 8) · N^{′′} 27 · (2·N + 1) (9 |N) N even N^′ (1, 4, 7) · N^{′′} (1, 4, 7, 10, 13, 16) ·^{N ′′}_2 54 · N

Table 2: Compatibility of the linear and the cubic anomaly constraints in the case of integer U(1)_X charges for all chiral superfields. For each Z_N category, the allowed values of N are given in the far right column. The DGSs are specified by the set (n, p, m), in accordance with Eq. (2.16). We employ the notation: N^′ ≡ N/3, N^{′′} ≡ N/9, and N^′, N^{′′} ∈ N. For special values of N, all linearly allowed DGSs are compatible with the cubic anomaly condition. However, four classes of DGSs within the categories (3 |N) (rows 3, 5, 6, 7) are possible for less constrained N.

5 Charge Rescaling

So far, we have assumed that hypercharge shifted discrete symmetries, as in Eq. (2.15), are equivalent and all chiral superfields have integer U(1)_X charges. However, from the low-energy point of view, this latter assumption is too restrictive [53, 39]. To see this in our analysis, consider an example from Table 2, where N = 18. The powers of the elementary discrete gauge group generators, Eq. (2.16), are given by

n = 0, p = 6 · (0, 1), m = 3 · s_m, s_m = 0, 1, . . . , 5 , (5.1)

which are all multiples of the common factor F = 3. The charges of the SSM fields, q_i + m_iN, are given in Eq. (2.17) as linear combinations of n, p, and m, and are therefore also all multiples of F , in our example. From the low-energy point of view, with the heavy fields integrated out, such a charge assignment is indistinguishable from a scaled one with charges (q_i + m_iN)/F . After the breakdown of U(1)_X , the residual DGS is then a Z_{N/F} instead of a Z_N . However, the Z_{N/F} does not necessarily satisfy the cubic anomaly, with all integer charges. In our example, we have N/F = 6, which, according to Table 2, satisfies the cubic anomaly only for very special values of (n, p, m).

This integer rescaling only applies to the charges of the SSM chiral superfields. For the heavy fermions, it is typically not possible and leads to fractional charges. From a bottom-up approach, experiments would determine the rescaled DGS group Z_{N/F} . When searching for the possible (low-energy) anomaly-free DGSs, we therefore relax our original assumption of integer charges and instead allow fractional charges for the heavy sector, only. We then denote the DGS Z_{N/F} with the maximally rescaled charges as the fundamental DGS, i.e. F is the largest common factor of N and all q_i + m_iN. In Table 3, we present the complete list of fundamental DGSs, obtained from Table 2. We see that after

N n p m DGSs 2 0 0 1 R_2

0 0 1 R_3 3 0 1 (0, 1, 2) L_3, L_3R_3, L_3R^2_3

0 0 1 R_6 6 0 2 (1, 3, 5) L^2_6R_6, L^2_6R^3_6, L^2_6R^5_6

3 1 (2, 5, 8) A^3_9L_9R^2_9, A^3_9L_9R^5_9, A^3_9L_9R^8_9

9 3 4 (2, 5, 8) A^3_9L^4_9R^2_9, A^3_9L^4_9R^5_9, A^3_9L^4_9R^8_9

3 7 (2, 5, 8) A^3_9L^7_9R^2_9, A^3_9L^7_9R^5_9, A^3_9L^7_9R^8_9

6 2 (1, 7, 13) A^6_{18}L^2_{18}R_{18}, A^6_{18}L^2_{18}R^7_{18}, A^6_{18}L^2_{18}R^{13}_{18}

18 6 8 (1, 7, 13) A^6_{18}L^8_{18}R_{18}, A^6_{18}L^8_{18}R^7_{18}, A^6_{18}L^8_{18}R^{13}_{18}

6 14 (1, 7, 13) A^6_{18}L^{14}_{18}R_{18}, A^6_{18}L^{14}_{18}R^7_{18}, A^6_{18}L^{14}_{18}R^{13}_{18}

Table 3: All fundamental DGSs satisfying the linear and the cubic anomaly cancellation conditions. The heavy-fermion charges, X^j, are allowed to be fractional. The three underlined DGSs can be realised with only integer heavy-fermion U(1)_X charges.

rescaling, the infinite number of DGSs listed in Table 2 is reduced to a finite set of 27 fundamental Z_N symmetries: one with N = 2, four with N = 3, four with N = 6, nine with N = 9 and nine with N = 18.

Refs. [53, 39] pointed out that the cubic anomaly-constraint is in general too restrictive on low-energy anomaly-free DGSs due to possible rescalings. Comparing Table 2 with Table 3, presents a classification within the SSM of the solutions to this problem. As emphasised earlier, the cubic anomaly constraint is compatible with all five classes of linearly allowed DGSs presented in Table 1, however only for restricted values of N. Rescaling the charges and allowing for fractionally charged heavy fermions, eliminates the influence of the A_{XXX} condition on the fundamental DGSs completely. In other words, all linearly allowed fundamental DGSs are compatible with the cubic anomaly constraint. Therefore, Eq. (4.3) contains only information about whether or not the heavy-fermion U(1)_X charges are fractional or integer. Of the fundamental DGSs listed in Table 3, solely M_p ≡ R_2, B_3 ≡ R_3L_3 and P_6 ≡ R^5_6L^2_6 are consistent with both the linear and the cubic anomaly conditions, without including fractionally charged heavy particles.

6 Physics of the Fundamental DGSs and the MSSM

Now that we have found a finite number of fundamental, anomaly-free low-energy DGSs, we would like to investigate the correspondingly allowed SSM operators. In particular, we study the effect of the 27 fundamental DGSs given in Table 3 on the crucial baryonand/or lepton-number violating superpotential and Kähler potential operators [25, 15]:

O_1 = [LH_u]_F , O_2 = [LLĒ]_F , O_3 = [LQD̄]_F , O_4 = [ŪD̄D̄]_F , O_5 = [QQQL]_F , O_6 = [ŪŪD̄Ē]_F , O_7 = [QQQH_d]_F , O_8 = [QŪĒH_d]_F , O_9 = [LH_uLH_u ]_F , O_{10} = [LH_uH_dH_u]_F , O_{11} = [ŪD̄^∗Ē]_D , O_{12} = [H_u^∗H_dĒ]_D , O_{13} = [QŪL^∗]_D , O_{14} = [QQD̄^∗]_D .

(6.1)

The subscripts F and D denote the F - and D-term of the corresponding product of superfields. Table 4 summarises which operators are allowed for each fundamental anomaly-free DGS. The symbol ✓ indicates that an operator is allowed. Thus, for example, matterparity (R_2) allows the operators [H_dH_u]_F , but also the dimension-five baryon-number violating operators [QQQL]_F and [ŪŪD̄Ē]_F , as well as the lepton-number violating operators [LH_uLH_u]_F . We have included the bilinear operators LH_u (unlike IR), since, even under the most general complex field rotation [57], they can not be eliminated, when taking into account the corresponding soft-breaking terms [58].

We now demand the existence or absence of certain operators on phenomenological grounds and thus further narrow down our choice of DGSs.

• We have not included the term [μ H_dH_u]_F in the original list leading to Eqs. (2.10)- (2.12), since, in principle, it can be generated, e.g. dynamically [59, 60, 61, 62]. From a low-energy point of view we must have μ ≠ 0, and it must be of order the weak scale [63, 64]. There are attempts in the literature to combine the NMSSM or another dynamical mechanism to generate μ ≠ 0 with an anomaly-free DGS, see, for example, Ref. [47] or Ref. [46] (and references therein), respectively. This is beyond the scope of this paper. If we explicitly require the [μH_dH_u]_F -operator in our theory, then as can be seen from Table 4, all fundamental Z_9 and Z_{18} symmetries are excluded.

• Concerning proton decay, if we wish to exclude upto dimension-five baryon-number violating operators, we are left with the DGSs: R_3L_3 (B_3), R^2_3L_3, R^5_6L^2_6 (P_6), R^3_6L^2_6 and R_6L^2_6. For R_2 (M_p), R_3 or R_6, QQQL and ŪŪ D̄Ē must be suppressed by some mechanism due to the stringent bounds on proton decay, see e.g. Ref. [34, 65]. The DGS L_3 is significantly constrained by the bounds on ŪD̄D̄ from heavy nucleon decay [18].

• Now consider neutrino masses. Without right-handed neutrinos, we can generate masses at tree-level through the terms LH_uLH_u and LH_u (via mixing with the neutralinos), or via loop diagrams involving LLĒ or LQD̄ [26, 66, 67, 68]. Hence, the DGSs R_2 (M_p), R_3L_3 (B_3) and R^5_6L^2_6 (P_6) can incorporate neutrino masses without right-handed neutrinos.^{10} However, right-handed neutrinos can easily be included as heavy Majorana fermions obeying Eq. (2.3). If the corresponding U(1)_X charges allow Dirac neutrino mass terms, we obtain massive light neutrinos via the see-saw mechanism [69, 70, 71, 72]. But in this case, LH_u LH_u must be allowed by the Z_N symmetry as well: invariance of the Dirac mass terms for neutrinos as well as the Majorana mass terms implies a Z_N invariant LH_uLH_u term.

10It is not possible to generate neutrino masses in the SSM in the case of R_3 or R_6. They allow for the lepton-number violating terms QQQL and Ū ŪD̄Ē but conserve B − L.

R_2 R_3L_3 R_3 L_3 R^2_3L_3 R^5_6L^2_6 R_6 R^3_6L^2_6 R_6L^2_6 all Z_9 & Z_{18} H_dH_u ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ LH_u ✓ LLĒ ✓ LQD̄ ✓ ŪD̄D̄ ✓ QQQL ✓ ✓ ✓ ŪŪ D̄Ē ✓ ✓ ✓ QQQH_d ✓ QŪĒH_d ✓ LH_uLH_u ✓ ✓ ✓ LH_uH_dH_u ✓ Ū D̄∗Ē ✓ H_u^∗H_dĒ ✓ QŪL^∗ ✓ QQD̄^∗ ✓ Table 4: Physical consequences of the 27 fundamental DGSs. The Higgs Yukawa couplings LH_dĒ, QH_dD̄, and QH_uŪ are allowed for every DGS we consider by construction. The symbol ✓ denotes that the corresponding operator is possible for a given DGS. All anomaly-free fundamental Z_9 and Z_{18} symmetries forbid the operators listed in the left column.

If we combine these phenomenological requirements, we are left with only two DGSs: baryon-triality B_3, and proton-hexality P_6. It is remarkable that these discrete symmetries also survived in Sect. 5, i.e. they are discrete gauge anomaly-free with integer heavy-fermion charges. However, we would like to go a step further. In Sect. 1, we defined the MSSM as the SSM restricted by M_p. When considering the MSSM as a lowenergy effective theory, the dangerous operators QQQL and Ū ŪD̄Ē are allowed. This is a highly unpleasant feature of the MSSM. IR already pointed this out as an advantage of the R-parity violating MSSM with B_3, which does not suffer this problem. Here we propose a different solution: We define the MSSM as the SSM which is restricted by proton-hexality, P_6. The only phenomenological difference to the conventional MSSM with M_p is with respect to baryon-number violation. However, given the stringent bounds on proton decay, we find this new definition of the MSSM significantly better motivated. Note that in the language of IR, P_6 is a generalised matter-parity (GMP).

We conclude this section with some observations:

1. It is interesting to note that, of the nine fundamental DGSs which allow the H_dH_u term, those with N = 6 are each equivalent to the requirement of imposing R_2 (i.e. matter-parity) along with one of the four fundamental Z_3 symmetries. Explicitly one has

R_2 × R_3L_3 ∼= R^5_6L^2_6 , ⇐⇒ M_p × B_3 ∼= P_6 (6.2) R_2 × R_3 ∼= R_6 , (6.3) R_2 × L_3 ∼= R^3_6L^2_6 , (6.4) R_2 × R^2_3L_3 ∼= R_6L^2_6 . (6.5)

In the first line we have given the corresponding isomorphism in terms of matterparity, baryon-triality and proton-hexality. The reason for this is that the Cartesian product of the cyclic groups Z_2 and Z_3 is isomorphic to Z_6, i.e. Z_2 × Z_3 ∼= Z_6 [38]. This becomes evident by giving both possible isomorphisms Z_2 × Z_3 → Z_6.

(0, 0) → 0, (0, 1) → 2, (0, 2) → 4, (1, 0) → 3, (1, 1) → 5, (1, 2) → 1, (6.6) (0, 0) → 0, (0, 1) → 4, (0, 2) → 2, (1, 0) → 3, (1, 1) → 1, (1, 2) → 5. (6.7)

As an example, we calculate the discrete charges in the case of Eq. (6.2). Recalling the relations between q_i and the exponents m, n and p given in Eq. (2.17), we find for the Z_2 ×Z_3 charges, where we compute modulo N [e.g. q¯_U = (−1, −1) = (1, 2)]:

q_Q = (0, 0), q¯_U = (1, 2), q¯_D = (1, 1), q_L = (0, 2), q¯_E = (1, 2), q_{Hd} = (1, 2), q_{Hu} = (1, 1), (6.8)

and for the Z_6 charges

q_Q = 0, q¯_U = 1, q¯_D = 5, q_L = 4, q¯_E = 1, q_{Hd} = 1, q_{Hu} = 5. (6.9)

Both charge assignments are related by the isomorphism of Eq. (6.6). Similarly, the Z_2 × Z_3 and the Z_6 charges in Eqs. (6.4) and (6.5) are related by this isomorphism. In the case of Eq. (6.3) we have to apply the isomorphism of Eq. (6.7).

2. In Ref. [51], a U(1)_X gauge extended SSM was investigated, where all renormalisable MSSM superpotential terms have a total X-charge which is an integer multiple of N [cf. Eq. (8.7)]. Then the conditions on the U(1)_X charges were derived, in order to have a low-energy M_p discrete symmetry. In Ref. [73], we derive the corresponding conditions for B_3 and P_6:

• M_p: 3X_{Q1} + X_{L1} = 2 · Z, X_{Hd} − X_{L1} = 2 · Z − 1 • B_3: 3X_{Q1} + X_{L1} = 3 · Z ± 1, X_{Hd} − X_{L1} = 3 · Z • P_6: 3X_{Q1} + X_{L1} = 6 · Z ± 2, X_{Hd} − X_{L1} = 6 · Z − 3

3. Next, we consider domain walls, which pose a severe cosmological problem if they occur [74]. It is commonly held that a spontaneously broken discrete symmetry leads to domain walls. In particular, this is expected to occur in the SSM if the Higgs fields are charged under the Z_N symmetry. In contrast, we do not expect domain walls if the Higgs’ discrete charges are zero. However, by this reasoning the first set of charges below Eq. (3.1), (q_{Hu} = 1, q_{Hd} = −1) implies the existence of domain walls, whereas the second set, standard matter-parity (q_{Hu} = 0, q_{Hd} = 0), does not. As stated in Sect. 3, these two symmetries are related by a simple hypercharge shift. They have the same low-energy superpotential and soft terms. Hence the resulting scalar potentials are identical apart from D-term contributions. Therefore the two theories have the same vacuum structure, and either both have or both do not have domain walls.

If the SSM vacuum {υ_{Hd} , υ_{Hu} } has zero Z_N charge, then it is unique. If it transforms non-trivially under Z_N then there are upto N distinct ground states {υ_{Hd} , υ_{Hu} }, {υ_{Hd}^′, υ_{Hu}^′}, {υ_{Hd}^{′′}, υ_{Hu}^{′′}}, ..., related by Z_N transformations. In the latter case, there are however no domain walls, if the Z_N transformation of the vacuum in a given domain can be compensated by a U(1)_Y gauge transformation. Explicitly, we demand there exists a combined Z_N +Y -transformation T , such that T (H_{d,u}) = H_{d,u}, i.e.

∃ α(x) : exp [ i^{2π}_N · q_{Hd,u} + iα(x) · Y_{Hd,u} ] H_{d,u} = H_{d,u}, (6.10) α(x) ∈ R is the gauge parameter of U(1)_Y . This is equivalent to 2π N · q_{Hd,u} + α(x) · Y_{Hd,u} = 2π · I_{d,u} , with I_{d,u} ∈ Z . (6.11) These two equations can be combined to I_u =^1_{N ·YHd} · (q_{Hu} · Y_{Hd} − q_{Hd} · Y_{Hu} + N · Y_{Hu} · I_d) , (6.12) α(x) =^{2π}_{N ·YHd} · (N · I_d − q_{Hd} ). (6.13)

The second equation defines the required gauge transformation. We can simplify the first equation, using the hypercharge relation Y_{Hu} = −Y_{Hd}

N · (I_u + I_d) = q_{Hd} + q_{Hu} . (6.14)

This can only be fulfilled if the Z_N -charges of the two Higgs, just like their hypercharges, are the inverse of each other (in the sense of a mod N calculation).^{11} This is equivalent to the requirement that the μ-term is allowed by Z_N . This is e.g. the case for M_p canonically, as the Higgs fields are uncharged: (q_{Hd} , q_{Hu} ) = (0, 0), R_2 (1, 1), B_3 (2, 1) and P_6 (1, 5). We stress that this argument does not rely on U(1)_X being non-anomalous (cf. Sect. 8).

7 The Heavy-Fermion Sector

An interesting question to ask is as follows: Given a DGS in Table 3, do I necessarily need heavy fermions in order to cancel the anomalies? In the case of matter-parity, R_2, we can answer the question by considering Eq. (2.23). Here, the left-hand side equals 3, while the right-hand side is 2 · Z + η · Z. Recalling that the η-term originates from heavy Majorana fermions [cf. Eq. (2.6)], we find that the symmetry R_2 is only possible if we include a heavy-fermion sector, e.g. one right-handed neutrino for each generation.

In the case of the other fundamental DGSs of Table 3, let us assume the absence of heavy fermions in what follows. Under this assumption, the anomaly cancellation conditions cannot be satisfied. Inserting the discrete charges of Eq. (2.17) into Eq. (2.6), we obtain

13n + 3p − 3m = N · [ 2m_{Hd} + 2m_{Hu} + ∑ k (6m_{Qk} + 3m¯_{Uk} + 3m¯_{Dk} + 2m_{Lk} + m¯_{Ek} ) ] , (7.1)

11If the two Higgs do not have opposite Z_N -charges, the μ-term is forbidden. This then possibly enables PQ-invariance, which allows one to repeat the argument above with α(x) · Y_{Hd,u} replaced by α(x) · Y_{Hd,u} + β · PQ_{Hd,u} .

where k is a generation index. For even N, the right-hand side in Eq. (7.1) is even. However, the left-hand side is odd for the Z_2, Z_6 and Z_{18} DGSs. Therefore heavy fermions are necessary in these cases.

For the remaining 4 + 9 Z_3 and Z_9 symmetries, the right-hand side (RHS) of Eq. (7.1) can be both, even or odd. We thus employ the cubic anomaly constraint of Eq. (4.3). For the Z_9 symmetries the RHS of Eq. (4.3) is always a multiple of 27. The left-hand side (LHS) of the cubic anomaly condition, given in Eq. (A.7), is −122 · 3 + 27 · Z, which is not a multiple of 27. Thus the fundamental Z_9 symmetries also require heavy fermions.

For the four Z_3 symmetries the RHS of Eq. (4.3) is always a multiple of 9. Eq. (A.5) shows that the LHS of Eq. (4.3) is a multiple of 9 only in the case of the R_3L_3 symmetry. Hence the other three fundamental Z_3 symmetries require heavy fermions. But also R_3L_3 cannot satisfy the anomaly constraints without a heavy-fermion sector:^{12} Although R_3L_3 is neither ruled out by A_{GGX} = 0 nor A_{XXX} = 0 alone, it is in conflict when combining the two conditions; the LHS of Eq. (4.3) for R_3L_3 yields 18, [cf. Eq. (A.5)], whereas the RHS is a multiple of 27, as we now show. It is given by − ∑ i ( 3q_i^2m_iN + 3q_im_i^2N^2 + m_i^3N^3 ) , (7.2)

where i runs over all chiral superfields. The last two terms within the parentheses are multiples of 27, which is not true for the first one. However, evaluating the sum and applying our knowledge of the q_i, we find ∑ i 3q_i^2m_iN = 3N · [ 2 · m_{Hd} + 2 · m_{Hu} + ∑ k ( 3 · m¯_{Uk} + 3 · m¯_{Dk} + 2 · m_{Lk} + 4 · m¯_{Ek} ) ] , (7.3)

where k denotes a generation index. The numerical coefficients inside the brackets are the product of the squared discrete charges and the multiplicity of the particle species. For example, we have 3 colours of quark fields Ū_k with q¯_{Uk} = −1, thus 3 · q¯_{Uk}^2 = 3. We can now adopt the gravity-gravity-U(1)_X anomaly constraint of Eq. (7.1) to rewrite Eq. (7.3). Recalling that N = 3, n = 0 and m = p = 1 for R_3L_3, we get ∑ i 3q_i^2m_iN = −9 · ∑ k ( 6 · m_{Qk} − 3 · m¯_{Ek} ) , (7.4)

also a multiple of 27. This completes our proof.

In conclusion: The 27 fundamental DGSs we have found are only anomaly-free with a U(1)_X -charged heavy-fermion sector.

8 A Top-Down Approach

As outlined in Sect. 1, we have so far discussed a bottom-up approach to DGSs. However, by definition, a DGS is inherently connected to the anomaly structure of the underlying U(1)_X gauge theory. Here, we consider the DGSs from the latter perspective. We investigate two topics in detail: (i) the definition of the DGSs via the transformation of the superfields (superfield-wise) vs. the definition via the transformation of the G_{SM} invariant operators (operator-wise); (ii) the hypercharge shifts of Eq. (2.15).

At high energies, we start from a G_{SM} × U(1)_X invariant Lagrangian, with the Xcharges scaled to be integers of minimal absolute value. We leave it open at the moment

12Here we disagree with Ibáñez’s conclusion in Ref. [39]. See also Ref. [75].

whether U(1)_X is anomalous or not. Below M_X , U(1)_X is assumed to be broken by a single left-chiral flavon superfield Φ (or by two left-chiral superfields Φ, Φ^′ with opposite X-charges, see Sect. 9), which is uncharged under G_{SM}. If in our model e.g. the operator L_iL_jĒ_k is not U(1)_X -invariant, then the non-renormalisable superpotential^{13} operator

Φ^− XL i +XL j +XĒ k XΦ × L_iL_jĒ_k (8.1)

is. However, due to the cluster decomposition principle (CDP) [76], the Lagrangian exhibits only non-negative integer exponents of the fields [77, 78]. Therefore the above term is forbidden if^{XLi +XLj +XĒk}_{XΦ} is fractional. After U(1)_X -breaking, the operator L_iL_jĒ_k is not generated, since its non-renormalisable “parent term” is non-existent. Therefore the constraints of the CDP persist. Whether an operator is allowed or not in the low-energy Lagrangian boils down to whether its overall X-charge is an integer multiple of X_Φ. Thus at low energy, we decompose the X-charges as in Eq. (2.1) and the remaining DGS under which the superfields transform is a Z_{|XΦ|}.

Next consider the operators in the superpotential. Analogous to Eq. (2.1), the overall X-charge, X_{total}, of any G_{SM}-invariant product of MSSM chiral superfields satisfies

X_{total} = q_{total} + m_{total} · |X_Φ| , with q_{total} ≡ ∑ q_i , m_{total} ≡ ∑ m_i . (8.2)

If a certain operator is forbidden by the CDP, then the |X_Φ|^{th} power of this term has q_{total} = 0 mod(|X_Φ|). However, the superpotential operators are further restricted by G_{SM}. Therefore the Z_{|XΦ|}-charges are possibly such that a power smaller than |X_Φ| suffices to get q_{total} = 0 mod(|X_Φ|), for all superpotential operator. As an example, suppose |X_Φ| = 24 and the superfields obey a Z_{24}. Due to G_{SM}, it may very well be that for all operators q_{total} is even. Operator-wise we then have a Z_{12} instead of a Z_{24}. Furthermore, we can integrate out the heavy particles below their mass scale. When considering only the superfields of the SSM their respective q’s could e.g. be only multiples of 3. The SSM superfields alone then obey a Z_{24/3} = Z_8 symmetry (cf. Sect. 5) and the SSM superfield-wise Z_8 constitutes an SSM-operator-wise Z_4.

We now consider a generation-independent U(1)_X extension of the SSM, which is the high-energy origin of the DGS. We include right-handed neutrinos, N̄_i. We demand that for the U(1)_X charge assignments: (i) the Yukawa mass terms QH_dD̄, QH_uŪ, LH_dĒ, and LH_uN̄ are invariant, and (ii) the anomalies A_{CCY} , A_{W W Y} , A_{GGY} , A_{CCX} , A_{W W X} , A_{GGX} , A_{Y Y Y} , A_{Y Y X} , A_{Y XX} and A_{XXX} all vanish. We can then express the X-charges in terms of two unknowns X¯_D = −X_Q − X_{Hd} , X¯_U = −X_Q + X_{Hd} , X_L = −3X_Q, X¯_E = 3X_Q − X_{Hd} , X¯_N = 3X_Q + X_{Hd} , X_{Hu} = −X_{Hd} . (8.3)

Furthermore, we obtain the well known result that U(1)_X is necessarily a linear combination of U(1)_Y , i.e. hypercharge, and U(1)_{B−L} (see for example Ref. [79, 80, 81])

X_i =

X^{B−L}_i X^{B−L}_Q

· C_1 + Y_i Y_Q · C_2 , (8.4)

where C_{1,2} are free real parameters, such that the X-charges are integers, as was required earlier. Eq. (8.3) can then be reexpressed in terms of C_{1,2}

X_Q = C_1 + C_2 , X¯_D = −C_1 + 2C_2 , X¯_U = −C_1 − 4C_2 , X_L = −3C_1 − 3C_2 , X¯_E = 3C_1 + 6C_2 , X¯_N = 3C_1 , X_{Hd} = −3C_2 , X_{Hu} = 3C_2 .

(8.5)

13The following arguments in this Sect. proceed analogously for the Kähler potential.

For 2C_1 = −5C_2, we obtain a theory with SU(5) invariant X-charges. For C_1 ≠ 0 the right-handed neutrinos are charged and the see-saw mass term N̄_iN̄_j is forbidden. And of course for C_2 = 0 we obtain U(1)_{B−L}.

At low-energy, we performed the hypercharge shift of the DGS, Eq. (2.15). As we argued, this hypercharge shift is irrelevant for the structure of the low-energy superpotentials. From the top-down approach, however, a different choice of C_2 corresponds to a hypercharge shift of the SSM X-charges, which in turn corresponds to a hypercharge shift of the corresponding Z_N . How does this change the high-energy theory? The gauge boson and fermionic kinetic terms in the Lagrangian are L = − 1 4 F^2_X − 1 4 F^2_Y + ∑ ψ_k ( i∂_μ − g_X X_kA^X_μ − g_Y Y_k A^Y_μ ) γ^μψ_k . (8.6)

Here F^2_{X,Y} are the squared field strength tensors, and A^{X,Y}_μ are the corresponding gauge potentials. We see that a simultaneous orthogonal rotation in the fields (A^X_μ , A^Y_μ ) and the charges (g_X X_k , g_Y Y_k ) leaves the Lagrangian unchanged. But different choices of C_2 in Eq. (8.4), which correspond to hypercharge shifted (not rotated) theories, lead to distinct gauge theories in Eq. (8.6). They differ in their X-charges and thus in their scattering cross sections. They are therefore, in principle, experimentally distinguishable at energies √ s = O(M_X ). However, at the LHC, we can only determine the low-energy DGS. We can not determine C_2 of Eq. (8.4). When attempting to interpret the LHC results in terms of an underlying unified theory it is important to keep this ambiguity in mind.

Let us now focus on the Φ+SSM-sector, i.e. including the flavon field(s). Using the methods of Refs. [51, 73], we can compute the total X-charge of any G_{SM}-invariant superpotential term and obtain

X^{SSM}_{total} = Z · (3X_{Q1} + X_{L1} ) + Z · (X_{Hd} − X_{L1} ) + Z · (X_{Hd} + X_{Hu} ) + Z · |X_Φ| , (8.7)

where Z again denote arbitrary and independent integers. Using Eq. (2.1), this gives

q^{SSM}_{total} = Z · (3q_Q + q_L) + Z · (q_{Hd} − q_L) + Z · (q_{Hd} + q_{Hu} ) + Z · |X_Φ| . (8.8)

We have seen that a hypercharge shift of the X-charges leads to a new U(1)_X gauge theory. Such a shift is however only possible for an originally anomaly-free model (see e.g. the completely fixed X-charges in Ref. [51]) and yields an alternate anomaly-free model. Plugging the X-charges of Eq. (8.4) into Eq. (8.7), we find

X^{SSM}_{total} = Z · 3C_1 + Z · |X_Φ|, (8.9)

of course independent of C_2 and thus of hypercharge. So all the results on the operatorwise DGS coming from U(1)_X are solely determined by C_1 and |X_Φ|. This characteristic, which we demonstrated for a simple example, also holds for all non-anomalous models. This is why we could shift away r in Sect. 2. For C_1 = −C_2, i.e. X_Q = 0, the field-wise and operator-wise definition of the DGS coincide.

Equipped with the X-charges in Eq. (8.4), we now demonstrate in two examples the emergence of distinct operator- and superfield-wise DGSs from the U(1)_X .

• C_1 = 1, C_2 = 0, supplemented by a vector-like pair of flavon superfields, X_Φ = 6, X_Φ′ = −6. Hence the Yukawa operators have the total X-charge X_{LHd}¯_E = X_{QHd}¯_D = X_{QHu}¯_U = X_{LHu}¯_N = X_{HdHu} = 0, but X_{LL}¯_E = X_{LQ}¯_D = X¯_U¯_D¯_D = X_{LHu} = −3.

To have e.g. LLĒ generated after U(1)_X breaking would require √ Φ · LLĒ , which is not allowed due to the CDP. With Eq. (2.1) we get a superfield-wise Z_6, with q_Q = 1, q¯_D = q¯_U = 5, q_L = q¯_E = q¯_N = 3, q_{Hd} = q_{Hu} = 0. Plugging these into Eq. (8.8), one finds that any superpotential term has an overall q-charge which is an integer multiple of either 3 or 6. Thus the actual DGS of the operators is a Z 6_3 = Z_2 symmetry. This is matter-parity, in fact.

• C_1 = 2, C_2 = 1 results in X_Q = 3, X¯_D = 0, X¯_U = −6, X_L = −9, X¯_E = 12, X¯_N = 6, X_{Hd} = −3, X_{Hu} = 3, again supplemented by X_Φ = 6, X_Φ′ = −6. This leads to q_Q = q_L = q_{Hd} = q_{Hu} = 3, q¯_D = q¯_U = q¯_E = q¯_N = 0. The DGS appears to be a Z 6_3 = Z_2. However, inserting the charges into Eq. (8.8), we find no DGS whatsoever.

Another example, more elaborate and flavour-dependent, is the fourth model in Table 2 in Ref. [82]. It does not cause any DGS after U(1)_X breaking, as our second example. The prefactors of the free parameter q (their notation!) are nothing but the usual hypercharges.

The argument that a superfield-wise Z_{|XΦ|} causes an operator-wise Z_{|XΦ|/N} is independent of whether the U(1)_X has anomalies which are cancelled via Green-Schwarz [83] or whether the U(1)_X is non-anomalous. The anomalous X-charges given in Table 7, Ref. [51], display a SSM superfield-wise Z_{300} symmetry, but operator-wise constitute a Z_2, as can be seen by plugging the corresponding discrete charges into Eq. (8.8). A priori it is hence not clear whether, e.g., a superfield-wise Z_{300} gives rise to an operator-wise Z_{300}, Z_{150}, Z_{100},..., Z_2 or even Z_1 (trivial).

In summary, from a top-down point of view hypercharge shifted theories are not equivalent. They are, in principle, experimentally distinguishable by high-energy scattering experiments. If they are anomaly-free, they lead to equivalent low-energy discrete gauge theories and are not distinguishable at the LHC. But even a non-anomalous and an anomalous set of X-charges are equivalent from the low-energy point of view if they lead to the same operator-wise DGS.

9 A Gauged P_6 Model

In this section, we explicitly present a generation-dependent U(1)_X gauge model, constructed in collaboration with C. A. Savoy and S. Lavignac. U(1)_X is spontaneously broken to proton-hexality, P_6. We consider this a demonstration of existence, not necessarily an optimised model. Concerning the origin of the needed non-renormalisable interaction terms, there are several sources imaginable (see, e.g., [84]): Either the terms occur near the string scale or they are generated by integrating out heavy vector-like pairs of G_{SM} charged states (the so-called Froggatt-Nielsen mechanism [85]). Here we adopt the first viewpoint and thus use a simple operator analysis. We assume the U(1)_X breaking superfields to be suppressed by M_{grav}, e.g. Q_1H_uŪ_1 derives from (Φ_+/M_{grav})^8 · Q_1H_uŪ_1.

We first list in Table 5 the U(1)_X charges of all the chiral superfields in our model. The G_{SM} singlets Φ_± constitute the vector-like pair of U(1)_X breaking superfields with equal VEVs. The A_{...} are G_{SM} singlets as well but do not aquire VEVs, we introduce them solely for the sake to cancel A_{GGX} and A_{XXX} . All the other (mixed) anomalies vanish within the particle content of the SSM.

The breaking of U(1)_X generates the MSSM Yukawa coupling constants with textures that produce the observed fermionic mass spectrum as well as acceptable mixing matrices. Furthermore, U(1)_X leaves a Z_{12} symmetry as a remnant which, after integrating out the A_{...}, yields P_6:

X_{Φ+} = 6, X_{Φ−} = −6 X_{Hd} = 1, X_{Hu} = −49

Generation i X_{Qi} X¯_{Ui} X¯_{Di} X_{Li} X¯_{Ei}

1 −12 13 −25 40 −77

2 −12 37 −13 40 −17

3 0 49 −13 40 −53

X_{AD1} = −^{27}_2 , X_{AD2} = −^{45}_2 , X_A′_{D1} =^1_2 , X_A′_{D2} =^{71}_2 , X_{AM} = 3

Table 5: The U(1)_X charges of all chiral superfields in our model. Φ_± break U(1)_X , the A_{...} are G_{SM} uncharged heavy particles.

• With ϵ ≡ ⟨Φ_±⟩ M_{grav}

= 0.22, (9.1)

we obtain an effective superpotential which contains the first line of Eq. (1.1) and the mass terms for the left-handed neutrinos (h^ν_{ij} /M_ν · L_iH_uL_j H_u), where h^U ∼ ϵ^8 ϵ^4 ϵ^2 ϵ^8 ϵ^4 ϵ^2 ϵ^6 ϵ^2 1 , h^D ∼ ϵ^2 · ϵ^4 ϵ^2 ϵ^2 ϵ^4 ϵ^2 ϵ^2 ϵ^2 1 1 , h^E ∼ ϵ^2 · ϵ^4 ϵ^2 1 ϵ^4 ϵ^2 1 ϵ^4 ϵ^2 1

, (9.2)

μ ∼ ϵ^8 · M_μ, h^ν ∼ ϵ^3 ·

1 1 1 1 1 1 1 1 1

. (9.3)

To get the μ term and the neutrino masses of the correct order of magnitude, we rely on the existence of intermediate mass scales: M_μ ∼ 10^8 GeV (which’s necessity has been already anticipated by Refs. [82, 86] for anomaly-free Froggatt-Nielsen models without heavy G_{SM} charged matter) and M_ν ∼ 10^{12} GeV. After diagonalisation one gets for the masses of the electrically charged SM fermions m_u : m_c : m_t ∼ ϵ^8 : ϵ^4 : 1, m_d : m_s : m_b ∼ ϵ^4 : ϵ^2 : 1, m_e : m_μ : m_τ ∼ ϵ^4 : ϵ^2 : 1, m_τ : m_b : m_t ∼ ϵ^2 : ϵ^2 : 1. For the mixing matrices we get an anarchical MNS matrix, which is compatible with experiment, see e.g. Refs. [87, 88, 89], as well as a CKM matrix which looks like

V^{CKM} ∼

1 1 ϵ^2 1 1 ϵ^2 ϵ^2 ϵ^2 1

. (9.4)

Thus we have to rely on some moderate fine-tuning among the unknown O(1) coefficients to be entirely satisfactory.

Furthermore, we get the following mass terms for the heavy fields:

ϵ^6 · M_{grav} A_{D1}A_{D2}, ϵ^6 · M_{grav} A^′_{D1}A^′_{D2}, ϵ · M_{grav} A_MA_M. (9.5)

• After U(1)_X breaking we are left with an overall Z_{12} DGS, since |X_{Φ±} | = 6 and all SSM particles’ X-charges are integers and the A_{...}’s X-charges half-odd integers. But as can be seen above, the A_{...} are quite heavy, so that they all can be integrated out at around ϵ^6M_{grav} ∼ 10^{14} GeV, leaving the fundamental (in the sense of Section 5) DGS P_6.

10 Summary

In summary, we have systematically investigated discrete gauge symmetries Z_N , for arbitrary values of N. We have classified the anomaly-free theories, depending on whether the necessary (see Sect. 7) heavy fermions are restricted to integer X-charges or not. Through a rescaling of the X-charges, we have for a low-energy point of view reduced this infinite set to a finite fundamental set: All theories related by rescaling lead to the same low-energy superpotential. For this fundamental set we have investigated the phenomenological properties in detail. We have found two outstanding DGSs, the second of them being beyond IR: (i) baryon-triality, B_3, which allows for low-energy lepton-number violation, but no dimension-five or lower proton decay operators, and (ii) proton-hexality, P_6. The latter has a renormalisable superpotential which conserves lepton- and baryonnumber and prohibits non-renormalisable dimension-five proton decay operators. This is one of the main results of this paper and we propose P_6 as the new discrete gauge symmetry of the MSSM, instead of matter-parity. Both baryon-triality and proton-hexality are free of domain walls.

Acknowledgments

We are grateful to Graham G. Ross, Michael Flohr, Howie Haber, Michael Dine, Stéphane Lavignac, Borut Bajc, and especially Carlos A. Savoy for helpful discussions, correspondence, or comments. C.L. thanks the SPhT at the CEA-Saclay and M.T. the Physikalisches Institut, Bonn, for hospitality. M.T. greatly appreciates funding by a Feodor Lynen fellowship of the Alexander-von-Humboldt-Foundation. This project is partially supported by the RTN European Program No. MRTN-CT-2004-503369.

A The Cubic Anomaly

In this appendix, we explicitly derive Table 2. We thus restrict ourselves to integer charges for all chiral superfields [24, 25] and investigate the resulting consequences of the cubic anomaly constraint on possible DGSs. Using Eq. (2.17), we can express the left-hand side (LHS) of Eq. (4.3) in terms of n, p and m

LHS = − n · ( 13n^2 + 18np − 21nm + 18p^2 + 21m^2 ) + p · ( −3p^2 + 9pm + 9m^2 ) + 3m^3 , (A.1)

where we have made use of the fact that there are only 3 generations in the SSM. Even when disregarding the restrictions on the heavy-particle content arising from the linear constraints, the right-hand side (RHS) of Eq. (4.3) can not take on arbitrary integer values. We shall denote it as RHS ≡ RHS_1 + RHS_2 + RHS_3, with a term for each line in Eq. (4.3). We now investigate these terms individually.

(a) RHS_2: Factoring N, we see that the term RHS_2 contributes a multiple of N to the RHS. However, it can not necessarily take on every possible multiple of N, regardless of what the choice of heavy particles is. For (3 |N), we can again write N = 3N^′ (N^′ ∈ N), and rewrite the last term as p^3_j N^3 = 3p^3_j N^2N^′. We can thus factor 3N and therefore the term RHS_2 can take on at most values ∈ 3N · Z. By adding appropriate sets of heavy Dirac particles with simple charges, it is straightforward to show that any multiple of 3N can be obtained. For DGSs with ¬ (3 |N), any element ∈ N · Z can be obtained.

(b) RHS_3: For odd N, p^′_j′ has to be even [see Eq. (2.3)], so that the term RHS_3 is an element of N^3 · Z. For even N, RHS_3 can take on all values ∈ (_N 2 )_3 · Z.

(c) RHS_1: The first two terms in RHS_1 are multiples of 3N, which is included in (a), above. Similarly, the third term is a multiples of N^3 and therefore already included in (b).

Summarising, the RHS of Eq. (4.3) can only take on values obeying

RHS = 3N · Z + { N^3 · Z, N = odd, (_N 2 )_3

· Z, N = even, for (3 |N) , (A.2)

= 9N^′ · Z, (3 |N), N = odd, 9^{N ′}_2 · Z, 9N^′ · Z, ¬ (12 |N), (12 |N), } N = even,

(A.3)

where N^′ = N/3, as before. Furthermore

RHS = N · Z + ( N 2 )_3

· Z, N = even, for ¬ (3 |N). (A.4)

Now consider the LHS, while taking the linear constraints of Sect. 2 into account. Again, we investigate the cases ¬ (3 |N) and (3 |N) separately.

1. ¬ (3 |N ): The DGSs of Eq. (3.1), satisfying the linear constraints, require n = p = 0 and m =^N_2 . Thus the LHS becomes 3 · (_N 2 )_3 [cf. Eq. (A.1)]. Comparing with Eq. (A.4), we see that the cubic anomaly cancellation condition can be satisfied for all anomaly-free DGSs of Table 1 with ¬ (3 |N), i.e. the cubic anomaly results in no new constraint.

2. (3 |N ): We consider the remaining four categories of Table 1 in turn.

(i) (3 |N ), N = odd : Eq. (A.3) shows that the RHS must be a multiple of 9N^′.

Therefore the LHS must also be a multiple of 9N^′. From the corresponding row in Table 1, we see that in this case n = 0, p = ℓ_pN^′ and m = ℓ_mN^′. Inserting this into the LHS as given in Eq. (A.1) yields

LHS = ( −3ℓ_p^3 + 9ℓ_p^2ℓ_m + 9ℓ_pℓ_m^2 + 3ℓ_m^3 ) · N^{′3} . (A.5)

For the case where ℓ_p = ℓ_m, we can satisfy the condition (9N^′ |LHS) for all N, which are subsumed in this category, i.e. any N ∈ 6 · N + 3. The remaining cases of Table 1, where ℓ_p ≠ ℓ_m, require (3 |N^{′2}), and hence N = 18 · N + 9.

(ii) (3 |N ), N = even : From Table 1 we have in this case: n = 0, p = ℓ_pN^′ and m = s_m^{N ′}_2 . The LHS then becomes

LHS = ( −24ℓ_p^3 + 36ℓ_p^2s_m + 18ℓ_ps_m^2 + 3s_m^3 ) · ( N^′ 2 )_3 . (A.6)

Due to the form of the RHS for ¬ (12 |N) [cf. Eq. (A.3)] , we need (9^{N ′}_2 |LHS). This leads to three non-trivial possibilities for arbitrary N in this category (N = 12 · N + 6): [ℓ_p = 0 ∧ s_m = 3], [ℓ_p = 1 ∧ s_m = 2] and [ℓ_p = 1 ∧ s_m = 5]. All DGSs can satisfy the cubic anomaly constraint if (3 |N^{′2}), hence if N = 36 · N + 18.

Considering (12 |N) yields exactly the same three sets (ℓ_p, s_m) for non-trivial possible DGSs with arbitrary N ∈ 12 · N. All DGSs are allowed if (3|N^{′2}), i.e. for N = 36 · N.

Combining the results for ¬ (12 |N) and (12 |N), we find that for each N ∈ 6 · N there are three allowed non-trivial DGSs. Taking N ∈ 18 · N, any DGS satisfying the linear constraints is compatible with the cubic constraint.

(iii) (9 |N ), N = odd : From Table 1 we obtain in this case n = N^′, p = (1 + 3ℓ_p)N^{′′} and m = (2 + 3ℓ_m)N^{′′}. Inserting this into Eq. (A.1) gives

LHS = [ − 27ℓ_p^3 + 27ℓ_p^2(−5 + 3ℓ_m) + 9ℓ_p(−23 + 18ℓ_m + 9ℓ_m^2)

+(−122 + 18ℓ_m − 108ℓ_m^2 + 27ℓ_m^3) ] · N^′ · N^{′′2}. (A.7)

As 122 is not a multiple of 9, whereas the other coefficients in the square brackets are, (9N^′ |LHS) [which is necessary due to Eq. (A.3)] requires (9 |N^{′′2}). Thus we need N to be an odd multiple of 27, i.e. N = 54 · N + 27. For such N, all linearly allowed DGSs are consistent with the cubic anomaly condition.

(iv) (9 |N ), N = even : From Table 1 we have in this case n = N^′, p = (1+3ℓ_p)N^{′′} and m = (1 + 3s_m)^{N ′′}_2 . The LHS then becomes

LHS = [ − 216ℓ_p^3 + 108ℓ_p^2(−13 + 3s_m) + 18ℓ_p (−119 + 18s_m + 9s_m^2)

+ (−1291 + 585s_m − 297s_m^2 + 27s_m^3) ] · N^′ 2 · ( N^{′′} 2 )_2

. (A.8)

1291 is not a multiple of 9 (it is actually a prime), whereas the remaining coefficients in square brackets are multiples of 9. Therefore the LHS is not a multiple of 9^{N ′}_2 in the case of ¬ (12 |N), respectively 9N^′ in the case of (12 |N) [cf. Eq. (A.3)], unless (9 |N^{′′2}). Thus the cubic anomaly constraint requires N ∈ 54 · N in this category. All linearly allowed DGSs are possible for these values of N.

Table 2 in Sect. 4 summarises the results of this appendix.

References

[1] S. Weinberg. Phys. Rev. Lett., 19:1264–1266, 1967.

[2] S. L. Glashow. Nucl. Phys., 22:579–588, 1961. [3] N. S. Manton. Phys. Rev., D28:2019, 1983.

[4] J. A. Harvey and M. S. Turner. Phys. Rev., D42:3344–3349, 1990. [5] H. K. Dreiner and G. G. Ross. Nucl. Phys., B410:188–216, 1993, hep-ph/9207221. [6] M. Laine and M. E. Shaposhnikov. Phys. Rev., D61:117302, 2000, hep-ph/9911473. [7] I. Dorsner and P. F. Pérez. Phys. Lett., B625:88–95, 2005, hep-ph/0410198. [8] P. Nath and P. F. Pérez. 2006, hep-ph/0601023. [9] H.-P. Nilles. Phys. Rept., 110:1, 1984. [10] S. P. Martin. 1997, hep-ph/9709356.

[11] N. Sakai and T. Yanagida. Nucl. Phys., B197:533, 1982. [12] S. Weinberg. Phys. Rev., D26:287, 1982. [13] H. K. Dreiner. hep-ph/9707435.

[14] H. K. Dreiner and G. G. Ross. Nucl. Phys., B365:597–613, 1991. [15] B. C. Allanach, A. Dedes, and H. K. Dreiner. Phys. Rev., D69:115002, 2004, hep-ph/0309196.

[16] M. Shiozawa et al. Phys. Rev. Lett., 81:3319–3323, 1998, hep-ex/9806014. [17] Y. Hayato et al. Phys. Rev. Lett., 83:1529–1533, 1999, hep-ex/9904020. [18] J. L. Goity and M. Sher. Phys. Lett., B346:69–74, 1995, hep-ph/9412208. [19] P. F. Pérez. J. Phys., G31:1025–1030, 2005, hep-ph/0412347. [20] A. Y. Smirnov and F. Vissani. Phys. Lett., B380:317–323, 1996, hep-ph/9601387. [21] B. C. Allanach, A. Dedes, and H. K. Dreiner. Phys. Rev., D60:075014, 1999, hep-ph/9906209.

[22] G. R. Farrar and P. Fayet. Phys. Lett., B76:575–579, 1978. [23] M. C. Bento, L. J. Hall, and G. G. Ross. Nucl. Phys., B292:400, 1987. [24] L. E. Ibáñez and G. G. Ross. Phys. Lett., B260:291–295, 1991. [25] L. E. Ibáñez and G. G. Ross. Nucl. Phys., B368:3–37, 1992. [26] Y. Grossman and H. E. Haber. Phys. Rev., D59:093008, 1999, hep-ph/9810536. [27] P. Langacker and M. Luo. Phys. Rev., D44:817–822, 1991. [28] J. R. Ellis, S. Kelley, and D. V. Nanopoulos. Phys. Lett., B260:131–137, 1991. [29] U. Amaldi, W. de Boer, and H. Fürstenau. Phys. Lett., B260:447–455, 1991.

[30] B. C. Allanach, A. Dedes, and H. K. Dreiner. Phys. Rev., D60:056002, 1999, hep-ph/9902251.

[31] D. Z. Freedman, P. van Nieuwenhuizen, and S. Ferrara. Phys. Rev., D13:3214, 1976. [32] S. Deser and B. Zumino. Phys. Lett., B62:335, 1976. [33] H. Georgi and S. L. Glashow. Phys. Rev. Lett., 32:438–441, 1974. [34] R. Harnik, D. T. Larson, H. Murayama, and M. Thormeier. Nucl. Phys., B706:372– 390, 2005, hep-ph/0404260.

[35] L. M. Krauss and F. Wilczek. Phys. Rev. Lett., 62:1221, 1989. [36] J. Preskill and L. M. Krauss. Nucl. Phys., B341:50–100, 1990. [37] T. Banks. Nucl. Phys., B323:90, 1989.

[38] H. Kurzweil. Endliche Gruppen. Berlin, Germany: Springer-Verlag (1977) 187p. [39] L. E. Ibáñez. Nucl. Phys., B398:301–318, 1993, hep-ph/9210211. [40] D. Kapetanakis, P. Mayr, and H.-P. Nilles. Phys. Lett., B282:95–100, 1992. [41] A. H. Chamseddine and H. K. Dreiner. Nucl. Phys., B458:65–89, 1996, hep-ph/9504337.

[42] D. J. Castaño, D. Z. Freedman, and C. Manuel. Nucl. Phys., B461:50–70, 1996, hep-ph/9507397.

[43] K. Kurosawa, N. Maru, and T. Yanagida. Phys. Lett., B512:203–210, 2001, hep-ph/0105136.

[44] S. P. Martin. Phys. Rev., D46:2769–2772, 1992, hep-ph/9207218. [45] S. P. Martin. Phys. Rev., D54:2340–2348, 1996, hep-ph/9602349. [46] K. S. Babu, I. Gogoladze, and K. Wang. Nucl. Phys., B660:322–342, 2003, hep-ph/0212245.

[47] M. Chemtob and P. N. Pandita. Phys. Rev., D73:055012, 2006, hep-ph/0601159. [48] K. Hamaguchi, Y. Nomura, and T. Yanagida. Phys. Rev., D58:103503, 1998, hep-ph/9805346.

[49] K. S. Babu, I. Gogoladze, and K. Wang. Phys. Lett., B570:32–38, 2003, hep-ph/0306003.

[50] K. Wang. 2004, hep-ph/0407234.

[51] H. K. Dreiner, H. Murayama, and M. Thormeier. Nucl. Phys., B729:278–316, 2005, hep-ph/0312012.

[52] R. Slansky. Phys. Rept., 79:1–128, 1981.

[53] T. Banks and M. Dine. Phys. Rev., D45:1424–1427, 1992, hep-th/9109045.

[54] G. G. Athanasiu, J. J. Atick, M. Dine, and W. Fischler. Phys. Lett., B214:55, 1988. [55] J. R. Ellis, J. L. Lopez, and D. V. Nanopoulos. Phys. Lett., B247:257, 1990. [56] J. R. Ellis, V. E. Mayes, and D. V. Nanopoulos. Phys. Rev., D70:075015, 2004, hep-ph/0403144.

[57] H. K. Dreiner and M. Thormeier. Phys. Rev., D69:053002, 2004, hep-ph/0305270. [58] E. Nardi. Phys. Rev., D55:5772–5779, 1997, hep-ph/9610540.

[59] J. E. Kim and H.-P. Nilles. Mod. Phys. Lett., A9:3575–3584, 1994, hep-ph/9406296. [60] G. F. Giudice and A. Masiero. Phys. Lett., B206:480–484, 1988. [61] A. H. Chamseddine and H. K. Dreiner. Phys. Lett., B389:533–537, 1996, hep-ph/9607261.

[62] R. Harnik, G. D. Kribs, D. T. Larson, and H. Murayama. Phys. Rev., D70:015002, 2004, hep-ph/0311349.

[63] M. Drees. hep-ph/9611409.

[64] LEPSUSYWG, ALEPH, DELPHI, L3 and OPAL experiments, note LEPSUSYWG/02-04.1.

[65] D. T. Larson. 2004, hep-ph/0410035.

[66] M. Hirsch, M. A. Diaz, W. Porod, J. C. Romao, and J. W. F. Valle. Phys. Rev., D62:113008, 2000, hep-ph/0004115.

[67] S. Davidson and M. Losada. JHEP, 0005:021, 2000, hep-ph/0005080. [68] A. Abada, G. Bhattacharyya, and M. Losada. Phys. Rev., D66:071701, 2002, hep-ph/0208009.

[69] P. Minkowski. Phys. Lett., B67:421, 1977.

[70] R. N. Mohapatra and G. Senjanovic. Phys. Rev. Lett., 44:912, 1980. [71] M. Gell-Mann, P. Ramond, and R. Slansky. in Sanibel Symposium, February, 1979:

CALT 68–709, retroprint: hep-ph/9809459.

[72] Y. Yanagida. Proc. of the Workshop on the Unified Theory, 1979, edited by O.

Sawada and A. Sugamoto: KEK Report N0. 79–18.

[73] H. K. Dreiner, C. Luhn, H. Murayama, and M. Thormeier. 2006, hep-ph/0610026. [74] T. W. B. Kibble. J. Phys., A9:1387–1398, 1976. [75] I. Hinchliffe and T. Kaeding. Phys. Rev., D47:279–284, 1993. [76] E. Wichmann and J. Crichton. Phys. Rev., 132:2788, 1963.

[77] S. Weinberg. The Quantum Theory of Fields. Vol. 1: Foundations. Cambridge, UK:

Univ. Pr. (1995) 609 p.

[78] S. Weinberg. hep-th/9702027.

[79] S. Weinberg. The Quantum Theory of Fields. Vol. 2: Modern Applications. Cambridge, UK: Univ. Pr. (1996) 489 p.

[80] R. N. Mohapatra and P. B. Pal. Massive Neutrinos in Physics and Astrophysics.

Second edition. World Sci. Lect. Notes Phys., 60:1–397, 1998.

[81] A. H. Chamseddine and H. K. Dreiner. Nucl. Phys., B447:195–210, 1995, hep-ph/9503454.

[82] E. Dudas, S. Pokorski, and C. A. Savoy. Phys. Lett., B356:45–55, 1995, hep-ph/9504292.

[83] M. B. Green and J. H. Schwarz. Phys. Lett., B149:117–122, 1984. [84] L. E. Ibáñez and G. G. Ross. Phys. Lett., B332:100–110, 1994, hep-ph/9403338. [85] C. D. Froggatt and H. B. Nielsen. Nucl. Phys., B147:277, 1979. [86] I. Jack, D. R. T. Jones, and R. Wild. Phys. Lett., B580:72–78, 2004, hep-ph/0309165. [87] L. J. Hall, H. Murayama, and N. Weiner. Phys. Rev. Lett., 84:2572–2575, 2000, hep-ph/9911341.

[88] N. Haba and H. Murayama. Phys. Rev., D63:053010, 2001, hep-ph/0009174. [89] A. de Gouvea and H. Murayama. Phys. Lett., B573:94–100, 2003, hep-ph/0301050.